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Abstract

This [work]includes solutions to five of the CMI problems. Solutions of two

of the problems are in other published sources and not repeated here. Two

of these solutions are currently in review, two will be soon submitted. One

problem was solved in 2002 and I will not try to publish my solution from

1987 any longer.
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✆✟✞✣✌✣✖ ✆❃☛ ✛ ✠☞☛✝☛ ✆ ☛ ✛ ✻

▲ ✆☞✢✙☛ ✄✯✖ ✆☞✤ ✛ ✄✝✆ ✿ ✠✍✢✙✢❢❄✟●✣✤ ✆ ✿ ✤✮✫ ☛✝✆✟✞✪✢ ✠✍✧ ✛ ✔✏☛✝✠☎✢✥✖✙●✟✠❆✑ ✆✟✄✂✫✡✆✏✄✒✔✏✄ ✆ ✠ ✛ ❣✕✤ ✆✟✞✡✆❏✘ ✠✮✿ ✔☞✤✑✄ ✛ ✄✝✆✍✄✝✆☞☛ ✁❊✑
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✧❃✠✕✘✪✔✽✢❆✖✙✤ ✆☞✢ ✠ ✧✩✫✪✖ ✁ ✛ ✞✡✠ ✁✚✔✽☛ ✛ ✠ ✄✒✑✦✔ ✄ ✿ ✆☞☛✪✢❁✘♦✤ ✆✟✄❃✞✡✠❙✧ ✆❏✘ ✠ ✛ ✄✕✴ ✛ ✆❤✑ ✠ ✿ ✆☞☛✪✢❁✘♦✫✦✔✟☛ ✄✒✖ ✁✍✖✥✫✦✔✏✄ ✠
✆☞✤✪✢ ✠ ✖✥✤❙✢ ✠ ✛✯✛ ✖✥✧✩✫✡✆✟☛ ✄✒✔☞✤ ✄ ✁ ✆❃✧❂✫✡✠ ✄✒✖ ✄✒✖ ✆❃✤ ✛ ✞ ✠ ✁✍✔☞☛ ✛ ✠❅✖ ✄❀✎☞✖✙✌✟✠ ✛ ✔ ✞ ✠☞✄ ✄ ✠ ☛ ✿ ✆ ☛✯●❃✄ ✆ ☛ ✠ ✛ ☛✦✢ ✄ ☛✒✔✏✄✯✖ ✆✦✻
✁ ✔ ✠ ✞ ✠❃✻✪❞✲☛ ✄ ✝ ✄✒✑✪✖✥✤✦●✔✆☞✤ ✠ ✛ ✑ ✆❃☛✪✢✙✘✔✄ ☛ ✠ ✄✝✆✩✑✦✔✏☛❊✘❋✫ ☛ ✆ ✞✪✢ ✠✚✧ ✛ ✻
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✠✚✔ ✛ ✖ ✠☞☛ ✿ ✔ ✠❏✛ ✄✝✆✱✎ ✠ ✄✓✔✱✧✩✖✥✢✙✢✙✖ ✆❃✤❧✴ ✛ ☛ ✁❊✑❳✔ ✛ ☛ ✆ ✞ ✞✪✖✙✤✪✎❵✔ ✞✦✔✽✤✦●❛✻ ✝ ✴✾✆ ✞ ✁☞✆☞☛ ☛ ✛ ✠☞✴❧✘❏✖❁✘❳✤ ✆✏✄ ✛ ✄✒✔✟☛ ✄
✛ ✆❃✢✥✌✣✖✙✤✪✎✩✑✦✔✏☛❊✘✱✫ ☛ ✆ ✞✪✢ ✠✍✧ ✛ ✖✥✤ ✌✟✎✟✎✟✎ ✿ ✑ ✠✚✤❴✰✲✢✙✔ ✠ ✫✡✆ ✛ ✠✚✘ ✄✒✑ ✠✮✫ ☛✝✆✟✞✪✢ ✠✍✧ ✛ ✻✦❖❀✑ ✠ ❇ ☛ ✛ ✄✏✫ ☛ ✆ ✞✪✢ ✠✚✧
✝❝✛ ✆❃✢✥✌ ✠✚✘✆☎ ✆✟☛ ✄✯✑ ✆❃☛✪✎☞✑✑✄ ✝✲✛ ✆❃✢✥✌ ✠✚✘ ✴❃✖ ✞ ✖ ✄ ✛ ✆❃☛✪✤✦✘ ✛ ✞ ✠☞✄ ✄✝✠☞☛✞✝ ✿ ✔ ✛ ✄✯✑ ✠✠✟ ✆☞✖✙✤ ✁✚✔✏☛☛✡✠✐✰ ✆☞✤ ✸ ✠ ✁☎✄✯☛ ☛ ✠❃✻ ✝ ✤
❬✌☞☞❩✎✍ ✝▼✿ ✔ ✛ ✘ ✆❃✖✥✤✦✎✱✧ ✠ ✟❝✑❧✻ ✏❈✻❜✖✙✤✵✧✺✔ ✄✯✑ ✠✍✧✺✔ ✄✒✖ ✁ ✛ ✔✽✤✦✘ ✄✒✑ ✠ ✛ ☛✪✫ ✠ ☛✯✌✣✖ ✛ ✆ ☛ ✿ ✠✚✤✑✄ ✞ ✆ ☛✓✔★✢ ✆☞✤✪✎
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✌ ✝
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✏✪✲ ✡

✌ ✝
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✟
➾❈☎ ✑ ✔ ❽ ✜ ✟ ✙ ✑ ✔ ❽ ☎✆✑ ✟ ❽ ✲ ✒ ✝➍✮ ☎  ✰) ✝ ✒ ✂✱➾ ✎ ✒✘✖✘✖✗✖.✒

✏✇✲ ✡

✌ ✝

 ✄✔ ➾ ☎ ✑ ✔ ❽ ✜ ✟ ✙ ✑ ✔ ❽ ✜ ✟ ☎ ✑ ✔ ✔ ✔ ❽ ✜  
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☞✍➾ ✡ ✒ ☞ ✒ ❬ ✒✼➾✎✲✍✌✑✍ ✒ ✲✍✌✟✎ ✒ ✲✮❬ ✌▼✧✺✔✽✫ ✄ ✆ ✌ ✄
✂ ✲ ☞ ✻

❖❀✑ ✠ ✛ ✠❙❬ ✌✼✌ ✔☞✢✥☛ ✠ ✛ ✆ ✞ ☞♦✤ ✠☞✠✚✘ ✌ ✄ ✌ ✔✽✢✙☛ ✠ ✛ ✆ ✞ ✄✯✑ ✠❃☛✒☛✪✤✪✤✦✖✥✤✪✎★✖✙✤✦✘ ✠✍❍  ✻ ✔✐✘✪✘✪✖ ✄✒✖ ✆❃✤✦✔✽✢✙✢ ✠❤✿ ✠
✑✦✔❨✌✟✠ ✄ ✿ ✆❵✌ ✔✽✢✙☛ ✠ ✛ ✆ ✞ ☞✘✄✒✑✦✔ ✄✓✎❃✖✥✌ ✠ ❴ ✂ ✎✪✴ ✄✯✑✦✔✏✄❈✖ ✛ ✴❅☞ ✂ ✄ ❬☞✻❜❖❀✑ ✠ ✛ ✠❋✤ ✠☞✠✕✘ ✞ ✆☞☛ ☛❈✌❨✔☞✢✥☛ ✠ ✛
✆ ✞  ✻❜❖❀✑✪✖ ✛ ✧❃✠✕✔✽✤ ✛ ✄✒✑✦✔ ✄✓✔☞✢✥✢✶✏✴✲m❬✱➾✱✌☞❩✱✌❨✔☞✢✥☛ ✠ ✛ ✆ ✞  ▼✔✏☛✝✠❂✔☞✢ ☛✝✠✚✔❃✘ ✠ ☛ ✛ ✠✚✘❴✖✥✤✳✄✒✑ ✠ ✁✍✔ ✛ ✠ ✆ ✞
✧✓☛✪✢ ✄✯✖✙✫✪✢ ✠ ✛ ✔☞✤✦✘ ✄✯✑ ✠ ☛ ✠ ✁✍✔☞✤✪✤ ✆✟✄✼✞✡✠✼✔✽✤ ✠ ✧ ✆ ☛ ✠ ✛ ✫ ✠ ✁■✖❁✔✽✢✜✌ ✔✽✢✙☛ ✠ ✛ ✆ ✞  ✻✂❖❀✑✪✖ ✛ ✖ ✛ ✖✙✤✦✘ ✠ ✠✚✘ ✄ ☛✒☛ ✠
✛ ✖✙✤ ✁ ✠ ✡ ✮ ☎  ✰,✄✔

 
✔☞✤✦✘ ✡ ✝✠✟✛✩❲❬ ✂ ❬❃❬✠✮ ☎  ➉,✿✔

 
✻☞❖❀✑ ✠☞☛✝✠ ✞ ✆✟☛✝✠ ➀ ➾ ☞ ✴☞✔ ✛ ✂ ✠✚✧✩✧✩✔ ☞ ✛ ✔ ✠❏✛ ✴

✔✽✤✦✘ ✄✯✑ ✠✹✤✣☛✪✧ ✞✡✠☞☛ ✆ ✞ ✄ ☛✒✖✥✫✪✢ ✠ ✄ ✛ ✆ ✞ ✌ ✔✽✢✙☛ ✠ ✛ ✆ ✞ ☞★✧✩✔☞✫✪✫✪✖✙✤✪✎ ✄ ✆❄✄✒✑ ✠ ✛ ✔☞✧ ✠ ❴ ✖ ✛ ☎❵✏➅✲ ☞ ✝ ✝ ✍✑➾ ✄ ✻
❞ ✆✟✄✯✑ ❴ ✂ ✄

☞ ✔✏☛✝✠✾✖✙✤ ☎⑧, ✔
 
✔☞✤✦✘ ✞ ✆✟✄✯✑ ❴ ✂ ✄

✄ ✔✏☛✝✠✮✖✙✤ ☎⑧, ✔
 
✻❛❖❀✑ ✠ ✠✍❍❏✫ ✠ ✁☎✄✒✔✏✄✯✖ ✆☞✤★✌ ✔✽✢✙☛ ✠

✖ ✛ ✄✯✑✦✔✏✄ ☎@✏✪✲ ☞ ✝ ✝✏✌ ✄ ➾❪❬✾✔✏☛✝✠✮✖✥✤ ☎➈, ✔
 
✻✪❚✳✠✓✎ ✆✏✄ ✆❃✤ ✠✮✧ ✆✟☛✝✠✮✖✥✤✇✏➢➾✰✌✑☞✪❣ ✄✒✑ ✠☞☛✝✠✾✖ ✛ ☛❊✔✽✤✦✘ ✆❃✧

✌❨✔✟☛✯✖❁✔ ✄✒✖ ✆❃✤✱✔✟☛ ✆❃☛✪✤✦✘ ✄✯✑ ✠✮✧ ✠✚✔☞✤❧✻

❩✎☞



❖❀✑ ✠☞☛✝✠✮✔✏☛✝✠ ✠✍❍❏✔ ✁☎✄✒✢ ✠ ❬ ✄ ➾ ☎❵✏✇✲✷❬ ✝ ✝✏✌ ✛ ✖✥✤✦✎☞✢ ✠ ✄ ✆❃✤ ✛ ❣

☞❈➾ ✌ ✒ ✄ ✒ ✍ ✒ ✒ ✒ ❩ ✒ ❬☞❬ ✒ ❬✚❩ ✒ ✌✪❬ ✒ ✌ ✡ ✒ ✌ ✄ ✒ ✌ ☞ ✒ ✌✓✒ ✒ ❬ ✡ ✒ ❬✌✍

✧✩✔☞✫ ✄ ✆
❴ ➾ ✍ ✒ ✌ ✒ ✒ ✒ ❬ ✒ ✒ ❬☞❬ ✒ ❬ ☞ ✒ ❬ ✄ ✒ ❬✚❩ ✒ ✌✟✌ ✒ ❬ ✌ ✒ ✌✎✒ ✒ ✌ ✡ ✒ ☞ ✒ ✌✟✎ ✖

, ✞ ✄✯✑ ✠ ✛ ✠✹❬ ✄✹✛ ✖✙✤✪✎☞✢ ✠ ✄✝✆☞✤ ❴ ✌ ✔☞✢✥☛ ✠ ✛✜✛ ✖✥❍❈✔✟☛ ✠❆✖✥✤ ☎⑧)✄✔
 
✴ ✤✦✔✽✧ ✠✚✢ ✠ ✍ ✒ ✒ ✒ ✌✟✌ ✒ ✌ ✡ ✒ ☞ ✒ ✌✟✎✪✻ ✝ ✄✜✖ ✛ ✔✟✞ ✆❃☛ ✄

✑✦✔✽✢ ✞ ✆ ✞ ❬ ✄ ➾ ☎❵✏⑥✲❘❬ ✝ ✝✟✌✺✤✣☛✪✧ ✞✡✠☞☛ ✛ ✖✥✤✝☎⑧) ✟ ✁ ✻ ✝ ✄▼✖ ✛ ✤ ✆✏✄ ✠✍❍❏✔ ✁☎✄✒✢ ✠ ✑✦✔☞✢ ✞ ✴✢✄✒✑ ✠☞☛✝✠❂✖ ✛ ☛❊✔✽✤✦✘ ✆❃✧
✌❨✔✟☛✯✖❁✔ ✄✒✖ ✆❃✤✱✔✟☛ ✆❃☛✪✤✦✘ ✄✯✑ ✠✮✑✦✔☞✢ ✞ ✻

✂ ✠ ✄✗☛ ✛❆✞ ✆ ☛✯✧❈☛✪✢❁✔ ✄ ✠✮✔☞✤✱✔ ✛✯✛ ☛✪✧✩✫ ✄✯✖ ✆☞✤ ✄✯✑❉✔ ✄✐✔✽✢✙✢ ✆ ✿✏✛ ☛ ✛ ✄ ✆ ✠ ✛ ✄✯✖✙✧✺✔ ✄ ✠✾✔❨✌ ✠☞☛❊✔✽✎ ✠ ✛ ✔☞✤✦✘❙✌❨✔✟☛✯✖✥❄
✔✽✤ ✁☞✠ ✛ ✆ ✞ ✄✯✑ ✠✮✤✣☛✪✧ ✞ ✠ ☛ ✛ ✟ ✝ ✻

 ✂✁ ■ ✁☎✄ ➩ ✁✆✄✞✝ ■✠✟☛✡✍➩✛➩✆☞❅❋✍✌ ✁✆✄ ➦✏✎➁▲ ✂2◗❞❳✳❳❩❖✭◗✿❯<❙✞➇✴❤●◗ ❝ ❫ ❴ ❤✛◗➅❣●◗②⑦✤❯✭◗✓❣ ❜ ❫

❴ ✂ ➽ ✩❡➽ ✝✠✟ ☎ ✧ ✆❏✘❼✏ ✚ ✝ ➽➈➾ ❬ ✒✘✖✗✖✘✖R✒ ✏ ✚ ✲✷❬

❜ ❯❧❣❑❡❭◗❪❳
➘

✚ ❤✛◗✯❳❩❖✭◗ ❯✭❙✧➇⑥❤✛◗ ❝ ❬❞❘ ➽ ❳❩❖ ❜ ❳⑧➋✆❨ ♣ ◗ ❴ ✮ ☎⑧) ✝ ✟ ❥ ▼2❖✭◗❢❯
➘

✚ ✝✏✌ ❨❸❫➉❤✞❨❹❯✭❬❞➇ ❨ ❜ ❡❹❡❵✐
❣✧❨✉❫✗❳ ❝ ❨✦❤✛❙✤❳✦◗❪❣ ✈ ❨♠❳♠❖ ❳♠❖✭◗✿➇❺◗ ❜ ❯ ❜ ❳ ☎❵✏ ✚ ✲✶❬ ✝ ✝✏✌ ❜ ❯❲❣✴❳♠❖✭◗ ♣②❜✞❝ ❨ ❜ ❯❲❱②◗ ☎o✏ ✚ ✲✶❬ ✝ ✝ ✄ ❥✒✑ ❬✛❳❩❨♠❱②◗➅❳❩❖ ❜ ❳
➽ ✩❡➽ ✝ ✟ ➋✆❨ ♣ ◗R❫✽◗ ❜ ❱ ❖ ♣R❜ ❡⑩❙r◗ ❴ ◗✑① ❜ ❱✓❳❩❡❵✐ ❳ ✈ ❨♠❱②◗ ❥

❊✾➡●❋❍❋❍■✔✓✶▲ ✂2◗❞❳ ✟ ✝✠✟ ➾❍✏✛✚✳✲  ✝✠✟ ❜ ❯❲❣  ✝✠✟ ❤✛◗☛❳❩❖✭◗✿❯<❙✞➇✴❤●◗ ❝ ❬❪❘⑤❫❢❬❞❡♠❙✤❳♠❨♥❬❞❯♦❫✠❳✦❬

✬ ✔ ➾ ☞ ✁ ✩ ✟r☞❼✩ ✄ ✖ ☎ ✌✟✎✎✝

▼2❖✭◗✿❘♠❬❪❡✉❡♥❬ ✈ ❨✉❯✛➋✴❱✢❡ ❜ ❨✉➇✇❫❷❖✭❬❪❡♠❣ ❜ ❫✑❫✘❙✞➇ ❨✉❯✛➋✁❳❩❖ ❜ ❳❷❳❩❖✭◗✖✕<❳ ❜ ❳♠❨✉❫✗❳❩❨♠❱ ❜ ❡ ✡✽❫✑❫✘❙✧➇⑧③❶❳❩❨❭❬❪❯ ❖✭❬❪❡♠❣✆❫ ❥

☎ ✖ ✝ ✝ ✤❳✰❆✔ ✛ ✠ ✛ ❬❂✔✽✤✦✘ ✌ ✆ ✞ ✂✾✠✍✧✩✧✺✔ ✡ ✄✒✑ ✠❃✠■❍❏✫ ✠ ✁☎✄❊✔ ✄✯✖ ✆☞✤❤✌❨✔☞✢✥☛ ✠ ✛ ✆ ✞ ✟ ✝ ✟ ✔✏☛✝✠ ✌✼✔☞✤✦✘❑✲✍✌
☛ ✠ ✛ ✫✡✠ ✁ ✄✯✖✙✌✟✠✍✢ ✠❲✿ ✑ ✠✚✤ ✏✛✚ ☛✒✔☞✤✪✎✟✠ ✛ ✆ ✌ ✠☞☛✮✔✽✢✙✢☎✫ ☛✒✖✙✧❃✠ ✛ ✻ ✁ ✆✟☛❂✰❆✔ ✛ ✠ ✛ ✡ ✔✽✤✦✘ ✄ ✄✯✑ ✠ ✠✍❍❏✫ ✠ ✁☎✄✒✔✏✄✯✖ ✆☞✤
✌❨✔☞✢✥☛ ✠ ✆ ✞ ✟ ✝ ✟ ✖ ✛ ✭ ✠☞☛✝✆✦✻

☎ ✖✙✖ ✝❀❖❀✑ ✠✮✌ ✔✟☛✯✖❁✔✽✤ ✁☞✠ ✆ ✞ ✟ ✝ ✟ ✖ ✛ ✌R✏✛✚ ✿ ✑ ✠✍✤ ✏✛✚✼☛✒✔☞✤✪✎✟✠ ✛ ✆ ✌ ✠☞☛✗✔✽✢✙✢ ✫ ☛✒✖✥✧ ✠ ✛ ✻
☎ ✖✙✖✥✖ ✝❀❖❀✑ ✠ ✛ ✄✒✔ ✄✒✖ ✛ ✄✯✖ ✁✍✔☞✢ ✞ ✆❃☛✪✤✦✘ ✞ ✠ ✄✯✑ ✠ ✛ ✄❊✔✽✤✦✘✪✔✟☛✒✘✱✘ ✠✚✌◆✖❁✔ ✄✒✖ ✆❃✤❙✖ ✛ ❣ ✙ ✟ ✝ ✟✆✙ ✡ ✌②✏ ✆☎✚ ✻

☞ ✎



❯☎☞✎✡❇✡❘✧✠✟❅❞ ✠ ✄✒✑ ✠❲▲✑✄✒✔✏✄✯✖ ✛ ✄✒✖ ✁✚✔✽✢ ✔ ✛✒✛ ☛✪✧✩✫ ✄✯✖ ✆☞✤ ✄✯✑ ✠ ✠■❍❏✫✡✠ ✁ ✄✒✔ ✄✒✖ ✆❃✤✶✌ ✔✽✢✙☛ ✠ ✆ ✞
➘ ✟ ✖✙✤ ✂✾✠✍✧✩✧✺✔ ✡

✞ ✆✟☛❲✰❆✔ ✛ ✠ ✛ ❬❳✔✽✤✦✘✰✌♦✖ ✛  ✪✵
➘ ✟ ✷❁➾ ✝ ✝ ☞✏ ✻❆❖❀✑✣☛ ✛  ✪✵ ✟ ✝ ✷➅➾ ✏✯✲ ☎❵✏ ✲ ☞ ✩ ✒ ✝➛➾ ✲✍✌ ✞ ✆✟☛

✰❆✔ ✛ ✠❤❬★✔✽✤✦✘  ✪✵ ✟ ✝ ✷✵➾❆✏✰✲ ☎ ✌②✏✰✲✯✏✴✩ ☞ ✲ ✒ ✝✱➾✶✌ ✞ ✆✟☛❋✰❆✔ ✛ ✠ ✌✪✻ ✝ ✤ ✄✯✑ ✠❤✰❆✔ ✛ ✠ ✛ ✡ ✔✽✤✦✘
✄ ✆ ✞ ✂ ✠✍✧✩✧✺✔ ✡  ✪✵

➘
✔②✷❝➾ ✝ ✝ ✁✏ ✻✂❖❀✑✣☛ ✛  ❺✵ ✟ ✝ ✷❯➾❈✏ ✲ ☎/✏ ✲ ✡ ✩ ✡ ✝✆➾✬✎ ✞ ✆ ☛❂✰❆✔ ✛ ✠ ✡ ✔✽✤✦✘

 ✪✵ ✟ ✝ ✷✓➾❑✏✇✲ ☎ ✌②✏✇✲✴✏❼✩ ✡ ✲ ✡ ✝❢➾ ✎ ✞ ✆✟☛❅✰❆✔ ✛ ✠ ✄ ✻

❖❀✑ ✠ ✠■❍❏✫ ☛✝✠ ✛✒✛ ✖ ✆☞✤ ✛ ✆ ✞  ✝ ✖✥✤ ✂ ✠✚✧❂✧✺✔ ✡ ✔✏☛✝✠❀✤ ✆✏✄ ✁ ✆❃✤✣✌✟✠✍✤✦✖ ✠✚✤ ✄ ✞ ✆✟☛ ✁✚✔✽✢ ✁■☛✪✢❁✔ ✄✒✖✥✤✦✎✹✌ ✔✟☛✯✖❁✔✽✤ ✁☞✠ ✛
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