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ABSTRACT

Aim: The theoretical value of the cosmological constant A and the problem associated with the same is reviewed again.
Methods: The stress-energy-tensor was geometrized.

Results: Based on the geometrized stress-energy tensor, it was possible to calculate the exact value the cosmological
constant.

Conclusion: The theoretical value of the cosmological constant A can be calculated very precisely.
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Introduction

One of the basic features of Einstein’s theory of general relativity (GTR) and equally that what distinguishes GTR sharply from
all other competing physical theories, is the geometrization of a physical interaction which opened the theoretical possibility to
understand the gravitational field as something like the manifestation of space- time curvature.

Einstein’s point of view was that the gravitational field can be described by using particular mathematical tools like a metric
tensor g,v. However, this does not imply that gravity is and has to be reduced to geometry in its own right.

In point of fact, Einstein’s stress-energy momentum tensor of GTR is a weak spot of his theory because this field is thus far
devoid! of any geometrical significance.

Various proposals for a unified field theory “a generalization of the theory of the gravitational field”> were influenced
by the desired replacement of the stress-energy momentum tensor of matter by geometrical structures. In order to bring some
order into the many different ways to include the electromagnetic field into a geometric setting, general relativity’ can serve as
a point of departure for this undertaking. However, I do not see any reason to assume that ‘geometrization ” and ‘unification
“are incompatible. Still, both need not to be conceptually identical. A complete geometrization of Einstein’s gravitational field
equations could eventually end up at a unified field theory in the sense of Weyl and Eddington’s classical field theory in which
all fundamental interactions are described by objects of space-time geometry. Besides of such fundamental problems, other
more simple problems are not solved too. What is the value of the cosmological constant A* ? Trying to answer these and
similar questions is the subject of many publications.
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Material and methods

The Royal Society of London and the Royal Astronomical Society announced at their joint meeting on the sixth of November
1919 that astronomical observations made by a special British team during the solar eclipse on May 29 provided the first
empirical test of the validity of Einstein’s general theory of relativity. In order to obtain a kind of a deeper knowledge of the
foundations of nature and physics as such it seems therefore that the basic concepts should be in accordance with Einstein’s
general of relativity® from the beginning. In point of fact, attempts to extend general relativity’s geometrization of gravitational
force to non-gravitational interactions, in particular, to electromagnetism®, were not in vain.

Definitions
Definition 3.1 (Anti tensor). Let a,, denote a certain tensor. Let b,y denote another tensor. Let E;y denote a thrid tensor. Let
the relationship ayy + b,y = Eyy be given. The anti tensor of a tensor, i. €. ayy is denoted in general as ay,, and defined as

ayy =Eyuy —apy Ebuv (D

There are circumstances were an anti-tensor is identical with an anti-symmetrical tensor, but both are not identical as such.

Definition 3.2 (Einstein’s field equations). Let Ry, denote the Ricci tensor’ of ‘Einstein’s general theory of relativity’®,
a geometric object developed by Gregorio Ricci-Curbastro (1853 — 1925) able to measure of the degree to which a certain
geometry of a given metric differs from that of ordinary Euclidean space. Let R denote the Ricci scalar, the trace of the Ricci
curvature tensor with respect to the metric and equally the simplest curvature invariant of a Riemannian manifold. Ricci scalar
curvature is the contraction of the Ricci tensor and is written as R without subscripts or arguments. Let A denote the Einstein’s
cosmological constant. Let A denote the “anti cosmological constant™. Let guv metric tensor of Einstein’s general theory of
relativity. Let Gy denote Einstein’s curvature tensor. Let Gy, denote the “anti tensor”'? of Einstein’s curvature tensor. Let
E,v denote stress-energy tensor of energy. Let E;, denote tensor of non-energy, the anti-tensor of the stress-energy tensor of
energy. Let ayy, byy, cyy and dyy denote the four basic fields of nature were ayy is the stress-energy tensor of ordinary matter,
by is the stress-energy tensor of the electromagnetic field. Let ¢ denote the speed of the light in vacuum, let y denote Newton’s
gravitational “constant”!!. Let 7 denote the number pi. Einstein’s field equation, published by Albert Einstein!? for the first
time in 1915, and finally 1916'? but later with the “cosmological constant”'# term are determined as

R 4X2XTX
Ruy — ((2) ><g,w> + (A x guy) = (647) X Tyv = Epy )

The stress-energy tensor of energy Ey;y is determined in detail as follows.

R
=Ruv— (<2> Xguv) + (A Xguv) 3)
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However, the left-hand side of the Einstein’s field equations represents only part (Ricci curvature) of the geometric structure
(Weyl curvature).

Definition 3.3 (The tensor of non-energy). Under conditions of Einstein’s general'® theory of relativity, the tensor of
non-energy or the anti tensor of the stress energy tensor is defined/derived/determined as follows:

4X2XTX R R
Euv=Ryy— <c4y) X Tyy = (<2> xgﬂv> —(Axguy) = <<2—A> ngv) =cuv +duy 4)

Definition 3.4 (The anti Einstein’s curvature tensor or the tensor or non-curvature ). Under conditions of Einstein’s
general'® theory of relativity, the tensor of non-curvature is defined/derived/determined as follows:

R R
Guv =Ryv — Guy =Ryy — <Ruv - (<2> X guv)) = (2) X guv = byy +dyy (5)

Definition 3.5 (The tensor dy (neither curvature nor momentum)). Under conditions of Einstein’s genelradl7

relativity, the tensor of neither curvature nor momentum is defined/derived/determined as follows:

= ((5) xaw) ~buv=((5) xamr) = (A gw) ~uo ©)

Definition 3.6 (The tensor ¢;). Under conditions of Einstein’s general'® theory of relativity, the tensor of non-momentum
and curvature is defined/derived/determined as follows:

theory of

cuv = bpy — (A X guv) 7)

Definition 3.7 (The tensor by;,). The co-variant stress-energy tensor of the electromagnetic field, in this context denoted by
byy, is of order two and its components can be displayed by a 4 x 4 matrix too. Under conditions of Einstein’s general'” theory
of relativity, the tensor b,y denotes the stress-energy tensor of the electromagnetic field?” expressed more compactly and in a
coordinate-independent is

1 1
b“v_<4xn><<(F“C><de><ng)(4xguvdeedee)>) 8)

where Fj is called the (traceless) Faraday/electromagnetic/field strength tensor.

Definition 3.8 (The stress-energy tensor of ordinary matter a,,). Under conditions of Einstein’s general’! theory of
relativity, the stress-energy tensor of ordinary matter ayy is defined/derived/determined as follows:

4x2XTX
gy = ((4”) x T,W> — by = Gy + (A% guv) — by ©)

C
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or

R 1 1
apy = Ryy — (<2> Xguv> +(A><guv)— <4><7r X ((FuC vadngd) — <4 X guv XFdeXFde>>) (10)

Definition 3.9 (The Ricci tensor Ry;,). Under conditions of Einstein’s general?? theory of relativity, the Ricci tensor is
defined/derived/determined as follows:

(2250 ) () ) 050

Definition 3.10 (The Ricci scalar R). Under conditions of Einstein’s general®> theory of relativity, the Ricci scalar curvature
R as the trace of the Ricci curvature tensor Ry, with respect to the metric is determined at each point in space-time by lamda A
and anti-lamda?* A as

R=g" X Ryy = (A)+ (A) (12)

A Ricci scalar curvature R which is positive at a certain point indicates that the volume of a small ball about the point
has smaller volume than a ball of the same radius in Euclidean space. In contrast to this, a Ricci scalar curvature R which is
negative at a certain point indicates that the volume of a small ball is larger than it would be in Euclidean space. In general it is

Rxguy = (AXg,uv)+(A><guv) (13)

The cosmological constant can also be written algebraically as part of the stress—energy tensor, a second order tensor as the
source of gravity (energy density).

Table 1 provides an overview of the definitions of the four basic> fields of nature.

Curvature

YES NO
Momentum YES ay, byy  Epy
NO cuy dyy  Epy
Guv qu Ruv

Table 1. Einstein field equations and the four basic fields of nature

Definition 3.11 (The inverse metric tensor g"¥ and the metric tensor g,,). Under conditions of Einstein’s general®® theory
of relativity, it is?7:

Suv X gt =+4 (14)

or

1 1

- = 15
guv X gtV 4 (1>
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where gV is the matrix inverse of the metric tensor g;,,. The inverse metric tensor or the metric tensor, which is always
symmetric, allow tensors to be transformed into each other.

Einstein’s point of view is that ... in the general theory of relativity ... must be ... the tensor g, of the gravitational
potential”?®

Definition 3.12 (Laue’s scalar T). Max von Laue (1879-1960) proposed the meanwhile so called Laue scalar®® (criticised*’
by Einstein) as the contraction of the the stress—energy momentum tensor Ty, denoted as T and written without subscripts or
arguments. Under conditions of Einstein’s general®! theory of relativity, it is

T=g" xTpy (16)

where T, “denotes the co-variant energy tensor of matter”?. In other words, “Considered phenomenologically, this energy
tensor is composed of that of the electromagnetic field and of matter in the narrower sense.”>>
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2L AUE, M.: Zur Dynamik der Relativititstheorie, in: Annalen der Physik 8 (1911), 524-542.

30OEINSTEIN, Albert / GROSSMANN, Marcel: Entwurf einer verallgemeinerten Relativititstheorie und einer Theorie der Gravitation: Physikalischer Teil von
Albert Einstein. Mathematischer Teil von Marcel Grossmann, Leipzig 1913.

3IEINSTEIN, A.: Die Feldgleichungen der Gravitation (1915); EINSTEIN, A.: Die Grundlage der allgemeinen Relativititstheorie (1916); EINSTEIN, A.:
Kosmologische Betrachtungen zur allgemeinen Relativititstheorie (1917); EINSTEIN, A./ DE SITTER, W.: On the Relation between the Expansion and the
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3.1 Axioms

3.2 Axioms in general

Axioms>* and rules which are chosen carefully can be of use to avoid logical inconsistency and equally preventing science
from supporting particular ideologies. Rightly or wrongly, long lasting advances in our knowledge of nature are enabled by
suitable axioms>> too. Einstein himself brings it again to the point.3

“Die wahrhaft groBen Fortschritte der Naturerkenntnis sind
auf einem der Induktion fast diametral entgegengesetzten Wege
entstanden.”’

In general, Einstein himself advocated basic laws (axioms) and conclusions derived from the same as a logical foundation
of any ‘theory’.

“Grundgesetz (Axiome)
und
Folgerungen
zusammen bilden

das was man eine ‘Theorie’nennt. 33

Aristotle himself already cited the law of excluded middle and the law of contradiction as examples of axioms. However,
lex identitatis is an axiom too, which possess the potential to serve as the most basic and equally the most simple axiom of
science. Something which is really just itself is equally different from everything else. In point of fact, is such an equivalence
which everything has to itself inherent or must the same be constructed by human mind and consciousness. Following Wilhelm
Gottfried Leibniz:

“Chaque chose est ce qu’elle est.
Et dans autant d’exemples qu’on voudra
Aest A, BestB. "%

or A=A, B =B or+1 = +1. In this context, lex contradictionis, the negative of lex identitatis, or +0 = +1 is of no minor
importance too.

3.2.1 Axiom I. Lex identitatis
To say that +1 is identical to +1 is to say that both are the same. AXIOM 1. LEX IDENTITATIS.

(g,wxg“v)—iiz—!—l a7
or
N — (18)

However, even such a numerical identity which seems in itself wholly unproblematic, for it indicates just to a relation which
something has to itself and nothing else, is still subject to controversy. Another increasingly popular view is that the same
numerical identity implies the controversial view that we are talking about two different numbers +1. The one +1 is on the
left side on the equation, the other +1 is on the right side of an equation. The basicness of the relation of identity implies the
contradiction too while circularity is avoided. In other words, how can the same +1 be identical with itself and be equally

different from itself? We may usefully state that identity is an utterly problematic notion and might be the most troublesome of
all.

34HILBERT, David: Axiomatisches Denken, in: Mathematische Annalen 1 (1917), 405-415.
3SEASWARAN, Kenny: The Role of Axioms in Mathematics, in: Erkenntnis 3 (2008), 381-391.
365ee EINSTEIN, Albert: Induktion and Deduktion in der Physik, in: Berliner Tageblatt and Handelszeitung (1919), Suppl. 4, hier p.- 17.
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3.2.2 Axiom Il. Lex contradictionis
AXIOM 2. LEX CONTRADICTIONIS.

(guv x " —3) — (guv x g"Y =3) =+1 (19)
or
+0=+1 (20)

A considerable obstacle to understanding contemporary usage of the term contradiction, however, is that contradiction does not
seem to be a unitary one. How can something be both, itself (a path is a straight line from the standpoint of a co-moving
observer at a certain point in space-time) and the other of itself, its own opposition (the same path is not a straight line, the
same path is curved, from the standpoint of a stationary observer at a certain point in space-time)*’. We may simply deny
the existence of objective or of any other contradictions. Furthermore, even if it remains especially according to Einstein’s
special theory of relativity that it is not guaranteed that the notion of an absolute contradiction is justified, Einstein’s special
theory of relativity insist that contradictions are objective and real. That this is so highlights the fact that from the standpoint
of a co-moving observer, under certain circumstances, a path is a straight line and nothing else. However, under the same
circumstances of special theory of relativity where the relative velocity v > 0, from the standpoint of a stationary observer the
same path is a not a straight line, the path is curved. The justified question is, why should and how can an identical be a
contradictory too?

3.2.3 Axiom lll. Lex negationis
AXIOM 3. LEX NEGATIONIS.

=(+0) = (+1) 21)

where — denotes the (natural/logical) process of negation.

4OBARUKCIC, Ilija: Aristotle’s law of contradiction and Einstein’s special theory of relativity, in: Journal of Drug Delivery and Therapeutics 2 (2019),
125-143.
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Results
Theorem 3.1 (THE GEOMETRICAL FORM OF THE STRESS-ENERGY TENSOR T#v).

The starting point of Einstein’s theory of general relativity is that gravity as such is a property of space-time geometry.
Consequently, Einstein published a geometric theory of gravitation*' while Einstein’s initial hope to construct a purely geometric
theory of gravitation in which even the sources of gravitation themselves would be of geometric origin has still not been fulfilled.
Einstein’s field equations have a source term, the stress-energy tensor of matter, radiation and vacuum et cetera, which is of
order two and is still devoid of any geometry and free of any geometrical significance.

CLAIM.
In general, the completely geometrical form of the stress-energy momentum tensor of Einstein’s theory of general relativity is
given by

4x2xXTmX 2X T X
(43/) XTyy = (c“}/) X guy xT (22)

C

PROOF BY MODUS PONENS.
If the premise of modus ponens

41 @)

(Premise)

is true, then the following conclusion

4x2xX7mX 2X T X
(B2 = (BT s gt o

is also true, the absence of any technical errors presupposed. The premise
(+1) = (+1) (25)

is true. Multiplying this premise by Einstein’s stress-energy tensor of general relativity, we obtain

4xX2XTX 4xX2XTX
(+1) X (C4y> X Tyv = (+l) X (C4y> X Tyv (26)
or
4X2XTX 4X2XTX
(c4 Y) XTyuy = <c4 }’) X Ty (27)
Rearranging equation according to definition 3.2 it is
4Xx2xTx 2 XX
<c4 Y) XTyuy = <c4 }/) X4 X Tyy (28)

According to definition 3.11 this equation simplifies as

4x2xmXY 2XT XY

(C4> X Ty = (04) X (guv < 8"7) X Tuy (29)
or as

4X2XTX 2X X

<4Y>Tu< — )Xguvx@“vmv) (30)

In accordance with the definition 3.12 we obtain the desired geometrical representation of the stress-energy momentum tensor.
In other words, the conclusion that

VI 2X T X
(£2580 gy = (55T g r an

4IEINSTEIN, A.: Die Grundlage der allgemeinen Relativititstheorie (1916).
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is true.
QUOD ERAT DEMONSTRANDUM.

Remark. From the geometrical point of view the stress—energy momentum tensor Ty is more or less identical with the
metric, enriched only by view constants and a scalar as

2XTXYXT
(Cf) X guv (32)

However, describing the fundamental stress—energy momentum tensor Ty, the source term of the gravitational field in
Einstein’s general theory of relativity, as an inherent geometrical structure, as being determined and dependent on the metric
field g,y is associated with several and far reaching consequences. The properties of energy, momentum, mass, stress et cetera
need no longer to be seen as intrinsic properties of matter. Theoretically, the properties which material systems posses could be
determined in virtue of their relation to space-time structures too. The question could arise whether the energy tensor T,y at the
end could be in different aspects less fundamental than the metric field g,y itself. Is and why is matter more fundamental*’
than space-time? In contrast to such a position, is the assumption justified that without the space-time structure encoded in
the metric no energy tensor? To bring it to the point, can space-time (and its geometric structure) exist without matter and if
yes, what kind of existence could this be? Einstein’s starting point was to derive space-time structure from the properties of
material systems. In contrast to this position, theorem 3.1 allow us to see that, on the contrary, the energy tensor depend on the
metric field and is completely determined by the metric field. Consequently, the matter fields themselves are derivable from
the structure of space-time or the very definition of an energy tensor is determined by space-time structures too. Thus far, the
question is not answered definitely, which came first, either space-time structure or energy tensor.So it is reasonable to ask, is
the energy-momentum tensor of matter only dependent on the structure of space-time or even determined by the structure of
space-time or both or none? In other words, granddaddies either chicken or the egg dilemma is asking for an innovative and a
comprehensive solution and may end up in an Anti-Machian theory. However, this leads us at this point too far afield.

4 LEHMKUHL, D.: Mass-Energy-Momentum: Only there Because of Spacetime?, in: The British Journal for the Philosophy of Science 3 (2011), 453-488;
LEHMKUHL, Dennis: Why Einstein did not believe that general relativity geometrizes gravity, in: Studies in History and Philosophy of Science Part B: Studies
in History and Philosophy of Modern Physics (2014), 316-326.
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Theorem 3.2 (EINSTEIN’S FIELD EQUATION’S COMPLETELY GEOMETRIZED).

Now, we can derive a completely geometrical form of Einstein’s field equation’s.
CLAIM.
In general, the completely geometrical form of Einstein’s field equation’s*® is given by

R 2X T X
Ruv — (<2> xgu\,)—&—(Axg#V) = (C4y> X guv X T

PRrROOF BY MODUS PONENS.
If the premise of modus ponens

+1=+1
———

(Premise)

is true, then the following conclusion

R 2X T X
R#V—(<2> xg#\,)—&—(Axgﬂv) = (C4y> X guv X T

is also true, again the absence of any technical errors presupposed. The premise
(+1) = (+1)

is true. Multiplying this premise by Einstein’s stress-energy tensor of general relativity, we obtain

4x2xX7wX 4x2xX7mX
(+1)X <C4,y> XTHVE(+1)X <C4,}/> XT[,[V

or

4X2XTXY _(2xmxYy

Rearranging equation according to the definition 3.2 it is

R 2X X
Ryv — (<2> Xguv) +(A><g#\,) = <c4y> X4 XTyy

According to theorem 3.1 the equation can be simplified. Consequently, the conclusion is true that

R 2X T X
Ruv—(<2> xguv>+(Axguv) = (C4y> X guv X T

QUOD ERAT DEMONSTRANDUM.

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

43EINSTEIN, A.: Die Grundlage der allgemeinen Relativitiitstheorie (1916); EINSTEIN, A.: Kosmologische Betrachtungen zur allgemeinen Relativititstheorie

(1917); EINSTEIN, A./ DE SITTER, W.: On the Relation between the Expansion and the Mean Density of the Universe (1932).
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Theorem 3.3 (EINSTEIN’S COSMOLOGICAL CONSTANT A).

Now, we can derive a completely geometrical form of Einstein’s field equation’s.
CLAIM.
In general, the completely geometrical form of Einstein’s field equation’s** is given by

() ) )

PROOF BY MODUS PONENS.
If the premise of modus ponens

+1=+1 (42)

(Premise)

is true, then the following conclusion

2 R
A= (ZEX) o) £ (B 43)
c* 4
is also true, again the absence of any technical errors presupposed. The premise
(+1) = (+1) (44)

is true. Multiplying this premise by Einstein’s stress-energy tensor of general relativity, we obtain

4x2xX7mX 4x2X7mX
(+1) x <C4 7) X Ty = (+1) x <C4 ”) X Ty 45)
or
4x2xX7wX 2X T X
(222807 7, = (2227 s, o

Rearranging equation according to the definition 3.2 it is

R 2X T X
Ry — ((2) Xguv> +(Axguy) = (647') x4 x Ty 47)

According to the theorem 3.1 the equation can be simplified. According to the theorem 3.2, we obtain the geometrized Einstein’s
field equation as

Ryy — ((1;) X guV) + (Axguy) = (W) X guv X T (48)

A

Rearranging this equation it is

) = (22 ) (2) ) - "

Rearranging terms, it is

(Axguy) = (((W) X T) + (I;)) x guv — (Ryuv) (50)

Multiplying by the inverse metric gt¥ we obtain

(Axguy) x gt = <<<2X;XY> X T) + <§>> X guv X g" — (Ruv) x g*¥ (51)

#EINSTEIN, A.: Die Grundlage der allgemeinen Relativitiitstheorie (1916); EINSTEIN, A.: Kosmologische Betrachtungen zur allgemeinen Relativititstheorie
(1917); EINSTEIN, A./ DE SITTER, W.: On the Relation between the Expansion and the Mean Density of the Universe (1932).
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According to the definition 3.10 and the definition 3.11, this equation simplifies as

(A><4)E(<<2X;><Y)XT>+<§)>><4—(R) (52)

Dividing the equation by 4 yields

() ) ()2
() (22)- )
() ) ()0

The exact value of Einstein’s cosmological constant can be calculated as

() ) )

with the consequence that the conclusion is true.

or

or

QUOD ERAT DEMONSTRANDUM.
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Theorem 3.4 (ANTI COSMOLOGICAL CONSTANT A).

The value of the anti-cosmological constant can be calculated very precisely.
CLAIM.
In general, the value of the anti-cosmological constant A% is given by

e (((257) ) ()

PROOF BY MODUS PONENS.
If the premise of modus ponens

+1=+1 (58)

(Premise)

is true, then the following conclusion

per(((22) )+ (2)

is also true, again the absence of any technical errors presupposed. The premise

(+1) = (+1) (60)
is true. Multiplying this premise by Ricci scalar (see definition 3.10), we obtain

(+1) x (R) = (+1) x (R) (61)
or

R=R (62)
Adding A and subtracting A, the cosmological constant, it is

R—A+A=R—-A+A (63)
or

R—A+A=R (64)
According to our definition 3.10 it is

A+A=R (65)
or

A=R-A (66)

The exact value of the cosmological constant was calculated by theorem 3.3. The value of the cosmological constant A can be
inserted into the equation before. The exact value of the anti cosmological constant can be calculated as

s ((227) ) ()

with the consequence that the conclusion is true.

QUOD ERAT DEMONSTRANDUM.

4EINSTEIN, A.: Die Grundlage der allgemeinen Relativitiitstheorie (1916); EINSTEIN, A.: Kosmologische Betrachtungen zur allgemeinen Relativititstheorie
(1917); EINSTEIN, A./ DE SITTER, W.: On the Relation between the Expansion and the Mean Density of the Universe (1932).
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Discussion

Einstein was one of the first to use explicitly the term “unified field theory”in the title*® of a publication in 1925. In the
following, Einstein himself published more than thirty technical papers on this topic. However, Einstein’s unified field theory
program, besides of his justified insistence on the possibility and desirability of a unified field theory, required a substantial
amount of new mathematical preliminaries and methods*’ and was on the level of the mathematical possibilities at his time
technically in vain.

At the heart of this enterprise was the trial to geometrize all fundamental interactions and to provide a completely geometrized*®
theory of relativity was endangered by the cosmological constant A, the energy density of space, or vacuum energy, and the
uncertainties associated with the same. To day, there is some experimental evidence (Perlmutter et al.*> Supernova Cosmology
Project and Riess et al.’** High-Z Supernova Search Team) that the expansion of the universe is accelerating, implying the
possibility of a positive nonzero value for the cosmological constant A. Meanwhile we posses the theoretical possibility to
calculate the value of the cosmological constant A very precisely.

Conclusion

In combination with other already published®! papers, Einstein’s general theory of relativity is completely geometrized. The
theoretical value of the cosmological constant A was calculated very precisely.
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