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Теория геометрических преобразований, как векторных 

функций (The Theory of Geometric Transformations as a Vector 

of Functions) 
 

Franz Hermann 

Abstract 

Данная работа являет собой новое направление в обширном геометрическом разделе, 

который носит название «Геометрические преобразования». Представление 
геометрического преобразования в виде векторной функции позволяет рассматривать 

некоторые вопросы, которые ранее здесь просто не могли бы даже возникнуть. Мы 
имеем ввиду прежде всего алгебру некоторых геометрических преобразований и 

формулы их композиций, которые позволяют построить новый математический 
аппарат в геометрии преобразований. 

This work is a new direction in the extensive geometric section, which is called "Geometric 

transformations". The representation of a geometric transformation as a vector function 

allows us to consider some questions that previously could not even arise here. We mean first 

of all the algebra of certain geometric transformations and formulas of their compositions, 

which allow us to build a new mathematical apparatus in the geometry of transformations. 
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Ɍɟɨɪɢɹ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ, 

ɤɚɤ ɜɟɤɬɨɪɧыɯ ɮɭɧɤɰɢɣ. 
 

1. ɉɨɞɨɛɢɟ ɜɬɨɪɨɝɨ ɪɨɞɚ. Гɨɦɨɬɟɬɢɹ. Ɉɫɟɜɚɹ ɫɢɦɦɟɬɪɢɹ. 
 
 ɂɡɜɟɫɬɧɨ, ɱɬɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɩɨɞɨɛɢɹ ɜɬɨɪɨɝɨ ɪɨɞɚ (ɨɛɨɡɧɚɱɢɦ ɱɟɪɟɡ P) 
ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɤɨɦɦɭɬɚɬɢɜɧɭɸ ɤɨɦɩɨɡɢɰɢɸ ɨɫɟɜɨɣ ɫɢɦɦɟɬɪɢɢ 

OX (ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ OX) ɢ ɝɨɦɨɬɟɬɢɢ k
OG , ɝɞɟ k - ɤɨɷɮɮɢɰɢɟɧɬ ɩɨɞɨɛɢɹ. 

 ɂɡɜɟɫɬɧɨ ɬɚɤɠɟ, ɱɬɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ P ɜɫɟɝɞɚ ɢɦɟɟɬ ɨɞɧɭ ɧɟɩɨɞɜɢɠɧɭɸ 
ɬɨɱɤɭ ɢ ɞɜɟ, ɜɡɚɢɦɧɨ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɵɟ ɧɟɩɨɞɜɢɠɧɵɟ ɩɪɹɦɵɟ [1], ɫɬɪ. 108. 
 ȿɫɥɢ ɜ ɤɚɱɟɫɬɜɟ ɨɫɟɣ ɞɟɤɚɪɬɨɜɵɯ ɤɨɨɪɞɢɧɚɬ ɜɵɛɪɚɬɶ ɧɟɩɨɞɜɢɠɧɵɟ ɩɪɹɦɵɟ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɩɨɞɨɛɢɹ ɜɬɨɪɨɝɨ ɪɨɞɚ, ɬɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ P ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ 
ɷɬɢɯ ɤɨɨɪɞɢɧɚɬɚɯ ɤɚɤ ɜɟɤɬɨɪɧɭɸ ɮɭɧɤɰɢɸ. 
 ɉɨɤɚɠɟɦ ɧɚ ɩɪɢɦɟɪɟ, ɤɚɤ ɦɨɠɧɨ ɩɨɫɬɪɨɢɬɶ ɬɚɤɭɸ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ, ɡɧɚɹ 
ɞɜɟ ɬɨɱɤɢ ɨɛɪɚɡɚ ɢ ɞɜɟ ɬɨɱɤɢ ɩɪɚɨɛɪɚɡɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɩɨɞɨɛɢɹ ɜɬɨɪɨɝɨ ɪɨɞɚ 2P . 

 ɉɭɫɬɶ 2P : *2 AA P , *2 BB P , ɝɞɟ k = 2 (Ɋɢɫ. 1). 
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 Ɋɚɡɞɟɥɢɦ ɨɬɪɟɡɤɢ *AA  ɢ *BB  ɬɨɱɤɚɦɢ C ɢ D ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, ɬɚɤɢɦ ɨɛɪɚɡɨɦ, 
ɱɬɨ CACA  2*  ɢ DBDB  2* . 

 ɉɪɹɦɚɹ CD ɛɭɞɟɬ ɩɟɪɜɨɣ ɧɟɩɨɞɜɢɠɧɨɣ ɩɪɹɦɨɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 2P . 
 Ⱦɚɥɟɟ ɩɨɫɬɪɨɢɦ ɨɬɪɟɡɨɤ **** BA , ɤɚɤ ɨɛɪɚɡ ɨɬɪɟɡɤɚ AB ɩɪɢ ɩɪɟɨɛɪɚɡɨɜɚɧɢɢ 

ɨɫɟɜɨɣ ɫɢɦɦɟɬɪɢɢ CD : **AA CD , **BB CD . 

 Ɍɨɱɤɚ CDAAO  ***  (ɢɥɢ CDBBO  *** ) ɛɟɞɟɬ ɧɟɩɨɞɜɢɠɧɨɣ ɬɨɱɤɨɣ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 2P . 
 ɉɪɢɦɟɦ ɡɚ ɨɫɶ ɚɛɫɰɢɫɫ -OX, ɢɫɤɨɦɨɣ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ, 
ɩɪɹɦɭɸ CD, ɬɨɝɞɚ ɨɫɶɸ ɨɪɞɢɧɚɬ -OY ɛɭɞɟɬ ɩɪɹɦɚɹ, ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɚɹ ɩɪɹɦɨɣ CD 
ɢ ɩɪɨɯɨɞɹɳɚɹ ɱɟɪɟɡ ɬɨɱɤɭ O. 
 Ɍɚɤɢɦ ɨɛɪɚɡɨɦ, ɦɵ ɩɨɫɬɪɨɢɥɢ ɢɧɜɚɪɢɚɧɬɧɭɸ ɫɢɫɬɟɦɭ (ɂɋ) ɞɟɤɚɪɬɨɜɵɯ 
ɤɨɨɪɞɢɧɚɬ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 2P . 
 ɉɨɤɚɠɟɦ, ɤɚɤ ɦɨɠɧɨ ɜ ɨɛɳɟɦ ɜɢɞɟ ɡɚɩɢɫɚɬɶ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ kP  ɜ (ɂɋ) 
ɤɨɨɪɞɢɧɚɬ ɜ ɜɢɞɟ ɜɟɤɬɨɪɧɨɣ ɮɭɧɤɰɢɢ. 
 ɉɭɫɬɶ kP : *AA kP , ɝɞɟ );( AA yxA , );( ***

AA yxA . ɇɨ ɫ ɞɪɭɝɨɣ ɫɬɨɪɨɧɵ 
AA xkx * , AA yky *  (ɜ ɤɚɱɟɫɬɜɟ ɧɚɝɥɹɞɧɨɣ ɢɥɥɸɫɬɪɚɰɢɢ ɡɞɟɫɶ ɦɨɠɧɨ 

ɜɨɫɩɨɥɶɡɨɜɚɬɶɫɹ ɩɪɢɦɟɪɨɦ ɩɨɫɬɪɨɟɧɢɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɜɬɨɪɨɝɨ ɪɨɞɚ, ɩɨɤɚɡɚɧɧɨɝɨ 
ɧɚ Ɋɢɫ. 1). 
 Ɉɛɨɡɧɚɱɢɦ ɱɟɪɟɡ kP  – ɜɟɤɬɨɪɧɭɸ ɮɭɧɤɰɢɸ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ kP . Ɍ. ɟ. ɡɚɩɢɫɶ 

kPOAOA *  ɛɭɞɟɦ ɫɱɢɬɚɬɶ ɪɚɜɧɨɫɢɥɶɧɨɣ ɡɚɩɢɫɢ kP : *AA kP . Ɍɨɝɞɚ 

 
               ** jyykixxkjyyixx AAAAAAAAk  

 
     1  1 jykixk AA   

 
 Ɍ. ɤ. ɜ ɤɚɱɟɫɬɜɟ ɬɨɱɤɢ );( AA yxA  ɛɵɥɚ ɜɵɛɪɚɧɚ ɩɪɨɢɡɜɨɥɶɧɚɹ ɬɨɱɤɚ, ɬɨ 
ɦɨɠɟɦ ɡɚɩɢɫɚɬɶ ɜ ɨɛɳɟɦ ɜɢɞɟ: 
 
            (1) 
 
ɉɪɢɦɟɪ 
 
 ɇɚɣɬɢ ɜɟɤɬɨɪɧɭɸ ɮɭɧɤɰɢɸ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɩɨɞɨɛɢɹ ɜɬɨɪɨɝɨ ɪɨɞɚ 2P  ɢ 
ɨɛɪɚɡ *A  ɞɥɹ ɬɨɱɤɢ  1;2 A  ɜ ɢɧɜɚɪɢɚɧɬɧɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ. 
 Ɉɛɨɡɧɚɱɢɦ ɧɚɱɚɥɨ (ɂɋ) ɤɨɨɪɞɢɧɚɬ ɱɟɪɟɡ ɬɨɱɤɭ O, ɬɨɝɞɚ    2 jiOA  . 
 ȼɟɤɬɨɪɧɚɹ ɮɭɧɤɰɢɹ ɞɚɧɧɨɝɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ, ɫɨɝɥɚɫɧɨ ɮɨɪɦɭɥɟ (1), ɛɭɞɟɬ 
ɢɦɟɬɶ ɜɢɞ: 
 

        3  2  112  2122 jijiP   

     1  1 jykixkPk   
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Ɋɢɫ. 2 
 
 ȼ ɞɚɥɶɧɟɣɲɟɦ ɜɫɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɛɭɞɟɦ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɜ ɢɧɜɚɪɢɚɧɬɧɨɣ 
ɞɥɹ ɜɫɟɯ kP  ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧɚɬ XOY. 
 Ɉɛɨɡɧɚɱɢɦ ɱɟɪɟɡ k

OG  – ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɝɨɦɨɬɟɬɢɢ, ɨɬɧɨɫɢɬɟɥɶɧɨ ɧɚɱɚɥɚ 
ɤɨɨɪɞɢɧɚɬ ɫ ɤɨɷɮɮɢɰɢɟɧɬɨɦ ɩɨɞɨɛɢɹ k (ɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɢ ɝɨɦɨɬɟɬɢɢ ɫɦ., 
ɧɚɩɪɢɦɟɪ, [2], ɫɬɪ. 82). 
 ɉɭɫɬɶ  yxA , 

k
OG  kykxA ,* , ɬɨɝɞɚ 

 

           1    * jyixkjykyixkxOAOAG k
O   

 
        (2) 

 
Аɧɚɥɨɝɢɱɧɨ ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɨɫɟɜɨɣ ɫɢɦɦɟɬɪɢɢ OX , 

ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ OX ɜ ɜɢɞɟ ɜɟɤɬɨɪɧɨɣ ɮɭɧɤɰɢɢ OX . 
 
            (3) 
 
 Ɍɟɩɟɪɶ ɩɨɝɨɜɨɪɢɦ ɨ ɤɨɦɩɨɡɢɰɢɹɯ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ. 
ɇɟɤɨɬɨɪɵɟ ɜɨɩɪɨɫɵ ɤɨɦɩɨɡɢɰɢɣ ɯɨɪɨɲɨ ɩɪɟɞɫɬɚɜɥɟɧɵ ɜ [3], ɫɬɪ. 296-310. 

Ɉɛɨɡɧɚɱɢɦ ɱɟɪɟɡ   ɨɩɟɪɚɰɢɸ ɤɨɦɩɨɡɢɰɢɢ ɞɜɭɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ. ɂɡɜɟɫɬɧɨ, 
ɱɬɨ: 
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TOXOX  ,     (f) 

 
ɝɞɟ T - ɬɨɠɞɟɫɬɜɟɧɧɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ. ȿɦɭ ɜ ɫɨɨɬɜɟɬɫɬɜɢɟ ɩɨɫɬɚɜɢɦ ɜɟɤɬɨɪ   0 . 
 ɉɨɞ ɜɟɤɬɨɪɧɨɣ ɤɨɦɩɨɡɢɰɢɟɣ ɞɜɭɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɛɭɞɟɦ ɩɪɟɞɫɬɚɜɥɹɬɶ 
ɜɟɤɬɨɪɧɨɟ ɫɥɨɠɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɢɯ ɜɟɤɬɨɪɧɵɯ ɮɭɧɤɰɢɣ. 
 ȼɵɜɟɞɟɦ ɩɪɚɜɢɥɚ ɜɟɤɬɨɪɧɵɯ ɤɨɦɩɨɡɢɰɢɣ. 
 Ɂɚɩɢɲɟɦ (ɚ) ɜ ɜɟɤɬɨɪɧɨɣ ɮɨɪɦɟ: 
 

OXk
k
O bPaG  , 

 
ɝɞɟ a ɢ b ɧɟɤɨɬɨɪɵɟ, ɩɨɤɚ ɧɟɢɡɜɟɫɬɧɵɟ ɧɚɦ ɤɨɷɮɮɢɰɢɟɧɬɵ. 
 ɇɚɣɞɺɦ a ɢ b, ɢɫɩɨɥɶɡɭɹ ɮɨɪɦɭɥɵ (1), (2) ɢ (3). 
 

            2  1  1    1 jybjykixkajyixk   
 
 ȼ ɫɢɥɭ ɷɬɨɝɨ ɪɚɜɟɧɫɬɜɚ ɦɨɠɟɦ ɡɚɩɢɫɚɬɶ ɬɚɤɭɸ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ: 
 

 
 







bkak

kak
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            1 1
  

 
 ɂɡ ɩɟɪɜɨɝɨ ɭɪɚɜɧɟɧɢɹ ɫɪɚɡɭ ɜɢɞɢɦ, ɱɬɨ 1a . 
 ɂɡ ɜɬɨɪɨɝɨ ɭɪɚɜɧɟɧɢɹ ɧɚɯɨɞɢɦ b: 
 

bkk  211 ; kb  . 
 
 ɉɨɥɭɱɚɟɦ ɩɟɪɜɨɟ ɩɪɚɜɢɥɨ ɜɟɤɬɨɪɧɨɣ ɤɨɦɩɨɡɢɰɢɢ: 
 

k
OOXk GP    OXk

k
O kPG  . 

 
 ɇɚɣɞɺɦ ɩɪɚɜɢɥɨ ɜɟɤɬɨɪɧɨɣ ɤɨɦɩɨɡɢɰɢɢ ɞɥɹ (b). 
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OX
k
Ok bGaP   

 
 ɂɡ ɩɪɟɞɵɞɭɳɟɝɨ ɩɪɚɜɢɥɚ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ: 
 

kOX
k
O PG    OX

k
Ok kGP   

 
 ɇɚɣɞɺɦ ɩɪɚɜɢɥɨ ɞɥɹ (ɫ). 
 

n
Okk GbPaP   

 
ɢɥɢ 
 

               1  1  1  1  1 jyixnbjykixkajyknixkn  ; 
 
ɢɥɢ ɜ ɜɢɞɟ ɫɢɫɬɟɦɵ ɭɪɚɜɧɟɧɢɣ: 
 

   
   







111

111

nbkakn

nbkakn
. 

 
 ȼɵɱɬɟɦ ɢɡ ɩɟɪɜɨɝɨ ɭɪɚɜɧɟɧɢɹ ɜɬɨɪɨɟ, ɩɨɥɭɱɢɦ: akkn 22  , ɨɬɤɭɞɚ na   
 ɉɨɞɫɬɚɜɥɹɹ ɩɨɥɭɱɟɧɧɵɣ ɪɟɡɭɥɶɬɚɬ ɜɨ ɜɬɨɪɨɟ ɭɪɚɜɧɟɧɢɟ, ɧɚɯɨɞɢɦ 1b . 
Ɍɚɤɢɦ ɨɛɪɚɡɨɦ: 

kn
n
Ok PGP    n

Okkn GPnP   
 

 Ɂɚɦɟɬɢɦ, ɱɬɨ k
On

n
Okkn GPkGPnP   

 
Ⱦɥɹ (d) ɡɚɩɢɲɟɦ: 

nk
kn
O PbPaG  , ɢɥɢ 

 
              1  1  1  1    1 jynixnbjykixkajyixkn  , ɨɬɤɭɞɚ: 
 

   
   







bbnaaknbkakn

bbnaaknbkakn

111

111
. 

 
 ɋɥɨɠɟɦ ɨɛɚ ɭɪɚɜɧɟɧɢɹ ɢ ɪɚɡɞɟɥɢɦ ɧɚ 2, ɩɨɥɭɱɢɦ:  bakn 1 . Ɍɟɩɟɪɶ 
ɜɵɱɬɟɦ ɢɡ ɩɟɪɜɨɝɨ ɭɪɚɜɧɟɧɢɟ ɜɬɨɪɨɟ, ɩɨɥɭɱɢɦ: 0 bnak . 
 

 






0

1

bnak

bakn
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 Ɋɟɲɚɹ ɩɨɥɭɱɟɧɧɭɸ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ ɧɚɯɨɞɢɦ ɚ ɢ b: 
 

 
nk

knn
a





1 , 

 
nk

knk
b





1  

 
 ɉɨɥɭɱɚɟɦ ɫɥɟɞɭɸɳɟɟ ɩɪɚɜɢɥɨ ɞɥɹ ɤɨɦɩɨɡɢɰɢɢ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ (d): 
 

kn
Onk GPP     nk

kn
O PkPn

nk
kn

G 




1 ,  nk  . 

 
 Ɂɚɩɢɲɟɦ ɜɟɤɬɨɪɧɵɣ ɜɢɞ ɤɨɦɩɨɡɢɰɢɢ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ (ɟ): 
 

n
O

k
O

kn
O GbGaG  . 

 
 ɂɫɩɨɥɶɡɭɹ ɩɪɟɞɵɞɭɳɟɟ ɩɪɚɜɢɥɨ, ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ: 
 

 nk
n
O

k
O

kn
O PkPn

nk
kn

GbGaG 




1     (4) 

 

 Ɋɚɧɟɟ ɛɵɥɨ ɧɚɣɞɟɧɨ, ɱɬɨ OX
k
Ok kGP  , OX

n
On nGP  . ɉɨɞɫɬɚɜɢɦ ɷɬɢ 

ɜɵɪɚɠɟɧɢɹ ɜ (4), ɩɨɥɭɱɢɦ ɩɪɚɜɢɥɨ ɜɟɤɬɨɪɧɨɣ ɨɩɟɪɚɰɢɢ ɞɥɹ ɤɨɦɩɨɡɢɰɢɢ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ (ɟ): 
 

kn
O

n
O

k
O GGG    





 




 n
O

k
O

kn
O GkGn

nk
kn

G
1 . 

 
 Ⱦɥɹ ɤɨɦɩɨɡɢɰɢɢ (f), ɢɦɟɟɦ ɨɱɟɜɢɞɧɨɟ ɩɪɚɜɢɥɨ: 
 

0 OXOX ba , ɝɞɟ ba  , ɚ – ɥɸɛɨɟ. 
 
 ɋɜɟɞɺɦ ɜɫɟ ɩɨɥɭɱɟɧɧɵɟ ɮɨɪɦɭɥɵ ɜ ɬɚɛɥɢɰɭ. 
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Ɍɚɛɥɢцɚ 1 

kOX
k
O PG   

OX
k
Ok kGP    (I) 

k
OOXk GP   

OXk
k
O kPG    (II) 

kn
n
Ok PGP   n

Okkn GPnP    (III) 
kn
O

n
O

k
O GGG   





 




 n
O

k
O

kn
O GkGn

nk
kn

G
1  nk   (IV) 

kn
Onk GPP    nk

kn
O PkPn

nk
kn

G 




1  nk   (V) 

TOXOX   0   (VI) 
 
2. ɋɥɟɞɫɬɜɢɹ ɜɟɤɬɨɪɧыɯ ɮɨɪɦɭɥ 
 
ɋɥɟɞɫɬɜɢɟ 1. 
 

0
1

 k
O

k
O GkG   TGG k

O
k
O 

1

 
 
Дɨɤɚɡɚɬɟɥьɫɬɜɨ. 

Ɂɚɦɟɬɢɦ, ɱɬɨ OXP 1 . Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ: 
 

    OXjyjyixP    2  11  111  
 

 ɂɫɩɨɥɶɡɭɹ (III), ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ: OX
k
Ok

k
k

GP
k

PP 
1

11

1  ɢɥɢ 

k
OOXk GkkP
1

 . Ɂɧɚɹ ɠɟ (I) - OX
k
Ok kGP  ɢ ɫɤɥɚɞɵɜɚɹ ɫ ɩɪɟɞɵɞɭɳɢɦ 

ɜɵɪɚɠɟɧɢɟɦ, ɩɨɥɭɱɚɟɦ: 0
1

 k
O

k
O GkG . А ɷɬɨ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɨɱɟɜɢɞɧɨɦɭ 

TGG k
O

k
O 

1

, ɬ. ɟ. 
 

0
1

 k
O

k
O GkG   TGG k

O
k
O 

1

, 
 
ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 
 
ɋɥɟɞɫɬɜɢɟ 2. 
 

OX
k
Ok GP

k


11   OX
k
Ok GP 
1
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Дɨɤɚɡɚɬɟɥьɫɬɜɨ: 

 ɂɫɩɨɥɶɡɭɹ (II) ɢ ɋɥɟɞɫɬɜɢɟ 1, ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ: OXk
k
O kPG   ɢ k

O
k
O GkG

1

 . 

Ɉɬɤɭɞɚ ɩɨɥɭɱɚɟɦ: k
OkOX GkPk
1

  ɢɥɢ k
OkOX GP

k

11
 . Ɂɧɚɹ ɢɡɜɟɫɬɧɭɸ 

ɤɨɦɩɨɡɢɰɢɸ ɝɟɨɦɟɬɪɢɱɟɫɤɢɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ OX
k
Ok GP 
1

, ɨɤɨɧɱɚɬɟɥɶɧɨ ɦɨɠɟɦ 
ɡɚɩɢɫɚɬɶ: 
 

OX
k
Ok GP

k


11   OX
k
Ok GP 
1

, 

 
ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 
 
ɋɥɟɞɫɬɜɢɟ 3. 
 
















n
k

knk PnP
n

P 11
1 . 

 
Дɨɤɚɡɚɬɟɥьɫɬɜɨ: 

 ɂɫɩɨɥɶɡɭɹ (III), ɡɚɩɢɲɟɦ: kkn
n
O PnPG  . ɉɨɞɫɬɚɜɥɹɹ ɫɸɞɚ ɜɦɟɫɬɨ n 

n
1 , 

ɩɨɥɭɱɚɟɦ: k

n
k

n
O P

n
PG

1
1

1

  ɢɥɢ k

n
k

n
O PPnGn  1

1

. ɇɨ ɢɡ ɋɥɟɞɫɬɜɢɹ 1 ɢɦɟɟɦ: 

0
1

 n
O

n
O GnG . Ɍɚɟɤɢɦ ɨɛɪɚɡɨɦ, ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ: 

 
  0111  k

n
k

knk

n
k

kkn PnPnPPPnPnP . 

 

Ɉɬɤɭɞɚ ɩɨɥɭɱɚɟɦ: 














n
k

knk PnP
n

P 11
1 , 

 
ɱɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 

 А ɩɪɢ 1k  ɛɭɞɟɦ ɢɦɟɬɶ: 














n

nOX PnP
n 11

1 . 

 
ɋɥɟɞɫɬɜɢɟ 4. 
 
 Ɉɱɟɜɢɞɧɚɹ ɤɨɦɩɨɡɢɰɢɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ TPP

k

k  1  ɧɟ ɢɦɟɟɬ ɜɟɤɬɨɪɧɨɝɨ 

ɚɧɚɥɨɝɚ. 
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Дɨɤɚɡɚɬɟɥьɫɬɜɨ: 
 Ɋɚɫɫɦɨɬɪɢɦ ɜɟɤɬɨɪɧɨɟ ɜɵɪɚɠɟɧɢɟ: 01 

k

k PbPa . ȿɦɭ ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɫɢɫɬɟɦɚ 

ɭɪɚɜɧɟɧɢɣ: 
 

 

 















 







 

01
1

1

01
1

1

k
bka

k
bka

 

 
ɢɥɢ 
 

   

   











011

011

k
k
b

ka

k
k
b

ka
 

 

 ɂɡ ɩɟɪɜɨɝɨ ɭɪɚɜɧɟɧɢɹ ɩɨɥɭɱɚɟɦ: 
k
b

a  , ɢɡ ɜɬɨɪɨɝɨ: 
k
b

a  . Ɍ. ɟ. ɢɦɟɟɦ 

ɹɜɧɨɟ ɩɪɨɬɢɜɨɪɟɱɢɟ. ɂɡ ɱɟɝɨ ɦɨɠɧɨ ɡɚɤɥɸɱɢɬɶ, ɱɬɨ ɤɨɦɩɨɡɢɰɢɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ 
TPP

k

k  1  ɧɟ ɢɦɟɟɬ ɜɟɤɬɨɪɧɨɝɨ ɚɧɚɥɨɝɚ 

 
ɋɥɟɞɫɬɜɢɟ 5. 
 
















k

k
k
O PkP

kk
k

G 1

1
1

 

 
Дɨɤɚɡɚɬɟɥьɫɬɜɨ: 

 ɂɡ (I) ɢ ɱɚɫɬɧɨɝɨ ɫɥɭɱɚɹ ɋɥɟɞɫɬɜɢɹ 3 ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɢɦɟɟɦ: k
OOXk GkP  , 
















k

kOX PkP
k 11

1 . ɉɨɞɫɬɚɜɥɹɹ ɜɬɨɪɨɟ ɜɵɪɚɠɟɧɢɟ ɜ ɩɟɪɜɨɟ ɢ ɩɪɢɜɨɞɹ ɩɨɞɨɛɧɵɟ 

ɱɥɟɧɵ, ɩɨɥɭɱɚɟɦ ɢɫɤɨɦɵɣ ɪɟɡɭɥɶɬɚɬ: 














k

k
k
O PkP

kk
k

G 1

1
1

. 

 
3. Аɥɝɟɛɪɚ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ, ɜɟɤɬɨɪɧыɯ ɮɭɧɤɰɢɣ 
 

 Ɉɛɨɡɧɚɱɢɦ ɜ ɰɟɥɹɯ ɭɩɪɨɳɟɧɢɹ ɜɟɤɬɨɪɧɭɸ ɮɭɧɤɰɢɸ k
OG  ɱɟɪɟɡ kG , ɬ. ɤ. ɜɫɟ 

ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ G  ɪɚɫɫɦɚɬɢɪɢɜɚɸɬɫɹ ɨɬɧɨɫɢɬɟɥɶɧɨ ɬɨɱɤɢ Ɉ(0,0) – ɧɚɱɚɥɚ 
ɤɨɨɪɞɢɧɚɬ. 
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 ȼɵɜɟɞɟɦ ɩɪɚɜɢɥɚ, ɩɨ ɤɨɬɨɪɵɦ ɦɨɠɧɨ ɩɪɨɢɡɜɨɞɢɬɶ ɨɩɟɪɚɰɢɢ ɫɥɨɠɟɧɢɹ ɢ 
ɜɵɱɢɬɚɧɢɹ ɦɟɠɞɭ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹɦɢ G ,  , P . 
 
Ɍɟɨɪɟɦɚ 
 ɉɪɟɨɛɪɚɡɨɜɚɧɢɹ 0G  ɢ 0P  ɩɟɪɟɜɨɞɹɬ ɥɸɛɭɸ ɬɨɱɤɭ ɩɥɨɫɤɨɫɬɢ ɜ ɧɚɱɚɥɨ 
ɤɨɨɪɞɢɧɚɬ. 
 
Дɨɤɚɡɚɬɟɥьɫɬɜɨ: 
 ɉɭɫɬɶ ɞɚɧɚ ɬɨɱɤɚ  00 , yxA . ɇɚɣɞɺɦ ɞɥɹ ɷɬɨɣ ɬɨɱɤɢ ɟɺ ɨɛɪɚɡɵ   *0 AA AG    ɢ 

  *0 AA AP   . Ⱦɚɧɧɵɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ (ɢɦɟɸɬɫɹ ɜ ɜɢɞɭ ɜɟɤɬɨɪɧɵɟ ɮɭɧɤɰɢɢ) ɪɚɜɧɵ 
ɦɟɠɞɭ ɫɨɛɨɣ. Ⱦɟɣɫɬɜɢɬɟɥɶɧɨ: 
 

        0000 jyixAPAG   (ɫɦ. Ɏɨɪɦɭɥɵ (1) ɢ (2)) 
 

 ȼɟɤɬɨɪ ɨɛɪɚɡɚ   0        00000
*  jyixjyixAGOAOA . Ɍɚɤɢɦ 

ɨɛɪɚɡɨɦ, ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 0G  ɢ 0P  ɩɟɪɟɜɨɞɹɬ ɥɸɛɭɸ ɬɨɱɤɭ ɩɥɨɫɤɨɫɬɢ ɜ ɧɚɱɚɥɨ 
ɤɨɨɪɞɢɧɚɬ 
 Чɬɨ ɢ ɬɪɟɛɨɜɚɥɨɫɶ ɞɨɤɚɡɚɬɶ. 
 
 ȼɵɜɟɞɟɦ ɫɥɟɞɭɸɳɢɟ ɩɪɚɜɢɥɚ ɫɥɨɠɟɧɢɹ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɢ ɪɚɡɥɨɠɟɧɢɹ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɧɚ ɷɥɟɦɟɧɬɚɪɧɵɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ. ɗɥɟɦɟɧɬɚɪɧɵɦɢ ɛɭɞɟɦ 
ɧɚɡɵɜɚɬɶ ɬɚɤɢɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ, ɭ ɤɨɬɨɪɵɯ ɦɧɨɠɢɬɟɥɢ ɪɚɜɧɵ 1. 
ɇɚɩɪɢɦɟɪ: 23P  - ɧɟ ɷɥɟɦɟɧɬɚɪɧɨɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ, ɚ 3G  - ɷɥɟɦɟɧɬɚɪɧɨɟ. 
 Ɂɧɚɹ ɜɨɡɦɨɠɧɵɟ ɤɨɦɩɨɡɢɰɢɢ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ (ɚ) – (f), ɜɵɜɟɞɟɦ ɩɪɚɜɢɥɚ ɞɥɹ 
ɜɟɤɬɨɪɧɵɯ ɤɨɦɩɨɡɢɰɢɣ. 
 
ɉɪɚɜɢɥɚ ɫɥɨɠɟɧɢɹ 
 

ynk PxGbPa       (5) 

 

yOXk GxbPa       (6) 

 

yOXk PxbGa       (7) 

 

0GxGbGa nk       (8) 
 
ɉɪɚɜɢɥɚ ɪɚɡɥɨɠɟɧɢɹ ɧɚ ɷɥɟɦɟɧɬɚɪɧыɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 
 

yxk GPPa       (9) 
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xk GGa        (10) 
 

yxOX GPa       (11) 

 
 ȼɵɜɨɞ (5): 
 
 ȼɵɪɚɠɟɧɢɟ (5) ɦɨɠɧɨ ɩɪɟɞɫɬɚɜɢɬɶ ɜ ɜɢɞɟ ɫɢɫɬɟɦɵ ɞɜɭɯ ɭɪɚɜɧɟɧɢɣ ɫ ɞɜɭɦɹ 
ɧɟɢɡɜɟɫɬɧɵɦɢ: 
 








xxybbnaak

xxybbnaak
 

 

Ɋɟɲɚɹ ɞɚɧɧɭɸ ɫɢɫɬɟɦɭ, ɧɚɯɨɞɢɦ: bnbax  , 
bnba

ak
y


 . Ɍɚɤɢɦ 

ɨɛɪɚɡɨɦ, ɩɨɥɭɱɚɟɦ ɩɪɚɜɢɥɨ ɫɥɨɠɟɧɢɹ: 
 

 
bnba

aknk PbnbaGbPa


 , ɝɞɟ bnba  .   (5*) 

 
 ȼɵɜɨɞ (6): 
 
 ɂɡ yOXk GxbPa   ɫɥɟɞɭɟɬ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ: 
 








xxybaak

xxyaak

2
, 

 

ɪɟɲɚɹ ɤɨɬɨɪɭɸ, ɧɚɯɨɞɢɦ: bax  , 
ba
bak

y



 . Ɍ. ɟ. ɩɨɥɭɱɚɟɦ ɬɚɤɨɟ ɩɪɚɜɢɥɨ: 

 
 

ba

bakOXk GbabPa

 ,      (6*) 

 
ɝɞɟ ba  . 
 
 ȼɵɜɨɞ (7): 
 
 Аɧɚɥɨɝɢɱɧɨ ɩɪɟɞɵɞɭɳɟɦɭ, ɢɡ ɧɚɱɚɥɶɧɨɣ ɮɨɪɦɭɥɵ (7), ɩɨɥɭɱɚɟɦ ɫɢɫɬɟɦɭ 
ɭɪɚɜɧɟɧɢɣ: 
 








xxybaak

xyxaak

2
. 

 



©Фɪɚɧɰ Геɪɦɚɧ  Теɨɪɢя ɝеɨɦеɬɪɢɱеɫɤɢɯ ɩɪеɨɛɪɚɡɨɜɚɧɢɣ, 
ɤɚɤ ɜеɤɬɨɪɧыɯ ɮɭɧɤɰɢɣ 

12 

ɂ ɩɨɥɭɱɚɟɦ ɫɥɟɞɭɸɳɢɟ ɪɟɲɟɧɢɹ ɷɬɨ ɫɢɫɬɟɦɵ: akbax  , 
akba

b
y


 . 

Ɉɤɨɧɱɚɬɟɥɶɧɨ: 
 

 
akba

bOXk PakbabGa


 ,    (7*) 

 
 ȼɵɜɨɞ (8):  

 ɂɫɯɨɞɧɨɣ ɮɨɪɦɭɥɟ 0GxGbGa nk   ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɪɚɜɟɧɫɬɜɨ: 
xbbnaak  . Ɍ. ɟ. ɩɨɥɭɱɚɟɦ ɬɚɤɨɟ ɩɪɚɜɢɥɨ ɫɥɨɠɟɧɢɹ: 

 
  0GbnakbaGbGa nk  .    (8*) 

 
 Ɂɚɦɟɬɢɦ, ɱɬɨ ɧɟ ɫɭɳɟɫɬɜɭɟɬ ɩɪɚɜɢɥɚ ɫɥɨɠɟɧɢɹ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ 
ɤɨɦɩɨɡɢɰɢɢ (d), ɬ. ɤ. ɜ ɷɬɨɦ ɫɥɭɱɚɟ ɩɨɥɭɱɚɟɦ ɩɪɨɬɢɜɨɪɟɱɢɜɭɸ ɫɢɫɬɟɦɭ ɭɪɚɜɧɟɧɢɣ. 
 ɉɪɢɫɬɭɩɢɦ ɤ ɜɵɜɨɞɭ ɮɨɪɦɭɥ ɪɚɡɥɨɠɟɧɢɹ ɧɚ ɷɥɟɦɟɧɬɚɪɧɵɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ. 
 
 ȼɵɜɨɞ (9): 
 
 ȼɵɪɚɠɟɧɢɸ yxk GPPa   ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɫɢɫɬɟɦɚ ɭɪɚɜɧɟɧɢɣ 

 








11

11

yxaak

yxaak
. 

 
 ɇɚɯɨɞɢɦ ɪɟɲɟɧɢɹ: akx  , ay  2 . ɉɨɥɭɱɚɟɦ ɩɟɪɜɨɟ ɩɪɚɜɢɥɨ ɪɚɡɥɨɠɟɧɢɹ: 
 

aakk GPPa  2 .     (9*) 
 
 ɇɟ ɫɨɫɬɚɜɥɹɟɬ ɬɪɭɞɚ ɜɵɜɟɫɬɢ ɢ ɨɫɬɚɥɶɧɵɟ ɞɜɚ ɩɪɚɜɢɥɚ ɪɚɡɥɨɠɟɧɢɹ. 
 

  11  kak GGa .     (10*) 

 

aaOX GPa  2 .     (11*) 
 
 ɋɜɟɞɺɦ ɩɨɥɭɱɟɧɧɵɟ ɮɨɪɦɭɥɵ ɜ ɬɚɛɥɢɰɭ. 
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Ɍɚɛɥɢцɚ 2 
 

bnba

aknk PbnbaGbPa


  bnba   (5*) 

 
ba

bakOXk GbabPa

  ba   (6*) 

 
akba

bOXk PakbabGa


  akba   (7*) 

  0GbnakbaGbGa nk    (8*) 

aakk GPPa  2   (9*) 

  11  kak GGa   (10*) 

aaOX GPa  2   (11*) 
 
 ɋɞɟɥɚɟɦ ɧɟɛɨɥɶɲɨɟ ɡɚɦɟɱɚɧɢɟ. ɂɡ (9*) ɢ (11*) ɫɥɟɞɭɟɬ: akkaOX PPaPa   

ɢɥɢ  akkaOX PPaP
a


1 . Ⱦɥɹ OX  ɤɨɷɮɮɢɰɢɟɧɬ ɩɨɞɨɛɢɹ k ɧɟ ɢɝɪɚɟɬ ɧɢɤɚɤɨɣ 

ɪɨɥɢ, ɩɨɷɬɨɦɭ ɟɝɨ ɦɨɠɧɨ ɜɵɛɢɪɚɬɶ ɩɪɨɢɡɜɨɥɶɧɨ. ɇɚɩɪɢɦɟɪ, ɩɪɢ k = 1 ɩɨɥɭɱɢɦ 
1POX  . А ɪɚɧɟɟ ɦɵ ɞɟɣɫɬɜɢɬɟɥɶɧɨ ɨɬɦɟɱɚɥɢ, ɱɬɨ 1POX  . 

 
4. ɉɪɢɦɟɪы ɡɚɞɚɱ 
 
 ɉɢɜɟɞɺɦ ɩɪɢɦɟɪɵ ɡɚɞɚɱ, ɩɪɢ ɪɟɲɟɧɢɢ ɤɨɬɨɪɵɯ ɢɫɩɨɥɶɡɭɸɬɫɹ ɮɨɪɦɭɥɵ (5*) 
– (11*). 
 
ɉɪɢɦɟɪ 1. 
ɉɪɟɞɫɬɚɜɢɬɶ ɤɨɦɩɨɡɢɰɢɸ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ, ɡɚɞɚɧɧɵɯ ɜɟɤɬɨɪɧɵɦɢ ɮɭɧɤɰɢɹɦɢ 

42 23 GP OX   ɜ ɜɢɞɟ ɷɥɟɦɟɧɬɚɪɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ. 
 
Рɟшɟɧɢɟ:  
 

 
4

7

13

1232 4133 GGP OX 

  

 
 Ɂɞɟɫɶ ɦɵ ɜɨɫɩɨɥɶɡɨɜɚɥɢɫɶ ɩɪɚɜɢɥɨɦ (7*). Ⱦɚɥɟɟ, ɢɫɩɨɥɶɡɭɹ ɮɨɪɦɭɥɭ (8*), 
ɩɨɥɭɱɚɟɦ: 
 

  004

4

7 9874424 GGGG   

 
 Ɉɤɨɧɱɚɬɟɥɶɧɨ ɩɪɢɯɨɞɢɦ ɤ ɨɬɜɟɬɭ ɢɫɩɨɥɶɡɭɹ ɮɨɪɦɭɥɭ (10*) 
 

  8110909   GGG , ɬ. ɟ. 
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842 23  GGP OX  
 
ɉɪɢɦɟɪ 2. 
Ɋɟɲɢɬɶ ɭɪɚɜɧɟɧɢɟ 1223 34 PXGP   ɜ ɷɥɟɦɟɧɬɚɪɧɵɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹɯ. 
 
Рɟшɟɧɢɟ: 
 

 
7

12

634

1223 763434 PPGP 


, 

 

5127212

7

127   GPGPP , 

 

12512 PXGP   , ɨɬɤɭɞɚ 5 GX  
 
 ȼ ɡɚɤɥɸɱɟɧɢɟ ɡɚɦɟɬɢɦ, ɱɬɨ ɩɨɥɭɱɟɧɧɵɟ ɪɟɡɭɥɶɬɚɬɵ ɦɨɠɧɨ ɪɚɫɲɢɪɢɬɶ 
ɧɨɜɵɦɢ ɮɨɪɦɭɥɚɦɢ, ɜɜɟɞɹ ɩɨ ɚɧɚɥɨɝɢɢ ɫ OX  ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ OY . Ɍ. ɟ. 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɨɫɟɜɨɣ ɫɢɦɦɟɬɪɢɢ ɨɬɧɨɫɢɬɟɥɶɧɨ ɨɫɢ OY. 
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