Residue classes and stopping time of the 3n+1 problem
V. Barbera

Abstract
This paper presents an analysis of the stopping time of the 3n+1 problem based on the residue class of n.

3n + 1 problem (or conjecture)

Inthe 3-n+1 problem™ itis possible to define the function s:N->N

3-n+1 if n=1(mod2)

s(n)= g if n=0(mod?2)

the sequence s‘(n) for k€N obtained using the function s(n) is as follows:

k(. \_|n for k=0
$in)= s(s*'(n)) for k>0

Stopping time

The 3-n+1 conjecture is equivalent to the conjecture that for each neN , n>1 , there

exists k€N such that s*(n)<n . The least ke N such that s*(n)<n is called the

stopping time of n M,

If n iseven n=0(mod2) then the stopping time k=1 and sl(n):g

Let's analyze the case where n is odd.

Let m be the number of odd terms in the first k terms of the 3-n+1 sequence, and
d, be the number of consecutive even terms immediately following the i-th odd term, then

the nextterm s“(n) inhe 3-n+1 sequence isi¥:

Sk(n) 3 3

note thatfor n odd k—m=d+---+d, .

Then

where r dependson m and n with r>3"-2"



It is possible to observe that if n=1(mod2’) then m=1 and the stopping time is k=3

3 _3~n+1
S (n)_ 22

sowe have r=1=3'-2' and d,=2 .

If we now consider the numbers n=3(mod?2’) we have:
n=3+4-a

s'(n)=3-n+1=10+12-a

s*(n)= Sntl =5+6-a=2+2-a+n odd number
3-3'nz+1+1
54(n)=f:2+a+2n

if a odd then n=7(mod2’) , d,=1 , d,=1 and m>2 since s°(n),s*(n) odd and

s*(n)>n

if a eventhen a=2b

ss(n)=27:1+b+n

if b odd then n=11(mod2*) , d,=1 , d,=2 and m>2 since s°(n),s’(n) odd and

s°(n)>n

if b even b=2-c then n=3(mod2*)

6 \_ 2 _ (n+1)_3%n+5
s’(n)= 5 scHo = >

then k=6 , d,=1 , d,=3 and m=2 with r=5=3+2'=3"-2" |

As seen for numbers n=7(mod?2’)

3-n+1
3 5 +1 9-n+5

s*(n)= > = Z odd numberand d,=1 and d,=1
3_9-n+5_|_

6/ \_ 4 _27-n+19

s°(n)= =

2 8



if n=7(mod2*) then s°(n) even and

7/ v _27-n+19
s'(n)==—"—
16

if n=23(mod2’) then s’(n) evenand

g/ \_27-n+19
s (n)——32 <n

then k=8 , d,=1 , d,=1 , d,;=3 and m=3 from which
r=19=3-2"=3%+3.2"+2""=3.(3+2")+2""V=3.54+27 .

Note that the numbers n=15(mod2*) and n=7(mod2’) remain to be analyzed.

For numbers n=11(mod2*)

3-n+1
37 gas

s°(n)= 4 ==—g— oddnumberand d,=1 and d,=2
3_9~n+5_'_

;"8 _ 27-n+23

s'(n)=———="5

if n=11(mod2°) then s’(n) evenand

n+
3_9 n 5+1
8 8 27-n+23
s'(n)= = <n
2 32

then k=8 , d,=1 , d,=2 , d,=2 and m=3 from which
r=23=3+3-2"+2""7=3.(342")+2 "9 =3.542° .

For numbers n=27(mod2°) then s’(n) oddand d,=1

9-n+5

3 +
7(\_ 8 _27-n+23
s'(n)=———=="45

‘n+

2271423
NIRRT _ 81.n+85
s*(n)= 2 Y

if n=59(mod2°) then s’(n) even

S10(’1): 81-n+85
64

if n=59(mod2’) then s'"(n) even



11/ \_ 81-n+85
s (n)——128 <n

then k=11 , d,=1 , d,=2 , d,=1 , d,=3 and m=4 from which
r:85=33+32-21+3-2<1+2)+2(1+2+1)=3-(32+3-21+2<1+2))+2<1+2+1)+2(1+2)=3-23+24 .

Note that the numbers n=27(mod2°) and n=123(mod?2’) remain to be analyzed.

For numbers n=15(mod2*)

9-n+5
374t ore19
s°(n)= > ==—3 oddand d,=1
27-n+19
J——+
8/ \_ 8 _81:n+65
s'(n)= 2 ~ T 16

if n=15(mod2’) then s’(n) even and

o(\_81:n+65
s'(n)=
32

if n=15(mod2°) then s’(n) even and

S10(n):81-n+65
64

if n=15(mod2’) then s'(n) even and

Sll(l’I): 81-n+65<n
128

then k=11 , d,=1 , d,=1 , d,=1 , d,=4 and m=4 from which
r=65=3"—2*=3%43%2"43.20" V4 21 =3, (324 3. 21424 2 1* 1 =319 4 23

For numbers n=7(mod?2°)

(=221 o4 and  d,=2
16
27-n+19
CRIALLLE =
o\~ 16 _ 81.n+73
s'(n)= =
2 32

if n=7(mod2°) then s°(n) evenand

s10(n)=81-n+73 <n
64



if n=7(mod2’) then s"(n) even and

Sll(n>: 81-n+ 73<I’l
128

then k=11 , d,=1 , d,=1 , d,=2 , d,=3 and m=4 from which
r=73=3%43%2"43.204 2110 =3, (3243014 D)4 2112 3. 19 4 0

Note that the numbers n=39(mod2°) , n=71(mod2’) , n=31(mod2’) , n=47(mod?2°)

and n=79(mod2’) remain to be analyzed.

By continuing with this procedure it is easy to verify the following results:

m k | n(mod2"™)| d, .

1 3 1 2 1

2 | 8 3 3 | 5=3+2'

3 8 11 2 73=3243.24 /1%
23 3 19=3%+3.2'4 21+

4 11 7 3 73233 43291439114 p(1+1+2]
15 4 65=3%+32.2'43.0(0 14 ol1+1+1)
59 3 85=3%4 32214 3.0(1+2) L ol1+2+1)

5 13 39 3 951 =134 433,01 4329141 4 3 ol1+1+2) | 5(1+142+1]
79 2 259=3%4+3%.91 £ 32.9(1+1) 3 p(1+1+1) | o(1+1+1+3]
95 4 | 211=3*+3%21 43221 4 3. o1t i1ty
123 2 319=3%43%.21 432001+ 4 3.9 (1+2+1]  p(1+2+1+2)
175 3 | 227=3%43%214+32.01 14 3. 11+l plivie1e2]
199 2 283=3%+3%.01 $32.0(1+1) 3 o(1+1+2) | o(1+1+242]
219 3 | 287=3%+3%2'+32.01+2)43. g+ plte2eie)

6 | 16 287 4 | 697=3%+3%2143% 211 32.0(#1x 1) 3 plelslel]  Hllrlrlrle2)
347 3 989 =354+ 3%.01 433 2142) £ 32 9 [142+1) | g 5(142+1+1] | (142+1+1+42)
367 4 745=35 43421 $33.0(1+1) £ 32 o(1+1+1) L g o(141+142) L o (1+1+1+2+1)
423 3 881=3+3% 21 +33.0(1+1) 4 32 o1+142) | g 1+142+41) | 5(1+1+2+1+2)
507 3 1085=3%+3%.21 433.0(1+2) 1 32 5 (142+1) g o(1+2¢142) | 5{1+2+1+2+1)
575 5 665=3%+3%. 2 £33 2(1+1) L 32 o1+1+1) | g ol1+1+1+1] | (141+1+141)
583 3 977 =3°+3% 214330l 1+1) 4 32, ol1+1%2) | g 5(L+1+2+2) | (1+1+2+42+1)
735 3 761=3%+3%21 4+33.0(1+1) 4 32 9 (1+1+1] L g o (1+1+141) | o{1+1+1+143)
815 3 809=3%+3%.21 433 2(1+1) £ 32 9 (1+1+1) g o(1+1+142] | 5(1+1+1+2+2)
923 4 925= 3543401 433, 9(1+2) 1 32 9142+1) L g o (1+241+1) | 5(1+2+1+1+1)
975 3 905 = 3%+ 3421 433, 9141 4 32 5 (1+141) | g o(1+14143) | 5[1+1+1+3+1)
999 4 817=3°+3%72143% 2(1+1)+32_2(1+1+2)+3_2(1+1+2+1)+2(1+1+2+1+1)




As seen d,=k—m—(d,+--+d,_,) and if for a certain value of m if we find a value of r ,

which we indicate as ri=3""+> 3""2
i=2

i
m—1

di+-+d_,

depends on the values of d.,---,d

then from this value of ri for m+1 we can obtain rl, =3l +2/%* *drdl it

m+1

1<di<d, and «x,,-3"V=—r (mod2%* % ***%) from which we can obtain x’,, and

m+1 m+1 m+1

j dy+-+d d)+d. 1+d,+-+d di+d,
for nEXJ (modz 1Hetd, g+ dy+ m+1) we have Sm+ +d e+ d, o tdt m+1(n)<n

m+1

It can be observed that in all the cases examined k—m=|1+m-log,(3)]

If n=x(mod2"* **%) with x odd, m>1 , s'(n)>n for 1<i<m+d,+---+d, ,+d,

m
3m_n+3m—l+z 3m—1.2d1+~~+d(,1

m+d1+---+dm71+dm<n): i=2 <n then |f dm>]‘ fOI’ 1Sd'm<dm

and s 2d1+“'+dmfl+dm

m
3m.x+3m71+z 3m71.2dl+~~~+d,,1

di++d, +d’ i=2
Sm+ Heetd m(X>: d+-l--+d — even
2 1 m—1 m

m

we indicate as  r,=3"'+) 3" .24t
i=2

and if x=x'+b- 20t yith  x <l

m m
B x+3" 4y Bn A e g g gmly N gnlpdttdn

Sm+d1+m+d"H+d’m(X> i=2 i=2

= = m
- dirrrd, = S, +b-3" even

for y=x+(1+2-a) 2" ez xrg p 20t g (140, ) 20 e

3" x+3" 4D 3o
Sm+d1+---+dm71+d'm(y): i=2 +(1+2‘a).3m:Sm+d1+--~+dm,1+d’m(x)+(1+2‘a)‘3m Odd

2d1+"'+dm—1+d 'n

3m.y+3mfl+z 3m7i. 2dl+~~~+d1,1

m
(=2 +1 d ++d +d' t1—i md ++d.
3 2d+..l.+d L +1 3"y 43" 20T e m+§ gmHl=i odi+otd,,
1 m—1 m
i=2

Sm+1+d1+~~~+dm,1+d 'm+1(y>= —

p) 2d1+---+dm,l+d T+l

m
we Obtaln rm+1:3'rm+2(d1+---+d'm):3m+z 3m*1‘2d1+--‘+d;,1+2d1+---+dm,1+d "n Wlth 1Sd ym<dm
i=2



If d' =d,—1

3™ d d_+d
+oe +
<3"<2" =~ % then

if smrhrrdetdo(ni<n then 3"<?t Tt gnd

3m+1 d+-+d _+d —1 3m 2
move gy, T, H
—x<3 2<2 if m<§ then

m+1
3 d+-+d, _+d —1

<2 1 17 :2d1+'”+dm— +d',

d++d, ,+d', dito4d, +d,

x=x"+a?2 with x'<?2 and a=0 or a=1 then

((X+2d1+-~+dm,l+d'm)(mod 2d1+~~~+dm,1+d ’,,,+1)):X ,+( l_a)‘2d1+m+dm,l+d'm

Case 1 |

m
3m.X+3m—1+Z 3m—1.2d1+---+dH

m+d+--+d,_+d', d+-+d, +d',\ _ i=2 m__n m+d+--+d, +d, m
s (x+2 )= ST +3"=2.s (x)+3" odd

sm+1+d1+~-+dm,1+d 'm+1(x+2d1+---+dm,1+d’m): 3.(2_Sm+d1+---+dm21+dm(x)+3m)+1 :3_Sm+d1+"'+dm1+dm(x)+3m+21+1

Sm+d1+“.+dm71+dm(x) even and mEO(mOd2>

Sm+1+d1+-~-+dm,1+d 'm+1(x+2d1+~~+dm,1+d’m) even
m+d +---+d, ,+d, m+1
Sm+1+d1+...+dm,1+d'm+2(x+2dl+---+dm,l+d'm):3'5 ' ' (X)+3 +1
2 4
if —2 <= then Sm+1+d1+ +d, +d ,,,+2(X+2d1+ +dm,1+dm)<x+2d1+ +d,_+d', and d’ >0
2d1+"'+dm—1+dm 3 m+1

m+d +---+d, _, +d,,,( )

2

else if odd then ™ !*dr a2y pdirrditda) - ayen

9. mtdit+d, +d, m+1
Sm+1+dl+~~~+dm,1+d 'm+3(x+2d1+---+dm,1+d’m):3 2s (X)+3 +1

8

gt det d 3 (g bt d) o gttt gnd dY >3

m+1=—

y= <X+2d1+m+dm,1+d'm) (mOd 2d1+“‘+d,,,,1+d'm+1)

Case 1 1l

m+d1+---+dm,1+dm( )

2

Sm+d1+---+dm,1+dm(x)

even, evenand m=0(mod2)

d++d +d' \_ m+d+-+d, +d, m 3m+1+]_
X+5-2 )=3(s (x)+2:3")+=—— even

m+1+d +--+d _ +d' +1 (



sm+d1+---+dm,l+dm(x )

Sm+1+d1+"'+dm71+d'm+2(X+5.2d1+“'+d’”’1+d'"’):3-( 2 +3m)+ 4 even

m+d, +--+d,_+d, m+1
Sm+1+d1+~~~+dm,1+d ’m+3(x+5'2d1+~~~+dm4+d'm): 3-2-s (X)+53 +1 <X_'_5.2d1+---+dn,,1+d'm

8

d ,m+123 and y:((x+2d1+...+dm,l+d'm)(mod 2d1+...+dm,1+d 'm+1)+4_2d1+...+dm,l+d'm)(mod 2d1+...+dm,l+d'm+3) ,

Case 1_ll

sm+d‘+"'+d"”‘+d"’(x) odd, and mEO<mOd2)

m+1+d +-+d _+d' +1 d+-+d _ +d' m+d+--+d __ +d m 3m+1+1
s e, ) =3 (s () 437 + even

x+3-2"

Sm+1+d1+~~~+dm,1+d ’”+2(x+3.2d1+"'+dm71+d',,,>: 3_(Sm+d1+...+dm21+dm(x)+3m) . 3m+41.+1

if ﬁ% thena d’,,,>2 nd

Y= (b2 ) g 1)y e 4 e )

Sm+d1+---+dm,1+dm(x)+ 3m

; odd then ™"+ dmrdnr2(y 3.0+ hards) - ayen

else if

d ,m+123 and y:((x+2dl+---+dm,l+d'm)(mod 2d1+---+dm,l+d 'm+1>+2'2d1+---+d,,,,1+d',,,)(mod 2d1+---+dm,l+d’m+3) :

Case 1_IV

sm+d1+...+dm7l+dm(x) Odd, m+d1+~~~+dm,,+dm(x )+ 3m

even and m=0(mod?2)

2
+1+d, +-+d +d' +1 d+-+d _+d' +d +--+d _ +d 3m+1 1
s T T T (x4 7 20T ) =3 (T () 43-37) + even
Sm+1+d1+~~~+d,,,,1+d ',,,+2(X+7'2d1+w+dm1+d',"):3_(Sm+dl+m+dm21+dm(x)+3m +3m)+ 3m:+1 even

d ,m+123 and y:((x+2d1+m+dm,l+d'm)(mod 2d1+---+dm,l+d 'm+1)+6_2d1+---+dm,1+d '”)(mod 2d1+--»+dm,1+d'm+3) 1

Casel V

sm+d1+...+dm,1+d,,,(x) even and mzl(mOdZ)

m+1+d +-+d +d' +1 d+-+d +d’ m+d +---+d _ +d 3m+2 1
s 1 m-17d ( m-1 m>:3.(s 1 m-1 m(X))+

x+3-2" even



Sm+dl+---+dm,1+dm(x)

Sm+1+d1+~~+dm,1+d "2 (x+3'2d1+~~+dm,1+d'm):3.( ) 3m+2+1

+
2 4

if ﬁ<% thena d',,,=2 nd

y=((x #2077 ) (mod 20 At et 4 9 At T ) (o g T2
m+d1+---+dm71+dm( )

2

else if

Odd then Sm+1+dl+---+dm,,+d'm+2<X+3.2d1+---+dm,1+d’m> even

d ,m+123 and y=((X+2d,+---+dm,,+d',,,>(mod 2d1+---+dm,l+d 'm+1>+2'2d1+---+dm,l+d',,,)(mod 2d,+---+dm,,+d’m+3) :

Case 1 VI
m+d1+"'+dm71+dm( )
gt ) even, ; evenand m=1(mod?2)
m+1+d +-+d _+d' +1 d+-+d _+d' m+d+--+d, _+d m 3m+2+]—
R g g (0 ) 1.3 BT g
Sm+ 1+d,+--+d,_,+d ’m+2(x+7'2d,+~~~+dm,,+d'm):3.( Sm+dl+"'+;"'1+dm(x) +3m)+ 3m+j.+1 oven

d ’m+123 and y:((x+2d1+...+dm,l+d'm)(mod 2d1+...+dm,l+d 'm+1)+6'2d1+...+dm,1+d 'm>(mod 2d1+"'+dm71+d'm+3) '

Case 1 VI

g™t rdetdn(x) odd, and  m=1(mod?2)

m+1+d +-+d _ +d' +1 d+-+d _+d' m+d +-+d _+d m 3m+2+1
g (x4 5. 20T T ) =3 (6T () 437+

even

Sm+ 1+4d,+-+d,_+d ', +1 (X +5'2d1+~~~+d,,,,1+d'm): 3 ‘(Sm+d'+m+d;1+dm(x )+ 3m) + 3mj+1

if ﬁ<% thena d’, ,,>=2 nd

y= (X+2d1+...+d",—1+d'm) (mod 2d1+“‘+dm71+d',,,+1>

m+d1+~~+dm,1+dm( ) m

X )+3
2

else if odd then ™!t de i (y pgopdtrdotdh) - ayen

d ,m+123 and y:((x+2d1+-..+dm,l+d'm)(mod 2d1+~~~+dm,1+d 'm+1)+4.2d1+...+dm,1+d'm)(mod 2d1+---+dm,l+d'm+3> 1



Case 1_VilI

m
3m.x+3mfl+z 3m71‘2d|+---+dH

di+-+d, +d' d+-+d, +d’ i=2
Sm+ +eed, + m(X+2 Heetd, m) i

_ m__n  m+di+--+d, +d, m
- 2d1+~~~+dm,l+d'm +37=2-s (X)+3

S111+d1+~~+dr,,,1+dr,,( ) m

m+d+--+d,_+d,
s (x) odd, 5

evenand m=1(mod2)

m+l+d +-+d +d' +1 d+-+d, _+d' \__ m+d +-+d, +d m—1 3"+1
s (x+2 )=3(s (x)+3" )+ even

Sm+d,+4--+dm,1+d

n m m
Sm+1+d1+~~~+dm,1+d ',,,+2(X+2d1+~~-+dm,1+d'm):Sm+d1+---+dm,l+d,,,<x)+ : (X)+3 + 3 :1 even

0’23 and y=((x+2" ) (mod 2 et ) o )

in all cases examined for n= y(mod 2" %4 "+ )

m
3m+1_n+3m+ 2d1+...+d,,, l+dvm+z 3m+1—i_2d1+~--+d, .
m+1+d, +-+d, +d ' +d ', — i=2
S (n)_ 2d1+~~~+dm,1+d',,,+d'W1

<n

If d,—d',>1 for x+20* @y g drrdt il gnd b=1+2-a with a>0

m
3m‘X+3m71+Z 3m71‘2d1+---+di,1

+d,++d,_+d', dy+--+d, +d',)\ _ i=2 _nld,—d", +d,+-+d,_+d,
Sm 1 m—1 (X+b2 1 1 )_ 2d +”1'+d — +b3fﬂ_2( )_Sm 1 1 (X)+b3m
1 m—1 m

m+1+d,+-+d, _+d' +1 di+-+d, +d’ (d,—d'.—1) m+d +-+d _ +d b'3m+1+1
S m m (X+b'2 m m):3_2 n g m m(x)_'_T

If d —d' =2
m+1
. d +--+d Fi
if g™ (n) e then 3"<2®* Rt gnd 3 <3mepd Tt then
m+1 m m+1
3 <3m0ve4<2d1+"'+dm4+dm—2 if d+“:id — <Z then 3 <2d1+~~~+dmil+dm—2:2d1+~~~+d"’71+dm
16 2% m-1tdy 3
x=x"+g-2"" ot with x'<2 - and 0<a<4 then

((X+2d1+~~~+dm,l+d'm)(mod 2dl+~~~+dm,1+d ""+1)):X ,+( 1—a mod 2)_2d1+...+dm71+d '



Case 2_|

smdrrdetdn(x) evenand  m=0(mod?2)

m+1+d +-+d  +d' +1 d++d,  +d' m+d+otd,  +d m 3" +1
s 1 m-1" 4 <X+5'2 1 m-1 m):3(2.s 1 m-1 m(X>+2.3 )+

even

m+1+d,+-+d, _+d' +2 ditotd, +d' )\ _ mtd++d, +d m 3m+1+1
s (x+5-2 )=3:(s (x)+3™)+

m—1 m

even

m+d, +--+d,_+d,  pm+l
Sm+1+d1+~~~+dm,1+d 'm+3(x+5'2d1+~~~+d,,,,1+d'm): 3-4-s (X)+5 37 +1
8
3" 2

if W<§ then d’,,,=3 and

Y= (280 (o 28 1) 4.0 o 1)

else If sm+1+d1+---+dm,1+d 'm+3(X+5.2d1+---+dm,l+d’m) even then dv >4 and

m+1=—

y:((X+2d1+m+d""1+dv'")(mOd 2d1+---+dm,1+d 'm+1)+4‘2d1+~~~+dm,1+d'm)(mod 2d1+...+d",,l+d’m+4) ;

Case 2 1l

3.4.Sm+d1+...+dm,1+dm(x)+5.3m+1+1
8

Sm+d1+“‘+dm*1+dm(X) even,

odd and m=0(mod2)

m+1+d +-+d _+d' +1 d+-+d _+d' m+d +-+d __ +d m 3m+3+ 1
ST (1320 =3 (2T T (4)42:3")+ =—— even

m+1+d +-+d _ +d’ +2 d++d, +d' \ m+d+e+d, +d, m 3m+3+1
s (x+13-2 )=3-(s (x)+3")+

even

— - +3™" even

m+d, +--+d,_+d, m+1
Sm+1+d1+~~~+dm71+d'm+3(x+13.2d1+"'+dm71+d'm)_ 3:4-s (X)+53 +1
dy+--+d, +d’ d+--+d, +d ', +1 di+-+d,,  +d’ di+-+d, +d',+4 .
d',. =4 and y=((x+2%""" ") (mod 2t ) 1220 T ) (mod 20T T et

Case 2_llI

g () odd and  m=0(mod?2)

x+2"

m+1+d +--+d _ +d' +1 d+-+d, _+d' \__ m+d +--+d _ +d 3m+1+1
s o ) = 34208 () )+ even

+14+d +-+d _+d' +2 d+-+d_+d' +d ++d_ +d 3" 41
S 1 1ty ( -1 m)_3.s 1 m-1 m(X>+

x+2° even



m+d,+---+d,,_+d, m+1
g™ 1+d,++d,_+d 'm+3(x+2d1+~~~+dm,1+d'm) — 345" 18 (X)+3 +1

if 2dl+3ﬁ<% then d'm+123

m—1 m

m+1+d,+--+d,_,+d 'm+3<

elseif s drtdyrdin)

x+2 eventhen d’',, =4

y= (X+2d1+"'+dm—1+d'm) (mod 2d1+m+dm,l+d'm+1) .
b

Case 2_IV

m+d,+--+d,_+d, m+1
dy+-+d,, +d 34-s x)+3 +1
Sm+ Fookdy, (X) Odd, ( )

odd and m=0(mod?2)

8
m+1+d,+-+d  +d’ +1 dte+d, +d' 0\ m+d, +-+d,_+d 3m+3+1
s (x+9-2 )=3-(2-s (x))+T even
+1+d ++d  +d' +2 d+-+d _+d’ +d +-+d +d 3™ 41
s AT T (9.2 T ) = 3 (M e ”(x))+—4 even

= 5 +3"" even

m+d, +--+d,,_ +d, m+1
gt b e (4 g odit b ) 3-4-s (x)+3™ +1

d ,m+124 and y:((X+2d1+~~~+dm,1+d',,,)(mod 2d1+---+d,,,,1+d 'm+1)+8_2d1+---+d,,,,1+d ',,,)(mod2d1+~~+dm,1+d'm+4) ,

Case 2_V

m+d+--+d,_+d
S

-1 (X) even and mEl(mOdZ)

m+1+d,+-+d +d’ +1 dy++d +d' \_ m+d +-+d +d m 3m+2+1

s (x+7-2 )=3-(2-s (x)+2-3 )+T even
m+1+d,+-+d_+d' +2 dy++d, +d' \_ m+d++d, +d m 3m+2+1

s (x+7-2 )=3:(s (x)+3 )+T even

m+d, +--+d,_+d, m+1
Sm+1+d1+~~~+dm,1+d ’m+3(x+7'2d1+---+dm,1+d',,,>_ 3-4-s ' ' (X)+73 +1

8
. 3" 2 '
if m<§ then d m+123
else if ™ AT rderdn3(y 7 pdrtder ) aventhen d', >4

y:((X+2d1+-..+dm—1+d'm)(mod 2d1+m+dm—1+d ’m+1)+6_2d1+~~~+d,,,,1+d ',,,)(mod 2d1+'“+d,,,,1+d'm+3) .
)



Case 2_VI

4'sm+d1+~~~+dm,1+dm(x)+7 _3m+1+1
8

m+d+--+d,_+d
S

~*n(x) even,

odd and m=1(mod?2)

3m+2+1

Sm+1+dl+~~~+dm7|+d'm+1( d +~~»+d,H+d'm):3.(2.5m+dl+---+dm71+dm(x>+6'3m)+ ; even

x+15-2"

3m+2+1

Sm+1+dl+~~~+dm71+d’m+2(x+15.2d1+~~+d,H+d'm):3.(Sm+d1+---+dmil+dm(X)+3_3m>+ " even

d,+-+d, +d m+1
, Sy 34T () 47,3 ¢
Sm+1+d1+ +d,,_+d "'+3(X+15'2d1+ +d,, _,+d m): 8 ( ) +3m+1 even

d ym+124 and y:((X+2d1+---+d,,,,l+d',,,)(mod 2d1+~--+d,,,,1+d 'm+1)+14.2d1+~~+dm,1+d'm)(mod 2d1+---+d,,,,1+d’m+4) :

Case 2_VII

Sm+d1+m+d”’1+dm(X) odd and mzl(modZ)

m+2
m+1+d +-+d _+d' +1 d++d _ +d' m+d +--+d _ +d 3 1
s 1 m-1td (X+3'2 1 m-1 m):3_2's 1 m-1 m(x)+ even

3m+2+1

m+1+d, +-+d _+d' +2 d+-+d _+d' m+d +--+d _+d
s 1 ot (X+3'2 1 m-1 m):3's 1 -1 m(X)+ 2 even

. tdi+e+d, +d,  pm+l
Sm+1+d1+~~~+dm,1+d’m+3<x+3'2d1+~~~+dm71+d'm): 3-4-s - (X)+3 37 +1

3" 2
if m<§ then d'm+123
else if ™ irhrrderdn3(y 7 pdrtderd) aventhen d', >4

y:((x+2dl+m+dwl+d'm)(mOd 2d1+m+d”’1+d "”+1)+2.2d1+"'+dm71+d'm)(mod 2d1+~~~+dm,l+d’m+3> .
)

Case 2_VIlI

3_4_Sm+d1+---+dm,1+dm(x)+3_3m+1+1
8

g™t rdarda () odd, odd and m=1(mod2)

m+2
1+d”(x)+4o3m)+¥ even

Sm+ 1+d +--+d _ +d ’m+1( d+-+d, _ +d’ m+d +-+d

x+11-2" Tn=3-(2-s

m+1+d,+-+d__ +d' +2 d+--+d  +d’ m+d+--+d _ +d m 3m+2 1
s AT T (11 20T ) =3 (T (4 ) 423 +2—— even



AL mHdi+eo+d, 4 d,, _nm+l
sm+1+d1+~~+dm,1+d'm+3(x+11'2d1+~~+d,,,71+d'm): 3-4-s : (X>+3 3 +1+

3™ even

d ,m+124 and y:((X+2d1+---+dm,l+d'm)(mod 2d1+---+dm,1+d ’m+1)+11.2d1+---+dm,1+d ',,,)(mod2d1+---+dm,1+d’m+4) :

in all cases examined for n= y(mod2"* %+t d'n)

m
3m+1.n+3m+ 2d1+»~~+dm,1+d'm_|_z 3m+1—i.2d1+~~+d,,1
Sm+1+dl+~~+dm,1+d d 'mﬂ( ) i=2

= Sy <n

If d,—d',>2
H m+d+--+d,_+d, m d++d,_+d, 3m+1 m d,+-+d,_+d
if s (n)<n then 3"<2 and <3"<2 =% then
3m+1 3m d+-+d, _+d' - 3m 2 3m+1 d++d, +d'
4. 9% 2dm7d'm<2 if 2d1+~~~+dn,,1+dm<§ then. 2.2dmfd’m<2
x=x'+@ 20" with x'< 2 gand 0<a<2® " then
((X+2d1+<~+dm,l+d'm)(mod 2d1+~-~+dm,1+d 'm+1)):X ,+( 1—a mod 2)'2d1+~~+dm,1+d "n
Case 3 _|
m=0(mod2)
m+1+d, +-+d_ +d' +1 d++d,  +d’ (d,—d',—1) m+d+--+d _ +d m 3m+1+1
et (x+(5+8-a)-2 nt ) =32 g m(x)+2(1+2-a)-3 )+T
sm+1+d1+~~~+dm,1+d 'm+1(x+(5+8.a>'2dl+---+dm,l+d’,,,) even
+14d ++d  +d' +2 d+-+d  +d' (d —d' —2) m+d +-+d  +d 3" 41
m d'—2)  med 4
ST x#(548:0) 27T =3 (20 T T (x) 4(142-0)- 374 S

gl et 2y (54.8.q) 28t ) ayen

B 3_2(d,;d',,,)'Sm+d1+w+dm,1+d,,,(X)+(5+8.a).3m+1+1

sm+ 1+d,+--+d,_,+d ’m+3(x +(5+ 8.0)'2d1+---+d",,1+d’m) o

Sm+1+d]+~~~+dm,,+d ’",+3(X+(5+8.a>.2d1+...+dm,]+d’m) even

Sm+1+d1+~-~+dm,1+d '",+(d,,,—d'm)+1(X+(5+8_a)‘2d1+---+dm,l+d'm): 3‘2(d,,,7d’,,,).Sm+d1+---+dm,1+dm(X)+(5+8‘a).3m+1+1
2'2dm7d'm



it — 3 <2 then d'.>(d,—d',)+1

2d1+"'+dm—1+dm 3

y:((X+2d1+~~+dm,1+d',,,)(mod 2d1+~~~+d,",1+d ’m+1)+(4+8_a).2d1+---+dm,l+d'm)(mod 2d1+~~~+dm,1+d’m+(dm—d'm)+1)
else if st et dTdW L (G L (54.8.q).29 ) even then d,.,>(d,—d ', )+2
y:((X+2d1+"'+dm71+d'm)(mod 2d1+"~+dm71+d 'm+1)+<4+8.a).2d1+---+dm,l+d'm)(mod 2d1+~~~+dm,1+d’m+(dm—d',,,)+2)

d+-+d, +d ', +d ’,,M) then

for n=y(mod?2

m
3m+1‘n+3m+ 2dl+-~~+d,,,,,+d'm_|_z 3m+1—i_2d1+»--+d,,1

m+1+d,+-+d,_+d ', +d ", _ i=2 .
S 1 ' 1(“)_ 2dl+~-~+dm,1+d'm+d'W1 <n .,

Case 3_II

m=1(mod?2)

m+2
Sm+1+d1+~~~+dm71+d ""+1(X+(7+8'(1)‘2d1+m+d'"’l+dv'"):3‘(2(d"'7dv'"71)‘Sm+d1+m+d"”l+d"’(X)+2(1+2'(1)'3m)+ 3 2+1

Sm+1+d]+~~~+dm,,+d ’",+1(X+(7+8_a>_2d1+-..+d",,1+d'm) even

m+1+d,++d_+d' +2 dy+e+d, +d' N\ (d,—d',—2) m+d+-+d, _ +d, m 3m+2+1
s (x+(7+8-a)-2 )=3-(2 'S (x)+(1+2-a)-3")+ n

Sm+1+d1+~~~+dm,1+d "nt2 (X+(7+ 8.0).2d'+”'+d'""+dv"’) even

-+dmf1+d’m): 3_2(dm—d'm).sm+d1+~'+dm71+dm(x)+(7+8_a)_3m+1+1

Sm+1+dl+~~~+dm,1+d ',,,+3(X+(7+8.a>_2d1+-- 8

sm+1+d1+...+dm71+d 'm+3(x+(7+8_a>'2d1+--.+d,,,,1+d'm) even

B 3‘2(dm7d'm)_sm+d1+---+d,,,,1+d,,,(X)+<7+8_a).3m+1+1

d—d’
2.2 %

sm+ 1+d,+--+d,_+d ', +(d,—d",)+1 (X +(7 +8- a).zd,+»-»+dm,,+d'm)

3 <§ then d',,>(d,—d',)+1

L
y:((X+2d1+---+dm,1+d'm)(mod 2d1+---+dm,l+d ’m+1)+(6+8_a).2d1+---+dm,l+d'm)(mod 2d,+---+dm,1+d’m+(dm7d’m)+1)
else if g™ et ddui (4 (748.q) 2% ) eventhen d',,,=(d,—d’,)+2

Y= (k2 ) (o 2944 ) g (G ) 2 ) (g g )

for n=y(mod2®* %44} then



m
3m+1.n+3m+ 2d1+~~~+dm,1+d'm+z 3m+1—i~2dl+m+d,,1
m+1+d, ++d,_+d ' +d _ i=2
S (n)= e, <n

Let's examine the relationship between k and m with k—m=d +---+d,,

if n=x(mod2™ ™ **) with x odd, m>1 , s'(n)>n for 1<i<m+d +--+d, ,+d

m

m
3m_n+3m—1+z 3m—1.2d1+---+d,,1

m+d+--+d,_+d, _ i=2 3m
and s (n)— dr+d_+d, <n then m<1
2 2
let's consider the case where d,=---=d__,=1 and d' =1 then d,+-+d__,+d' =m and
1 m—1 m 1 m—1 m

d+-+d,_,=m—1 , k,—m=m—1+d, and k,,,—(m+1l)=m+d',,,

If m=0(mod2) and b=(5+8-a) orif m=1(mod2) and b=(7+8-q)

as seen
if 3 _ ¥ <2 then 4 >(d,—1)+1 soletsset d',,,=d, then
2d1+'“+dm71+dm_2m71+dm 3 m+1=\Ym m+1~ “m

T 3:2\ g™t () +b-3™ 41 _ 3'5m+m71+d”(><)+ b-3""+1
2'2‘1"51 2 2'2dm71

m+m—1+d, pm+l
skm+1(x+b_2m>:3 S > (X)+b 32d +1<X+b'2m W|th km+1=m+1+m+dm:km+2

else d',,,>(d,—1)+2 soletsset d', ,,=d, +1 then

3.2(dm—1)‘sm+m—1+dm(X>+b_3m+1+1
d —1

s' 1 (x+b-2")=
42"

<x+b-2" with k, ,,=m+1+m+d +1=k +3

For d:f___+d = f_m<1 then 2.3"<2% ™!
2 1 m 2m
- 3m—1 3m—1 2 m k., ,+2—m k,—1—m m k,—m
if = >= then 3">2" =2 , 2:3">2% and

2d1+"'+dm—1_ ka—lf(m 71) 3
k,—m = |log,(2-:3")] = [1+m-log,(3)]

else k,—m = k, ,+2—(m—1)-1 = k,_,—(m—1) + 1



Below is the algorithm code to generate the residue classes for m>1

get_dim(m)={my(log2_3=Ilog(3)/log(2),X1=matrix(2,floor(1+m*log2_3)-m), d=0,dim=1);X1[1,1]=0;
if(m>=3,for(x=3,m,y=floor(1+(x-1)*log2_3);
for(i=1,y-x,for(j=i,y-x,if(i==1,X1[1+(d+1)%2,j]=1);X1[1+(d+1)%2,j]=X1[1+(d+1)%2,j]+X1[d+1,i]));
d=(d+1)%2);for(i=1,floor(1+m*log2_3)-m,dim=dim+X1[d+1,i]));dim;}
{m_max=9;dim_max=get_dim(m_max); N=vector(dim_max);R=matrix(2,dim_max);Dm=matrix(2,dim_max);
nr=0;m=1;log2_3=log(3)/log(2);kmm=floor(1+m*log2_3);c=1;N[1]=1;R[1,1]=1;Dm[1,1]=2;

printl("m = ";m," stopping time: ", kmm+m,"\nif n == ",N[1]," (mod 2\",kmm,")\ntotal residue classes:
H’C’ n\n\nn ;

for(m=1,m_max-1, kmm=floor(1+m*log2_3);mp1=m+1;kmmpl=floor(1+mpl*log2_3);

printl("m = ",mpl," - stopping time: ",kmmpl+mpl,"\nifn == ");c1=0;

for(i=1,c,sdmm1=kmm-Dm[1+nr,i];for(j=1,Dm[1+nr,i]-1,rj=3*R[1+nr,i]+2Nsdmm1l+j); c1=cl+1;
N[c1]=(2Nmmp1-rj)*lift(Mod(1/3Nmp1,2 Nkmmp1)))%2Ncmmp1;R[1+(1+nr)%2,c1]=rj;Dm[1+(1+nr)
%2,c1]=kmmp1-(sdmm1+j))); c=c1;N1=vector(c);N1=vecsort(N[1..c]);for(il=1,c-1,print1(N1[i1],", "));
printl(N1[c]);nr=(1+nr)%2;print(" (mod 2\",kmmp1,")\ntotal residue classes: ",c,"\n\n"))}

PARI/GP code of the algorithm
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