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1. Introduction. 

In this study we show the existence of three types of shifts in polynomial curves that will always 
result in integer sequences: 1. "Eureka" shift, 2. Taylor shift, and 3. Offset. 

Then, we demonstrate that every polynomial equation has a reference point that we call sp - 
symmetry point. 

From the symmetry point of any polynomial sequence of integers we can define two types of 
symmetry and one type of asymmetry. 

At the end, we name and define asymmetry, and the two types of symmetries. 

Please, consult the last version of this study at: 

https://www.facebook.com/groups/snypo/posts/421837489473196  

Please, consult the last version of C000000 Conventions, notations, abbreviations, glossary, and 
references at: 

https://www.facebook.com/groups/snypo/posts/653023753021234/. 

Please, consult some threads at: 
https://www.mersenneforum.org/showthread.php?p=618837#post618837. 

2. The “Eureka shift”. 

Given the polynomial where the index 𝑦, the degree 𝑑, and the coefficients 𝑎 are integers: 
𝑌𝑑[𝑦] = 𝑎ௗ𝑦ௗ + 𝑎ௗିଵ𝑦ௗିଵ + 𝑎ௗିଶ𝑦ௗିଶ + ⋯ + 𝑎ସ𝑦ସ + 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 

The curve shift is always continuous and can move the polynomial curve at any position 
parallel to a chosen axis. There is no rotation of the curve when we do a shift. 

If we shift the polynomial curve along the X-axis, we get: 
𝑌𝑑[𝑦] + 𝑚 = 𝑎ௗ𝑦ௗ + 𝑎ௗିଵ𝑦ௗିଵ + 𝑎ௗିଶ𝑦ௗିଶ + ⋯ + 𝑎ସ𝑦ସ + 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 + 𝑚 
Now, 𝑐ᇱ = 𝑐 + 𝑚, and: 

𝑌𝑑[𝑦] + 𝑚 = 𝑎ௗ𝑦ௗ + 𝑎ௗିଵ𝑦ௗିଵ + 𝑎ௗିଶ𝑦ௗିଶ + ⋯ + 𝑎ସ𝑦ସ + 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐′ 
We propose to call this polynomial curve shift with integer steps 𝑚 = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 as “Eureka 

shift”. This way we can get a kind of "Eureka" polynomial sequences. We created the name 
"Eureka Shift" inspired by Neil Sloane video available online at 
https://www.youtube.com/watch?v=6X2D497is6Y. 

3. The Taylor shift. 

If we shift the polynomial curve 
𝑌[𝑦] = 𝑎ௗ𝑦ௗ + 𝑎ௗିଵ𝑦ௗିଵ + 𝑎ௗିଶ𝑦ௗିଶ + ⋯ + 𝑎ସ𝑦ସ + 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 

along the Y-axis, we get a new expression: 
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𝑌[𝑦 + ℎ] = 𝑎ௗ(𝑦 + ℎ)ௗ + 𝑎ௗିଵ(𝑦 + ℎ)ௗିଵ + 𝑎ௗିଶ(𝑦 + ℎ)ௗିଶ + ⋯ + 𝑎ସ(𝑦 + ℎ)ସ

+ 𝑎ଷ(𝑦 + ℎ)ଷ + 𝑎(𝑦 + ℎ)ଶ + 𝑏(𝑦 + ℎ) + 𝑐 

This shift ℎ of the polynomial curve along the Y-axis can be any Real value. 
We can analyze this Y-axis shift using the Taylor expansion at the point 𝑦 = ℎ. 

𝑌[𝑦] = 
𝑌[][ℎ]

𝑛!
(𝑦 − ℎ)

ௗ

ୀ

 

𝑌[𝑦] = 𝑌[ℎ] + 𝑌[ଵ][ℎ](𝑦 − ℎ) +
𝑌[ଶ][ℎ]

2!
(𝑦 − ℎ)ଶ +

𝑌[ଷ][ℎ]

3!
(𝑦 − ℎ)ଷ + ⋯

+
𝑌[ௗିଷ][ℎ]

(𝑑 − 3)!
(𝑦 − ℎ)(ௗିଷ) +

𝑌[ௗିଶ][ℎ]

(𝑑 − 2)!
(𝑦 − ℎ)(ௗିଶ) +

𝑌[ௗିଵ][ℎ]

(𝑑 − 1)!
(𝑦 − ℎ)(ௗିଵ)

+
𝑌[ௗ][ℎ]

𝑑!
(𝑦 − ℎ)ௗ 

Let us write the polynomial above reversing the direction of its terms: 

𝑌[𝑦] =
𝑌[ௗ][ℎ]

𝑑!
(𝑦 − ℎ)ௗ +

𝑌[ௗିଵ][ℎ]

(𝑑 − 1)!
(𝑦 − ℎ)(ௗିଵ) +

𝑌[ௗିଶ][ℎ]

(𝑑 − 2)!
(𝑦 − ℎ)(ௗିଶ)

+
𝑌[ௗିଷ][ℎ]

(𝑑 − 3)!
(𝑦 − ℎ)(ௗିଷ) + ⋯ +

𝑌[ଷ][ℎ]

3!
(𝑦 − ℎ)ଷ +

𝑌[ଶ][ℎ]

2!
(𝑦 − ℎ)ଶ

+ 𝑌[ଵ][ℎ](𝑦 − ℎ) + 𝑌[ℎ] 
So, 

𝑌[𝑦 + ℎ] =
𝑌[ௗ][ℎ]

𝑑!
𝑦ௗ +

𝑌[ௗିଵ][ℎ]

(𝑑 − 1)!
𝑦(ௗିଵ) +

𝑌[ௗିଶ][ℎ]

(𝑑 − 2)!
𝑦(ௗିଶ) +

𝑌[ௗିଷ][ℎ]

(𝑑 − 3)!
𝑦(ௗିଷ) + ⋯

+
𝑌[ଷ][ℎ]

3!
𝑦ଷ +

𝑌[ଶ][ℎ]

2!
𝑦ଶ + 𝑌[ଵ][ℎ]𝑦 + 𝑌[ℎ] 

Let us say, 

𝑌[𝑦 + ℎ] = 𝑎ௗ
º 𝑦ௗ + 𝑎ௗିଵ

º 𝑦ௗିଵ + 𝑎ௗିଶ
º 𝑦ௗିଶ + ⋯ + 𝑎ଷ

º 𝑦ଷ + 𝑎º𝑦ଶ + 𝑏º𝑦 + 𝑐º 
Or, 

𝑌[𝑦 + ℎ] = 𝑎ௗ
º 𝑦ௗ + 𝑎ௗିଵ

º 𝑦ௗିଵ + 𝑎ௗିଶ
º 𝑦ௗିଶ + ⋯ + 𝑎ଷ

º 𝑦ଷ + 𝑎ଶ
º 𝑦ଶ + 𝑎ଵ

º 𝑦 + 𝑎
º  

Then, 

𝑎ௗ
º =

𝑌[ௗ][ℎ]

𝑑!
 

𝑎ௗିଵ
º =

𝑌[ௗିଵ][ℎ]

(𝑑 − 1)!
 

𝑎ௗିଶ
º =

𝑌[ௗିଶ][ℎ]

(𝑑 − 2)!
 

… 

𝑎ଶ
º =

𝑌[ଶ][ℎ]

2!
 

𝑎ଵ
º = 𝑌[ଵ][ℎ] 

𝑎
º = 𝑌[ℎ] 

Because, 
𝑌[𝑦] = 𝑎ௗ𝑦ௗ + 𝑎ௗିଵ𝑦ௗିଵ + 𝑎ௗିଶ𝑦ௗିଶ + ⋯ + 𝑎ଷ𝑦ଷ + 𝑎ଶ𝑦ଶ + 𝑎ଵ𝑦 + 𝑎 
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Then, 

𝑎
º = 𝑌[ℎ] = 𝑎ௗℎௗ + 𝑎ௗିଵℎௗିଵ + 𝑎ௗିଶℎௗିଶ + ⋯ + 𝑎ଷℎଷ + 𝑎ଶℎଶ + 𝑎ଵℎ + 𝑎 

𝑎ଵ
º = 𝑌[ଵ]𝑑[ℎ] = 𝑑𝑎ௗℎௗିଵ + (𝑑 − 1)𝑎ௗିଵℎௗିଶ + (𝑑 − 2)𝑎ௗିଶℎௗିଷ + ⋯ + 3𝑎ଷℎଶ + 2𝑎ଶℎ

+ 𝑎ଵ 

𝑎ଶ
º =

𝑌[ଶ][ℎ]

2!
=

𝑑(𝑑 − 1)𝑎ௗℎௗିଶ + (𝑑 − 1)(𝑑 − 2)𝑎ௗିଵℎௗିଷ + ⋯ + 3.2. 𝑎ଷℎ + 2𝑎ଶ

2!
 

Before we continue, please note that for any polynomial of the 2nd degree or higher, the 2nd 
derivative, or higher will always be an even number for the integers. All the next derivatives will 
continue to be an even number for the integers. 

… 

𝑎ௗିଷ
º =

𝑌[ௗିଷ][ℎ]

(𝑑 − 3)!

= ቆ
𝑑(𝑑 − 1)(𝑑 − 2)

3!
𝑎ௗℎଷ +

(𝑑 − 1)(𝑑 − 2)

2
𝑎ௗିଵℎଶ + (𝑑 − 2)𝑎ௗିଶℎቇ

+
(𝑑 − 3)! 𝑎ௗିଷ

(𝑑 − 3)!

=
𝑑(𝑑 − 1)(𝑑 − 2)

3!
𝑎ௗℎଷ +

(𝑑 − 1)(𝑑 − 2)

2
𝑎ௗିଵℎଶ + (𝑑 − 2)𝑎ௗିଶℎ + 𝑎ௗିଷ 

𝑎ௗିଶ
º =

𝑌[ௗିଶ][ℎ]

(𝑑 − 2)!
=

ቀ
𝑑! 𝑎ௗℎ

2
+ (𝑑 − 1)! 𝑎ௗିଵቁ ℎ + (𝑑 − 2)! 𝑎ௗିଶ

(𝑑 − 2)!

=
𝑑(𝑑 − 1)

2
𝑎ௗℎଶ + (𝑑 − 1)𝑎ௗିଵℎ + 𝑎ௗିଶ 

𝑎ௗିଵ
º =

𝑌[ௗିଵ][ℎ]

(𝑑 − 1)!
=

𝑑! 𝑎ௗℎ + (𝑑 − 1)! 𝑎ௗିଵ

(𝑑 − 1)!
= 𝑑𝑎ௗℎ + 𝑎ௗିଵ 

𝑎ௗ
º =

𝑌[ௗ][ℎ]

𝑑!
=

𝑑! 𝑎ௗ

𝑑!
= 𝑎ௗ 

4. Offset in polynomials. 

Let's define offset in a polynomial 𝑌[𝑦] as the Taylor shift 𝑌[𝑦 + ℎ] with ℎ = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

5. Symmetry Point (sp) in polynomials 

Let's define the symmetry point (𝑠𝑝) of a polynomial curve as the point on the polynomial 
curve that divides the curve into 2 parts as symmetrically as possible. 

In these studies, the coordinates of a symmetry point in the XY plane are 𝑥௦ and 𝑦௦. Also, 

we denote a symmetry point as being the point 𝑠𝑝 = (𝑥௦, 𝑦௦). 

To define the formula for the coordinates (𝑥௦, 𝑦௦) of the symmetry point, we will use the 

results obtained from the Taylor shift. 
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5.1. Symmetry point coordinates 

Notice that, if we want to have a symmetric polynomial, we just may do: 
𝑌[𝑦] = 𝑎ௗ𝑦ௗ 

This means that any Taylor shift in this curve results in: 

𝑌[𝑦 + ℎ] = 𝑎ௗ𝑦ௗ + 𝑑𝑎ௗℎ𝑦ௗିଵ +
𝑑(𝑑 − 1)

2
𝑎ௗℎଶ𝑦ௗିଶ +

𝑑(𝑑 − 1)(𝑑 − 2)

3!
𝑎ௗℎଷ𝑦ௗିଷ + ⋯

+
𝑑(𝑑 − 1)(𝑑 − 2)

3!
𝑎ௗℎௗିଷ𝑦ଷ +

𝑑(𝑑 − 1)

2
𝑎ௗℎௗିଶ𝑦ଶ + 𝑑𝑎ௗℎௗିଵ𝑦ଵ + 𝑎ௗℎௗ 

These coefficients when integers are the Pascal´s triangle coefficients. 
This is an important hint that we can get all coefficients of the Taylor shift from Pascal's 

triangle. We will show how Shaw and Traub method for the Taylor shift is fully based on Pascal´s 
triangle. 

If ℎ = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 the two expressions above represent the same sequence of integers. What 
changes is only the displacement of the same curve along the Y-axis.  

Then, if there is a symmetry point in each of the two curves, this point of symmetry is in the 
same position with respect to the integer elements of the sequence or with respect to the infinite 
points of the polynomial curve. 

Because, 
𝑌[𝑦 + ℎ] = 𝑎ௗ(𝑦 + ℎ)ௗ + 𝑎ௗିଵ(𝑦 + ℎ)ௗିଵ + 𝑎ௗିଶ(𝑦 + ℎ)ௗିଶ + ⋯ + 𝑎ଷ(𝑦 + ℎ)ଷ

+ 𝑎(𝑦 + ℎ)ଶ + 𝑏(𝑦 + ℎ) + 𝑐 
Or, 

𝑌[𝑦] = 𝑎ௗ𝑦ௗ + 𝑎ௗିଵ𝑦ௗିଵ + 𝑎ௗିଶ𝑦ௗିଶ + ⋯ + 𝑎ସ𝑦ସ + 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 
Let us define 𝑠𝑝ଵ = (𝑥௦ଵ, 𝑦௦ଵ) as the point of symmetry of 𝑌[𝑦] and 𝑠𝑝ଶ = (𝑥௦ , 𝑦௦ଶ) as 

the point of symmetry of 𝑌[𝑦 + ℎ]. 
To get an equation for the symmetry point in any polynomial, then two things must occur 

when we perform a Taylor shift from 𝑌[𝑦] with 𝑠𝑝ଵ = (𝑥௦ଵ, 𝑦௦ଵ)  to 𝑌[𝑦 + ℎ] with 𝑠𝑝ଶ =

(𝑥௦ଶ, 𝑦௦ଶ): 

𝑥௦ଶ = 𝑥௦ଵ 

𝑦௦ଶ = 𝑦௦ + ℎ 

Then, we must define the Y-coordinate of the symmetry point as being the value of 𝑦 when: 

𝑌[ௗିଵ][𝑦] =
𝑑ௗିଵ

𝑑𝑦ௗିଵ
(𝑌[𝑦]) = 0 

𝑌[ௗିଵ][𝑦] = 𝑑! 𝑎ௗ𝑦 + (𝑑 − 1)! 𝑎ௗିଵ 
And for 𝑦 = 𝑦௦: 

𝑑! 𝑎ௗ𝑦௦ + (𝑑 − 1)! 𝑎ௗିଵ = 0 

𝑦௦ = −
(𝑑 − 1)! 𝑎ௗିଵ

𝑑! 𝑎ௗ
 

𝑦௦ = −
𝑎ௗିଵ

𝑑𝑎ௗ
 

And, 

𝑥௦ = 𝑌ൣ𝑦௦൧ = 𝑌 −
𝑎ௗିଵ

𝑑𝑎ௗ
൨ 
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So, 

𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 𝑝𝑜𝑖𝑛𝑡 = 𝑠𝑝 = ൫𝑥௦, 𝑦௦൯ = ൬𝑌 −
𝑎ௗିଵ

𝑑𝑎ௗ
൨ , −

𝑎ௗିଵ

𝑑𝑎ௗ
൰ 

When the polynomial generates a symmetric integer sequence, then the symmetry point 
coincides with one of the inflection points and/or with one of the Real roots. 

When the polynomial generates an asymmetric integer sequence, then the point of symmetry 
will be closer to the most central inflection point of the curve and/or the most central Real root, 
if any. 

6. Taylor shift, symmetry point (sp) and Pascal´s triangle 

Let's better understand the dynamics of the symmetry point, the symmetry of the Taylor shift 
equation, and the symmetry in Pascal’s triangle. 

6.1. Taylor shift for 1st degree polynomials 

𝑌1[𝑦] = 𝑏𝑦 + 𝑐 

𝑌[ଵ]1[𝑦] = 𝑏 
Then, 

𝑌1[𝑦 + ℎ] = 𝑌[ଵ][ℎ]𝑦 + 𝑌[ℎ] 
𝑌1[𝑦 + ℎ] = 𝑏𝑦 + 𝑏ℎ + 𝑐 

Doing ℎ = 𝑓 = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, we have 

𝑏º = 𝑏 𝑏 = 𝑏º 

𝑐º = 𝑏ℎ + 𝑐 𝑐 = −𝑏ℎ + 𝑐º 
Symmetry point: 

𝑦௦ = −
𝑎ௗିଵ

𝑑𝑎ௗ
= −

𝑐

𝑏
 

𝑥௦ = 𝑌1 ቂ−
𝑐

𝑏
ቃ = 𝑏 ቀ−

𝑐

𝑏
ቁ + 𝑐 = 0 

𝑠𝑝ଵ[௬] = ൫𝑥௦, 𝑦௦൯ = ቀ0, −
𝑐

𝑏
ቁ 

6.2. Taylor shift for 2nd degree polynomials 

𝑌2[𝑦] = 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 

𝑌[ଵ]2[𝑦] = 2𝑎𝑦 + 𝑏 

𝑌[ଶ]2[𝑦] = 2𝑎 
Then, 

𝑌2[𝑦 + ℎ] =
𝑌[ଶ][ℎ]

2!
𝑦ଶ + 𝑌[ଵ][ℎ]𝑦 + 𝑌[ℎ] 

𝑌2[𝑦 + ℎ] =
2𝑎

2!
𝑦ଶ + (2𝑎ℎ + 𝑏)𝑦 + 𝑎ℎଶ + 𝑏ℎ + 𝑐 

𝑌2[𝑦 + ℎ] = 𝑎𝑦ଶ + (2𝑎ℎ + 𝑏)𝑦 + 𝑎ℎଶ + 𝑏ℎ + 𝑐 
Doing ℎ = 𝑓 = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, we have 
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𝑎º = 𝑎 𝑎 = 𝑎º 

𝑏º = 𝑏 + 2𝑎ℎ 𝑏 = 𝑏º − 2𝑎ℎ 

𝑐º = 𝑎ℎଶ + 𝑏ℎ + 𝑐 𝑐 = 𝑎ºℎଶ − 𝑏ºℎ + 𝑐º 
Symmetry point: 

𝑦௦ = −
𝑎ௗିଵ

𝑑𝑎ௗ
= −

𝑏

2𝑎
 

𝑥௦ = 𝑌2 −
𝑏

2𝑎
൨ = 𝑎 ൬−

𝑏

2𝑎
൰

ଶ

+ 𝑏 ൬−
𝑏

2𝑎
൰ + 𝑐 =

𝑏ଶ

4𝑎
−

𝑏ଶ

2𝑎
+ 𝑐 =

−𝑏ଶ + 4𝑎𝑐

4𝑎
 

𝑠𝑝ଶ[௬] = ൫𝑥௦, 𝑦௦൯ = ቆ−
𝑏ଶ − 4𝑎𝑐

4𝑎
, −

𝑏

2𝑎
ቇ 

6.3. Taylor shift for 3rd degree polynomials 

𝑌3[𝑦] = 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 

𝑌[ଵ]3[𝑦] = 3𝑎ଷ𝑦ଶ + 2𝑎𝑦 + 𝑏 

𝑌[ଶ]3[𝑦] = 6𝑎ଷ𝑦 + 2𝑎 

𝑌[ଷ]3[𝑦] = 6𝑎ଷ 

𝑌3[𝑦 + ℎ] =
𝑌[ଷ][ℎ]

3!
𝑦ଷ +

𝑌[ଶ][ℎ]

2!
𝑦ଶ + 𝑌[ଵ][ℎ]𝑦 + 𝑌[ℎ] 

𝑌3[𝑦 + ℎ] =
6𝑎ଷ

3!
𝑦ଷ +

6𝑎ଷℎ + 2𝑎

2!
𝑦ଶ + (3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏)𝑦 + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 

𝑌3[𝑦 + ℎ] = 𝑎ଷ𝑦ଷ + (3𝑎ଷℎ + 𝑎)𝑦ଶ + (3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏)𝑦 + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 
Doing ℎ = 𝑓 = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, we have: 

𝑎º = 3𝑎ଷℎ + 𝑎 

𝑎 =  𝑎º − 3𝑎ଷ
º ℎ 

𝑏º = 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏 

𝑏 = −3𝑎ଷℎଶ − 2𝑎ℎ + 𝑏º 

𝑏 = −3𝑎ଷ
º ℎଶ − 2൫𝑎º − 3𝑎ଷ

º ℎ൯ℎ + 𝑏º 

𝑏 = −3𝑎ଷ
º ℎଶ − 2𝑎ºℎ + 6𝑎ଷ

º ℎଶ + 𝑏º 

𝑏 = 3𝑎ଷ
º ℎଶ − 2𝑎ºℎ + 𝑏º 

𝑐º = 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 
𝑐 = −𝑎ଷℎଷ − 𝑎ℎଶ − 𝑏ℎ + 𝑐º 

𝑐 = −𝑎ଷ
º ℎଷ − ൫𝑎º − 3𝑎ଷ

º ℎ൯ℎଶ − ൫3𝑎ଷ
º ℎଶ − 2𝑎ºℎ + 𝑏º൯ℎ + 𝑐º 

𝑐 = −𝑎ଷ
º ℎଷ − 𝑎ºhଶ + 3𝑎ଷ

º ℎଷ − 3𝑎ଷ
º ℎଷ + 2𝑎ºℎଶ − 𝑏ºℎ + 𝑐º 

𝑐 = −𝑎ଷ
º ℎଷ + 𝑎ºhଶ − 𝑏ºℎ + 𝑐º 

𝑎ଷ
º = 𝑎ଷ 𝑎ଷ = 𝑎ଷ

º  

𝑎º = 3𝑎ଷℎ + 𝑎 𝑎 =  𝑎º − 3𝑎ଷ
º ℎ 

𝑏º = 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏 𝑏 = 3𝑎ଷ
º ℎଶ − 2𝑎ºℎ + 𝑏º 

𝑐º = 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 𝑐 = −𝑎ଷ
º ℎଷ + 𝑎ºℎଶ − 𝑏ºℎ + 𝑐º 

Symmetry point: 

𝑦௦ = −
𝑎ௗିଵ

𝑑𝑎ௗ
= −

𝑎

3𝑎ଷ
 



Page 8 of 16 
 

𝑥௦ = 𝑌3 −
𝑎

3𝑎ଷ
൨ = 𝑎ଷ ൬−

𝑎

3𝑎ଷ
൰

ଷ

+ 𝑎 ൬−
𝑎

3𝑎ଷ
൰

ଶ

+ 𝑏 ൬−
𝑎

3𝑎ଷ
൰ + 𝑐 

𝑥௦ = −
𝑎ଷ

27𝑎ଷ
ଶ +

𝑎ଷ

9𝑎ଷ
ଶ −

𝑎𝑏

3𝑎ଷ
+ 𝑐 

𝑠𝑝ଷ[௬] = ൫𝑥௦, 𝑦௦൯ = ቆ−
𝑎ଷ

27𝑎ଷ
ଶ +

𝑎ଷ

9𝑎ଷ
ଶ −

𝑎𝑏

3𝑎ଷ
+ 𝑐, −

𝑎

3𝑎ଷ
ቇ 

6.4. Taylor shift for 4th degree polynomials 

𝑌4[𝑦] = 𝑎ସ𝑦ସ + 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 

𝑌[ଵ]4[𝑦] = 4𝑎ସ𝑦ଷ + 3𝑎ଷ𝑦ଶ + 2𝑎𝑦 + 𝑏 

𝑌[ଶ]4[𝑦] = 12𝑎ସ𝑦ଶ + 6𝑎ଷ𝑦 + 2𝑎 

𝑌[ଷ]4[𝑦] = 24𝑎ସ𝑦 + 6𝑎ଷ 

𝑌[ସ]4[𝑦] = 24𝑎ସ 

𝑌4[𝑦 + ℎ] =
𝑌[ସ][ℎ]

4!
𝑦ସ +

𝑌[ଷ][ℎ]

3!
𝑦ଷ +

𝑌[ଶ][ℎ]

2!
𝑦ଶ + 𝑌[ଵ][ℎ]𝑦 + 𝑌[ℎ] 

𝑌4[𝑦 + ℎ] =
24𝑎ସ

4!
𝑦ସ +

24𝑎ସℎ + 6𝑎ଷ

3!
𝑦ଷ +

12𝑎ସℎଶ + 6𝑎ଷℎ + 2𝑎

2!
𝑦ଶ

+ (4𝑎ସℎଷ + 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏)𝑦 + 𝑎ସℎସ + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 
𝑌4[𝑦 + ℎ] = 𝑎ସ𝑦ସ + (4𝑎ସℎ + 𝑎ଷ)𝑦ଷ + (6𝑎ସℎଶ + 3𝑎ଷℎ + 𝑎)𝑦ଶ

+ (4𝑎ସℎଷ + 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏)𝑦 + 𝑎ସℎସ + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 

𝑎ଷ
º = 4𝑎ସℎ + 𝑎ଷ 

𝑎ଷ = −4𝑎ସ
º ℎ + 𝑎ଷ

º  
𝑎º = 6𝑎ସℎଶ + 3𝑎ଷℎ + 𝑎 
𝑎 = 𝑎º − 6𝑎ସℎଶ − 3𝑎ଷℎ 

𝑎 = 𝑎º − 6𝑎ସ
º ℎଶ − 3൫𝑎ଷ

º − 4𝑎ସ
º ℎ൯ℎ 

𝑎 = 𝑎º − 6𝑎ସ
º ℎଶ − 3𝑎ଷ

º ℎ + 12𝑎ସ
º ℎଶ 

𝑎 = 6𝑎ସ
º ℎଶ − 3𝑎ଷ

º ℎ + 𝑎º 

𝑏º = 4𝑎ସℎଷ + 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏 

𝑏 = −4𝑎ସℎଷ − 3𝑎ଷℎଶ − 2𝑎ℎ + 𝑏º 

𝑏 = −4𝑎ସ
º ℎଷ − 3(−4𝑎ସ

º ℎ + 𝑎ଷ
º )ℎଶ − 2(6𝑎ସ

º ℎଶ − 3𝑎ଷ
º ℎ + 𝑎º)ℎ + 𝑏º 

𝑏 = −4𝑎ସ
º ℎଷ + 12𝑎ସ

º ℎଷ − 3𝑎ଷ
º ℎଶ − 12𝑎ସ

º ℎଷ + 6𝑎ଷ
º ℎଶ − 2𝑎ºℎ + 𝑏º 

𝑏 = −4𝑎ସ
º ℎଷ + 3𝑎ଷ

º ℎଶ − 2𝑎ºℎ + 𝑏º 
𝑐º = 𝑎ସℎସ + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 

𝑐 = −𝑎ସℎସ − 𝑎ଷℎଷ − 𝑎ℎଶ − 𝑏ℎ + 𝑐º 

𝑐 = −𝑎ସ
º ℎସ − ൫−4𝑎ସ

º ℎ + 𝑎ଷ
º ൯ℎଷ − ൫6𝑎ସ

º ℎଶ − 3𝑎ଷ
º ℎ + 𝑎º൯ℎଶ

− ൫−4𝑎ସ
º ℎଷ + 3𝑎ଷ

º ℎଶ − 2𝑎ºℎ + 𝑏º൯ℎ + 𝑐º 

𝑐 = −𝑎ସ
º ℎସ + 4𝑎ସ

º ℎସ − 𝑎ଷ
º ℎଷ − 6𝑎ସ

º ℎସ + 3𝑎ଷ
º ℎଷ − 𝑎ºℎଶ + 4𝑎ସ

º ℎସ − 3𝑎ଷ
º ℎଷ + 2𝑎ºℎଶ − 𝑏ºℎ

+ 𝑐º 

𝑐 = 𝑎ସ
º ℎସ − 𝑎ଷ

º ℎଷ + 𝑎ºℎଶ − 𝑏ºℎ + 𝑐º 

𝑎ସ
º = 𝑎ସ 𝑎ସ = 𝑎ସ

º  
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𝑎ଷ
º = 4𝑎ସℎ + 𝑎ଷ 𝑎ଷ = −4𝑎ସ

º ℎ + 𝑎ଷ
º  

𝑎º = 6𝑎ସℎଶ + 3𝑎ଷℎ + 𝑎 𝑎 = 6𝑎ସ
º ℎଶ − 3𝑎ଷ

º ℎ + 𝑎º 

𝑏º = 4𝑎ସℎଷ + 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏 𝑏 = −4𝑎ସ
º ℎଷ + 3𝑎ଷ

º ℎଶ − 2𝑎ºℎ + 𝑏º 

𝑐º = 𝑎ସℎସ + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 𝑐 = 𝑎ସ
º ℎସ − 𝑎ଷ

º ℎଷ + 𝑎ºℎଶ − 𝑏ºℎ + 𝑐º 
Symmetry point: 

𝑦௦ = −
𝑎ௗିଵ

𝑑𝑎ௗ
= −

𝑎ଷ

4𝑎ସ
 

𝑥௦ = 𝑌4 −
𝑎ଷ

4𝑎ସ
൨ = 𝑎ସ ൬−

𝑎ଷ

4𝑎ସ
൰

ସ

+ 𝑎ଷ ൬−
𝑎ଷ

4𝑎ସ
൰

ଷ

+ 𝑎 ൬−
𝑎ଷ

4𝑎ସ
൰

ଶ

+ 𝑏 ൬−
𝑎ଷ

4𝑎ସ
൰ + 𝑐 

𝑥௦ =
𝑎ଷ

ସ

256𝑎ସ
ଷ −

𝑎ଷ
ସ

64𝑎ସ
ଷ +

𝑎ଷ
ଶ𝑎

16𝑎ସ
ଶ −

𝑎ଷ𝑏

4𝑎ସ
+ 𝑐 

𝑠𝑝ସ[௬] = ൫𝑥௦, 𝑦௦൯ = ቆ
𝑎ଷ

ସ

256𝑎ସ
ଷ −

𝑎ଷ
ସ

64𝑎ସ
ଷ +

𝑎ଷ
ଶ𝑎

16𝑎ସ
ଶ −

𝑎ଷ𝑏

4𝑎ସ
+ 𝑐, −

𝑎ଷ

4𝑎ସ
ቇ 

6.5. Taylor shift for 5th degree polynomials 

𝑌5[𝑦] = 𝑎ହ𝑦ହ + 𝑎ସ𝑦ସ + 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 

𝑌[ଵ]5[𝑦] = 5𝑎ହ𝑦ସ + 4𝑎ସ𝑦ଷ + 3𝑎ଷ𝑦ଶ + 2𝑎𝑦 + 𝑏 

𝑌[ଶ]5[𝑦] = 20𝑎ହ𝑦ଷ + 12𝑎ସ𝑦ଶ + 6𝑎ଷ𝑦 + 2𝑎 

𝑌[ଷ]5[𝑦] = 60𝑎ହ𝑦ଶ + 24𝑎ସ𝑦 + 6𝑎ଷ 

𝑌[ସ]5[𝑦] = 120𝑎ହ𝑦 + 24𝑎ସ 

𝑌[ହ]5[𝑦] = 120𝑎ହ 

𝑌5[𝑦 + ℎ] =
𝑌[ହ][ℎ]

5!
𝑦ହ +

𝑌[ସ][ℎ]

4!
𝑦ସ +

𝑌[ଷ][ℎ]

3!
𝑦ଷ +

𝑌[ଶ][ℎ]

2!
𝑦ଶ + 𝑌[ଵ][ℎ]𝑦 + 𝑌[ℎ] 

𝑌5[𝑦 + ℎ] =
120𝑎ହ

5!
𝑦ହ +

120𝑎ହℎ + 24𝑎ସ

4!
𝑦ସ +

60𝑎ହℎଶ + 24𝑎ସℎ + 6𝑎ଷ

3!
𝑦ଷ

+
20𝑎ହℎଷ + 12𝑎ସℎଶ + 6𝑎ଷℎ + 2𝑎

2!
𝑦ଶ

+ (5𝑎ହℎସ + 4𝑎ସℎଷ + 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏)𝑦 + 𝑎ହℎହ + 𝑎ସℎସ + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ

+ 𝑐 
𝑌5[𝑦 + ℎ] = 𝑎ହ𝑦ହ + (5𝑎ହℎ + 𝑎ସ)𝑦ସ + (10𝑎ହℎଶ + 4𝑎ସℎ + 𝑎ଷ)𝑦ଷ

+ (10𝑎ହℎଷ + 6𝑎ସℎଶ + 3𝑎ଷℎ + 𝑎)𝑦ଶ + (5𝑎ହℎସ + 4𝑎ସℎଷ + 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏)𝑦

+ 𝑎ହℎହ + 𝑎ସℎସ + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 

𝑎ହ
º = 𝑎ହ 𝑎ହ = 𝑎ହ

º  

𝑎ସ
º = 5𝑎ହℎ + 𝑎ସ 𝑎ସ = −5𝑎ହ

º ℎ + 𝑎ସ
º  

𝑎ଷ
º = 10𝑎ହℎଶ + 4𝑎ସℎ + 𝑎ଷ 𝑎ଷ = 10𝑎ହ

º ℎଶ − 4𝑎ସ
º ℎ + 𝑎ଷ

º  

𝑎º = 10𝑎ହℎଷ + 6𝑎ସℎଶ + 3𝑎ଷℎ + 𝑎 𝑎 = −10𝑎ହ
º ℎଷ + 6𝑎ସ

º ℎଶ − 3𝑎ଷ
º ℎ + 𝑎º 

𝑏º = 5𝑎ହℎସ + 4𝑎ସℎଷ + 3𝑎ଷℎଶ + 2𝑎ℎ + 𝑏 𝑏 = 5𝑎ହ
º ℎସ − 4𝑎ସ

º ℎଷ + 3𝑎ଷ
º ℎଶ − 2𝑎ºℎ + 𝑏º 

𝑐º = 𝑎ହℎହ + 𝑎ସℎସ + 𝑎ଷℎଷ + 𝑎ℎଶ + 𝑏ℎ + 𝑐 𝑐 = −𝑎ହ
º ℎହ + 𝑎ସ

º ℎସ − 𝑎ଷ
º ℎଷ + 𝑎ºℎଶ − 𝑏ºℎ

+ 𝑐º 
Symmetry point: 
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𝑦௦ = −
𝑎ௗିଵ

𝑑𝑎ௗ
= −

𝑎ସ

5𝑎ହ
 

𝑥௦ = 𝑌5 −
𝑎ସ

5𝑎ହ
൨

= 𝑎ହ ൬−
𝑎ସ

5𝑎ହ
൰

ହ

+ 𝑎ସ ൬−
𝑎ସ

5𝑎ହ
൰

ସ

+ 𝑎ଷ ൬−
𝑎ସ

5𝑎ହ
൰

ଷ

+ 𝑎 ൬−
𝑎ସ

5𝑎ହ
൰

ଶ

+ 𝑏 ൬−
𝑎ସ

5𝑎ହ
൰ + 𝑐 

𝑥௦ = −
𝑎ସ

ହ

3125𝑎ହ
ସ +

𝑎ସ
ହ

625𝑎ହ
ସ −

𝑎ସ
ଷ𝑎ଷ

125𝑎ହ
ଷ +

𝑎ସ
ଶ𝑎

25𝑎ହ
ଶ −

𝑎ସ𝑏

5𝑎ହ
+ 𝑐 

𝑠𝑝ହ[௬] = ൫𝑥௦, 𝑦௦൯ = ቆ−
𝑎ସ

ହ

3125𝑎ହ
ସ +

𝑎ସ
ହ

625𝑎ହ
ସ −

𝑎ସ
ଷ𝑎ଷ

125𝑎ହ
ଷ +

𝑎ସ
ଶ𝑎

25𝑎ହ
ଶ −

𝑎ସ𝑏

5𝑎ହ
+ 𝑐, −

𝑎ସ

5𝑎ହ
ቇ 

6.6. The Taylor shift coefficients in the Pascal´s triangle 

Because of the results above, see the summary of the Shaw and Traub method for the Taylor 
shift based on Pascal´s triangle. 

We start from: 
𝑌𝑑[𝑦] = 𝑎ௗ𝑦ௗ + 𝑎ௗିଵ𝑦ௗିଵ + 𝑎ௗିଶ𝑦ௗିଶ + ⋯ + 𝑎ସ𝑦ସ + 𝑎ଷ𝑦ଷ + 𝑎𝑦ଶ + 𝑏𝑦 + 𝑐 

And shift to: 

𝑌𝑑[𝑦 + ℎ] = 𝑎ௗ
º 𝑦ௗ + 𝑎ௗିଵ

º 𝑦ௗିଵ + 𝑎ௗିଶ
º 𝑦ௗିଶ + ⋯ + 𝑎ଷ

º 𝑦ଷ + 𝑎ଶ
º 𝑦ଶ + 𝑎ଶ

º 𝑦 + 𝑎
º  

The new coefficients come from Pascal´s triangle, such as: 

 

Figure 1 C001112 The Taylor shift coefficients 𝑎
º  in function of the original coefficients 𝑎, 

where 0 ≤ 𝑛 ≤ 𝑑. 

We can get the value of each coefficient 𝑎
º  by adding up the terms in its row. 

Each row has an infinite number of terms. 
The number of terms to be added in each row is limited by the diagonal corresponding to the 

degree d of the polynomial. We sum the terms of a row up to the ladder-shaped line. 
The number of terms of the sum of 𝑎

º  of a polynomial of degree 𝑑 is given by: 
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑡𝑒𝑟𝑚𝑠 = 𝑑 − 𝑛 + 1 
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Where 𝑛 is the coefficient number, and 𝑑 is the polynomial degree. 

7. Symmetry and asymmetry detection. 

Because we have proven the existence of a point of symmetry in polynomial sequences above, 
let us admit as a rule that every mathematical sequence has a symmetry point (sp) or point of 
symmetry or point of reference. 

Because of that, we will always analyze the symmetry or the asymmetry of a sequence using 
the symmetry point as our referential. 

Following this principle, the view of the sequence elements through the symmetry point does 
not change with the offset. That is, to see all the sequence of elements of any sequence, we will 
always see from the symmetry point as our referential. 

Even preliminarily, every numerical sequence always has two directions. This is very evident 
in polynomial sequences because in all of them we have two recurrence equations. One direction 
is opposite to the other. 

Because of this introduction, there is only three possibilities to check: 

 If the symmetry point is in one of the elements of the sequence, then it is a symmetric 
sequence of type SUB. The name SUB comes from SUBmarine, one position in the battleship 
game. 

 If the symmetry point is equidistant from all the elements of the sequence, then it is also a 
symmetric sequence, but of type DES. The name DES comes from DEStroyer, two positions 
in the battleship game. 

 If the sequence is neither SUB nor DES, then it is an asymmetric sequence, and we call type 
ACC. The name ACC comes from ACC-AirCraft Carrier, three positions in the battleship 
game. 

8. Bijection defines symmetry or asymmetry. 

Let us assume that the reason for the symmetry or the asymmetry of any sequence is the result 
of the certainty or uncertainty of how to apply the bijection property. 

This is independent of whether the sequence is finite or infinite. 
This way of thinking help to explain how it is possible to detect Ramanujan's "equivocation" 

at https://www.mersenneforum.org/showpost.php?p=620141&postcount=19 simply by 
evaluating the shifts of the symmetry points of the polynomial sequences he created. 

Because the bijection property always applies to pairs of elements of a sequence (one-to-one 
correspondence), then each of the pairs forms a duet. 

8.1. Definition 1: the bijection function. 

Definition 1: The bijection function will occur if and only if exists a mathematical identity 
between the two elements of all the duets using the symmetry point as the reference. 

Consequence 1.1: The bijection function does not depend on the signs of the elements. 
The criterion to apply the bijection property (one-to-one correspondence) is always solely 
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the absolute value of the elements of the sequence. For bijection, we only consider the 
absolute values of each element. This fully applies to polynomials of odd degree. 

Consequence 1.2: The bijection function does not change when we offset a sequence. 
Consequence 1.3: The bijection function does not change when we analyze a sequence 

in ascending or descending order, direct or reverse. 
Consequence 1.4: See that in this kind of definition, there is bijection even if the two 

elements of the duets of the sequences are not of equal absolute value. 
For example, the sequence of the positive divisors of the number 36 is a symmetric sequence 

of type SUB, and the sequence of the positive divisors of the number 24 is also a symmetric 
sequence, but of type DES. 

8.2. Definition 2: the symmetric sequences. 

Definition 2: We will define any finite or infinite sequence of numbers as a symmetric 
sequence, if and only if we can apply the bijection property (one-to-one correspondence) to all 
its elements precisely, without ambiguity. 

Consequence 2.1: When we apply the bijection function to all pairs of elements with 
the same absolute value or same mathematical property, and it is impossible to leave out 
any element of the sequence, then this sequence is a DES type. 

Examples: (1) the odd numbers, (2) the quadratics in the form of (oblong 
numbers ± an integer number), (3) the positive and negative divisors of the 
positive square numbers, (4) the repetend of the inverse of some primes, (5) etc. 

Consequence 2.2: When we apply the bijection function to all pairs of elements with 
the same absolute value or same mathematical property, and it is imperative to leave out 
of the bijection a unique single element of the sequence, then this sequence is a SUB type. 

Examples: (1) the number line, (2) the even numbers, (3) the quadratics in the 
form of (square numbers ± an integer number), (4) the positive divisors of the 
positive square numbers*, (5) etc. 

* The number 1 is a square number with a single positive divisor and there is no duet of 
divisors formed. It is a case of a sequence of type SUB of a single element. 

In the context of symmetric sequences of integers there are two kinds of certainties of 
application of the bijection function: DES type and SUB type. 

8.3. Definition 3: the asymmetric sequences. 

Definition 3: We will define any finite or infinite sequence of numbers as an asymmetric 
sequence if and only if we can apply the bijection property (one-to-one correspondence) to all its 
elements precisely, with ambiguity. 

That is, in an asymmetric polynomial sequence we can apply the bijection property to all 
elements either leaving only a single element without bijection, or equally it is possible to apply 
the bijection property to all elements without leaving any element out. 

There is no absolute value equality between all elements of the duets, and there is the 
possibility of applying a mathematical identity between the elements in more than one form. 
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In the case of asymmetric sequences of integers there is uncertainty about how to apply the 
bijection function. Asymmetric sequences are ACC type.  

8.4. Example of an asymmetric sequence. 

For an asymmetric example, let's take the sequence https://oeis.org/A079588 or 
https://oeis.org/A100147. 

See C000446 https://www.facebook.com/groups/snypo/posts/287517449571868/ for the 
sequence of data for the positive and negative indices, as well as the sequence of its elements in 
the two possible directions. 

See the summary here: 

 
C000446 Table study of the sequence A079588 or A100147 𝑥 = 8𝑦ଷ– 10𝑦ଶ + 3𝑦. 

For each equation of the same cubic sequence, we have a shift of the symmetry point as 
below: 

𝑌ଵ[𝑦] = 8𝑦ଷ– 10𝑦ଶ + 3𝑦  sequence {… , −315, −110, −21, 0, 1, 30, 135, … }. 

𝑦௦ଵ = −
𝑎

3𝑎ଷ
= −

−10

3 ∗ 8
=

5

12
= 0.416 
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𝑥௦ଵ = 8 ൬
5

12
൰

ଷ

– 10 ൬
5

12
൰

ଶ

+ 3 ൬
5

12
൰ =

5

54
= 0.0925 

𝑌ଶ[𝑦] = −8𝑦ଷ + 10𝑦ଶ − 3𝑦  sequence {… , 315, 110, 21, 0, −1, −30, −135, … }. 

𝑦௦ଶ = −
𝑎

3𝑎ଷ
= −

10

3 ∗ (−8)
=

5

12
= 0.416 

𝑥௦ = −8 ൬
5

12
൰

ଷ

+ 10 ൬
5

12
൰

ଶ

− 3 ൬
5

12
൰ = −

5

54
= −0.0925 

𝑌ଷ[𝑦] = 8𝑦ଷ + 10𝑦ଶ + 3𝑦  sequence {… , −135, −30, −1, 0, 21, 110, 315, … }. 

𝑦௦ଷ = −
𝑎

3𝑎ଷ
= −

10

3 ∗ 8
= −

5

12
= −0.416 

𝑥௦ଷ = 8 ൬
−5

12
൰

ଷ

+ 10 ൬
−5

12
൰

ଶ

+ 3 ൬
−5

12
൰ = −

5

54
= −0.0925 

𝑌ସ[𝑦] = −8𝑦ଷ − 10𝑦ଶ − 3𝑦  sequence {… , 135, 30, 1, 0, −21, −110, −315, … }. 

𝑦௦ସ = −
𝑎

3𝑎ଷ
= −

−10

3 ∗ (−8)
= −

5

12
= −0.416 

𝑥௦ଷ = −8 ൬
−5

12
൰

ଷ

− 10 ൬
−5

12
൰

ଶ

− 3 ൬
−5

12
൰ =

5

54
= 0.0925 

 
C000446 Curves study of the sequence A079588 or A100147 𝑥 = 8𝑦ଷ– 10𝑦ଶ + 3𝑦. The 

brown curves are reversal direction from green curves. The dashed curves are the negative 
values of the non-dashed curves. 

The criterion for applying the bijection function to the four sequence possibilities must be 
absolutely the same. 

That is, because of definition 1 above, the criterion for applying the bijection function between 
pairs of elements cannot change when we see a sequence in one direction or the other, nor 
changing the signal. 
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In each of these four sequences, no element has an absolute value repeated. That is, among the 
positive and negative elements, zero does not equally divide the two sides of the sequences. 

This is the origin of the asymmetry and why we must define the symmetry point of any 
polynomial at https://www.mersenneforum.org/showthread.php?t=28269. 

First, let us use element 0 in the application of the bijection function. We have two alternatives: 
{0; −21}, {1; −110}, {30; −315}, … 

or else, 
{0; −1}, {21; −30}, {110; −135}, … 

In either case, absolutely all elements of the sequences would correspond one-to-one. We call 
this bijection DES type. 

So, it is a valid possibility. 
But we could push a little further and think that we can leave only the element 0 out of the 

bijection. In this case we would have 
{1; −21), {30; −110}, {135; −315}, … 

or else, 
{−1; 21), {−30;  110}, {−135;  315}, … 

Because only one single element (in this case element 0) is out of the bijection, then, this 
bijection is a SUB type. 

In this case, we can only think about the absolute values of the elements, then we can say that 
in this last SUB type case we have only a single possibility of bijection. 

Finally, because of definition 3 above in this sequence we can have the bijection function 
applied between its elements in the two ways DES or SUB. 

Because we do not know if we use DES or SUB, this is an asymmetric sequence, and there is 
an ambiguity or an uncertainty in the application of the bijection function. 

So, we classify as being an asymmetric sequence ACC type. 

9. Conclusions 

Along this line of reasoning, we can classify a sequence of integers as being symmetric (or 
palindromic) if we can unambiguously apply the bijection property among all its elements. 

Now, we can define the symmetry or asymmetry of a sequence as follows: 

9.1. Definition of DES type of symmetric sequence 

If we can perform the bijection directly and unambiguously by determining the one-to-one 
correspondence among all its infinite duet elements without exception, then the sequence is 
symmetric of type DES. 

In this case, the symmetry point (sp) of the sequence is not an element of the sequence but lies 
exactly in the middle between two adjacent elements of the sequence.  

Mathematically, we define polynomial DES type of symmetry by 𝑌[−𝑦] = ±𝑌[𝑦 + 1]. 
In this case, the symmetry point (sp) of the polynomial curve 𝑥 = 𝑌[𝑦] has the Y-coordinate 

in the XY plane 𝑦௦ = ±
ௗௗ

ଶ
. 
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If the polynomial curve has offset 𝑓 = 0, then 𝑦௦ =
ଵ

ଶ
. 

9.2. Definition of SUB type of symmetric sequence 

If we can perform the bijection directly and unambiguously by determining the one-to-one 
correspondence among all its infinite duet elements except one single element without bijection, 
then the sequence is also symmetric of type SUB. 

In this case, the symmetry point (sp) of the sequence is an element of the sequence. 
Mathematically, we define polynomial SUB type of symmetry by 𝑌[𝑦] = ±𝑌[−𝑦]. 
In this case, the symmetry point (sp) of the polynomial curve 𝑥 = 𝑌[𝑦] has the Y-coordinate 

in the XY plane 𝑦௦ = ±𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

If the polynomial curve has offset 𝑓 = 0, then 𝑦௦ = 0. 

9.3. Definition of ACC type of asymmetry sequency 

If we cannot perform the bijection directly and unambiguously by determining the one-to-one 
correspondence among all its infinite elements, this means we do not know if we can leave or not 
one single element without bijection. Consequently, the sequence is asymmetric of type ACC. 

ACC type sequences are all the sequences that cannot be either DES type or SUB type 
sequences. 

In this case, also the symmetry point (sp) of the sequence is not an element of the sequence 
but does not lie exactly in the middle between two adjacent elements of the sequence. 

Mathematically, we define polynomial ACC type of symmetry by 𝑌[−𝑦] ≠ ±𝑌[𝑦 + 1] and 
𝑌[𝑦] ≠ ±𝑌[−𝑦]. 

In this case, the symmetry point (sp) of the polynomial curve 𝑥 = 𝑌[𝑦] has the Y-coordinate 

in the XY plane 𝑦௦ ≠ ±𝑖𝑛𝑡𝑒𝑔𝑒𝑟 and 𝑦௦ ≠ ±
ௗௗ

ଶ
. 

If the polynomial curve has offset 𝑓 = 0, then 0 < 𝑦௦ < 0.5 and in the reversal direction 

−0.5 < 𝑦௦ < 0. 

 
 
 
 
 


