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Abstract

The Riemann hypothesis is proved true through a linear combination of the real and imaginary
parts of the Riemann ξ-function.
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1 Introduction
As an engineer, I do not fully understand the importance of the Riemann hypothesis in pure mathematics
and applied mathematics as well, but I know Riemann is one of the greatest mathematicians in the history
of modern mathematics. It is the problem left unsolved by mathematicians such as Riemann, Hardy and
Littlewood, and Selberg et al. in the last over 150 years that summons engineers’ challenging spirit, as
well. The Riemann hypothesis is about the distribution of zeros of the Riemann ζ-function which is a
complex function. At zeros of a complex function, both the real part and the imaginary part are zero
simultaneously. Finding the distribution of zeros means to solve the simultaneous equations of the real
part and the imaginary part. Given the Abel-Ruffini theorem which states that there is impossibility to
solve general polynomial equations of degree five or higher, we may conclude that the Riemann hypoth-
esis is unsolvable at least by the simultaneous equations because the Riemann ζ-function is much much
more complex than polynomial equations. The Riemann hypothesis states that zeros of the Riemann
ζ-function is located at a specific line. We are lucky that the zero distribution is not contracted in the
linear combination of real and imaginary parts of the Riemann ζ-function. The proof of the Riemann
hypothesis is then dependent on if we can find a linear combination of real and imaginary parts of the
Riemann ζ-function that has obviously zeros on the critical line only. In the paper, we find the linear
combination. The publication of the work is the beginning of a new era in mathematics, however the
proof is elementary without bringing out any mathematical advancement as expected.

2 Linear Combination of Functions
Theorem 2.1 (Variety of Linear Combination of Functions). Let f1(x), and f2(x) be functions on the field
x. If functions g1(x) and g2(x) have no poles on variety V( f1(x), f2(x)), then variety V( f1(x), f2(x)) is a
subset of variety V(g1(x) f1(x) + g2(x) f2(x)).
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Proof. On V( f1(x), f2(x)), because g1(x), and g2(x) have no poles, we have

g1(x) f1(x) + g2(x) f2(x)) = 0, (1)

that is
V( f1(x), f2(x)) ⫅ V(g1(x) f1(x) + g2(x) f2(x)). (2)

□

3 Riemann ξ-Function
The Riemann ζ-function is originally defined as

ζ(s) ≡
∞∑

n=1

1
ns s ∈ C. (3)

Now consider the following equation [1]

π−s/2Γ (s/2) ζ(s) = −
1

s(1 − s)
+

∫ ∞

1

(
t(1−s)/2 + ts/2

)
ψ(t)

dt
t
, t ∈ R (4)

which is rewritten as the Riemann ξ-function

ξ(s) ≡ π−s/2Γ (s/2) s(s − 1)ζ(s) = 1 + s(s − 1)
∫ ∞

1

(
t(1−s)/2 + ts/2

)
ψ(t)

dt
t

= 1 +
[
(s − 1/2)2

− (1/2)2
] ∫ ∞

1

(
t(1/2−s)/2 + t−(1/2−s)/2

)
t1/2ψ(t)

dt
t
,

(5)

where

ψ(t) ≡
∞∑

n=1

e−n2πt. (6)

The nontrivial zeros of the Riemann ζ-function ζ(s) are identical with zeros of the Riemann ξ-function
ξ(s) [2]. G. H. Hardy [3] has proved that an infinite number of zeros lie on the critical line s = 1/2.

The Riemann ξ-function is further rewritten as follows

ξ(s) = 1 +
[
(s − 1/2)2

− (1/2)2
] ∫ ∞

1

(
t(1/2+1/2−s)/2 + t[1/2−(1/2−s)]/2

)
ψ(t)

dt
t

= 1 +
[
w2 − (1/2)2

] ∫ ∞

1

(
t−w/2 + tw/2

)
ψ(t)

dt
t1/2

= 1 +
[
w2 − (1/2)2

] ∫ ∞

1

[
exp (− ln(t)w/2) + exp (ln(t)w/2)

]
ψ(t)

dt
t1/2

= 1 + 2
[
w2 − (1/2)2

] ∫ ∞

1
cosh (ln(t)w/2)ψ(t)

dt
t1/2

= 1 + 2
[
w2 − (1/2)2

] ∫ ∞

1
cos (i ln(t)w/2)ψ(t)

dt
t1/2 ,

(7)

where

w =s − 1/2 = u + iv, u, v ∈ R. (8)

2



Now let
z = iw = −v + iu. (9)

Then, we have

ξ(s) ≡ Ξ(z) = 1 − 2
(
z2 + (1/2)2

) ∫ ∞

1
cos (z ln(t)/2)ψ(t)

dt
t1/2 . (10)

Let r = ln(t), r ∈ R, and notice the following indenties

cos(x + iy) = cos x cosh y − i sin x sinh y,
sin(x + iy) = sin x cosh y + i cos x sinh y.

(11)

Then Ξ(z) is given as follows

Ξ(z) =1 − 2
(
z2 + (1/2)2

) ∫ ∞

0
cos (zr/2)ψ(er)er/2dr

=1 − 2
(
v2 − u2 + (1/2)2 − 2iuv

)∫ ∞

0
[cos (−vr/2) cosh (ur/2) − i sin (−vr/2) sinh (ur/2)]ψ(er)er/2dr

=1 − 2
(
v2 − u2 + (1/2)2

) ∫ ∞

0
cos (vr/2) cosh (ur/2)ψ(er)er/2dr

− 2uv
∫ ∞

0
sin (vr/2) sinh (ur/2)ψ(er)er/2dr

+ i
[
−2
(
v2 − u2 + (1/2)2

) ∫ ∞

0
sin (vr/2) sinh (ur/2)ψ(er)er/2dr

+2uv
∫ ∞

0
cos (vr/2) cosh (ur/2)ψ(er)er/2dr

]
.

(12)

The real and imaginary parts of Ξ(z) are given as follows, respectively

ℜ (Ξ(z)) =1 − 2
(
v2 − u2 + (1/2)2

) ∫ ∞

0
cos (vr/2) cosh (ur/2)ψ(er)er/2dr

− 2uv
∫ ∞

1
sin (vr/2) sinh (ur/2)ψ(er)er/2dr,

ℑ (Ξ(z)) = − 2
(
v2 − u2 + (1/2)2

) ∫ ∞

0
sin (vr/2) sinh (ur/2)ψ(er)er/2dr

+ 2uv
∫ ∞

0
cos (vr/2) cosh (ur/2)ψ(er)er/2dr.

(13)

Ξ(z) = 0 is equivalent to the following equations,

ℜ (Ξ(z)) =0,
ℑ (Ξ(z)) =0.

(14)
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Now consider the following linear combination ofℜ (Ξ(z)) and ℑ (Ξ(z))

L(u, v) =
(
v2 − u2 + (1/2)2

)
ℜ (Ξ(z)) − uvℑ (Ξ(z))

=
(
v2 − u2 + (1/2)2

)
−

[
2
(
v2 − u2 + (1/2)2

)2
+ 2(uv)2

] ∫ ∞

0
cos (vr/2) cosh (ur/2)ψ(er)er/2dr

=
(
v2 − u2 + (1/2)2

)
− 2
[(

v2 − u2 + (1/2)2
)2
+ 4u2(v/2)2

] ∫ ∞

0
cos (vr/2) cosh (ur/2)ψ(er)er/2dr

=4u2

 (v2 − u2 + (1/2)2

4u2 − 2


(
v2 − u2 + (1/2)2

)2
4u2 + (v/2)2


∫ ∞

0
cos (vr/2) cosh (ur/2)ψ(er)er/2dr


=4u2


(
v2 − u2 + (1/2)2

)2
4u2 + (v/2)2

{
1

2|u|

∫ ∞

0
cos (vr/2) e−

v2−u2+(1/2)2
2u rdr − 2

∫ ∞

0
cos (vr/2) cosh (ur/2)ψ(er)er/2dr

}
=

[(
v2 − u2 + (1/2)2

)2
+ (uv)2

] 1
2|u|

{∫ ∞

0
cos (vr/2)

[
e−

v2−u2+(1/2)2
2|u| r

− 4|u| cosh (ur/2)ψ(er)er/2
]

dr
}
.

(15)

Here the following antiderivative was used∫ ∞

0
eax cos bxdx = −

a
a2 + b2 , a < 0. (16)

The linear combination L(u, v) of the real and imginary parts of Ξ(z) has zeros only on line u = 0.
The Riemann hypothesis is proved true.

4 Conclusion
The Riemann hypothesis is proved true by choosing properly a linear combination of the real and imagi-
nary parts of the Riemann ξ-function.
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