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Abstract 

Ŗ�ɉʺȪÒČ(ȲȽČ)ʧġ��ǉîɠɉǮëÏ�…ĐƬʺȍɉˣ̾

Ǒƭ˱ɖƗ˧�2�ǳɑrɉ͌ͪ	ͮ kǑƭ<ǉîǑɉÒČəɒ�µƙȢ�

��ƚ̥ʺȪ̝RˠşɉȲȽǮë(ʺȪÒČ˟)	ã̠�Ǯëɉîɠ�<ʞ˥

Čˢňŋɷ+ ��ƚ̥ ̝�ʅĉʪ Ń $Ƃƪ˒!ɉ ƫČǮë ©

łěs�Éø�åɉŗŎ̡˒+ɿ¦ͯ˯	

Ǒƭͮǰğŏ�Ïɑě˭ƩŅˣ̾!̝�ʅĉɉʞ˥ČƩŅ	̠ ǣŏ�Ïȶ$

ɑě˭ƩŅħŞʺȪä˙ˑÂ̡Ʊɱ(̭̜ȁˣƸ̪ƍȳĔǮûĠɉ�Ĉ�ƫĕ

Ȼ)<ʮSŠ̠�Ʊɱ̟¾?ƝɦɲĔʅĉɉŗŻ¬Ù [ ȡ̈ǗA

]	ǑƭſŠƫČƱɱ?²s�Ĉȉ�ƫɉˇ¶ƱȈ�ȲȽǮëa

ˮŗŻʺȍ̠ ã�Ĕɱň�°˯ƺ+ȲȽǮëɉ¾͢ū	ƭ�ɉ�2˟ȧě/

Ƚˣ͂ĉ�Č�ɑě˭Ï̅ő˭ɉǑ́?²ǇȘ�ä˦˰ʺȪ�ĎēÏ�̰͂ĉ

˥ʀǓ¾ʶtǊȤã¯ʬB_	�

1. Introduction 

�ͬ。ͲôɣƶͱˁŘ̀�1ż@ɉĖÛȿǓɋȪ
ȪʮlŁ%øªŮ

ą�ȯǵĘ,7ʄèƌŃ˘ɉäȼȪʮãý͐ʊ�čª½ƾ���Ġˊȧ���

ż@ɕ�̠2üóŴ͛ɉɨ”Ȼ˽ɳɸã˙Pɪ�͂ſƣ̼�ż@ſõɉĎē

�ņǊùû�!8#ƾȻã̠�ǣĉ�čɳɸƑȫ8#ǣɉǓ�ã̝R�Ǌƴ

ĈȧÏʗȧ�s�ɉĵûʶ͂°<Ñ̿ǘ�H�HɀĐ�Ƹ͍�ɵ͍?²̯ňǭ

Ŧƾũǣ6ȿɉ�Ďē�ɉŭȭH�H�Ưñ�����ɐ?ǘ̠ 2̻ƾǻ̕

͝?Øɾɉ͌ͪ	�ɛķɛřɈž�Ƕ�2ƗʌĎēɉǑȟƾ7ʄśǋʺȪ

ɉŤɁ%̌	 

ʺ»?ǘ7@ěʺȪˠşÏĎēȻ˽ɉ˦˰̫ȜȘnûʼ¾?�!��

͑Ǹ� 

ǉ�ɉ Aristotle�Ptolemy�Copernicus Ï Kepler ɽ7Ƹǎ7@ƗʌʺȪɉ

̜ɱ͗+·�ŖƸȿ6�µĭǿŀ�ʏø̟·�ÁɪƧȅǗAɉ͕� 3	ěʺ

Ȫ�ĎēɉƗʌ̯ňǻ̕ʣź˦˰)ǻ̕ʆȏ	 

�+ Galileo Ï Newton Ƹǎȿ6�ǿŀûûƛͱ7@)Ǌ+ɑě�ęɉ

̲̗Ï̕ɫČɉŪʡƱȈã Newtonian �ČÏŢɭ�ɉƐĝ�˦˰ʺȪɉǿ

ŀûûƛ£	ȪʮNewtonian �Č˦!ŏ�Ɂ́͂ɐƘ6ȿ��·̝�Ï

ʶ͂ɉŘÐ	ěŏ��ŶūÏ�̯ňɽɉˠĔ̻ƾ<ÒČˢň7!Ǣɷɿ¦ɉʙ

ͯˠ�(pȽ�Ǌŏ�Ĕ$ĩʁǘʺ NewtonL Galileo ǥƓ˟Ȑʚǝˮɷ+

i ∂M
∂t

= − !e
−MΓ2

2m
ΔM−T 2(M)⎡⎣ ⎤⎦

ΔM = T 2(M)
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ʙͯˠ�,ŶūÏ�̯ňɉǑ̻́ǏȔ²)Ƭ�Ďē)ƾɑě͠Ũɉ	 

w�Ȼ=Einstein ɉŃ$ɑě˭˳ȿ7@˦˰ʺȪˠş�ͧȐʺȪȻ˽

ɉʶ�ˇŠ́ɉͭ̉	Ń$ɑě˭˦!ŏ�ŽƸɵå·�Ȳ́�ʶ͂?²̝�

ɉqÃŘÐĝʼ̝�µȿÁɪ”Ćɉ¸ 	ãǳîɠ�s̟ͧˤ+ͳȌɽü

Oɉċã 3,4	͂ĉ�Čɉˋ�µĭS7@ěŢ˟Ĩňɉ˦˰ǿŀǊ+ĵûƛ£

6ȿ+ưƸǎɉÒČŪŷ (Copenhagen School ě͂ĉ�Čɉ˴̾))YS˓ȿ

��ûƅȻ=ƇǒƀǸ 3	 

L͂ĉ�ČʵÅɉȲȽ¬Ƚƾ8#�͂ĉʎʥ 5 Ï Wheeler Ŋ̤̪ƍĕͯ 6

ũ#Ƚˣ��Éȶ$ɑě˭ƩŅɉ Dirac ƱɱãǑ́�ƾÈǲɢ�Ń$ɑě˭˦

!ɉĝʼƸɵŒǆʵÅǇǑ́¬Ù?²ȶ$ɑě˭ƩŅɉ¬Ƚƾ8#�ł�Ȼ

=ĎēČ�ƸĽ˙ƛ²ɉǅȲ́�ǅʶ͂?²ˆÄɉƮ�°ąPˣ̾��� 

�ɐ?ǘ7@łȄǊ��Ɨɳ�̥̠2ĕ́ū͌ͪʵÅɉɾǨ(Ǐŋɷ̄

��ǇîɠɉȲȽǮë)ʮƾdɄãʲȏɉ͂ĉȲȽ：īî/ʙuȲȽČ(ą

Newtonian �Č)¦ʑ<ƫČˢň̡˒ƙĝȢʀğȶ$ɑě˭ʚ˭Ž Lorentz ¥

¸ʏǖɡȿȿäȚ��ÁɪƱɱ�®ƿŠ¢�� (̊ą Dirac ƱɱÏ͂ĉå˭)	

?ʼÁɪȽ˭ǳ̄řFª̻Ǐ<ǥǑ�ˣy͌ͪ 3,7	Ƭ�ȲȽČûã�2ſ

˻ǡ{Ǯë?²̅őȽ˭ɽˣ̾�K&Ǌſƥ˟Lĕ͓ªȄǊ��Đo>7ȡ

Ÿɉ	ǡ{ǮëÏûʞ�Ƚ˭ɽ½ƾ<ƫČÏɿ¦ɉȲȽȻ˽：īě%�ɉǮë

̡˒õȽƬÂÙʮ̻ƴȈĐʩȕɍŏ�Rɀ(ŏnŏ�Å�¾̀ǲ )	̅ő

Ƚ˭Ù!ʓn+ǇùɉʺɁň(Ǉͱɉʡň)ɓKȕɍ+ſǊĸɛŻ�ɉȽ˭

LǇͱɉʡňł�ʶˣyǇùɉĕ͓͌ͪ́ ʮÙ!ñ�+Şùͫøɉˏa¾ʶ

ūʮSȁˣ¸ŠǚsÜ͝ěƫČƇĴɉ˜ȁ̚�+>7µƐɉäǴ	ʮ��ő�

Ǒǘħ�ƾ�)�ŅŻ!��ǉîǑɉȲȽŗŨ	ǳøâ͂ĉŏ�ɽȽ˭µĭ

Š)̟Ş�ĐÕȻã̳�ɉÜ͝K&ǻʶˣyɉ̟͌ͪù	̓ /�̥ɪɪ͌ͪ

7@ŞǊŤ˜Ǉ̡�Ǵ˦˰ȲȽȻ˽ŽȲȽʏǖʵÅɉĕ́?ŋɷ��Ǉîɠ

ɉȲȽǮë	 

Ǒƭ<ǉîǑɉÒČəɒ�µƗ˧+�2ȲȽČ�ǇȘī�ǇǑ́ɉ͌ͪ

łĥ˱ŋɷ+��ƚ̥Ďē̝RˠşɉǉîɠɉȲȽǮëãǳîɠ�?Ǉɿȋ

ɉŗŎŋɷ̄��ʺȍɉƫČƱɱ	oʃɉîǑǟǛ!�ͮkɢĔ7ʄ¾?˦

˰ʺȪ,ȪÅ<7ʄŹĒˇ¶ɉʺȪȻ˽(pȽ)�ƛȨÒČəɒ(Ǒƭ˦!

Ǌəɒ�ʏɉȻ˽ƁƾÂȽɉ),ǉÅãÒČəɒɉîɠ�ŋɷ+ȲȽǮë(<

ʮɢĔ+Ƹ͍�ɵ͍?²ŋɷƫČǮëSɀɉèǡʊɽ)�ãĔ$ĄɉȲȽǮë

îɠ��ǴǴƙĝƫČǮë	ƙĝ�kc+�ͤǤĕ�ɼ�ɢĔ˶ȲȽǮ
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ë�Éȶ$ɑě˭ƩŅ,ɼ.ɢĔ˶ȲȽǮë¾ã�ĔǗA�ĝ� Schrödinger

Ʊɱ	Ǥĕ̜ɱ)Sż@Ǉ�ƺɢ+ƙĝƫČǮë)©Ń$ƂƪƱɱɉƱȈ	ƙ

ĝŃ$ƂƪƱɱɉ̜ɱ�Ǝ�(i)Æ͂�ˣ	<�̝�ʅĉãɵ͍ɉ�ˣƙŃ�̝

�ʅĉ.ʡ：ɦɉÆ͂Ïãɵ͍Ǡȧõɉ�ˣ	̠ ƾƬ�ƙĝɉǤţ̺�	(ii)ğ

ʙuƂƪʊƫ̡˒̀ưˣ̾łˇ¶s�ɉǑ́r͉[Ű	(iii)ã�̥(i)�(ii)î

ɠ�ěƱɱVȫʙuƂƪ¬Ƚ̡˒ʕ？<ʮˇ¶Ń$ƂƪƱɱ	R!͒�̺�

Ǒƭ̟ě�Ʊɱɑrɉ̀ȧ̺�̡˒+˧˭Ïͯ˯	ǻąąPěbŢ�Ʊɱ̂

�_�Ʊɱ=：ɉ�2r͉ȲȽŸ$ɽ	ǉÅěƱɱȚ�+tOǗA�ɉø�

å	�̡ͣ˒˷ʖ͎̥	 

2. Methods 

Ǒƭ�ɀÒČų˭ʏǖƙĝ�+Ĕ$țǂɉȲȽǮëȪÅãȲȽǮëîɠ

�̡˒̲̗ƙĝŠ�ƫČǮë	ǉÅ°<̲̗�˯ƺ�¾<ƫČǮë�ƛ¶

�ȲȽǮë�ÉɉſǊuëȳś	ſǊ˥ʀ̜ɱ̻ã Mac Ȱɉ Mathematica 

12.2.0.0 (Wolfram Research Inc.) �̡˒s�ɡAʊʞ! MacBook Pro 

(MD101CH/A)ƢRʊʞȰǑ! macOS High Sierra 10.13.6	̈́ěǺ�tO͌ͪ

ɉˣyƱȈ˞ Supplementary Information	ąǏƐƺtO¯ƫƱȈæ̽ɀ˶Ȱ

Ǒ̓Aɉʊʞʹ˦_	ƫ_ƱȈɉǊƩƫĊæ�N/ 6 M	 

3. Results and Discussions 

3.1 ̠��Ƀ¾?˙˦˰Ç 

7ʄƵǊɉküɛ˰ƾãʺȪɃɉȖȂǓ�ʏǖ�ɁȿȲOÏʺȪȺðʙ

̜ȣ͊ɉɑ1Rɀv �ĲZɄ�ǘɉ¾?ÏøɃ�ȥɑěŅɉŹū˦˰ 8,9

tǊɑŖɱňɉ¾͢ū	7ʄã��kü˦ɛǮŎ(©X̠ǣɉ˦˰ǮŎċãŽ

ùŽġɉ"˟Ùʋ)�Š�ɉÅüɛ˰ŽʙͯãÃǣɉ˦ɛǮŎ�®ĕ̍Ņ

˶VȪƾ¾͢Į̈ɀɉ	¼ø̓/Ǡ2øɃǗAɉɑěɲĔÏ¾̀÷ū()©

Ƹ͍Ïɵ͍ɉŀɯ�¸ū)7ʄſˇŠɉküɛ˰ÏÅüʙͯã7ʄƬ�ĕ

̍˃ÝvŅ˶)ƾ¾͢ɉ	 

Ùʮ7ʄ�ɷɉȽ˭©X99ƾ<R!Ďēģìɉäȼ�ɉ7ʄˢňɉ

˦ɛ)©XċãÁɪȶ͜Ž͈˸(̠��͈˸�ƾɑěɉƾƐ´ƽ�7ʄŸ

˰�ɉ-Ȳǣ˾ÏŗŨł�ƾ-Ȳ¬Ǒɉǣ˾ÏŗŨ)½˜ʶúǊƩäˣ̾Ï

ͧȐż@ſʶ˟Ȑ�ɉȻ˽̸ ħƾ��Ż�ɉȽ˭ĩʁż@ƴȈ˯ĕsƾÈ

ħƾĐoǲɢɉɔȽ 8	 

3.2 ÒČəɒɕ�ɉ�Ƀ 

̠��Ƀ%ſ?Ǌƴɴùʶ͂ł�̝̑̄ǘȀ�dŰsŤȪċã�ʊ�
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ɑ1�ʏɉÒČəɒ 10,11	½ǊƌǊ+̠2əɒ�ʏ̠��ɃƁH¸Šŀ˔Ï

Â&̲̗(ʺȍ)	ãǳ˟ȧƐĝ�Ǒƭŭʚ�ą� 3 ǗpȽ� 

AXIO 1�̠��ɃƾǊȲ́ɉ 

̠��ɃǊȄǊȲ́ƾ��¢�»ʫɉÒČ˲ͪȪʮã̠̿ªƾǑƭ̡

˒ȽūƙƯÏ̲̗ĭŌɉ¬Ĉîɠ	̠ ��Ƀ½¾ʶċã�ɪŵŗ�̃ #ǊȲ́

ċã,˜#ĐoȄǊȲ́ċã	-ĕƾƿȪɉ�̠��ɃǊȲ́ċã	Ȫʮŀ

æ�ǘ̠2Ȳ́°¢�ɰˍɰˍ�}&ȄǊ 12	Ùʮ̠��Ƀ(Žʻġã

7ʄſʶ˟Ȑ�ɉ˃Ýv)ːȪċãȲ́Ls°ɰˍ�gƾȄǊ	 

AXIO 2�̠��ɃɉȲ́ƾ�æ�ɉ 

ąǝ̠��ɃjȡȲ̸́ #̠2Ȳ́ãs�ɉ�Ĺ)½Ǌ�ɪ¾ʶ�̃ #

ƾæ�ɉ,˜#ƾ�æ�ɉ	ŞƿȪ̠��ɃɉȲ́ãż@˟Ȑ�ɉ�Ĕ˃Ý

vɉ�Ĺƾ�æ�ɉ	Ȫʮ̠2Ȳ́łȄǊCPȽɁ�«ǳˍř�©ãǳõ

�ĹɉǓHùãřõ�ĹɉǓHġ	ÙʮŅŖ˦!Ȳ́ãǺ�õ(�͕/�

ʡ)�ĹɉǭȹƾɑɽɉŽ<ûĨňŭOɓƾæ�ɉ 13,14	ÃƸȡ̈�Ĺ�æū

Ïǭȹæɽū̠�ȧ̠��ɃɉȲ́ħ�Ĕ?͂ĉŗŎċã	�̠��ɃɉȲ

́ƾ͂ĉɉ�̠ �-ĕsĕ)ʺ�Ťù˧˭čĸƾ˙ÁɪȲȽĕͯͯ˯̜ɉȲ

Ƚ-ĕ	ǳø̠��Ƀ)ȄǊȽɁ�«ǳˍř�ǉ¬Ĉɉ͂ĉĕOȧ(�ͣ

ɮs!ƴɴĠʅĉ)%͍ŅƾǭȹoÃɉ	ÃƸȡ̈�̥��Ĺ�æūÏǭȹæ

ɽū�̠�ȧ)yĔ+̠��ɃŭOƾǭȹæ�ɉLŢ˟(Žs�}�ʡň)：

Ȼ°ƾ�æ�ɉəɒO	 

AXIO 3�̠��ɃɉȲ́ƾ̝�ɉ 

̠ɓK°ƾ��ÒČ˲ͪãǳª̂,čưɉvȕ	ż@˟Ȑ�ɉ̠��Ƀ

ɉȲ́ƾ̝�ɉŽʭ<7ʄʶȽˣɉˢňɓƾ̝�ɉ	ƴ˭ąP̠��Ƀ̻

¾?˙ˣ̾!̝�ɉʮ�ƾ�Ż�¸͠Ǳɉ	̸ #̠ ��Ƀ�ņƾ�ɪũǣɉ

̝�ƁǇ�ÂȽ� 

Ȼãɉ˦˰ƾ̠ǣɉ�ƴ͠Ǳ́͂ɉlĉƾĎē�̝�ǉťɉȲ́	ąǝƈ

Ǌ͠Ǳ́͂ɉȲO(ǻąɂĉ)�̯�l̯ƾ�¾ʶɉÙ!̚�l̯Åś͂

H¸�ƴɴûʶ͂ȓʯ)ğ¸Šƴɴû(ɑě˭ʜ�ɉʚ˭)	Ùʮ�¾ʶ

ċã̜̅l̯ɉȲ́©XǊ)ƴȈI̬[Ű	Lã̠�˟ȧ��ƭƛ�ɉ

͂ĉʎʥɉǑ́ƴȈȽˣ�Wheeler Ŋ̤̪ƍĕͯ�Ȼ˽¢�Ŭō?²ͳȌ�ŏ

�Rɀ¾?Iơ�ǘɉĕ́)�ƻˣ̾�� 

Ùʮ̠ ̿ɶɟ̠�ɓȈ˦ !lĉƾ7ʄɏ�µȻŽʶŹȐ�ɉ̯ňǉť

ɉ¾I̬[ŰɉȲ́ʮ�lĉǊŢĠ(ŽƴɴĠ̠ƾ<¼��ˢňɉ˟Ě
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˷˞ 3.3.5.4 ˀɉ˧˭,¼ør/lĉɉʚǛ²̝�ǓȽƙȐ˞ 3.7 ˀ)́͂

̝�łƴȈĕ́ƥ¸ȲÓ͂	ǻlĉ́͂ʐ�ǇĠɉʅĉ(ʪ)©XʶI̬

[Ű7ʄɏ�)ŹȐ��(Ž�˦!ĸŹȐ�)LǇĠʅĉ(ʪ)ɉǚ͕̯

ňǇť	ÙǳŖʅĉ(ʪ)̯ňť��ĔɱňsŤȪ��˚�Ż́͂ʐ�Ǉ

Ġɉʅĉ(ʪ)ɐʻ̯ň̚�ƴɴû́͂¸�ƴɴĠ(ã�̠��ɃɉȲ́

ƾ͂ĉɉ�ǧǟ�3.3.5.2 ˀğH˯ƺ�́͂ʐ�̕Ġʅĉ(ʪ)ŗŻ́͂ʐ�

̕ûʅĉ(ʪ)�?²ɑ´ɉ̜ɱ̻ƾ¾ʶɉ)	 

ãǳ˟ȧ�Ƭ�ĎēğËȻą�̝�àǁ�ě/��́͂ƴɴĠɉʅĉ

čɉ̝�̯ň¾?̚�ƴɴû	̸#ƴ˭ãù#ûɉɵ͍�̠�ƴɴĠʅĉ

̻¾?ɗ͍(�ȓʯƸ͍)ċã/ɵ͍ɉCPMʨ	Ùʮč¾?ƴõ�ãƴ

˭ùûɉɵ͍ɑě/čXƾȄǊƸ͍Ï̊ɩǭŦɉƴɴĠɵ͍,ʮƴɴĠʅĉɑ

ě/̠ǣɉɵ͍°ƾƴɴûŽɵ͍ǥǑŹ·��ʅĉ̝�(ʅĉŐƪ/ɵ͍Á

õ)	ě/ƴɴĠʅĉÙ!�ċãɵ͍�Ƹ͍ǭŦ)�Hċãʶ͂ǭŦ	ą

ǝĎēƾɁƴɴù�̠ǣɉ̝�ʅĉʕŻ(Ù!č@̻ƾƴɴĠʅĉč@%͍

)�ċãɤƠ)̸)�Hȓʯſ˻ɉʶ͂č¾?Ȁ̢̝̑�®	ʮ�Ʒż@

˟Ȑ̠2ƴɴĠʅĉʕŻɉǇû́͂ʐ�ʅĉ(ʪ)Ƹ̠2Ǉûʅĉ(ʪ)ɉ

̯ňħH͔�ǘ(ã�ʡɵ͍�¾ɽB!̯ňƱÆʱ͞§G�ɉʅĉʪ́͂Ï

čɉŀæ̯ň%͍ɉrʊ̶šMaxwell�Ĺˠş˷ ˞ Supplementary Information

% Part 1)	̠ƸƸ͍�ɵ͍�̯ň�́͂Ïʶ͂ɽǭŦƁH�Ȼ	ÙʮĎē

ǑƴƸ͍�ɵ͍Ï̯ňǭŦ)ȄǊ́͂Ïʶ͂ǭŦč@̻ƾ<�Ãˢň˟Ȑ

�ɉ：˽ſʼ	ʅĉːĠě/Ďēħƾƴ͕û,Ďēːûě/ĠʅĉXƾƴ

ɴĠ	Ŗʅĉ̝�̯ň̚�ƴ͕ûXþ®+̝�ɉǭŦ	̠��ɃƵû°Ġ

s�ɉȲ́Ƶ̝�°�̝�?²Ƹ͍�ɵ͍�̯ň�́͂Ïʶ͂ɽǭŦɉƵǊ

°ƴɽ°ƾƫěɑ1�ʏɉəɒO	 

?� 3 ǗpȽɉǲɢūƾƿȪɉsċãū¶y/əɒ(³Ʊ�)¼�Ʊɉ

�ʏ̠̿½̪¶ěż@ǊŸ$ɉ�Ʊ̡˒ɞɳ	¼ø̠ 3 ǗpȽã�Ĕɉ̲

̗ʏǖ�˓ȿ�ɉǭŦ)ƾəɒ�ʏɉ	)½Ǌċãəɒ�ʏɉ̲̗ƁƾĐƬÏ

ʺȍɉ	ã�̥ 3 ǗpȽɉîɠ�Ǒƭ̡˒ÂȽƙƯƛȨ�ą� 3 Ǘaˮ� 

HYPO 1�ĎēƾɁƴ͕ù�̝�̯ňƴɴû�́͂ƴɴĠɉæ�ʅĉǛŻ 

̠2�ƴɴû�Ï�ƴɴĠ�ɽǭŦɽÃ/ƫČ�ǜ�ɉ�ƴɴû�Ï�ƴ

ɴĠ�ɽǭŦ	æ�ūǭŦƾʅĉ́͂ûĠɑě/sǡ{Ķʮˤɉ�ͣƛ�ɉ

�æ�ʅĉ�ǭŦ̻ƾ̠�ŸŪ	 

HYPO 2�ƴɴĠʅĉãĎēɵ͍�̝�̯ňûĠɑɽ�ƱÆ͙Ǔ 
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ǲą AXIO 2 ſ̥̠2ƴɴĠʅĉ̶̻šÃ�ˠşŗŻſ?č@%͍ɉ

́͂Ï̯ňûĠ(Žʭ�͂ûĠ)Ņ˶ɑɽŽʭɑě/sǡ{Ķʮˤƾɑɽɉ

�ͣƛ�ɉ́͂Ž̯ň(�͂)ûĠɑɽǭŦæƾ̠�ŸŪ	ƱÆãǺ�ʡň�

ɉǭȹ)ɑɽȄǊCPȽɁ�ŀæ	 

HYPO 3�ƴɴĠʅĉ%͍ȄǊɑ1Rɀ 

ãż@˟Ě�ɉ�Ƀ̿ɑ1Rɀƴõ�ã	ȪʮãƴɴĠʅĉ%͍̠

ł�ƾŤ͟ɉ	ě/ƴɴĠʅĉ̠ ̿aˮč@%͍ȄǊIʞ˟ȧ˦!ɉŏ�ɽ

ɑ1Rɀʮđ˟�(Žɑ1Rɀ)�Ɂ̠2ƴɴĠ̝�ʅĉɉʞ˥ČƩŅĝʼ	

̠ǣɉaˮƵ�H�ʙuRɀ�ɑəɒ̟ Ǌ�/ÅʠŋɷƱɱÏ̡˒ʺȍ˃Ý

Ƃĭ	 

?�XƾǥƓ̠��Ƀɉ 3 ǗîǑpȽƛȨ�ɉ 3 ǗîǑȳś(aˮ)	Ƙ

�ǘğã̠ 3 Ǘaˮɉîɠ�ŋɷǮë	 

3.3 î/ÒČəɒɉǮëŋɷ 

ã�̥ 3 ǗpȽÏ 3 Ǘaˮɉîɠ�(ĩʁ�ƭ¾ƑȫL�͕/ 3+1 ʡʬ

ĚL)ǑƭƙƯ̠�ĎēãCŸĪ̺¡í9ċã(CŸʡň�)ɵ͍ûĠÏ

ʅĉƫɏùġ×ɪ¾ʶūʮ̠×ɪ¾ʶūã�ÃĪ̺¡í°řǳȵɷ	̠ ƾÙ

!�ãCŸʡň�̠ ��Ƀƾ̝�Ï�æ�ɉʮ̝�Ï�æūƾ��ȵɷ͂	

Ɂ/ʅĉɉ̝�Ŗƴɵ͍(Mʨ)Ķ�ʬĚ�ĔƫɏʅĉƸ̠��ɃħǊ+

̯ňûĠɉǭŦãCŸʡň�̯ňûĠǭŦħ：Ȼ!Ƹ͍Ï̊ɩǭŦ,Ɂ/

ʅĉ�Ĺɉ�æūŖǊɵ͍(Mʨ)Ķ�ʬĚ�ĔƫɏʅĉƸ̠��Ƀħċ

ãęňûĠɉǭŦãCŸʡň�ęňûĠǭŦħ：Ȼ!Ǌɵ͍(Mʨ)Ķ�

ɉʅĉƫɏùġ(°ƾ¸ɑɉ�¼ø��ʺɁňɉ̊ɩ)ÏĨň(¡�/̊ɩɉ

¼øɉ¦�ʺɁň)ǭŦ	ąǝğÅ̠ͣ��ʺɁňÞĔ̄ǘ()©?̠��ʺ

ɁňŽč@ſ：ȻɉĕO!¯ʬɢĔʬĚě˽)�H：Ȼ!¼ø��ʡň�ɉ

̊ɩʺɁň	Ùʮ̠��Ƀċã×�ɑ1ȵɷɉʡňƾ×ʡɉ(�ʡ：Ȼ!

ż@Ÿ˰�ɉɵ͍ǭŦ�ʡ：Ȼ!ż@Ÿ˰�ɉƸ͍ǭŦ)	¬��˫�ʡ

ɵ͍��ʡƸ͍èǡ¾?ƚ̥��ʺȪȻ˽	őȽ˭�ſ˻ɉùʡɵ͍ǉʗˣ

yɉ̟ƾċã/×ʡƸɵɉ͌ͪ	 

̓/�̥˧˭̠ ̿űĄ¾?͎̥Ƹ͍ɉǑ́͌ͪ	˂ ğ̠��ɃɓR��

ƬOƸ�ȄǊƸɵɽǭŦ	˂ ğ̠��Ƀ�ɉȲ́ÏsſõɉȺð�Ō˟ȐƸ

X6ȿ+Ƹ͍ɽǭŦ	ÙʮƸ͍ƾğ̠��Ƀ��!.ȽˣƸ6ȿɉȵɷʺ

Ɂň%�s´ƽ�7ɉŸ˰�ħƾƸ͍ǭŦ	̠̿�wěs̡˒ȘnƗ˧o

ƭ½ğsŖRIʞ˟ȧ˦!ɉƸ͍ǭŦõȽ	 
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!+Ǉėƻ�ɐ˟ä˦˰�Ƀ7@*Ŷ/ğÁɪƊ˽ɉʚǝ�ʚ˭Ʀ�ż

@ȬŲɉ�Ƀ�ȽˣÏOH	˂ ̭̜èǡ¸ƒ̽ɀ×ʡǆʔèǡʊ¬��Žˬ

¾?S̝ʀɿ¦LªHʜȽˣ͌ͪļǘÜ͝	Einstein ɉŃ$ɑě˭ħSɀ+

×ʡǆʔèǡʊ(Ƹɵ)̠ƾ�ɪǊ¯�Źɉ�ȃȒŎˡˢ�ĩʁ��ȃȒŎ

ȲȽ-A(ąl̯�¸)ǇɻÂȲȽ˟ȐLǉʗHʜȽˣȲȽ͌ͪĕ́ļǘÜ

͝,ʮʝěƸɵ��ʡɵ͍��ʡƸ͍èǡĮ/��Ļˡˢ�Ǌ�/7@<đ

˟�ͲɘÏȽˣ͌ͪ	ŖȪƴ˭Ñɪˡˢ̻�ŘÐě×ʡƸɵ�ȲȽȻ˽ɉ

ƚ̥	ǉʗÁɪȻ˽ɉȢ¸̟˜ƦØ�ż@ɏ�ſȬŲɉŀɐèǡʊ�®˔͂

ÏȽˣ	 

͟˜Ŕ˺ɉƾ̠̿ſƐɉ��Ļˡˢ�(Ž�ʝěƸɵ�))tǊɑěū	

ʝěƸɵR!¯ʬʊƸs�ɉʅĉŅɻÂ(�ʡɵ͍�)HYPO 1–3 ſʜɉǗ

A(ã̠̿)¾Ƚˣ!ʙuɉ�Ŷū¯ʬʊ�)	̠ħŸÍɖąǝʅĉʪƬOɯ

�ʝěƸɵ)˜͙ɖɯ�,�͙̋ʅĉʪƬOɯ�ɉʝěƸɵ(Ž�%ɑěŅ

ɉʝěèǡʊ)ƾȄǊŸ$ɉ	 

ƵȪż@ɉɏɉƾ˦˰ÏƈƜ̠��Ƀ̸ ħȄǊŤ˜�ĔSɀɑě¾¸ɉ

Ƹɵ˟	ǊƸʝěƸɵ˟ǇǊ�/ŋɷǮëÏȽˣˠş	̓/�̥�ǜǑƭ

ğã×ʡ(�ʡɵ͍��ʡƸ͍)ʝěèǡʊ�ŋɷȲȽÏƫČǮë	 

3.3.1 ȲȽǮë 

̠̿ğ�̥ʚ˭ŕʚ��̄R!ǑƭɉȲȽǮë�̠ �ĎēɁƴ͕ù�̝

�̯ňƴɴû�́ ͂ƴɴĠɉæ�ʅĉǛŻ,̠ 2ƴɴĠʅĉãĎē�ʡɵ͍�

̝�̯ňûĠɑɽ�ƱÆ͙Ǔ,ƴɴĠʅĉ%͍ȄǊɑ1Rɀ	�͟˜Ǉùˠ�	 

3.3.2 ȶ$ɑě˭ƩŅ 

�ͣ˯ƺ�̥(3.3.1 ˀ)ȲȽǮë�ċã(ȶ$)ɑě˭ƩŅ	̠̿wǰŔ

˺Ǻ�ʅĉ(Ǒƭğ�̥ȲȽǮëƚ̥ɉ�ƴɴĠʅĉ�ɮ!�ʅĉ���1 ͑

ʅĉ�Ž�ŢĠʅĉ�ʮğɁ k �̠ǣɉʅĉʕŻɉǇû́͂ʐ�ʅĉɮ!�k

͑ʅĉ�)ɉ̝�̯ňûĠĐoɑÃ(Ž s� c !ʅĉ̯ňûĠæ_

!sǡ{Ķ)�ƱÆɵ͍͙Ǔ	/ƾ̠ħǛŻ+ Euclidean space �ɉɽǮ͙

ǓÆ͂	ŖǠʵǁ(Ⱥð)¡í�ɉʅĉMʨ�Ĺæ��˶ʵǁ¡í�ɉǠĉ

¡í(̠�¡í¾?ƾ̣ʠɉ)¾?ƾ�̣ʠɉ)�ʅĉǊ̯ňƱÆʱ͞(̠̿

ɉʱ͞!Ń$ʱ͞ƾƐʅĉ̯ňæ_�ɻÂ Maxwell �ĹſɢĔɉæ_Ƹɉ

ŵŗ)Ȼ˽Ƹż@ɮs!ã˶ĉ¡íƾ?̯ňƱÆʱ͞§G�ɉŵŗ,ŖǠʵ

ǁ(Ⱥð)¡í�ɉʅĉ̝�ƱÆ�Ĺæ��˶ʵǁ¡í�ɉǠĉ¡í�ʅĉ

ǊMʨʱ͞Ȼ˽Ƹż@ɮs!ã˶ĉ¡íƾ?Mʨʱ͞§G�ɉŵŗ	͗ �̥

σ 1≪ c
σ 1
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�ɪŵŗ%øɉŵŗż@ɮ%!̯ň�Mʨʱ͞ÃƸċãɉŵŗ	̠ ̿、Ƹɞ

ɳʅĉƱÆʱ͞§G�ɉŵŗ	ÙʮǑˀ�ſƛ�ɉ k ͑ʅĉŽʱ͞O̻ƾ k

͑Ń$ʅĉŽʱ͞OtOƾƐ½ʞ˥+ k �ʅĉʮƾł�ãŸč@ƾÈɔɉ

ʱ͞��̄	Ǒƭğɀʞ˥ČƱȈ˯ƺ̠ǣɉ�ʕɽǮ͙ǓÆ͂ǛŻɉƱÆʱ͞

§G�ɉÆ͂ʪtǊȶ$ɑě˭ƩŅ	ŖÃ��ʡɵ͍ɉ�ʪʅĉŀæ(́ţ)

ÆǠ��ƱÆ̝�ƸÙ!ʞ˥ČƩŅč@ğ�þ�ĔɉÆsčƱÆ̝�ɉʺɁ

ňŽÆsčƱÆɉ̝�̇�ğ|ĠÙʮH�Ȼȶ$ɑě˭ƩŅ	�ͣ˷ʖä

Ĕ͂˹ƺ̠�Ȼ˽	 

ȊŸ�k ͑(Ń$)ʅĉɉ̯ň©!ʕŻčɉ k �ʅĉŭOɉ́ţ̯ň

)ħƾſǊ̠2ʅĉ̯ňÆ͂ɉŀæ_	ʮ�k ͑(Ń$)ʅĉɉ̯ňÆ͂ã

�ʡ Cartesian ɐˢèǡʊ��ɽBèǡ̔%��ɉƉŘ©! k �ʕŻ˶(k ͑)

ʅĉɉǋ<Ã��Ĺɉ 1 ͑ʅĉ̯ňÆ͂ã˶̔ƉŘɉæ_Ùʮ(Ŗ k !̕û

ƫ_Ƹ)̞Kǋ<ǲŨ�Ĺ(�ţǚ͕ĔȽ)	��èǡ̔���Ǌ��ɽBɉ

(̞K)ǲŨ�Ĺč@%͍ł�ĐoȵɷL Maxwell15 Ï Boltzmann16 ĸʙ˯

ĕ̠-ĕ�ÏĐoȵɷɉƩǝɽB	̠ƾÙ!Ǻ͙Ǔ¶��Æ͂ħɑŖ/

͙ǓɢĔ���̔èǡ(Ǻ��ʡ͙ǓÆ͂Ɂ��͙ǓʡňʕŻ),¼ø<Ǽ

O�ĉ·͙ǓƠ�I̬�͂ˢňɓÏǑƭſ˧˭ɉ͌ͪ)ƾɽBɉ	̠ǣk

͑(Ń$)ʅĉɉ̯ňûĠǋ< Maxwell �Ĺ	aˮʕŻǺ� k ͑(Ń$)ʅĉ

ɉ k �ɽBʅĉ�CŸ��ʅĉɉ̯ňãǺ��ɽBèǡ̔�ƉŘ(R!��͙

Ǔ¸͂�Ã)ɉǡ{Ķ! 	̸#k ͑(Ń$)ʅĉɉ̝�̯ňûĠãǺ�

ɽBèǡ̔�ƉŘɉǡ{Ķ! Ùʮ(ãǺ�èǡ̔�ɉƉŘ)ǋ<æ_!

0ƱĶ! ɉǲŨ�Ĺ	/ƾk ͑(Ń$)ʅĉɉ̝�̯ňûĠǋ<¯ƫ!

ɉ Maxwell �Ĺ(�̥rʊɉ˷ʖ˥ʀÏƙĝ̜ɱ˞ Supplementary 

Information % Part 1)	 

ą�ƭſ̥aˮʅĉ̝�̯ňûĠ! c (c > 0)ƱÆãƬ��ʡɵ͍væ

��Ĺ	ãɁ͙Ǔ̝�ʅĉʕŻɉʅĉʪ�̠̿ğŀæ̯ň! 0 ɉʅĉʪ()

©�ƭƛ�ɉ�ʝěƸɵ�)ɮ!͠Ǳ¯ʬʊ(R0)ěsŋɷ�ʡ Cartesian ɐˢ

èǡʊ Oxyz,ğãǠ�ǸƸ͍vɁs�̺�ʅĉŗŻɉ?ŀæ̯ň u ̝�ɉĉ

ʅĉʪɮ!̝�¯ʬʊ(Ru)	aˮRu Ȇ z ̔ǲÆ̝�̸#Ru �ɉʅĉã z ̔

ɉ̝�̯ň�͂ɉæ_ŤȪƾ u	aˮ Ru �ſǊʅĉ̻ƾ̄Ĉȧãèǡ¬ȧɉ

σ

σ
k

σ
k

σ
k
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Æ͂ğȧ(0, 0, u)R! z ̔ɉ�ɃȧRu �ɉÆ͂ħ¾?�ˣŻ�͂ãs�̺

ɉÆ͂Ï�͂ãs�̺ɉÆ͂�̺�	ʮ̠2Æ̻͂ƾ< R0 �ɽǭȹ͙Ǔ̡n

(˙Ɗ¶�Ru)ɉ	Ùʮ¾ğRu �Æ͂ɉ�ĹɓR�͂ã�Ƀȧ�̺ɉÆ͂

Ï�͂ã�Ƀȧ�̺ɉÆ͂�ĹɉșÂ�Ĺ	Ŗ̠�șÂ�Ĺã z ̔��͂ɉæ

_! u ƸɢĔsșÂǻTÙĉ w	?ǳ(w)!¯ʬwɢĔ˶șÂ�Ĺ�̠2

Æ͂ã x (̔Ž y ̔)��͂ɉ�Ĺȴz<ʮ¾?˥ʀ̠2�͂ɉǡ{Ķ 	

ąǝ˶șÂ�Ĺã z ̔��͂ɉǡ{Ķ)ƾ (�ƭğH˯ƺ)̸# k ͑(Ń

$)ʅĉ(aˮś͂!  !¦�ʅĉ́͂�Ã)ãRu �ɉ̯ňûĠ©

ǋ<¯ƫ! ɉ Maxwell �Ĺs� 

   (1) 

Ùʮ Ï k (͑Ń$)ʅĉ( )ɉŀæ̯ňûĠ (©¯ƫ! ɉ Maxwell

�Ĺæ_)%͍Żǲǻ©� 

   (2) 

ğ Eq. 1 =n Eq. 2¾Š 

   (3) 

ŗŻR0 ɉÆ͂ãÁ̔�͂ɉ�Ĺ�ǻ̕ɿ¦(o̞K!ǲŨ�Ĺ)	aˮč

@ã x ̔(y Ž z ̔)�͂ɉǡ{Ķ! ÃȽč@ŗŻɉ k ͑(Ń$)ʅĉ

( )ɉŀæ̯ňûĠ! 

   (4) 

Ŗ��ãRu Ï R0 �ŗŻÃǣ́͂ʐ�(k ͑Ń$)ʅĉ( )Ƹč@ŀæ̯ň

(ɑě/R0 �èǡʊ)%͍ɉǻ(Eq. 3 ǻ Eq. 4)©! 

   (5) 

ÙʮRu ÏR0 � Ï ɉǻTrʊ)ħƾs�Ǉû́͂ʐ�(k ͑Ń$)ʅĉ

ŀæ̝�̯ňûĠ(ɑě/R0 �èǡʊ)ɉǻTrʊ	�ͣtO:ʘ˶ŵz� 

ą�ſ̥ã͠Ǳ¯ʬʊR0 �ĸŋĄɉ�ʡ Cartesian ɐˢèǡʊ�ąǝ

̝�¯ʬʊ Ru ?̯ň u Ȇ z ̝̔�̠Ƹ x Ï y èǡƾɽBɉÙʮ½ʬˎ x

èǡ	̓/ǭȹ˭ɉǑ́ȳśã R0 vąǝ̠2Ǯ! c ɉÆ͂ɉ�͂ã z ̔

�ƾ¡͍[–c, c]�ɉæ��Ĺ̸#sã x ̔��͂ɉǭȹęň�!� 

σ u

σ u

µk µ
σ u,k

σ u,k =
σ u

k
σ u,k µk vu,k σ u,k

vu,k = 2
2
π
σ u,k

vu,k = 2
2
π
⋅
σ u

k

σ 0

µk

v0,k = 2
2
π
⋅
σ 0

k

µk

vu,k
v0,k

=
σ u

σ 0

σ u σ 0
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   (6) 

s�͙Ǔ¸͂Q~U(–p, p)H~U(–1, 1)	ãǑƭ�͙Ǔ¸(Æ)͂ɀûxĺ

ʸĊǹ：ɦʮ͙Ǔ¸(Æ)͂ɉ_ɀɑŅɉĠxĊǹ：ɦ	�͂ã(0, 0, u)�Ʊ

ɉÆ͂ã x ̔�ɉ�͂�Ĺ˪! D1sǭȹęň˪! 

   (7) 

s�͙Ǔ¸͂Q~U(–p, p)H~U( , 1),ěŅä̠2Æ͂ã z ̔�ɉ�͂�

Ĺ˪! D3© D3~U(u, c)	�͂ã(0, 0, u)�ƱɉÆ͂ã x ̔�ɉ�͂�Ĺ˪!

D2sǭȹęň˪! 

   (8) 

s�, Q~U(–p, p)H~U(–1, ),ěŅä̠2Æ͂ã z ̔�ɉ�͂�Ĺ˪!

D4© D4~U(–c, u)	Ŗ D3 Ï D4 ɉșÂ�Ĺã z ̔��͂ɉæ_! u Ƹč@

ɉșÂǻ̀��! Ï 	ȊŸ� D1�D2 ��Ï D3�D4 ǘʺ/ɑÃȳś

ɉ͙ǓÆ͂ʪOŖ D1 Ž D2 ¶̴čɉŭO�ſǊǣǑƸD3 Ž D4 )©¶̴č

ɉŭO�ſǊǣǑ,ʮǺ�͙Ǔ�ʡÆ͂ɉɢĔ̻ƾ͙ǓɢĔ��èǡ	Ùʮ

̠2Æ͂ã x ̔�͂ɉșÂ�Ĺȳś½：Ȼ!˙̠�ɪÆ͂șÂǻTŘÐ	Ƒȫ

�̥ǻ̀˥ʀ D1 Ï D2 ɉșÂ�Ĺ(˶șÂ�ĹɉtOˣǜŗŎǑƭ、ƴȈʜ

�)<ʮȁ�Ru �ʅĉ̯ňã x ̔�͂ɉǡ{Ķ! 

   (9) 

̭̜Ï R0 �ʅĉ̯ňã x ̔�͂ǡ{Ķ ɑěǻ¾?ɢĔ̠�ǻTÙ

ĉ©!� 

   (10) 

̠̿˪RG[×]Ŗ c =：l̯Ƹčɽ/ Lorentz factor ɉ^ƫ	ƿȪʅĉ̯ňã

y ̔�͂ɉǡ{ĶVȪƾG[×]	ğ Ru �(ŗŻ Ru ɉ)ʅĉ̯ňã z ̔�͂ɉș

Â�Ĺǡ{ĶÏR0 �(ŗŻ R0 ɉ)ʅĉ̯ňã z ̔�͂ǡ{ĶRěǻ)¾?

Š�G[×]	�̥˥ʀ̜ɱɉ˷ʖ Mathematica =ɝ˞ Supplementary Information %

Part 2	̠)ħŸÍɖŖ̯ňûĠɑÃ(©! c)�ƱÆɵ͍͙ǓɉʅĉʕŻɉ

¯ʬʊ R0 �ɉ̺�ʅĉŗŻ?̯ň u ̝�ɉ¯ʬʊ Ru ƸRu vʅĉŽsŗŻ

D(θ ,η) = c ⋅cosθ ⋅sincos−1η

D1(θ ,η) = c ⋅cosθ ⋅sincos
−1η

u
c

D2(θ ,η) = c ⋅cosθ ⋅sincos
−1η

u
c

c + u
2c

c − u
2c

σ u =
c2 − u2

3

σ 0 =
c
3

c2 − u2

c
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ɉ k( � )͑(Ń$)ʅĉɉ̯ňHɑě¸ź|źɉɱň©!G[×]ɢ

Ĕɉ_	 

�̥vė˯ƺ+ Euclidean space �ɉɽǮ(ŽǮǡ{Ķ̢Ġ/Ǯ_Ƹ)Æ͂

tǊȶ$ɑě˭ƩŅ	ã��͠Ǳ(Ŷū)¯ʬʊvƑȫ�ƭ Eq. 40 ɢĔɉr

ʊ̝�ɖ�Ã́͂ʐ�ɉʅĉMaxwell �Ĺ˦!č@ɉŀæ̯ň�Ã	Ŗã�

�̯ň! u ɉ̝�¯ʬʊ Ru �ƗȐɁ K͑ʅĉʕŻɉǇû́͂ʐ�(Ń$)ʅ

ĉʱ͞Oɉŀæ̯ňƸč@̯ň͔NɉɱňɁ K ͑ʅĉɉŀæ̯ň cK Ƒȫ

(˪!G[K])ɢĔ,ŖƗȐɁ L ͑ʅĉʕŻɉǇû́͂ʐ�(Ń$)

ʅĉʱ͞Oɉŀæ̯ňƸč@̯ň͔NɉɱňɁ L ͑ʅĉɉŀæ̯ň cLƑȫ

G[L]ɢĔ	ąǝ̠�̝�¯ʬʊ(Ru)�ɉ̝�Ȳ́ĐoɁlĉ(̠̿Ɛlĉʶ͂

ʪ)ʕŻ̸#̠2Ȳ́ɉŀæ̯ň|źɱňɁ(Žȶ$ɑě˭ɢĔɉ)Eq. 10

�ɉǻTÙĉ˥ʀ	ɏ�7@½ƗȐ+ȻǊʶ�ʶƗȐ�ɉlĉ?²lĉʐ�

ɉŗŻȲ(ąɂɥȉ�¬ĉͅɽ)<̠�ˢňɓȶ$ɑě˭ʜ�ɉĔ͂rʊ

ƾǚs{ɢɉ
 

¼øȊŸ�ã Ru �̯ňã��èǡ̔ƱÆ|źɉɱňƾ�ʼɉ	̠ħŸ

Íɖã Ru �¾?Ź·�Ï͠Ǳ¯ʬʊ R0 �ƴĶ�ɉȲȽˠş	ÙʮŖã

Ru �w�Ȼ��̝�¯ʬʊ ƸRu )¾?ŖR͠Ǳ¯ʬʊǘõȽ̠ ƾ��

Gʾȳū	č˹ƺ½˜ɻÂ�ʡɵ͍� HYPO 1–3 ſʜǗAɉ¯ʬʊ̻¾?Ŗ

R͠Ǳ¯ʬʊʮ�ŤãŸsƾÈƾʝě͠Ǳɉ¯ʬʊ	ÃƸ̓/ R0 �(Ŗ

u �ĔƸ)͙Ǔ6ȿɉCP�� Ru �¾ɓR͠Ǳ¯ʬʊɉ Ru %͍̻ƾɽBɉ

̻ƾÃ��ƴȲȽˠşĶ�ɉRu	ÙʮCP��Ru(R!ƴĶ�ʅĉ͞)̻

¾?ɓRɁ�%Ǌɑě̝�(̯ň! u)ɉ R0 ͙Ǔ6ȿ̠ǣ?ǘR0(R!

ƴĶ�ʅĉ͞))¾ɓRɁ�%Ǌɑě̝�(̯ň! u)ɉRu ͙Ǔ6ȿ	Ùʮ

�9ċãRu �ɉ̯ň¸źƩŅsčȶ$ɑě˭ƩŅ(Ƹ͍ʹʴ�͊ ňƤʦɽ)

)̻ċã	Ǒƭ�ã˶̲̗�̡˒Ǉùɉr/ȶ$ɑě˭ƩŅɉ˧˭	ɵ͍�̝

�ʅĉɉȶ$ɑě˭ƩŅ¬Ƚ©!͙Ǔ̝�ʅĉɉʞ˥ČƩŅɢ�ä˫ƾ͙Ǔ

̝�ʅĉ̯ňƱÆʱ͞§G�ɉʞ˥ČƩŅ	ʅĉ̝�̯ňƱÆʱ͞§G�Ƹ：

Ȼ!ȶ$ɑě˭ƩŅ,ʮ�！ŵz�ɦ ͞ƩŅ̟�ƎʅĉMʨʱ͞§G�Ƹɉ

ŵŗǳƸ©：Ȼ!�ŏ��ŘÐ̠̿ğ̠�ɪ(ʱ͞)ƩŅʰÃ̯ň�Mʨ

ʱ͞ÃƸċãɉʱ͞ƩŅʞɮ!Ń$ɑě˭ƩŅč@ɉĕ̻́ƾ͙Ǔ̝�ʅĉ

ɉʞ˥ČƩŅ	ąǝǑƭŋɷɉƱɱʶ�É̝�ʅĉɉ̠2ʞ˥ČƩŅ̸ #č

k ∈! k ≠ 1

c
K
2 − u2

c
K

R ′u
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)ħ�É+ɑě˭ƩŅ	 

3.3.3 ʙuƂƪƱɱŋɷ 

˜oͣƚ̥�̥ȲȽǮëż@Ņ˶ěǺ�ʅĉɉ̝�ˠşŋɷ���ƎƸ

͍ãvɉ×¯ƫƱɱąÃ(x, y, z, t)	ě/��É n �ʅĉɉʊʞãÃ��Ƹ

͍ʡň�͟˜ŋɷÉǊ 3n + 1 �ʺɁňɉƱɱs� n ® +¥	̠ƿȪƾǚ�Ȼ

ĕɉ	̧̠̿ʮȁsǰ�ăǌƚ̥ſǊʅĉɉo̺̝�ȳś½ĺǌěʅĉ̝

�ˠşɉƚ̥ɿȋĕɀ�ŋɷ��ĩ͂��þʅĉ̝�ȳś��Ȼĕ¾ƚ̥(ȁ

ˣ)ɉƱɱ	̽ ɀʞ˥ČƱŎõȽ¾ʶƾǻ̕űŖɉƱȈ©ãȲȽǮëîɠ�

ŋɷtǊʞ˥ȳśɉƫČǮë	 

Ƚ˭�˫ãƴɴû×ʡƸɵ�¾?Ɔ�ƴɴù�(ʅĉɉ)CŸɱňɉ(͠

Ũ)ʱ͞O	L̠2ʱ͞OãƸɵ�ʱ͞ɱň�ŭŀæęňɑĶ̢̆sŗŻɉ

ǭȹħ̆N<Ƹ͍ʡň�ɓ)̆�ɲĔ	Ȫʮ̠�ŵzŞ͝ɀ��ɢĔɉ�

ƫƚ̥	ÙʮǑƭ�ã̠2Ţ˟ɉ��ɢĔɉ�TīͣĜƆ�ƫʮƈˡ́Ƃ

ĭ�ȕɍ̈úù̠2�TɉǇû˃ÝĜƆǻ̕ɢĔɉʞ˥ƚ̥�ƫ	ȊŸ�̠

2ʅĉã�ʡɵ͍ƴ˭ũ#̝�ș̻̐ƾ̣ʠɉ(ě/̣ʠūǇɢ�ɉȽˣ

˞�ƭ 3.3.5.2 ˀ)ÙʮHĝʼƂƪ(ŽÚʱ)˒!µȿ)©͙Ǔ̝�ʅĉɉ

Ń$Ƃƪū	̠ ̿ğǺ��̝�ʅĉɓŻ��Æ͂sƱÆ�ʅĉ̝�ƱÆ�ʼ�

ûĠ©!ʅĉ̯ňûĠ	Ùʮ͙Ǔ̝�ʅĉɉŃ$Ƃƪū)©(ƱÆ)͙ǓÆ

͂ɉŃ$Ƃƪū	ƭ�ƛ�ɉ�͙ǓÆ͂�Ï�͙Ǔ̝�ʅĉ(̯ň)�̻ƾÃ

��ŸŪ	ʬˎ�̠2ʅĉɉ́͂ɑɽ̝�̯ňûĠɑÃÙʮ͙ǓÆ͂ɉ

Ń$Ƃƪūħƾ͙Ǔ�͂(Æ͂)ɉŃ$Ƃƪū	̠̿˦!：Ȼ�Æ͂ɉŃ$Ƃ

ƪū�ɉĨňƾ����Ąɉ�ǉ̨Âƚ̥͙Ǔ̝�ʅĉ�¸ˠşɉŢ˟Ĩň	

Ĩňwđ˟�ȧ(ǻą�ɀĕƂƪƱɱ©¾?̞Kƚ̥Ƹ)ħH�þǇù[Ű,

wŢ˟�ȧ(�ǑǸŌĈſƚ̥ɉȴŨ)ħȄǊ�¸ɉʞ˥ˠş̶š	ã̠�Ĩ

ňǠ�ŢĠɵ͍vÆ͂ɉěø：Ȼ̟�ʶ˙˦!ƾÁÆÃūɉ	Ŗ̠2͙Ǔ̝

�ɉʅĉ!Mʨʱ͞§G�ɉŵŗƸǥƓ Maxwell �ĹãǠ�¡ívɉÆ͂

ÏŭHƐÆǠ��ɢĔɉƱÆ�ûĠ� Żǲǻs� k !Æ͂ƫ͂(˷˞

Supplementary Information % Part 1)	ĩʁ Maxwell �ĹƴȈɢĔŢĠɵ͍vÆ

͂ÏɉƱÆL̠̿ĺǌSɀ̨ŖɉʏǖǗAĩ͂ˇ¶Æ͂ÏɉûĠÏƱÆãɵ

͍Áõɉ�Ĺˠş	 

ͮkɢĔɵ͍Æ͂(ûĠÏƱÆ)ɉʏǖǗA	̠̿ğɵ͍ PȧõɉÆ͂

Ïęňɀ X ：ɦčƾMʨÏƸ͍ɉ�ƫ©! X(x, y, z, t)	čɉĔ$!�aˮ

k
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ãǠ�Ƹ� tY(V)!：ɦ�É P(x, y, z)ȧɉ͋¡í Vvo̺Æ͂Ïɉ�ƫ̸

#  [?��Ȼɉ X ̻ƾɵ͍èǡ(x, y, z)ÏƸ͍èǡ t ɉ�

ƫ]	�ͣʬĚʅĉMʨʱ͞§G�Ƹɉŵŗ	 

X ƾ��ʞ˥ŀæÆ͂ŖÆ͂Mʨʱ͞§G�Ƹč�Æ͂ƫɏ%͍ɉr

ʊǋ< Maxwell �Ĺ	ą Fig. 1a ſɦaˮã��ͣF�WȆȈʔƱÆǊûĠɑ

Ãɉ�éŢ¡í Ï 	ąǝ �o̺Æ͂Ï!  �o̺Æ͂Ï! 

�č@ɉÏ! Ķ! ˮÏĶÆ͂4/ M ȧ (Fig. 1b)	̓/�ƭaˮF

�Wſ¶¡í Ï ɑɽ��ʬˎʅĉMʨʱ͞ʮŏ̄ɉʞ˥ČƩŅ	Ɂ/

ʅĉ̯ňƱÆæ��Ĺɉȳūč@͙Ǔ̝�łșÂÅ̠ ��Æ͂ŭǊÆč@

ɉæ_ ̞͢ɉ`Æ© Ï ̻̇ÆŗŻ 	 Ž � ɉ¸ 

ťź¶y/ � ɉɑĶĿň?²ʅĉƂƪ̯ȹ©̝�̯ȹ	̠ǣǠõ X

ȆFɉȈʔƱÆɉ¸ ȹŅ˶� X ɉVƸ¸ ȹǲɑr,̠�VƸ¸ ȹ̟·

¼ø��ÞǊÙʋ(©ŗŻ X ɉʅĉ̝�̯ňûĠ)ɉŘÐtO_、�ɢĔ	

Ùʮã�ʬˎÙęň(ʅĉMʨʱ͞)ŏ̄ɉʅĉ͍ĶōƸ?���¸ ȹ

%͍Ņ˶Żǲǻ	 

 
Figure 1 | Ţ¡í VAÏ VBõɑ1Ƃƪ�ŗŻ¬ȽɦŸà 

̓/Æ͂(ɚ͂)Ïƫ͂(ǡ͂)ɑKɉŢɭ�ū̠́̿DȫĕƂƪɉƙ

ĝƱŎ	ąǝǠ�¡í W Ɂ͋ǆͣ S ÝŻ̸#ãƴɴĠƸǸ vX ãǆ

ͣ S �Ǡ�ƴɴĠͣɭi dS õɉȈƱÆɉƱÆĝƫ � S ſÝŻɉ͋¡í

WvȆȈƱÆȎ̜ dS ɉÆ͂ Żǲǻ(Fig. 2)aˮǻTʊƫ!ǲĕƫ D	 

X (x, y, z,t) = lim
V→P

Y(V )
V

VA VB VA OA
! "!!

VB OB
! "!!

OC
! "!!

BA
! "!!

VA VB

OM
! "!!!

OA
! "!!

OB
! "!!

OM
! "!!!

OA
! "!!

OB
! "!!

OM
! "!!!

OA
! "!!

OB
! "!!

dt

∂X
∂N

dX
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Figure 2 | Æ͂Ïęň X ƂƪɦŸà 

<Ƹ� t1 � t2Ŗ�ʬˎÆ͂ęňě D ɉŘÐƸ(©Áõ̶šɑÃɉǻTʊ

ƫ)͋ǆͣ S vo̺Æ͂Ï A ɉ¸ ! 

   (11) 

ǥƓ Gaussian pŎEq. 11 ̟¾xŻ 

   (12) 

s�D! Laplace ʀĉ：ɦěMʨ(x, y, z)ɉ.͑ĝ	ʮ Eq. 11 ĳ̙ °¾?

xŻ 

   (13) 

˨ Eq. 13 ¿̙ͤɽ/ Eq. 12 ¿̙ͤł¸ƒɭ�ǰń 

   (14) 

ȊŸ� t1�t2 ?²¡íWæ!CŸ/ƾǊ�̥Ʊɱ 

   (15) 

!X/�ƭ̡˒Æ͂�ˣ̠ ̿͟˜ğ�ʡÆ͂̑ !ŀͣÆ͂	�ͣɢĔ

ŀͣÆ͂ɉʏǖǗA	ĩʁ Eq. 15 �ɉ̝ʀSɀ+�ʡÆ͂Ŗěɵ͍Æ̡͂˒

Ţ�ƢRƸŭƾ¶̊ɩƴɴĠɉ�ȧõɉÆ̡͂˒ÏĶ̝ʀ̠ ƸſǊɉɵ͍

�ʡÆ͂X½ʶ：Ȼ�ɑěɉ.ʡȳū	ěŢ�ƱɱȁˣÅ)½ʶˇŠ.ʡʏ

ǖ	Ùʮ½͟˜ŀͣÆ͂ɉĝƫɽ©¾?ɽB：ɦɵ͍�ʡÆ͂%͍ɉĝƫɽ

rʊ(̠ƸŀͣÆ͂¾?ZɄûĠÏč@%͍ɉ“ˢɽ̀˜[Ű)	ʮ�ǥ

Ɠ Sturm-Liouville ĔȽěŀͣÆ͂bŢ�ƱɱȁˣŠ�ɉŀͣÆ͂�ƫ)ƾÓ

�ɉ�¾��ʡÆ͂ěŅ	̠̿aˮǠȧ(x, y, z, t)õ� X ɑěŅɉƚ̥Æ͂Ž

δA = D ∂X
∂N

dS
Σ
!∫∫

⎛

⎝⎜
⎞

⎠⎟
dt

t1

t2∫

δA = DΔX dxd ydz
W
∫∫∫

⎛

⎝⎜
⎞

⎠⎟
dt

t1

t2∫
δA

δA = ∂X
∂t
dt

t1

t2∫
⎛
⎝⎜

⎞
⎠⎟
dxd ydz

W
∫∫∫

∂X
∂t
dxd ydz

W
∫∫∫ dt

t1

t2∫ = DΔX dxd ydz
W
∫∫∫ dt

t1

t2∫

∂X
∂t

= DΔX
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�͂ÏęňɉŀͣÆ͂�ƫ! M(x, y, z, t) [Ǐʙȳ�˹ƺ?��Ȼɉ M ̻ƾ

ɵ͍èǡ(x, y, z)ÏƸ͍èǡ t ɉ�ƫ]¾ğ�̥ X ɀ M ǈƒ	ǈƒÅŀͣ

Æ͂ûĠã̠ǣɉRɀǮŎ�ƿȪ�Hƥ¸ȪʮƱÆH̀ư�̼	Lʻġ Eq. 

15 ¾xŻą�ŗŎ� 

   (16) 

Ƙ�ǘɢĔŀͣÆ͂ M ƱÆɉʏǖǗA	̓/ƴɴĠʅĉ̝�̦̐ɉ̣

ʠūM )：Ȼ!û͂ʅĉɉʞ˥ȳūÙʮŅŖƾlȠɉ	Ɂŀͣǆʔ˭¾

ɛŀͣÆ͂ãɵ͍C�ƱÆɉ�͑ĝÏ.͑ĝêɐč@%͍ąǝŋɷ̶š�

̥(Eq. 16)ĝƫrʊɉɽŎ͟˜ğƱÆ˺Ƭ��ʼ(È�ɽŎƴȈŻɷ)©ċ

ãą�Ó�ɢĔrʊ 

   (17) 

s�iƾˏƫ¦MEq. 17 �̙Ã(? i©Š(�Éø�åɉ)Schrödinger Ʊ

ɱɉŗŎ 

   (18) 

Eq. 18 ©ƚ̥+̶šɑÃƂƪʊƫɉ̝�ʅĉʪ(�Ǝ̝�ƱÆ)ãɵ͍�

ɉ�Ĺȴz)©ʙu(Æ͂)ƂƪƱɱ	ȪʮŖǠɏǡ¡ívʅĉʪ̝�̯

ňǻ̕ť(ʅĉ̝�ƱÆʱ͞ĝʼ)�ʅĉʱ͞ǻ̕ù(ʅĉMʨʱ͞§G�)

ƸsěƂƪɉŘÐ̟�țǬ	!+Ǉ�oͣäƚ̥̠ǣɉƂƪ(̠̿ɮ!Ń$

Ƃƪ)̜ɱ̟͟˜̡�Ǵ�ǜ	 

3.3.4 Ń$ƂƪƱɱǛŋ 

˜ǛŋŃ$ƂƪƱɱ͟˜ʬˎùƱͣvė�ƎŃ$Ƃƪʊƫ Ð ƾÈŅ

˶!¸ ɉtO˶ũǣƚ̥Ɓʶ�Ǝɑě˭(ŏ�Ïȶ$ɑě˭)ƩŅɽ	 

Iʞ˟ȧ˦!ƴ˭ɏǡÆ͂(ęň)_ùû̶̻šɑÃƂƪʊƫɉƂƪ

Ʊɱ(Schrödinger Ʊɱ),LǑƭ˦!ÐŅ˶͙ɖɏǡÆ͂_ɉ�Ãʮµȿ¸

 	�ƭƛ�Ŗ�ʬˎÆ͂Ïęň(�ƎMʨʱ͞ęňÏƱÆʱ͞ęň�Ã)

ě D ɉŘÐƸÆ͂Ƃƪ̶š Schrödinger Ʊɱ	ȪʮŖǠõÆ͂Ïęň̕û

Ƹě D ɉŘÐª�¾ŧɅ	ą Fig. 1a ſɦŢ¡í VAõÆ͂Ïęňû/ VBõ	

˂č@õ/Ã�ʵǁå�VA õęňûƾǊ=Bɉ˂���̟ZƏ̕ͱɉę

ň(<ǭȹ�˫¦MOɭvŏn+Ǉġɉ�ɢĔň)sŤȪHȓʯʅĉɉ(ŀ

æ)̝�̯ňɁǳH̰Ż VAõʅĉŭOɉ̝�̯ň¸ź(¯ʬ�ƭ 3.3.2 ?²

∂M
∂t

= D ΔM

∂M
∂t

= iDΔM

i ∂M
∂t

= −DΔM
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�ƭ 3.3.5.2)	ą�ƭſ̥(Ž�ƭ Eq. 31)ʅĉǑ̝̎�̯ňƾ D ɉyĔÙ

ʋƨ˶õÆ¿Ƃƪ̯ȹˠş(DA)ł�ʶ� VBõÆĳƂƪ̯ȹˠş(DB)ŀǕ(a

ˮ Ð! DA Ï DBɉʢÂ)	Ùʮ͙Æ͂Ïęň̨Ƹƥ¸ÁõɉŃ$Ƃƪʊƫ Ð

ě/´ƽ̠��ŀǕŵzŞǊŤ˜	 

̓/�̥ʬˎ̪ƍĄ̂ɉĔ͂ƚ̥˶(�ŀǕ)Ȼ˽ɉ�ƫƾǑƭƘ�ǘ

˜ˣyɉ"˜͌ͪ	�ͣͮkěŢ¡ívɉ�͂Æ͂Ï̡˒�ˣ	 

3.3.4.1 Æ͂�ˣ 

�ͣɢĔ�ĔƫɏʅĉãǠ¡ívɽǭȹ(͙Ǔ)�ĹƸɉ�Ĺ�ƫ�aˮ

Ƭ�¡í�qÉǊ n �ʅĉ!ƱXƚ̥̠ ̿ƈƬ�¡í)��! n �ûĠɑ

ɽɉɌĉɌĉ͍̊Ïò«̻! 0	ȻãɢĔÉǊM �ɌĉɉĪ̺¡í�Ȼ k

( �Ã)�ʅĉɉǭȹ(aˮʅĉ̈úĠ�½，nɌĉ�ʮ͡Ɍĉò)	

̓/�ƭſ̥ʅĉã¡íǺ�õɉǭȹɑÃ	̸#n �ʅĉCŸ�Ĺã n �

Ɍĉ�ŭɉ¾ʶɉŵzƾ ɪ,< n �ʅĉ�CŸƊ¶ k �ʅĉ�qǊ ɪ

ŵz,ğǺǰƊ¶�ɉ k �ʅĉCŸƦnM�Ɍĉ��qǊ ɪŵz,ʮ

��ɉ n – k �ʅĉCŸƦn n – M�Ɍĉ��qǊ ɪŵz	Ùʮ

M�Ɍĉ��Ȼ k �ʅĉɉǭȹ P(M, k)¾：ɦ! 

  (19) 

aˮƬ�¡í�ʅĉƫɏ n !ƴɴûŖ n ® +¥Ƹě Eq. 19 ¶ǚ͕©Š 

   (20) 

wǰŔ˺s�M=：ǠĪ̺¡íſȕɍɉɌĉƫɏ(ã�ʡɵ͍)©Oɭû

Ġ)k =：ã˶¡í(M�Ɍĉ)v�ȻɉʅĉƫɏP =：ã˶¡í(M�

Ɍĉ)v�Ȼ k �ʅĉɉǭȹ	Eq. 20 ©!(î/Mʨɉ)Poisson �Ĺ	 

̠̿˦!ğƬ�¡í(̠�¡í¾?ƾƬ�Ďē)¾?ƾ�ÉʬĚě˽

ãvɉ̕Ń͏˃Ý)��!ÏʅĉƫɑÃɉæ�Ɍĉƾ��ǉĄ̂ɉ��ƱȈ	

͗+¾?|ġ¯ƫ�ƱX˧˭ø̟Ǌą�ʬˎ�ąǝɌĉOɭwû�ȧğƴ

ȈɢZ�ƭÆ͂�ˣɉ{ɢū,ąǝwĠ�ȧğ�ʶOȻʅĉɉ�ʕRɀ	Ù

ʮǑƭğo̺¡í��!�s�ÉʅĉƫɏɑÃɉæ�Ɍĉã̠�îɠ�̡

˒�ͣvėɉ˧˭	ǑƭğƬ�(Ⱥð)¡íɮ!ŭ¡íğs�Éɉ̺�(ɏ

ǡ)¡íɮ!ĉ¡í,ŭ¡í�ÉɉſǊʅĉɮ!ŭʅĉʪs�̺�ʅĉɮ!

k ∈!

nn
n
k

⎛
⎝⎜

⎞
⎠⎟

Mk

(n−M)n−k

P(M,k) =

n
k

⎛
⎝⎜

⎞
⎠⎟
Mk (n−M)n−k

nn

P(M,k) = e
−MMk

k!
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ĉʅĉʪ	 

Ƙ�ǘʬĚ�̝�ĉʅĉʪã�̥Ǡĉ¡í V �ɉɽǭȹ�Ĺȴz	ã

Eq. 20 �M =：(ʬĚě˽ʅĉſ�Ĺ¡íɉ)ǠĪ̺¡íſȕɍɉɌĉƫ

ɏ(OɭûĠ)	ƒ�ˢňɓŖğŭ¡íƑȫ�̥ƱŎ��+æ�ɌĉÅM

)¾?=：ċã/ĉ¡í V vʅĉɉŀæɑěęň̸�˙¯ʬɉęň©!ŭ

¡í�ŭʅĉʪɉŀæęň	M=：̠�ŀæęňɉ]ƫk =：ãǠ�Ɍĉ�

�ȻɉʅĉƫɏP =：ã˶Ɍĉ��Ȼ k �ʅĉɉǭȹ	ĉʅĉʪã V�ɉ�

ĹƾęňŔň!Mɉ Poisson �Ĺ	Ƙ�ǘw�ǜ Poisson �ĹpŎ Eq. 20

čsĕħƾ ƑľʐƫĭŌÅɁ k ɢĔɉÁͤ_��§ _ɉǻ̀	ã̠̿ɉ

Ÿ$ħƾɑěęň!Mɉĉʅĉʪ�Ĺãĉ¡í V(aˮ VſȕɍɉɌĉƫ

ɏ̈úû)ſȕɍɉɁ�̥ǡ{ſɢĔɉ¯ʬɌĉvƸſÉʅĉƫ! k ɉɌĉ

§ V�ŭɌĉƫɉǻ̀	ɁƫČ�ǜ�ɉʚ˭¾ɛ̠ �ľʐƫĭŌƾÓ�ɉ

ƿȪ̠�ƫɏǻ̀�Ĺ)ƾÓ�ɉ	ąǝğ Eq. 20 ¿̙ͤ(? k˪! R(M, 

k)©!ą�ŗŎ� 

   (21) 

̸#čɉ(Ƒȫ k)̫ͤ�Ï=：ğM �ˣŻƴɴùͤÅ��¾ʶɉ�ˣŗ

ŎÙ�̥ľʐƫĭŌƾÓ�ɉÙʮ̠ǣ(Éľʐƫ)ŗŎɉ�ˣ)ƾÓ�ɉ	

Ƒȫ�̥ȲȽŸ$ȽˣEq. 21 ɉŸ$©!ğɑěęň!M(̠�ɑěęňã

V�ƾŀæɑěęň)ɉʅĉɽǭȹ�ƪ� Vſȕɍɉ(ƴɴù�)¯ʬɌĉ�

ÅÉǊ k �ʅĉɉɌĉ�ɉʅĉſ�ƞɉɑěęňěŭɑěęňM ɉ̀ȸ	

ğ Eq. 21 (? V �ſȕɌĉƫɏ©!ÉǊ k �ʅĉɉɌĉ�ɉʅĉŭƫ	Ɂ/

ʅĉƑȫ̠ǣŗŎɉ�ĹƾɢĔɉ——ǋ< Poisson �ĹÙʮ<̠�ˢňɓ

ě/ɑěęňM̠ǣ(Éľʐƫ)ŗŎɉɑěęň�ˣ)ƾÓ�ɉ	 

ąǝ M !÷ƫ(ŽŀͣÆ͂)̸# Eq. 21 ¾xŻÆ͂ŗŎ 

   (22) 

ğs͗? k ɉŗŎVȪƾ ƑľʐƫĭŌÅɁ k ɢĔɉÁͤ÷ƫ�÷ƫ ɉ

ǻ̠̿ù+��ƱÆʮ�̠�ľʐƫĭŌƾÓ�ɉ	Ãǣäğ Eq. 22 ̫ͤ

�ÏÅ)ƾÆ͂ M ɉ���ˣ	̠ɪÉľʐƫŗŎɉ�ˣ)ƾÓ�ɉ	 

Ȼãʬˎ̝�ĉʅĉʪɉ̯ň(ûĠÏƱÆ)ã�̥ǠŢĉ¡í V�ɉ�Ĺ

ȴz	ąǝŭʅĉʪ�ɉʅĉãŭ¡í�͙Ǔ̝�̸ #ĉʅĉʪã̈úĠɉǠ

Ţĉ¡ívɉǠ�Ƹ͍�ȯ�ɉ�Ĺ(Ŗʅĉ̯ň̈úťƸ))¾̞KɓRǭȹ

eM eM

R(M,k) = e
−MMk

(k −1)!

R(M,k) = e
−MMk

(k −1)!

eM eM
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æɽ	ã7ʄſõɉĨň˃Ý(�ͣğHʺȍä˯ƺsĕãCŸĨň˃Ý)

¾?˦!Ďē�}&Ǻ���Ţ¡í�ɉĉʅĉƫ̻ƾĵûɉÙʮ̝�ĉʅĉ

ʪ(ʅĉƫɏ)ãǠŢĉ¡í V vɉ�Ĺ¾?ɀ Eq. 20 ǘƚ̥	ǠŢĉ¡í V

�Ƒ k ��ɉÁʄɌĉ�ɉ̝�ʅĉ̻¾?ŗŻ���Æ͂s���̄! V�

ŭÆ͂	ąǝÉʅĉƫɏ!ɢĔ_ɉ V v̝�ĉʅĉʪɉŭ�ʡÆ͂Ï Y �Ĕ

()©Oʊæ̯ u �Ĕ)̸#sÁ�Æ͂ɉǮ(ǭȹæ_)ÏŗŻčɉʅĉƫ

(ãs̈úûƸ̞K)ŻǲǻǻTʊƫ! u(˷˞ Supplementary Information %

Part 3)	͟ ˜ȊŸɉƾ©X k = 1 ɉŵŗã V�ɉǣǑƫ)Ņƾ¢�Ňûɉ	

ÙʮƑ k ��ɉÁʄɌĉ�ɉÁ�Æ͂ɉǮ(ǭȹæ_)%͍ɉǻ)Ɂ Eq. 20

ſɢĔɉÉľʐƫɉŗŎÓ�ɢĔ	R! Y � VɉÔɉǚ͕_ XsVȪ¾?

ŖRŢ¡í V vɉ�ʡŭÆ͂ÏʬˎÙʮ)ċã�ˣ!? k ��ɉÁʄɌĉ

�ɉǮǻɁ Eq. 20 ɢĔɉ�Æ͂ŗŎ	Ŗ�ʡÆ͂ X ãÁʄɌĉ�ɉ�ʡ�ˣ

Æ͂ƽĞ�ŀͣÆ͂ M ãÁʄɌĉ�ɉ.ʡ�ˣÆ͂ƸƿȪ)ċãɑŅɉǮ

ǻɁ Eq. 20 ɢĔLƱÆǏĔɉ.ʡÆ͂�ˣŗŎ	Ɂ�̥ǡ͂ M ɉ�ˣƱȈ

(Eq. 21)¾ɛě/Æ͂ M ɉ�ˣ˂ZƏǮǻǋ< Poisson �ĹŤȪ͟˜

Ó�ɉ�ŗŎɢĔɉÉľʐƫɉŗŎ̠�Ť˜ǗA%�(˂˜ȁǮǻÃƸ�ŗŻ

č@ɉʅĉƫ k Żǲǻ̟͟˜¼��Ť˜ǗA© u = 1tO˞ Supporting 

Information % Part 3))© Eq. 22 ɢĔɉ˥ʀÆ͂ǮɉƱŎ̠ƸÁ�Æ͂ɉ

ƱÆ)ħ˙Ó�ɢĔ	ÙʮtǊɑÃʅĉƫ k ɉɌĉ�ſǊÆ͂ÏɉŀͣƽĞ

©! Eq. 22 �Ɂ k ɢĔɉ̸�ͤɉ�Æ͂	Ŗ k ¶ �ſǊ_Ƹğ̠2ͤ�

��̄©!Æ͂ M(ãƑȫ? k ��ɉÁʄɌĉ�)ɉÓ��ˣ© 

   (23) 

Ƒȫ Supporting Information % Part 3 �ɉʚ˭Á�Æ͂ûĠ(ǭȹæ_)

©!ŗŻčɉʅĉƫɏ�sſõOʊæ̯%ɭ	ğǺ��ĉ¡í V vʅĉɉŀ

æ̯ňɓR 1̠ǣsʅĉƫɏãƫ_�©Ï�͂ûĠɑɽ	ƓǳãǺʄɌĉ

��ĹɉɽBÆ͂�ƫħÏÆ͂ûĠŻǲǻ�Ǻ�ĉ¡í%͍)ƾ¾ǻ(Ž¾

̝ʀ)ɉ	Ù!�̥ǡ͂M¾?=：ċã/ĉ¡í Vvʅĉɉɑěęňƾ�

�]ƫǭŦ	ƿȪÆ͂ M )Ņƾ��ɑěÆ͂	ě/Æ͂ M͗+ƾ¯ʬɌ

ĉƫɏ]ƫø)ŅƾOʊæ̯ɉ]ƫ(½Ǌğ u Ŗc��ɑě_Ɓ¾ȡ̈ u 

= 1)ÙʮÆ͂ M ɉ¯ʬÆ͂_©! nu(ǳõ u !Oʊæ̯ʝěûĠ)	Ɍĉ

ƫɏ©!˶_	Ɂǳ¾ɛ3.3.3 ˀ�ɉ M ɢ�ä˫Ņ˶ƾɑěÆ͂ÏęňƱ

Æ©�˶õɉʝěÆ͂ÏƱÆ�ʼ	ǲą�ƭſ̥��ɵ͍Æ͂%͍ɉÏĶ̝

!

M = e−MMk

(k −1)!k=1

∞

∑
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ʀħƾãŀͣ�̡˒ɉ	ã̠�ŀͣ�č@Áʺ°¾?�ˣ!ą Eq. 23 ſ̥ɉ

ŀͣ�Æ͂Ï	Ùʮ̠ �ʕ�Æ͂)¾?=：Áʺɉɵ͍�Æ͂ěŅ̡˒ÏĶ

Žĝƫ̝ʀ	 

3.3.4.2 Ƃƪƚ̥ 

aˮʕŻǺ� k ͑ʅĉ(̠̿Ɛ k ͑Ń$ʅĉ�Ã)ɉ k �ɽBʅĉɉ̯

ňãǺ�ɽBèǡ̔�ƉŘ(̠̿ğsɓc͙Ǔ¸͂�Ã)ɉǡ{Ķ! 	ą

�ƭſ̥k ͑ʅĉɉ̝�̯ňûĠ�ǋ<¯ƫ! ɉ Maxwell �Ĺ(Ŗɏǡ

ʅĉʪƬO�ċãȶ$ɑě˭ƩŅƸà 1a �ʅĉƂƪʻșÂæ�ɉťźɁʕ

ŻOʊɉʅĉ̯ňûĠɉʞ˥ŀæyĔčƾOʊɉÞǊū́	̠ ̿ğƬ�ɏǡ

ʅĉʪŖŻ̯ňƱÆæ��ĹɉOʊ©s�ʅĉ̯ňûĠǋ< Maxwell �Ĺ

¾Ƒȫ Maxwell �Ĺȁæ̯)	̸# k ͑ʅĉɉŀæ̯ňûĠ 

   (24) 

˂ě/ k1 ͑ʅĉÏ k2 ͑ʅĉč@ɉŀæ̯ňǻ 

   (25) 

°Ù!̠2(ŗŻ k ͑ʅĉɉ)1 ͑ʅĉɉûĠŽʭ́͂ɑÃąǝ k1 ͑ʅĉÏ

k2 ͑ʅĉɉ́͂��! m1 Ï m2 ( )ǥƓ Eq. 25 ſɦɉrʊč@ɉŀæ

̯ňǻ°¾：ɦ! 

   (26) 

�̥rʊɉ˷ʖ˥ʀÏƙĝ̜ɱ˞ Supplementary Information % Part 1	Ɂ Eq. 26

¾ɛě/Ǻ�͑ʅĉś͂ŌƱ�ŀæ̯ňûĠɉɭ̻!Ĕ_(ˮ! )

̸#Ŗ k ͑ʅĉɉ́͂! m Ƹsŀæ̯ň©! 

   (27) 

Ƃƪʊƫ¾Ĕ$!�ȆƂƪƱÆã¦MƸ͍Ǻ¦MȑňǩňǗA�êɐ

̭̜¦MͣɭſƂƪǠȲ́ɉ́͂ŽƟĢƫ	Ùʮ̠̿˦!ʙuɉĕƂƪÏ̠

̿ſƚ̥ɉÆ͂ƂƪǑ́ƾ�ʼɉ(̻͟˜ k ͑ʅĉ͙ǓMɯĕȻ)	ǥƓ

Einstein-Brown MɯƱɱƂƪʊƫ 

σ

σ
k

v = 2 2
π
⋅ σ
k

v1
v2

=
k2
k1

m∝ k

v1
v2

=
m2
m1

κ1

v =
κ1
m



 21 

   (28) 

s� ! k ͑ʅĉȆ x ̔ƱÆɉŀæMɯûĠ	ɀ k ͑ʅĉȆ x ̔ƱÆɉŀæ

̯ňûĠ =ǈŀæMɯûĠ ǥƓ Eq. 28 ¾?Š�Ƃƪʊƫ¸ŗ! 

   (29) 

Ƃƪʊƫ D ɉ¦M! m2·s–1	ʚÂ�ǜ Eq. 28�Eq. 29(s�ɉ t1 Ï ��É

ɉ t ƾ�ʼɉÙʮ t1 = 1 s)�̥Ƃƪʊƫ)¾Ƚˣ!�¦MƸ͍vk ͑ʅĉ

ãŀͣ�ſ͇ĭŌɉŀæͣɭ	̠ �ŀæͣɭÏ¦� k ͑ʅĉɉ̯ňɑr	aˮ

¦� k ͑ʅĉɉ(ŀæ)̯ňûĠ! ̸#̠2ʅĉãǠ�ƱÆɉʞ˥ŀæ̯

ňûĠ 

   (30) 

k ͑ʅĉʪ©?˶̯ȹãŀ͇ͣĭ	ğ Eq. 30 =n Eq. 29łğs�ɉ t1 = 1 s Â

łnʊƫÅɀ =ǈ©Š 

   (31) 

s� ƾ? s !¦MɉĽʊƫ	 

ğ Eq. 27 =n Eq. 31©ŠɁ́͂! m ɉ(k ͑)ʅĉʕŻɉʅĉʪɉƂƪ

ʊƫ 

   (32) 

ÙƂƪʊƫ99yĔƂƪ̯ȹɉûĠÙʮ�Ŏ(Eq. 32)̟¾ɓR�Éɑě˭Ʃ

Ņɉ 1 ͑ʅĉʪſƚ̥ɉč@(ïʦÅ)ŗŻɉ́͂! m ɉʅĉɉ：˟Ƃƪʊ

ƫʮã�Éɑě˭ƩŅ(©! 1 ͑ʅĉʪƚ̥ɉ：˟Ƃƪŵŗ)ɉ Schrödinger

Ʊɱ�ĸʙʜ�̠�ʊƫɉtOŗŎğsÏ Eq. 32 ěǻ¾Š 

   (33) 

s�ħ!ʏ  Planck Ľƫ	R!< R0 �˟ĚRu �ɉŵŗD ̟Ņ·�G[×]ɉ

ŘÐ̠̿ɿ˪! 

   (34) 

3.3.4.3 Ń$ƂƪƱɱʕ？ 

D = x
2

2t

x

V x

D =
V

2

2
t1

V
2

v

V = v
2

κ 2
D =κ 2v

2

κ 2

D =κ 2
κ1
m

⎛
⎝⎜

⎞
⎠⎟

2

=
κ1

2κ 2
m

κ1
2κ 2 =

!
2

D = !Γ
2

2m
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�ƭaĔƴɴĠʅĉ%͍ȄǊɑ1Rɀ	©Xč@ŗŻɉǇû́͂ʐ�ʅ

ĉ%͍Ǌɑ1Rɀ(č)ŅƾǑƭ˦!ɉ�Ù!ʞ˥ČƩŅʮ6ȿɉ�ɑ1Rɀ�)

̠̿)ċã��Ǉûʅĉ�Ưȓþ�ȿŻɉ�Ũ̜ɱ(ĩʁɑěMʨHµȿ¸ 

LǻTVȪɁ Poisson �ĹɢĔ))©-ĕ�ɉƴɑ1ŘÐ	¼ø̓/̠2

�ɑ1Rɀ�ɉĕ̻́ƾŏ�()©̝�ʅĉɉʞ˥ČƩŅ)Ǉͱʐɉ�Ã́

͂ʐ�ʅĉ%͍ƴɑ1RɀɉǭŦ̻ƾɽBɉ(Åͣ 3.3.5.4 ˀğH˯ƺ̠�˟

ȧƾʺȍɉ)	/ƾãǠ�Ţ¡íɉǠ�Ƹ͍�ȯ��Ĕ¾?ËȻƑȫ Eq. 23

ɢĔɉÆ͂�ˣŗŎʮ��ÃÆ͂ęňŢ¡ívÉǊɑɽʅĉƫɉɌĉ%͍ƾ

ɽBɉ	̠ƾÙ!�Ãęň�ŖƬ�¡í̻：ɦ!ɑěæ̯! 1 ɉOʊÅ

Poisson �ĹyĔ+ÁʄɌĉƫɏɉĶōħ�ŅwǊɑÃʄë(ÉɑÃʅĉƫ)

Ɍĉ͍ɉĶō	ĩʁ̝�ʅĉ?ɑÃǭȹãŢ¡íɉǠ�Ƹ͍�ȯ��ĹŖʞ

˥ k �ʅĉɉŭO˒!Ƹč@ɉŀæ̯ňŤȪ¸ź	ÙʮŖ̜̅ŀæƫɉʅ

ĉãǠ�Ǌ͕¡í͞��ȻƸX：Ȼ!˶¡ívʅĉƬO̯ň¸ź(ʺɁň͔

N)Ž·ʞ˥ČƩŅŘÐƺƿ	? k ��ɉÁʄɌĉ�ɉʅĉ?č@ɉ(ɑě)

æ̯̝��É k �ʅĉɉɌĉ́ţŀæãǺ�Ɍĉ�ţ	Ã�ʄë(ÉǊ k �

ʅĉ)ɉɌĉ%͍Á� k ͑ʅĉɉŀæɑě̯ňûĠɑÃ�ĔɻÂ˶ʄëɉ

ƂƪʊƫſɢĔɉ Schrödinger ƱɱƂƪŗŎ	ÙʮƑȫ�ƭƵ��ĄɉɌĉ

̿ɉʅĉƫɏ k!�ʕ¯ʬ��ʬˎsěŅɉÆ͂M�ˣÅɉÁͤR(M, k)

kʬĚč@ɉ¦ȵƂƪȪÅwğsº���̄©¾：ś͞OƂƪ¸ź˒!	 

̠̿ğǺ�ÉǊ k �ʅĉɉɌĉ�ɉſǊʅĉɓR��̕û́͂ʐ�ɉ k

͑ʅĉğŢ¡í VvſǊÉǊ k �ʅĉɉɌĉ�ɉ k ͑ʅĉɉŭOɮ! k ͑ʅ

ĉʪ	Ɂ�̥˧˭¾ɛk ͑ʅĉʪ�Ǻ��(k ͑)ʅĉɉŀæɑě̯ňɑÃ

soO̶šɑÃɉƂƪʊƫ	Ƒȫ Eq. 34 ʜ�ɉrʊ(Ƃƪʊƫ� k ͑ʅĉ́͂

ŽʕŻ k ͑ʅĉɉ 1 ͑ʅĉƫ͂Ż´ǻ)ąǝ 1 ͑ʅĉʪɉƂƪʊƫ! D1�

k ͑ʅĉʪɉƂƪʊƫ 

   (35) 

̠̿ɮ !ƂƪʊƫÙĉ	 

Ŗ�͟ʬˎʅĉ(Mʨ)ʱ͞ĝʼɉʞ˥̯ň¸źƩŅěƂƪɉŘÐƸ©

! 1 ͑ʅĉʪɉƂƪŵŗǳƸ�ɏǡʅĉʪƬOȆæ̯ u ̝�Ƹɉ Schrödinger

ƱɱěƂƪɉƚ̥�ʼÙʮƂƪʊƫ 

Dk = D1 ⋅
1
k

1
k
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   (36) 

̠�ʊƫſyĔɉƂƪƱɱƚ̥+́͂! m ɉɏǡĕȲ(ŽïʦÅʱ͞O)Ƒ

ȫ(ïʦ�)ʕŻčɉ 1 ͑ʅĉſɢĔɉ(¸źÅ)：˟Ƃƪ̯ȹ̡˒ǭȹƂƪ

̝�ɉ��ČLčãsŐƪɵ͍ɉ�ĹȳśɁʵǁå� 1 ͑ʅĉɉƂƪ˒!y

Ĕ	Ŗ ƸƑȫ�̥˧˭ğ Eq. 36 =n Eq. 35 ©Š k ͑ʅĉʪɉƂƪʊ

ƫ 

   (37) 

̠ɑŖ/ k ͑ʅĉʺ̝̎�|źĝʼsʕŻɉ́͂! m ɉɏǡĕȲ(ŽïʦÅ

ʱ͞O)：˟Ƃƪ̯ȹɽǻ�͔	˶ ƂƪʊƫſyĔɉƂƪƱɱŸ$Ã�ͣ 1 ͑

ʅĉɉŵŗʄK©!�́͂! m ɉɏǡĕȲ(ŽïʦÅʱ͞O)Ƒȫ(ïʦ

�)ʕŻčɉ k ͑ʅĉſɢĔɉ(¸źÅ)：˟Ƃƪ̯ȹ̡˒ǭȹƂƪ̝�ɉ�

�ČLɏǡĕȲãsŐƪɵ͍ɉ�ĹȳśɁʵǁå� k ͑ʅĉɉƂƪ˒!y

Ĕ	 

ğ̸2Ɍĉ�ÉǊ k �̝�ʅĉ(k ͑ʅĉʪ)ɉÆ͂Ï R(M, k)(Ƭ�Ţ

¡í Vvɉ�Æ͂%�)ěMʨ(x, y, z)ȁ.͑bĝƫ©!DR(M, k)	̠̿͟

˜Ŕ˺ɉƾ�˥ʀěÆ͂ M ɉĝƫƸǻ̕Ķ_ſ¶ɉ��(ƴɴĠ)Ţ¡í

V1 Ï V2 ɉʝěûĠƾɑɽɉ	ȪÅğs(?Ǻ�͑ʅĉʪɉƂƪʊƫ(Eq. 37)

ÅwğÁ͑���̄¾ŠƬ�Ń$Ƃƪ：̚Ŏ(�Ǝʊƫ)� 

   (38) 

̠ǣ˥ʀſŠɉƂƪħƾ<Ƭ�(ƴɴĠ)Ţ¡í V1 � V2 ɉŃ$Ƃƪ	ğ

Eq. 38  ɿ©!ą�ŗŎ� 

   (39) 

s� 	ğ Eq. 18 �ɽÀĳɺɉ̺�Ï Eq. 

39 ʕÂ��̄©ŠĐƬɉÆ͂Ń$ƂƪƱɱ：̚Ŏ� 

   (40) 

ÙʮÉǊɑě˭ƩŅ(�Ǝŏ�)ɉŃ$Ƃƪʊƫ：̚Ŏ! 

D1 = − !Γ
2

2m

k >1

Dk = − !Γ
2

2m
⋅ 1
k

− !Γ
2

2m
1
k
⋅ ΔR(M,k)⎡

⎣
⎢

⎤

⎦
⎥

k=1

∞

∑

− !e
−MΓ2

2m
ΔM−T 2(M)⎡⎣ ⎤⎦

T 2(M) = ∂M
∂x

⎛
⎝⎜

⎞
⎠⎟

2

+ ∂M
∂y

⎛
⎝⎜

⎞
⎠⎟

2

+ ∂M
∂z

⎛
⎝⎜

⎞
⎠⎟

2

i ∂M
∂t

= − !e
−MΓ2

2m
ΔM−T 2(M)⎡⎣ ⎤⎦
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   (41) 

̠̿ɉƂƪʊƫ�ƾĽƫʮƾ��ãɏǡʅĉʪ̯ň u �Ĕɉŵz�͙̝�ʅ

ĉɑěÆ͂Ïęň¸ ɉʺȪƐƫ�ƫ	̒ ǳÆ͂ɉŃ$ƂƪƱɱÏʊƫ Ð̻

ĸɢĔ�ǘ	ǥƓ Maxwell �Ĺ¾?ɢĔǠŢ¡ívɵ͍ɽBÆ͂ɉûĠʮ

̭̜ Eq. 40 �¾?ɢĔɵ͍Æ͂ɉûĠÏƱÆ(÷ŀͣv_)	ʻǳɵ͍̝�

ʅĉʪɉîǑǊƩ[Ű̻ĸˇ¶	 

î/ɵ͍MʨɉƂƪ¸źȻ˽ƾMʨʱ͞§G�ɉʞ˥ČƩŅãƂƪƱͣ

ɉÓ�OȻ	ƿȪŖʅĉMʨʱ͞§G�Ƹč@ɉʞ˥Č(ŏ�)ƩŅ¾?

̭̜ Eq. 38 ɉõȽƱȈOȻ	ǲą�̥o̺ɉɑě˭ƩŅ�ƎMʨÏƱÆʱ͞

ɉʞ˥ČƩŅ	ʮě/ɏǡʅĉʪ̝�̯ňƱÆʱ͞ɉŵŗɁ/sqÃõ/æ

̯! u ɉOʊ�ƂƪʊƫûĠ̟H·GŘÐ̠ɪŵŗɉʞ˥ČƩŅ)Ț�n

Ʊɱ	Ùʮo̺ɉɑě˭ƩŅĸʓn Eq. 38ʮ9Ǌ Lorentz ¥¸ʏǖɉƱɱ

(ą Dirac ƱɱÏ͂ĉå˭)�̈?OȻo̺ɉɑě˭ƩŅ	 

3.3.5 ě Eq. 40 ɉ̡�ǴʬĚ 

3.3.5.1 � Schrödinger Ʊɱɉrʊ 

ğ Eq. 40 ɽÀ¿̙Ƒȫ e–MɉľʐƫĭŌ©¾Š�ą�ɽŎ 

   (42) 

�ʬˎGɉŘÐŖ Eq. 42 ɼ.˒ɽÀ¿̙½¶ɼ�ͤƸ˶Ʊɱ©!�Éø�

åɉ Schrödinger ƱɱŗŎ	Ùʮ<ŗŎ�ɓ Eq. 40 ©!ě Schrödinger ƱɱȚ

�+ƫͤ\ǲÅɉʚǝ	ƿȪSchrödinger ƱɱŗŎ��Éɑě˭ƩŅƨsQ

̺�©Ɂɑě˭ƩŅĝʼ	Ŗȉ�ƫɉǮ ƸƿȪ ƾǻ ͱ

͑ɉƴɴĠ(̠ɪŵz)ʄK/̯ňŞĠL�̯ňŞûƸǲ�Qőȉ��ƫŵŗ),

ʮ� Eq. 42 �ɼ.˒ɽÀ¿̙  ͤ%ÅÁ̻ͤƾ� M Ž M ɉͱǰľ

ɉ(ɭƿȪ)ƾǻ ͱ͑ɉƴɴĠ	ÙʮŖ ¶̕Ġ_Ƹ�ʬˎGɉ

ŘÐEq. 40X¾̞K!�Éø�åɉ SchrödingerƱɱŗŎ,Ŗ ¶̕û_Ƹ

Eq. 40 �ɑě˭ƩŅ(̝�ʅĉɉʞ˥ČƩŅ)ƺƿ�¾ɀ Schrödinger Ʊɱ

=ǈ	 

3.3.5.2 �Ƃƪʅĉʪ 

Ð = − !e
−MΓ2

2m

i ∂M
∂t

= − !Γ
2

2m
1−M+M

2

2
+!

⎛
⎝⎜

⎞
⎠⎟

ΔM−T 2(M)⎡⎣ ⎤⎦

= − !Γ
2

2m
ΔM−T 2(M)−M ⋅ ΔM+M ⋅T 2(M)+!⎡⎣ ⎤⎦

M → 0 T 2(M) ΔM

−T 2(M)
ΔM M

M
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͂ĉå˭��Éʅĉ6ȿ�ȝȄʀɻL̠ǣŗŎɉƚ̥ƾȿɡɉ	Ǒƭſ

ʜƱɱ(Eq. 40)�üȪ�É+ʅĉ6ȿ�ȓ̮ɉ̜ɱȾʻ¾?ʜ�s¤；ǎ(̠

̿�Șnɞɳ̠�͌ͪ)	Ʊɱ Eq. 40 !ƚ̥͙Ǔ̝�ʅĉʪŃ$ƂƪɉƱɱ

Ŗ 

   (43) 

ƸM �͙Ƹ͍ t ¸ ɻÂ˶ǗAɉʅĉʪ©!ɲĔɉ�Ƃƪʅĉʪ	̠�

ʅĉʪ)¾ɓŻǇͱ́͂ʐ�ɉʅĉčƾɁɻÂʞ˥ˠşɉ��ʊ�ǇŃ͂

ʐ�ʅĉǛŻ	 

!+˷ʖʬĚ�Ƃƪʅĉʪɉŗȴ̠̿aˮ M 9ƾMʨ(x, y, z)ɉ�ƫ�

!̝�ʅĉMʨʱ͞§G�Ƹɉŵŗ	ã�ʡɵ͍vě Eq. 43 ̂,ą��ĈǗ

A� 

   (44) 

s�r1�r2 ÏM0 !Ĕ_� 	ŖOʊËȼěɮ�ĹƸ(Ǒƭ、Ƹ½ʬĚ

̠ɪŵz)ʰɷ Eq. 43 Ï Eq. 44 ¾Šˣǜˣ Eq. 45� 

   (45) 

ȁˣ̜ɱɉ˷ʖ Mathematica =ɝ˞ Supplementary Information % Part 5	> r1 = 

0.004�r2 = 4 ÏM0 = 1 + 2i¾?Š�ʅĉ́͂ęň( )ɉ�Ĺȴzą Fig. 3

ſɦ� 

ΔM−T 2(M) = 0

M(x, y, z) =M0 , x
2 + y2 + z2 = r1

2 ,

M(x, y, z) = 0, x2 + y2 + z2 = r2
2

⎧
⎨
⎪

⎩⎪

r1 < r2

M(x, y, z) = 1
2
ln(x2 + y2 + z2 )− ln

(r1 − r2e
M0 ) x2 + y2 + z2

eM0 −1
+ r1r2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

+ ln
eM0 (r1 − r2 )
eM0 −1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

M
2



 26 

 

Figure 3 | ɻÂ Eq. 43 Ï Eq. 44 ǗAɉʅĉʪ́͂ęň�Ĺà(��Ãˢň

ĭɦ)	a, �ʡ�Ĺ,b, z = 0 õɉ.ʡ�Ĺ,c, z = 0 õɉ.ʡŀͣęň�Ĺ,

d, y = 0, z = 0 õɉ�ʡ�Ĺ	!ƱXěǻǺĿàɉ�(�)�èǡ̔%͍æ

̽ɀ 1 : 1 ǻTƿɦ	 

<à�¾?ɓ�ɲĔʅĉɉ́͂}&o̺͞�/ûȼţ̞͒ɉ��Ġȼȴ

¡ívsQ̺��¢�ɵƹ(́͂ęňǚN)̠Ï¬ĉʚǛǚ!ʄK	˶ʚ

ǝ̡�ǴĔū˹ƺEq. 40 �9¾?ȁˣɂĉ�Ĺ̟¾?ȁˣƬ�¬ĉ�Ǥ́

͂�Ĺ	ÃƸǑƭ̟ȁˣ+ɑÃǗAɉ.ʡŵŗtOˣȈÏʚǝ˞

Supplementary Information % Part 5	 

͟˜ȊŸɉƾ�̥ø̙ɃǗA¶¤Ŝ! 4 ɉȼͣ��ƫ_! 0̠ƾĕ͓

ŵŗɉ̞K	ãĕ͓åǁ�ɞɳě˽ÌÝȲ́Ⱥð÷ǔ	©X�ʬˎ̠ɪ÷ǔ

Ⱥðɞɳě˽)Hõ/́͂ęň�! 0 ɉʵǁå�	ǳƸø̙ɃǗAŅ˶ã

ƴɴ̢õ!��Ƙ̞/ 0 ɉĽƫ_ŽǮƘ̞/ 0 ɉȉ�ƫ[Ŗ M ƾMʨ(x, y, z)

ÏƸ͍ t ɉ�ƫƸ]	ě/v̙ɃǗAč)¶y/Ⱥð�ɉʅĉęň	ãɵ͍

�̠2ʅĉ̞KƑȫȇǙ�ĹɆęƖĹ	Ƒȫ�̥ʚ˭̠ǣ�Ĺɉʚǝğ�

Ȼ́͂æ_ɢĔ�Ë�Ĕ�ĹȴŨɉûĠ��ɉʅĉĕO(Ù!č@ɉæ_�Ĕ

ãǠ2ǗA�¾?Ƒȫʞ�ˠǦʬˎ)	 
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î/ě�̥Ʊɱ(Eq. 40)ɉ�ǜ?² Supplementary Information % Part 3 �ě

�Ĕ̝�¡ívċãɁǇŃ͂ʐ�ʅĉŗŻɉ�Ĕ́͂ɉǉĠʅĉɉƙƯ̠

̿ƙȐĎē��2�；¸Ï}&�；¸ɉ̕û́͂ʐ�ʅĉɉŗŻǓ��̠ �Ď

ē�̕Ń͂ʐ�ʅĉã͙Ǔȉ�̝�̜ɱ�ąǝ̳�Ą̂ɉøɃǗAħǊ

ǓHŗŻ�ʊ�̯ňŽ́͂ʱ͞O	ŖøɃǗAƥ¸Å̠2ʱ͞O͙Ƹ͍Ń$Ƃ

ƪǊɉȓþǶĩ,Ǌɉ�ŗŻ+îǑɻÂ�̥ǗAɉʅĉʪŗȴŽ̙ɃǗAɻ

Â�̥ǗA<ʮ¸Ż；¸ǚsʣźɉǇû́͂ʐ�ʅĉ(；¸̯ň¶y/ Eq. 

40 � �ƫ_ÏʅĉŗȴŽ̙ɃǗA�ǗA Eq. 43 ɉɻÂɱň)͊ǎ̕ɲĔ

äċã/Ďē�(ąǝøɃŽ̙ɃǗAǏµȿƺƿ¸ )	ʻǳ¾?ƯĔđ˟

́͂ǭŦ©!ǰŃ͂ʐ�ʅĉãǠ¡íʱ͞ƫɏùġɉ´ƽʮđ˟ʶ͂ǭŦ

�ƾǰŃ͂ʐ�ʅĉãǠ¡íǏʱ͞ƫɏùġɉ´ƽ	̠ �ʭ%͍Ƀ͕͡ĽǮ

ʉ	)ǲƾɁ/̠��ƂƪɉȳūƁZ˯+�ƭ�aˮʅĉĕOċã�̝�̐

̦̣ʠɉǗA�̟tǊŃ$Ƃƪȳśʮ�̠2ʅĉʪ̟tǊ�Ã́͂ɽʐ<

ʮSǑƭſ¹vėĕȻ+Đʩɉʺȍ	 

3.3.5.3 �Ĉȉ�ƫ̂,ƱŎ 

Ƒȫ 3.3.4.1 ˀěȉ�ƫ M ɉ�ǜEq. 40 ȁˣƸSɀɉ�ĈǗAěȉ�ƫ

ɉǮûĠƾǊ˜ȁɉ�ͣ:ʘǰʐ́͂ʐ�ʅĉ(ɽB!)Mʨʱ͞§G�Ƹ

̠��Ĉȉ�ƫɉɢĔƱȈ	ʰɷ Eq. 29�Eq. 32 Ï Eq. 33 łȓƔʙuƂƪʊƫ

D Å©Š 

   (46) 

ȊŸ� Eq. 46 � t1 = 1 s̠̿、ƸğsŧɅğs�ɉ m ɀǠ�¡í Vv

ɉ́͂ ǈƒłãɽŎ�̙ŌƱ¶Ǯ¾Šã˶¡ívʅĉʪɉŀæ̯ň ɉ

ûĠ<ƫ_�ɉ：ɦŎ! 

  (47) 

<ʞ˥ČˢňɓÆ͂ûĠɑÃ�ƱÆãɵ͍æ��ĹɉʊʞǠ¡ívÆ

͂ÏûĠ 	s� !˶¡ívǺ�ʅĉěŭÆ͂ÏûĠɉŀæ̀ȸ

k !Æ͂ƫ͂	ąǝğ̠2͙ǓÆ͂ɓR̯ňûĠɑÃɉŢĠʅĉãɵ͍ɉ͙Ǔ

̝�̸#Ǡ�¡í V vʅĉʪɉŭO�͂Žʭ<ʞ˥Čˢňɓ!ŭɉ̝�̯

ňÏɉûĠ 

   (48) 

e−M

V
2
t1 = !

m

M V

V = !
M

X = X ⋅ k X

V = V ⋅ k
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s�k !¡í V vɉʅĉƫɏ	ğ Eq. 47 =n Eq. 48 łğs�ɉ k ɀ =

ǈ©Š 

   (49) 

s�µ!¦�ʅĉɉ́͂	 

Ƒȫ Max Born ěȉ�ƫɉˣ̾��Oʊɉȉ�ƫŕ� Å(aˮ! )

ãȉ�ƫſ²Áõɉ́͂ęň©! 

   (50) 

s� m ƾɏǡě˽ɉ́͂(Ã Eq. 40 � m ɉŸ$)	sĕ©XƑȫ Max Born

ěȉ�ƫɉˣ̾ 17ʮƾƑȫǑƭ̲̗<ʞ˥Čˢňɓ̯ ňûĠɉŀƱŽʭȉ

�ƫûĠɉŀƱ)Ḯ͂ŻǲǻtO˞ Supplementary Information % Part 1. 

Ù!ȉ�ƫ：ɦ¦MOɭvɉ̯ňŽ̯ňęňąǝɀ ：ɦǠȧõɉȉ

�ƫ�ğ Eq. 49 �ɉ ɓc¦MOɭvɉ́ (͂© )ȪÅğ Eq. 50 =n Eq. 

49 ©ŠǠȧõȉ�ƫûĠ! 

   (51) 

̓/�ƭ 3.3.4.1 ˀɉ˧˭˜Š�ɑěȉ�ƫ M0̟͟ě ̡˒̡�Ǵ

õȽ(ğs͗?ɏǡ¡íɉʪ̯ňûĠ u ?²¦MOɭvɉɌĉƫŽ¦MOɭʵ

ǁå�ɉʅĉƫłğ M0 ̂,� ɑÃɉƱÆ)	ąǝ˶OʊƾɁlĉʐ�ɉ

ʅĉʕŻ̸# M0 ¾：ɦ! 

  (52) 

s�u !ɏǡ¡íæ̯ûĠ, ƾǻ VǇû˃Ý(ʵǁå)vɉŀǽ͂ę

ň�！˦!  = (1.7–4.1) ́  10–28 kg·m–318, !¦Mʊƫs_! 

̠"˜!\ǲğƂƪʊƫƒʀŻ̯ňƸ6ȿɉ͂ʒĶōÏ˕fƒʀrʊ�͚É

ɉ¦MOɭɉŸ$	?�©ƾ Eq. 40 �ĈǗAɉ̂,ƱŎ	 

ã́͂ęň̕Nɉŵz�(ąȁˣ¬ĉǤøɂĉ�Ĺ͌ͪƸ)< Eq. 52 ˇ

Šɉ�ĈǗA�ȉ�ƫɉǮ ̻ǚsŢĠ(�ĈǗA�ʬˎɂåRɀ©X

˥ʀ̜ɱ�ʬˎ+�¬ĉǤɉ͠ɂRɀ�ȉ�ƫɉǮ;!�̕Ġ_˷˞ 3.6

ˀ)	Ƒȫ�ƭɉ˧˭�ʬˎGɉŘÐƸEq. 40 ħ}&Ï Schrödinger Ʊɱ�

M

µ

V = !
M

⋅M
µ

=
!M
µ

ψ 1

ρm = ψ 1

2
⋅m

ψ 0

M ρm

ψ 0 =
!m
µ

⋅ψ 1

ψ 0

ψ 1

M0 = ! ⋅
!m

u ⋅ρm,0
⋅ψ 1

ρm,0

ρm,0 ! 1m−3 ⋅s
−1
2

M
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ʼ)©ãȁˣ¬ĉǤøɂĉ�ĹƸEq. 40 X¾̞K! Schrödinger Ʊɱɉŗ

Ŏʮě¬ĉOʊ�ø�ɂ�ɥå(ʮĝʼ̯ňʱ͞ƩŅƺƿ)ɉŵŗ͟¼øʬ

Ě	͟ ˜ȊŸɉƾɏǡ¡íɉʵǁ¡í¾?ƾƬ�Ďē)¾?ƾ˝ɍɞɳě˽

ɉǠ�̕Ġ˃Ý	Ŗʵǁ¡íɢĔÅěŅɉʵǁŀǽ͂ęň Ɓ¾?ɢĔ

�ǘ	¼ø< Eq. 40 ?²�Ĉȉ�ƫɉ̂,ƱŎ¾?ɓ�½ǊŖɏǡ¡íM

ʨʱ͞ŽƱÆʱ̚͞�ǉû_Ƹ ŽGƁƾƴɴĠ�ɻÂ Eq. 43 ſƚ̥ɉ

ŗȴŽ̙ɃǗAɉʅĉƁʶĐo�Ƃƪ	 

3.3.5.4 sčƗ˧ 

ĩʁ 3.3.5.3 ˀ9ʬĚ+ʅĉMʨʱ͞§G�ƸɉŵŗL Eq. 52 ě�Ĉȉ

�ƫ M0 ɉ̂,ƱŎVȪ´ƽ+˥ʀǠȧõȉ�ƫ_ɉƱŎ	Ùʮ�ƯǠȧõ

ȉ�ƫ_ M ƾÈ͙¯ʬʊŽǉĠ¯ʬʅĉ̪ƍʮ¸ ½͟ʬĚ M0 ̂,ƱŎ

Ǌƴ¸ ©¾	̓/ 3.3.2 ˀɉ˧˭ãCP͠Ǳ(Ŷū)¯ʬʊ�Ɂ/̝�

�˔̝͂�ɉƸ͍ÃǴ¸ Š�ɉl̯_ c�ɏǡ¡í̝�̯ň u ?²yĔ M

_ɉ̯ň_̻ƾůĔɉ,ʮ Eq. 52 ě�Ĉȉ�ƫ M0 ɉ̂,ƱŎ��É u �s

č¯ƫ_�·¯ʬʊ͕�	Ùʮƴ˭ãCP¯ʬʊ�½˜ɻÂ�ʡɵ͍�Ǘ

A HYPO 1–3Ǒƭĝ�ɉƱɱ Eq. 40 ?²s�Ĉȉ�ƫ̂,ƱŎ Eq. 52 ̨̻

ɀ	¼øʬĚÃ�¯ʬʊ��Ã́͂ʐ�ʅĉR!ǉ(ƴɴ)Ġ¯ʬʅĉƸɉ

ŵŗ	�Ĉȉ�ƫ̂,ƱŎ Eq. 52 �͟˜ʬˎǉĠʅĉ́͂,ƴ˭Ñɪ́͂ʐ�

ʅĉR!ǉĠ¯ʬʅĉ˔̝͂�ɉƸ͍�̝�ÃǴ¸ Š�ɉl̯_ c�ɏ

ǡ¡í̝�̯ň u ?²yĔ M _ɉ̯ň_ůĔ,ʮ Eq. 52 ě�Ĉȉ�ƫ M0

ɉ̂,ƱŎ�sč¯ƫ_�·ǉĠ¯ʬʅĉ̪ƍ͕�	Ùʮƴ˭ż@ğùûʅ

ĉŖcǉĠʅĉǑƭĝ�ɉƱɱ Eq. 40 ?²s�ĈǗÂ,ƱŎ Eq. 52 )̻

̨ɀ	ʢ�ʅĉ%͍ɉŏ�Rɀæ¾ˡ!̝�ʅĉɉʞ˥ČƩŅƴ˭Ñ�́

͂ʐ�ʅĉ%͍̻¾ˡRƴɑ1Rɀ(̠��ƭ HYPO 3 ſcɉaˮŗŻ+ʺ

ȍ)	̠ǣ?ǘʅĉ¾?̫ʐÚʱǇͱ́͂ʐ�ʅĉãĄ̂ɉǗA�̟¾?

wŗŻǻč́͂ʐ�Ǉͱɉʅĉ	Ƭ�Ďēƴ˭<Ñ�́͂īʐɓ̻ƾ͂ĉ ɉ

ʮ�Ǻ�́͂īʐ)̻ƾɽBɉ	̠��ƭ AXIO 2 ĝ�ɉ�̠��ɃɉȲ́ƾ

͂ĉ �ɉpȽƙ˭(Ž�ƭaˮ)ŗŻ+ʺȍ	 

©XʅĉMʨʱ͞§G�ƸƱɱ Eq. 43 ɉŗŎ)hˬ�̺�ʅĉ̯ňǚ

ťʮčÌÝ̊ɩ�̢õɉʅĉ̯ň¾?̛̯�͔	̠ �̺�̯ňǚťɉʅĉ̟

¾?ƌǊ�Ĕɉͱ/ÌÝɉ́͂ęň(ɻÂ Eq. 43 ʏǖ)	�̥ʚ˭���ƭſ

̥ɉ�ʅĉãĎē�ͱ̯͙Ǔ̝��ɉaˮŗŻʺȍ	 

ρm,0

e−M

M
2
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ʢ�ãCPɻÂ�ʡɵ͍�ǗA HYPO 1–3 ɉ¯ʬʊ�ƴ˭Ǒƭ˦!ɉ

̸�îǑɉ(ƴɴĠ)¯ʬʅĉĕ͓ƾ�ùû́͂ʐ�ɉʅĉ)ƴ˭̸�ʅĉ

�ʝě�̝�̯ňǊùź<7ʄ¾Ƚˣɉˢňɓ̠�ʐ�ɉʅĉ́͂ħƾƴ

ɴĠ̯ňħƾƴɴû(ʺȍ˃ÝƂĭ)	̠Xʜ+�lĉtǊ̕ŢĠŽƴɴĠ

́͂�ɉ˟ȧ?ÂȈū	ÃƸč)ʜ+�ƭ 3.3.4.1 ˀ�ě(ƴɴĠ)Ţ¡í V

vɉÆ̡͂˒�ˣÏ�ʝěèǡʊ͙̋͟ʅĉʪƬOɯ��ɉ˟ȧ?ÂȈū	̠

ǣEq. 40 ̣Ãčɉ�Ĉȉ�ƫ̂,ƱŎ Eq. 52 Ƶ¾?ãǠĪ̺ɵ̨͍ɀ°¾

?ã̕Ń͏ɉɵ̨͍ɀ(Ž¾ãÁɪŶū¯ʬʊ�̨ɀ),Ƶ¾?õȽŃ͂ʐ

�ɉʅĉOʊ°¾?õȽͱ́͂ʐ�ɉʅĉOʊ(Ƶ¾ğŃ͂ʐ�ʅĉŖc

ƴɴĠʅĉ)¾ğͱ́͂ʐ�ʅĉŖcƴɴĠʅĉ)	î/?�ʚ˭<ƭ�

ɉȲȽǮëƙĝ�+ Eq. 40,Eq. 40 °�ÉǊȲȽǮëɉſǊîǑ[Ű(ʞ˥Č

�)Ùʮč@%͍Ņ˶ƾɽBɉ	 

3.4 ěƫČǮëɉɿ¦ͯ˯ 

Ɂ�ƭ˧˭¾ɛƱɱ Eq. 40 Đo¾?ƚ̥ʺȪɃɉ��-ȲÏȻ (˽ě/

�2͟˜Ț�ø�åɉŵŗğã�ˀ¹̥)�sſƚ̥ɉŵŗ�ƭ�ɉȲȽ

Ǯëaˮ%͍ƾ̲̗ʺȍɉLčɉ¾͢ū�ņąP̟ ŠƦ�ɔĕɉǨT�̡

�ǴǪͯ	Ǒƭ̭̜ȁˣ���ĈǗA! �Ȇ x ̔ƱÆtǊeĎɮɉ�Éø

�å�ʡ Gaussian ȉ�ɉVƸƂƪˠşÏĸɛȽ˭RěǻR!ǨTc̡�ǴƗ

˧	!+ƱX˥ʀǑˀ�ſǊ˥ʀæ̽ɀʺȪ¦M�(©¶ ħ = c = 1)�ˮ m 

= 1 eVʮsčˀ;̽ɀß͓¦M�	 

ą�ƭſ̥˜ǲɢȁˣƱɱ Eq. 40͟Ƒȫ Eq. 52 ěƱɱ̂,űŖǮûĠ

ɉȉ�ƫR!�ĈǗA̠�Ã/ȁˣ Schrödinger Ʊɱ	�ͣ?ǽ¬ĉǤøɂ

ĉɉŀǽ͂ęň!¯ʬǘɢĔ Gaussian ȉ� VƸƂƪɉ�ĈǗAȉ�ƫ

ǮûĠ	̠̿aˮ̠�ʄ͌ͪɉǑ́ƾ�ʼɉ̻ƾlĉʐ�ɉʅĉ̝�	¶ɂ

ĉ́͂ m = 9.109 389 7(54) ´ 10–31 kgłě Eq. 52 �ŕ� ȉ�ƫ �ͣɉʊ

ƫ̡˒˥ʀŠ�̠�_ʏ! ,ğ�̥ Gaussian ȉ��ƫŕ� ÅǮ

! 	Ùʮã�ŘÐ͌ͪ˧˭ɉŵz�¶ɔĕ�ĈǗAɉÃƫ͂ʐ̞K_

R!̠̿ɉ�ĈǗA(ʙ̜ͯ˯Ŗ �ͣɉʊƫĠ/

Ƹ̽ɀ Eq. 40 Ï Schrödinger ƱɱſŠɉȉ�̒ŉãſǊ˃Ý© t = 0 ʻ 1.5 

eV–1 Ï x = –7ʻ 7ɉǉûɑěbĶĠ/ 1.14%tO˞Supplementary Information

% Part 6)	R!ěǻ̠ ̟̿˥ʀ+�ĈǗA�Ǯ̕ûɉŵŗ[ą ]	

ÃƸ)Sɀ+ Schrödinger Ï Dirac Ʊɱě̠�ȉ�VƸƂƪˠş̡˒ȁˣ	ě

e−2x
2

e−2x
2

ψ 1

1.63×10−13

2
π

M0(x,0) = 10
−13e−2x

2

e−2x
2

10−3

M0(x,0) = e
−2x2
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/ Dirac Ʊɱ̠ ̿¶���͂ȉ�ƫɑɽɉŵŗ[© ]

R!�Ĉ_(ȁˣ̜ɱɉ˷ʖ Mathematica =ɝ˞ Supplementary Information %

Part 9 � Fig. 4 ɉʛ�̜ɱ)	 

 

Figure 4 | ̽ɀ�ÃɉƱȈãʺȪ¦M��ȁŠɉ Gaussian ȉ� (ȉ�ƫ

Ǯ)ɉ�ʡVƸƂƪàg	a, ã�ĈǗA! Ƹɀ Eq. 40

˥ʀɉʚǝ	!ƱXěǻŗȴà�ěǮʚǝ̡˒+Ʀû( )õȽ,b, ã�

ĈǗA! Ƹɀ Eq. 40 ˥ʀɉʚǝ,c, ̽ɀ Schrödinger Ʊɱ˥

ʀɉʚǝ,d, ̽ɀ Dirac Ʊɱ˥ʀɉʚǝ	 

ąà Fig. 4 ſɦEq. 40 ãĄ̂ɉ�ĈǗA[ ]�Š�ɉȉ

�VƸƂƪàg(Fig. 4a)Ï Schrödinger ƱɱŠ�ɉʚǝ(Fig. 4c)}&ȄǊĶ�(Ȋ�

!ƱX˹ƺ͌ͪǑˀ˧˭ɉƾȉ�ƫɉǮʮ͡ǮɉŀƱ)	ã Fig. 5 ��

ÃƸ�ɉȉ�ǮƂƪǡ{ĶʚǝǇ˷ʖäƚ̥+̠�ƴĶ�ɉŵz	à�̽ ɀ

�̥�ɪƱȈͧȐɉ Gaussian ȉ�ãǺ�Ƹ�ɉ̒ŉ̻}&ĐòÂã�̄	

̡̠̿�Ǵͯ˯ǑƭſʜƱɱã́͂ęňǚsɰˍɉ¡í(ą¬ĉǤøɂĉ�

Ĺ¡í、�ʬˎ¬ĉǤɂåɉŘÐ)ğ̞K! Schrödinger Ʊɱ(ʻġãõȽ

Gaussianȉ�̠�͌ͪ�)̠ ��ƭ 3.3.5.1ˀͧȐɉʚǝ�ʼ	ãSupplementary 

Information % Part 6 �Ǒƭ̡�Ǵͯ˯+ã¬ĉǤɂåċãƸSɀ�ƭ Eq. 

χ1(x,0) = χ2(x,0) =
2
2
e−2x

2

e−2x
2

M0(x,0) = 10
−13e−2x

2

× 1013

M0(x,0) = e
−2x2

M0(x,0) = 10
−13e−2x

2
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72 Ïŕ� ȉ�ƫûĠ ɉ(ɭJ˥ɉ�ĈǗA˥ʀŠ�ɉ Gaussian ȉ�V

ƸƂƪàgsVȪ�̽ɀ Schrödinger ƱɱŠ�ɉʚǝîǑ�ʼ	 

 
Figure 5 | �ÃƸ͍ȧ(t = 0.0, 0.2, 0.4, 0.6 eV–1)ɀ×ɪƱȈ[Eq. 401: �ĈǗA!

; Eq. 402: �ĈǗA! ]ãʺȪ¦M��ͧȐ

ɉ Gaussian ȉ� (ȉ�ƫǮ)VƸƂƪ̇�à	 

ąǝ�ĈǗA�ȉ�ƫɉǮŞû[ą ]ȉ�àgH(ã t = 0.3 

eV–1 ̞͒)�Ȼƺƿɉ~̄Žʅĉ(MʨŽƱÆ)ɦ ͞(Fig. 4b)	Ɂ/ʺ̎ʱ͞

Ɂ Eq. 40 Š�ɉàgã x ̔ƱÆǇ͖̠< Fig. 5 ���Ƹ�ɉ Gaussian ȉ�

Ǯɉǡ{Ķʚǝ¾?ǇțǬäɓ��Ŗ t ��! 0.2�0.4 Ï 0.6 eV–1 Ƹɀ Eq. 

40 ã�ĈǗA �ͧȐɉǡ{Ķs��! 0.61�0.83 Ï 1.08,ʮɀ

Schrödinger Ʊɱ�! 0.64�0.94 Ï 1.30	ã̠ǣɉ�ĈǗA�Eq. 40 ͧȐɉƂ

ƪ̯ňłȄǊ Schrödinger ƱɱͧȐɉťFig. 4b �"İ̤̤�ʳȓƪ̠ǇƘ

̞ Dirac Ʊɱ(Fig. 4d)ƚ̥ɉŵŗ	̠ ̿ƙȐs"˜ƾɁȉ�ʺ̎ŏ�ĝʼ	ã

t = 1 eV–1 ?ÅFig. 4d �ɉ"İŌĈ�˚!��İ(Ǉƺƿɉ�˚ŵz˞

Supplementary Information % Part 7 � �ʊƫ! 1.4 ɉŵŗ),Dirac Ʊɱƚ̥

ɉŵŗ�ã t = 0.5 eV–1 ?Å�Ȼ�̀ɉ�˚("İ�˚Ż��ǰİƘɖǺ�

ǰİ��°�˚!��ǇĠɉİ)	̠̿˦!˶Ȼ˽! Dirac ƱɱǏʬˎȉ�

ʺ̎ŏ��ěɔĕʚǝ\ǲ̜ňĝʼ	Fig. 5 ��ÃƸ�ɉǡ{Ķʚǝ)¨˯+

̠�ȧ	 

¼ø!+˷ʖɞɳ�ĈǮûĠěȉ�ƂƪɉŘÐ̠̟̿ěǻ+! Eq. 40

ψ 1

M0(x,0) = 10
−13e−2x

2

M0(x,0) = e
−2x2

e−2x
2

M0(x,0) = e
−2x2

M0(x,0) = e
−2x2

e−2x
2
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̂,�Ãɉ�ĈǗA( , ,  and )Åàgr͉̺M(x 

= 0 õȉ�ǮɉVƸ̇�ÏǮǉû_õȉ�)ɉŗȴ(ȁˣ̜ɱɉ˷ʖ

Mathematica =ɝ˞ Supplementary Information % Part 9 � Fig. 6 ɉʛ�̜ɱ)

ʚǝą Fig. 6 ſɦ	<à�¾?ɓ�ŖƑȫ�ĈǮ<Ġ�ûVǰ̂,�Ãɉ�

ĈǗAƸEq. 40 ͧȐɉȉ�Ƃƪàg(x = 0 õ)<ǉ�� Schrödinger Ʊɱ�

ʼ̫Ȝbɯ�ã 0.3 eV–1 ̞͒̇Æ/ʟʠÚʱ(àg̫Ȝ̄͘)Fig. 6a ：ɦ

+̠�̇�	ł�Fig. 6b ʛ�+ãǉͱȧƸ�ɉȉ�ŗȴ(ě/�ĈǗA!

Ï ɉo˼ȉŗ(t = 0ʻ 1.5 eV–1)?²�Dirac

Ʊɱɉʚǝěǻ˞ Supplementary Information % Part 7)	<à�¾?ɓ�͙ɖ

�ĈǮɉ̫Ȝñû̠ �ȉ�ãǉ�ɉ�ǸƸ (͍t = 0 ʻ 0.5 eV–1)H̫ȜƤʦ

ãǮ̚�ǉû_Ƹɉȉŗ)̫Ȝ¸Š̆ǘ͖̆į(ƙȐ)ȜȜ̞͢ȡ̈ Eq. 43

ǗAɉ�ƫ	<̠�̇�̟¾?ɓ�Ŗȉ�(ɽB)́͂ęň̫ȜñûƸȉ

�ɉ；|̯ň)̆ǘ̆ź	 

 

Figure 6 | ãʺȪ¦M��ě Gaussian ȉ� ̂,�Ãɉ�ĈǗA M0 = 

(10, 1.0, 1.2, 1.4) ÅˣŠɉȉ�(ȉ�ƫǮ)ŗȴěǻà	a, Gaussian ȉ�

ã x = 0 õ(ĕʔ)ŽǮǉûõ(Ãʿˏʔ)͙Ƹ͍¸ ̇�,b, Gaussian ȉ�

ǮǉûƸ�ɉȉŗ	àT�ɉƫĊ©! �ͣɉʊƫ=：�Ãɉ�ĈǗ

A	!ƱXěǻŗȴãà�ğǺɪʚǝ� t = 0 eV–1 õɉ�ĈǮ̡˒+ŕ� 

õȽ	 

3.5 ěƱɱȚ�ø�å 

Ƚ˭�˫Ǌ+ Eq. 40 ƚ̥ɉƬ�Oʊɉʅĉ̝�ˠşĸîǑj�̋ ȪɃ

�ſǊRɀ�ÏȻ˽ɉ6ȿ̻ƾʅĉŃ$Ƃƪ̝�ĝʼ	ȪʮãõȽĕ͓͌ͪ

Ƹ!|Ġ˥ʀ͂ɽʬˎŚŚ9ʬĚǠĪ̺̜ɱ	Ùʮě Eq. 40 Ț�ø�å

Ǌsĕ͓Ť˜ū	 

ě/7ʄɏ�ĸµȻɉʺȪɃɉ×ûRɀ�3.7 ˀğƙȐsRɀĕ́	Ɂ

10−13e−2x
2

e−2x
2 1.2e−2x

2

1.4e−2x
2

M0(x,0) = 1.2e
−2x2 M0(x,0) = 1.4e

−2x2

e−2x
2

e−2x
2

e−2x
2
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/Ŕɑ1Rɀ�¾ɓR¦ȧě¦ȧɉʶ͂RɀȄǊŤ˜̽ɀø�åŗŎÙʮ

ɐƘɀ Eq. 40 õȽǻ̕ėƻ̠̿�ʬˎ̠ɪRɀ�	�ͣ½ʬˎãŏ��ɂɥ

�Ïœɑ1Rɀ�å�ɉŵŗ	̓ /ŏ�ÏsčRɀ�(ɂɥ�Ïœɑ1Rɀ�

ɽ)tǊ�Ãɉ：ȻŗŎ(ąŏ�Rɀ��ÉƮ�ɽ)?²Ǒƭěŏ�ɉȽˣ

̠̿˦!ø�åŅ�!�ɪŵŗ��ɪƾŏ�å¼�ɪƾsč�ʶå	ŏ�å

ƾɁ͙Ǔ̝�ɉŢĠʅĉãƸɵɽǭȹ�ĹƸ6ȿɉĪ̺ʵǁɆęSŠŗŻɉ

͙Ǔ̝�ɉǇû́͂ʐ�ʅĉ(Žʺ̎)ɉƸɵǭȹ_ãɵ͍ÁÆ�ȻĶ�ĝʼ

ƾ��?Mʨʱ͞§G�ɉʞ˥ČƩŅ,sčå�ƾɁ/Ǉû́͂ʐ�ʅĉ(Ž

ʺ̎)˙ʺƳåŔ��̯̝�(Žƥ¸ƱÆ)ĝʼƾ��?̯ňƱÆʱ͞§G

�ɉʞ˥ČƩŅ	ě/ŏ�å�̯ƩŅ�！¾?ŧɅ,ě/sč�ʶåŏ�

ƩŅ�！¾?ŧɅ	�̡ͣ˒˷ʖ͎̥� 

ͮk͎̥̕û́͂ʐ�ʅĉ͙ǓʺƳɉ6ȿ¬Ƚ	ɵ͍�͙Ǔ̝�ɉʅĉ

ąǝ�ʬˎɑě˭ƩŅ(̝�ʅĉɉʞ˥ČƩŅ)ãɵ͍ɉÚʱȴz¾ɓRǋ

<�̥ Poisson �Ĺ Eq. 20̠̿ɞɳs�Ǡ��Ɍĉ(Žƫ�ɑ̹Ɍĉ)�ɉ

ʅĉʱ͞O(aˮ̠Úʱ͞O!ȼȴ��ċãÙ!ɑě˭ƩŅʮĝʼɉÚʱ)	

ŖʅĉOɭ̈úĠ�Æ͂ęňĶ̈úġƸ!ǳʄŵŗ	ãʅĉ́͂ʐ�ɢĔƸ

ʬĚɉOʊ̆Ţ˟(̠�Ţ˟ƾɑěɉ)̆Ƙ̞˶ŵŗ	�Ĕƫɏã�ʡɵ͍

�̝�ɉ̯ňûĠɑɽʮƱÆ͙ǓɉʅĉÚʱã�̄ƸãǠ��ŤȪǊɑŅɉ

̝��͂ěŭÓţ6ȿˢ̯ň�Ĺ!ɢĔɉʺƳƩŅ	!+˹ƺ̠�̠͌ͪ

̿VȪğɽ̯͙Ǔ̝�ɉʅĉɓRǮɑɽɉ͙ǓÆ͂�ą��ǴõȽ�ͮk

ȁ¦�͙ǓÆ͂ěŭÓţ6ȿɉˢ̯ňûĠɉ�Ĺ͌ͪ,ȪÅwƙŃ��Ĕ

ƫɏɉÆ͂ŭOěśţ6ȿɉˢ̯ňûĠɉ�Ĺ͌ͪ	�

ͮk�ǜã��¦Mȼͣ S �æ��ĹɉɽǮ͙ǓÆ (͂ȼ͙ͣǓȧɉʔ

̯ň)VS ěȼţ6ȿɉ͙Ǔˢ̯ňûĠ ɉ�Ĺ	VS ěȼţɉ͙Ǔˢ̯ň

ɉ̀ȸãɵ͍Á�ƱÆ�̻Ǌ¾ʶąPğù�̑�̀ȸº���̄：ɦŭOɉ

̑��̠̿ȊŸ�ȼͣȧɉʔ̯ň Ïsſõɉ¦Mȼͣ S ɉ¤Ŝ r ɉÆ͂ɭ

¾?ƱXä͎̠̾�º�Ž¦�͙ǓÆ͂ěˢ̯ň̀ȸɉ�Ĺ(̠̿ 	

ąǝ �¶ ©Šʔ̯ň ěˢ̯ň ɉ̀ȸ)©�

   (53) 

�̥͌ͪ¾?�ˣ!��ɑ1ȵɷɉǴͰõȽ�ɼ�ǴɢĔɵ͍¦MÆ͂

ΩS ΩS

vS

ωS r = 1

r ≠ 1
ωS

r
vS ωS

ωS = r × vS
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r ɉƱÆ�)ħƾɢĔÆ͂ r ɉʗȧã¦Mȼͣ S �ɉMʨ	̠�MʨãƬ�ȼ

ͣ S �æ��Ĺɀ͙ǓÆ͂ R ：ɦ,ɼ.ǴɢĔã˶Mʨ�ȧɉʔ̯ňÆ

͂ ɉƱÆ̠�ƱÆ)ãƬ�ɵ͍æ��Ĺɀ͙ǓÆ͂ VS ：ɦ	aˮã r

ɉǐɺ(©ȼͣ S �ɺ)Ǌ��¤Ŝ! ɉȼͣ 	̸#͙ǓÆ͂ VSɽB/

ȼͣ �æ��ĹɉȧÏȼţ̣ʔŗŻɉÆ͂	ȊŸ�±(ɉĔ$Ï Ŗ

Ǻ� rɉƱÆɢĔƸ ɽB/ȼͣ �æ��ĹɉȧȆÏ rŀ˒ɉƱÆ

ƽĞ���̜ ȼţ�êɐ/ r ɉ�áɎ �Å� ɉȼţɑ̣Š�ɉÆ͂

ûĠ˪! �Fig. 7 	�

�

Figure 7 | Æ͂ ɉ6ȿƱŎɦŸà�

Ŗ͙ǓÆ͂R¸ ƸɑŖ/ļ��̥¦MȼͣS�ɉ�áɎ �̝̄�	

Ù!��æ��Ĺɉº�̟ƾæ��ĹƿȪ͙ǓÆ͂ ɉʚǝ¾?ɓR

͙ǓÆ͂ ãƬ�ɵ͍�ɉæ��Ĺ	ȁ�áɎ �͙ǓÆ͂ûĠ ɉ�Ĺ

ȴzw˨sƱÆãɵ͍æ��Ĺ©¾ȁŠ͙ǓÆ͂ VS ̀ȸ� S ɉȼţ6ȿ

ɉˢ̯ňûĠ ɉ�Ĺ	�

ˮ͙Ǔ¸͂ N1~N (0, 1), N2~N (0, 1), N3~N (0, 1)ɑ1ȵɷ�¦M͙ǓÆ͂

Rèǡ�ɉ��ɽBèǡ X ©! 19,20�

   (54) 

sǭȹęň!�

   (55) 

ě ŋɷ�ʡ Cartesian ɐˢèǡʊaˮ�̥áɎ êɐ/ z ̔�͙Ǔ¸͂

vS
vS ′S

′S r = 1

r × vS ′S

′S ′D ′S

′ω

′ω

′D

R ×VS
′Ω ′D ′Ω

ΩS

X =
N1

N1
2 + N2

2 + N3
2

fX (x) =
1
2
, −1< x <1,

0, otherwise.

⎧

⎨
⎪

⎩
⎪

′S ′D
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Q~U(–1, 1), H~U(–p, p)�̸#ȼͣ �æ��Ĺɉ͙ǓȧƉŘ�áɎ �Š

�ɉ͙ǓÆ͂ ɉèǡ! � , Z = 0, 

ʮsǮ¾：ɦ! 

   (56) 

Ùʮ ɉǭȹęň!�

   (57) 

ȊŸ�͙Ǔ¸͂ ɉ�Ĺ©!ã R ļ�� ãɵ͍�͙Ǔ̝�6ȿɉ͙Ǔ�

Ĺ	Ùʮ¶͙Ǔ¸͂ɉ(ɭ ()©˙¦M͙ǓÆ͂ R RɀÅɉ

)©¾ȁŠ͙ǓÆ͂ VSěˢ̯ň ɉ¦�ɽBèǡ X ̀ȸɉǭȹęň!�

   (58) 

ě/ȼͣ S ÝŻɉƬ�¦Mȼvæ��Ĺɉ͙ǓÆ͂ VB ěˢ̯ň ɉ̀

ȸ̟H˙˶Æ͂̄Ĉȧſõɉȼv¤Ŝ rɉûĠ r ɉ^ƫ_ Ʀû	ÙʮƑ

ȫą�ƱŎ˥ʀ VBě s���ɽBèǡ ɉ̀ȸ��

   (59) 

<ʮŠ�ưɉǭȹęň!�

   (60) 

′S ′D

′Ω X = c ⋅sincos−1Θ ⋅cosΗ Y = c ⋅sincos−1Θ ⋅cosΗ

′Ω = X 2 +Y 2 + Z 2 = c ⋅ 1−Θ 2

′Ω

′ω (x) =
x

c ⋅ c2 − x2
, 0 < x < c,

0, otherwise.

⎧

⎨
⎪

⎩
⎪

ΩS ′Ω

FX (x) ⋅ ′Ω (x)

′Ω ΩS

ωS,X (x) =

1
2c
sin−1

x
c
+ π
4c
, −c < x < 0,

1
2c
cos−1

x
c
, 0 ≤ x < c,

0, otherwise.

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

ΩB

1
r

ΩB ΩB,X

ΩB,X (x,r) =
1
r
⋅ΩS,X (x)

ωB,X (x,r) =

1
2c
rsin−1

r x
c
+ π r
4c
, − c

r
< x < 0,

1
2c
rcos−1

r x
c
, 0 ≤ x < c

r
,

0, otherwise.

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪
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̡ʮȁŠ VB ě s���ɽBèǡ̀ȸɉ�Ĺ�ƫ łğsãƬ�

¦Mȼvɭ��

   (61) 

�̥ Eq. 61 ƚ̥ɉƾʅĉæ��Ĺ/ȼvɵ͍ɉŵŗ˂ʅĉË Eq. 43 ſƚ̥

ɉ(�Ƃƪ)ŗȴ�Ĺ�Ņ̞KƑȫ˶ęň�ƫ̡˒ɭ�L̠�ˣǜ�ƫɏ

�ĤƴȈˇ¶	©X½ʬˎæ��Ĺɉŵŗ)�ŘÐÅʠ͌ͪɉ˧˭	ě/ Eq. 

43 ſƚ̥ɉŵŗs!ʅĉęňȆŜÆË�æ��Ĺɉȼȴʅĉʪ¾?ƙȐ

sVȪƾÉǊ̑�ƩŅɉʄKŵz(-ĕ�ě/Ǻ��ȼͣī̻¾6ȿ��

ǮûĠÏƱÆ͙ǓɉʺƳÆ͂ǥƓ�ţǚ͕ĔȽ̠ 2Æ͂���̄ɉǮŤȪ

ǋ<Ǡ�¯ƫɢĔɉ Maxwell �Ĺ)	ğ�̥ Eq. 61 ě x ȁĝłŕ� ÅŠ�

Ƭ�¦Mȼv͙ǓÆ͂ VBěˢ̯ň ɉ��ɽBèǡ X ̀ȸɉǭȹęň!�

   (62) 

ã Eq. 62 � 	̠ƾ͙ǓÆ͂ VBã¦Mȼ

ͣ S v(�Ǝ S)ɉŵz	�

�̡ͣ�ǴƙŃğsƂĭ�ȼɉ¤ŜƾCŸ_ R ɉŵz	Ŗȼɉ¤ŜûĠ

! R Ƹ©Ǻ�� R ̻Hğ�̥ŵŗʦƦ! 	̠ ǣ͙ ǓÆ͂ Věˢ̯

ň ɉ¦�ɽBèǡ X ̀ȸɉǭȹęň!�

ΩB ΩB,X (r)

4π r 2 ⋅ΩB,X (r)0

1

∫ dr

ΩB

ωB,X (x) =

9πc3

128x4
, x > c∨ x ≤ −c,

3 8x4sin−1
x
c
+ 4π x4 +U1

⎛
⎝⎜

⎞
⎠⎟

64cx4
, −c < x < 0,

3 8x4cos−1
x
c
−U1

⎛
⎝⎜

⎞
⎠⎟

64cx4
, 0 < x ≤ c,

0, otherwise.

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

U1 = x (2x
2 + 3c2 ) c2 − x2 − 3c4 sin−1 x

c

ΩB,X (x)
R

Ω
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   (63) 

ã Eq. 63 � �sǡ{Ķ! 	ą

ǝ¶ R = 3, c = 1¾ğ�̥ˢ̯ňǭȹęň Eq. 63 ʛàą��Fig. 8 �

�

Figure 8 | R = 3, c = 1 Ƹ͙ǓÆ͂ Věˢ̯ň ɉ¦�ɽBèǡ �Ĺɉ̀

ȸ�

ÙʮŖ k �ȵɷÃ�Ĺɉ͙ǓÆ͂ Vãɵ͍͙Ǔ̝�ƸǥƓ�ţǚ͕Ĕ

Ƚč@Úʱ��̄Åɑě/śţɉoO�͂6ȿɉŀæˢ̯ňûĠ ǋ

<¯ƫƾ ɉ Maxwell �Ĺ	!+ͯ˯̠�ʚ˭̠̿¶ k = 103, R = 3, c = 

100ğsÏÃ¯ƫɉǣǑƫ! 106 ɉǮƋʚǝRěǻʚǝą Fig. 9 ſɦ(ǮƋ

ʚǝɉ˷ʖ̝R̜ɱ˞ Supplementary Information% Part 9� Fig. 9ɉʛ�̜ɱ)	

<à�¾?ɓ�Ǒƭƙĝɉˣǜ：̚ŎÏǮƋ_ɻÂŠŞĄ	 

ω X (x) =

9πc3

128R3x4
, x > c

R
∨ x ≤ − c

R
,

3 8R4 x4sin−1
Rx
c

+ 4π R4 x4 +U2

⎛
⎝⎜

⎞
⎠⎟

64cR3x4
, − c

R
< x < 0,

3 8R4x4 cos−1
Rx
c

−U2

⎛
⎝⎜

⎞
⎠⎟

64cR3x4
, 0 < x ≤ c

R
,

0, otherwise.

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

U2 = Rx(2R
2 x2 + 3c2 ) c2 − R2x2 − 3c4 sin−1 Rx

c
6c
3R

Ω ΩX

Ω

6c
3R k



 39 

�

Figure 9 | R = 3 Ƹ103 �Ǯ! 100 ɉ͙ǓÆ͂Úʱ��̄ƸŗŻɉˢ̯ňûĠ

ɉ�Ĺ(Ƚ˭_ÏǮƋ_)�

�̥˥ʀ̜ɱɉ˷ʖ Mathematica =ɝ˞ Supplementary Information % Part 

8	ʻǳǑƭ˯ƺ+ɵ͍͙Ǔ̝�ʅĉʱ͞Å6ȿɉʱ͞O(©XȄʱ͞))

̻ċãŽùŽġɉ̑��͂sˢ̯ňûĠǋ<¯ƫɢĔɉ Maxwell �Ĺ	ąǝ

w��̝�ʅĉɉʞ˥ČƩŅěÚʱÏƳ̑ɉ��Rɀ̋ ƳXÃʱ͞�ǣƾ

̠��Ƀɉǀ̴ˠş	�

̠̿˦!7@ʶŹ·�ɉǠ�ƱÆ�ɉ�̯ňĕ́ħƾɏǡ¡ívɉŢĠ

ʅĉǍ˶ƱÆɉŀæ̝�̯ňɉVƸ¸ ȹ(ąǝ9ƾŀæ̝�̯ň3.3.2 ȶ

$ɑě˭ƩŅ�ˀĸ˯ƺɏǡě˽HŗŻ�%�ȴŨƴȲȽˠşĶ�ɉŶūʊ

ǳƸɏǡě˽ğ�þ�̯Ź)	ŏ��̯ňɉĕ́ƾɁ/̝�ʅĉɉʞ˥ČƩŅ

6ȿɉÆ͂ęňNõɉŢĠʅĉÆÆ͂ęňͱõɉŀæ̝�̯ňɉVƸ¸ ȹ

(TąŖ��ɻÂ Eq. 43 ǗAɉʅĉʱ͞Oõ/ŏ�å�Ƹs�ɉʅĉ˙ę

ň̕ͱɉŏ�åʅĉǈƒʮĝʼ˶ʱ͞O¸ŗÃƸĝʼŗŻ˶ʱ͞OɉʅĉÆ

Nęň¡̝�'�ʮÆͱęň¡̝�̇�Ŕȩ),sčʄë�̯ňɉĕ́ƾãŢ

ĠʅĉſʕŻ(ſõ)ɉ(̝�)¯ʬʊ�ñ�+Æsɑ´ƱÆɉŀæ̝�̯ň

ɉVƸ¸ ȹ	<Ǒ́�˫̠2�Žʭ�ɉ6ȿ¬Ùƾ�ʼɉL°Į/�Ã

ɉʄë	�

ě/�̯áÌ̝�s�̯ňƱÆÏ̯ňƱÆêɐ�̯ň6ȿ¬ȽÃ�

½ƾŗŎǻ̕ȳǷ	Ŗʅĉɉ��ȼȴʱ͞¡í6ȿʺƳ(¾̞KȽˣ!�̯á

Ì̝�)ƸŧɅtOʅĉɉ˒!ŭOǘɓs�Ȳ́�ƯƳ̑�ǊƏʠɉÆ

ţŏ�S̝�ƱÆ�Ưƥ¸	ąǝȄǊʺƳƸ¾ŗŻɻÂ Eq. 43 ʏǖɉǠ�ʅ

ĉ S,͙ɖƳ̑ɉ��͟˜ǇŔɉÆţ�ǘʡƏ�̯ň	̠Ƹ SŤȪ̭̜ƥ¸

Ω
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%�ɉŗȴ)©̭̜̞͢Ƴ̑�ţõɉȉ�ƫǮ_ ¸ûwǰȡ̈ Eq. 43 ɉ

ʏǖ(Ž<¼��ˢňɓ˂ S̙ʤ¡íɑÃMʨǺȧõȉ�ƫǮ ¸û͢

̞�ţõ �͟ǇûƁʶȡ̈ Eq. 43 ʏǖ)	 Ǉû�9¾?：Ȼ!ʅĉȑ

ň̕û)¾?：Ȼ!ʅĉ̯ň̕ť	̠ ̿½ʬĚʅĉ̯ň̕ťĝʼ ¸ûɉ

ŵŗʅĉ̯ňãƳ̑�ţõǇťɉŵŗǊą Fig. 10a–d ſɦɉ×ɪŵz	�

 
Figure 10 | ɻÂ Eq. 43 ʏǖɉãƳ̑�ţõʅĉ̯ň̕ťɉ×ɪ¾ʶŵŗ�

¼�Ʊͣąǝ S�Ƴ̑sȆŜÆÆø̱�ɉŢĠʅĉ͂ƾ�Ĕ_(s� SÊ

ŏɉŢĠʅĉ͂̚�ŀ˔),͙ɖƳ̑ɉ��Ƒȫ�̥ě�̯ňɉ�ǜ¾ʶ

ǊǇùŢĠʅĉȆŜÆ̱�)¾ʶ}&ȄǊʅĉ̱�	ʬˎ�ʅĉʪɉŏ�Rɀ

Ḯ͂ɲĔȳū(îǑɻÂ Eq. 43)ąǝǊ̺�ʅĉ̱�ǳƸƬ�ʅĉʪƿ

Ȫƾ͟˜˕ʜɉ̠ �˕ʜ½ǊÏƳ̑ŀͣɑêɐɉ̔Æ¾?ƛU	̠ ħĝʼ̠

�ʺƳ̔ƱÆěʅĉŅõ/ÊnȴŨ(Ɩ͗Ɣ Fig. 10c ɉ¾ʶ)ǳƸʅĉʪǇ

`Æõ/ Fig. 10d ɉȴŨ,ʮ}&ȄǊʅĉ̱�ƸʅĉʪǇ`Æõ/ Fig. 10a

Ï Fig. 10b ɉȴŨ�ͣ½ʬĚ̠ɪŵŗ	/ƾʺƳɉʚǝHãs̔ÆÏŜÆ

ÃƸ6ȿʅĉ̝�̯ňƱÆʱ͞å(̔ÆĦ!�ȩ)<ʮĝʼ��̖ĞʺƳ̔

6ȿ(̠ʄK/ý͐ͬɉŗŻǓ� 21)	̠ ǣɉ�ʊ�ʺƳʅĉʪʱ͞��̄Ƹ

ąǝ̖Ğ̔¥Ã�ʼXH6ȿƺƿɉ̯ňƱÆʱ͞å�ʄK͆Ǘ˙�6ȿɥū

¬Ƚ 	ʮ�č@ʱ͞��̄ŗŻɉ�Ã́͂ʐ�ʅĉ(Ǉûʅĉʪ)HŗŻ

�ÃŔňɉ̯ňƱÆʱ͞å	̠ ̿˦!̠ ʄ̯ňƱÆʱ͞å©!sč�ʶå(ɂ

ɥåŽœɑ1Rɀå)	ŖʬˎʺƳʱ͞ʅĉʪ�ɉǠ��ʅĉƸ¾ʶHµȻ

ʄKőȽ˭�ɉő�ső͊Ņ˶)¾?˥ʀ(̠̿�Șnɞɳ̠�͌ͪ)	Ƒ

ȫ̠ɪƱŎ6ȿɉsč�ʶå½ƥ¸+ɵ͍�ʅĉɉʱ͞ȴŨ(�Ǝ̯ňƱÆɉ

M

M

M M

M
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ʱ͞)ʮł�ʶƥ¸ʅĉ¬�ɉ̯ňÙʺƳ5!ʺµŗŻ�õ/ʵǁå�̠

ɪ̯ňƱÆʱ͞)H·�ʵǁåɉ͕�ʮ̶šʞ˥Čˠş	�

̠̿˦!ŏ��ʶĝʼʱ͞O̝�̯ňƥ¸ɉ¬Ù!ŏ�å�ɉ̝�ʅĉ

ƛUɉMʨʱ͞§G�ɉʞ˥ČƩŅɉɭʍ,sč�ʶĝʼʱ͞O̝�̯ňƥ¸

ɉ¬Ù!sč�å�ɉ̝�ʅĉƛUɉ̝�ʅĉ̯ňƱÆʱ͞§G�ɉʞ˥Č

ƩŅɉɭʍ	ŏ�å̭̜ʕŻɏǡě˽ɉʅĉ(˙s�ǊMʨʱ͞ƩŅɉʅĉǈ

ƒÅ)Mʨ̫Ǵʱ͞ĝʼ�ŀ˔ɉƂƪ̇�YS̯ň�ƯɭʍʮĕȻ̠��̯

̜ɱ,sčø�å�̭̜ɏǡě˽ʅĉ�Ư˙s�ļǊ̯ňʱ͞ƩŅɉʅĉǈƒ

YS˶ƩŅ̫Ȝɭʍ<ʮĕȻ�̯	̠ǣɉ̜ɱãǉ�½ʶŗŻ̇�)ħƾ

ſ˻ɉ��ƷȆ̇�ʔ̝�XĕȻ̇�ɉɭʍ	ã̠2�ʶå�̸2̶šʞ

˥ČˠşɉŗŻ�ʶåɉʅĉÏõ/s�ɉɏǡě˽ʅĉ�̄Hʟʠ̶šʞ˥

ČƩŅ(ɻÂ Eq. 40 ſƚ̥ɉŃ$Ƃƪ)Ŗ¦ȵʬĚs�ɉɏǡě˽ʅĉƸ

�H�ȻMʨŽ̯ňƱÆ�Ưʱ͞ɉȻ˽	̠ �Ȼ˽：Ȼ!ɏǡě˽ʅĉ�ʶñ

�	3.7 ˀĸƙȐ+ʕŻɂĉǹOɉʅĉʚǛ̠̿˦!sčø�å(ɂɥå�

œɑ1Rɀå)�̻ÉǊʄKʚǛ	sčø�åɉċãĝʼ̠ɪʚǛʅĉ�ʶ

ñ�,ʮŏ�åɉċã�ĝʼ¦MOɭvʅĉʱ͞ŏ̄ɉ�ʶñ�	̠ǣƬ

�ɏǡě˽ʅĉ�ɉʝû̺�́͂(Ƒȫ 3.3.5.2 �Ƃƪʅĉʪɉ˟ȧ)̻¾?

˙ø��ʶå�̯	ɏǡȉ�ƫɉɖɕȧ�！ǻʕŻɂĉǹOɉʅĉʚǛĠŠù

ȉ�ƫſãȧ�！̻õ/̠2̕ûʅĉ%�ʮãŏ�å�¾ɽƩɓŝ	Ǡȧõ

ãø�åRɀ%�6ȿɉȉ�ƫǻø�åRɀÅ6ȿɉȉ�ƫĠŠù(ąǝø�

åąŏ�åĝʼɉȉ�ƫ̕Ġ�¾ŧɅŽ�ɏǡě˽�ÃʬĚ)˶õɉ

ȉ�ƫº�Å¾̞KɓR9：ś+̠2̕ûʅĉ˙�̯Åɉ̯ň	 

Ùʮsčø�åěǠȧõɑěÆ͂Ïęň M VƸ¸ ȹɉ̀ȸ：Ȼ!�

�¾º�ɉ̺�	�ƱͣÙ!̠�(ƴɴĠ)Ţ¡íɉƂƪ̺�;õ/ʵǁå�

ƴ˭�̯Rɀũ#ŘÐ·ŘÐÅÆ͂ɉƂƪƩŅÏǏ·�̯ŘÐƸʺµŗŻɉ

Æ͂ƴ¡�VȪ̶šɑÃɉŃ$Ƃƪˠş,¼�Ʊͣ©：Ȼ!˶(ƴɴĠ)Ţ

¡í˙�̯å�Ư�nɉ̯ňƱÆʱ͞ƩŅ͟˜ȡ̈ŀæ�ʶƥ¸̺�ɉ͂

ƱÆ©̞K!˶ȧõ M ɉƱÆ̠ƾƂƪRɀƴȈƥ¸ɉ�ͫøɉ M VƸ¸

 ȹ	̠ ��Æ͂ɉqÃRɀyĔ+ãǠȧõɑěÆ͂ÏęňɉVƸ¸ ȹ!̠

�ͤ%Ï	ě/sč�ʶåĝʼɉͫøɉ M VƸ¸ ȹ̠̿ɉ�ʶå©¾Ƚ

ˣ!ʅĉñ�ɉͫøɉƂƪʊƫ(Ù!ƂƪʊƫÏ̯ňɉŀƱǊrʮ̠�sč

�ʶåƥ¸ɉħƾʅĉʪɉ̝�̯ň	Tąãŏ�å� Ƃƪ
GM
r
m = 1

2
mv2
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ʊƫ s� t1 = 1 s)	¼øɢĔ̕û¦ǚʅĉ�ʶ)�͟˜ʬˎɑě

˭ƩŅ̠ ƾÙ!ƴ˭ƾÈ�Ȼɑě˭ƩŅ ̻ƾ��Ĕ_̠ �Ĕ_¶y

/ʅĉſõɉ�ʶ	ƒ�ˢňɓÙ!Ǡ�ƵŻǇû́͂ʐ�ʅĉɉ�ʶ9Ïč

ſõɉMʨɑrſ?ƴ˭čɉ̝�ȴŨũǣƾÈ·�ȶ$ɑě˭ƩŅŘÐ

�ʶ̻�Hƥ¸,ʮ�ƵŻʅĉŤȪŐƪãƬ�å�̝�Ùʮʅĉ�ʶɉƥ

¸ŤȪĝʼʅĉ�ʶɑŅƥ¸	ě/ø�å�̠ɪͫøɉƂƪ˒!ã Fig. 1a �

¾?ɓR A õ!��ɢĔɉȉ�ƫ MB õȉ�ƫ! 0	ğ A�B �õɓR�

�ȧȁ.͑ĝ)ŠÃǣɉȉ�ƫ_(M)	Ùʮɏ�ɉȉ�ƫ_<ƫ_�Ï

.͑ĝ_ƾ�ʼɉ	ʮɑěŅɉƂƪʊƫ<ƫ_�)Ïɏ�ɉʊƫ_ƾ�ʼɉ	

Ùʮƴ˭č@ɉ͂ʒƾ8#̻�ŘÐěƫ_ɉʬĚ	̓/ M !ŀͣÆ͂

ƱÆŅ� êɐ	Ùʮsč�ʶ E R!ƂƪʊƫãǠȧõÏ M ɉ(ɭ©

ÏŢ˟Æ͂ɉƂƪ̯ȹƥ¸ùġŻǲǻ̠�ǻT：̚ŎɉtOŗŎĸɁ

Schrödinger Ʊɱͯ˯̜©! 

  (64) 

ʢ�ÉǊø�åɉƚ̥ɑě�͂(Æ͂)Ń$Ƃƪ˒!ɉƱɱ¾?：ɦ!

ą�ŗŎ� 

   (65) 

̠̿wǰŔ˺Eq. 65 ł�ƾ��ǉʗƱǨč½ƾãǠ2ŵŗ�!|ġ˥

ʀ͂ʮ̽¶ɉć¥ƱǨ	ąǝƬ�ĎēħƾǑƭſŋɷɉȲȽǮëłʬˎ�×

ûRɀ�ɉǑ́¬Ù(3.7 ˀɉƙȐ)Ǒƭĝ�ɉƱɱ Eq. 40 Ž Eq. 65 Ⱦʻ¾

?ɮ!ɔǲɉ�ȲȽ˭ (Theory of Everything)	Ù!sƚ̥+ʺȪɃǉîɠɉ̝

�ˠş(ąǝ�nʺƳƚ̥ÅȚ�ƱȈÃIʞƱȈ)¾?ƝɦſǊȻ˽Ïȳ

ūʵÅɉĕ́	ƑȫǑƭʅĉ�ʐɉ̲̗sĕ�Ť�ŸȚ�ʺƳƚ̥ʺƳƩ

Ņ)ƾʞ˥Č̝�ʅĉŃ$Ƃƪ˒!ĝʼÙʮʺƳ[Ű¾?̭̜ȁˣǇŃ͂

ʐ�ʅĉɉŃ$Ƃƪ˒!ˇŠ	 

3.6 ɂĉʺƳɥɜ�Ɨ 

ͮkɢĔǑƭ̲̗�ɉ�͂ʀɻ：̚Ŏ	ğ Eq. 22 ěMʨ(x, y, z)ȁ�͑

ĝ¾Š 

   (66) 

D = v
2

2
t1

ρmv
2

∂M
∂t

−i ⋅ E
!
⋅M

i ! ∂M
∂t

= − !
2Γ2

2m
e−M ΔM−T 2(M)⎡⎣ ⎤⎦ + E ⋅M

∇R(M,k)
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̓/̝�ʅĉɉʞ˥ČƩŅÁ͑ʅĉʪ�͂ɉĕ͓：Ȼł�HÏ Eq. 66 Żǲ

ǻʮƾH˙Á͑ƂƪʊƫÙĉ ��œ�Ùʮğ=：Á÷_ɉ Eq. 66 (?

ł���̄¾Š 

   (67) 

/ƾǑƭ̲̗�ɉ�͂ʀɻ©¾：ɦ!ą�ŗŎ 

   (68) 
s� !˙Rɀ͂	 

ʢÂ�ǜ Eq. 46 Ï 3.5 �? Eq. 64 !"ɉ˧˭¾?Š�ø��ʶåěŢĠ

ʅĉʪ̯ňɉŘÐ<ƫ͂�¾：ɦ!ą�ěŅrʊ 

   (69) 

s�t1 = 1 s	̠̿?ɂĉãǽ¬ĉ�ɉŵŗ!îǑ¯ʬ(?sč¬ĉ!¯ʬ¾

?Š�Ãǣɉʚ˭)ǘǛŋ：̚Ŏ	ɂĉãǽ¬ĉ�ɉŀæɂ�ʶ 

   (70) 

s� = –1.602 177 33(49) ´ 10–10 C !ɂĉɂ）, !ɔɵɂė

ȹ	 !ɂĉãǽ¬ĉ�ſõɉŀæ¤Ŝ̠ ̿̽ɀ Bohr ¤Ŝ© 	

̓/� Eq. 47 ɑÃɉȽɁ、ƸɅ® t1ÃƸğ Eq. 70 =n Eq. 69¾?Š�Ǡ�

¡í Vvʅĉʪɉŀæ̯ň ɉûĠãƫ͂�ɉ：̚Ŏ! 

   (71) 

s� !ʈʖʚǛĽƫ, !ɂĉ́͂,c !l̯	̠�ŀæ̯ň!

Vv�͙ʅĉƫƥ¸ɉĽƫ	ãɂĉŐƪ¡ívʕŻɂĉǹOɉŢĠʅĉƫ!

ğsÏ Eq. 71 �̄=n Eq. 48 ł͗?ŢĠʅĉ̯ňûĠ?²ʵǁå�ʅĉ

ƫɏęň¾ŠɂĉƬOɉɑěÆ͂ûĠŽɂĉŐƪ¡ívɉŭOȉ�ƫûĠ 

1
k

1
k

1
k
⋅∇R(M,k)⎡

⎣
⎢

⎤

⎦
⎥

k=1

∞

∑ = e−M ∇M−T 2(M)⎡⎣ ⎤⎦

p→−i !e−ϕ ∇ϕ = i !∇e−ϕ

ϕ

V
2

2
t1 = E
!

E =
eg
2

4π ε0 r

eg ε0 =
107

4π c2
F ⋅m−1

r r =
4πε0!

2

meeg
2

V

V =
2eg

2

4π ε0 r !
=α c

2me
!

α =
eg
2

4πε0!c
me

me
µ
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   (72) 

s� ̠ ƾ!+\ǲ�ÃȲȽ͂ƫ͂%͍ɉ¸ƒſ6ȿɉ͂ʒĶ

ō	?�ɢĔ+ãɂ�å�ɂĉƬOɉɽBȉ�ƫ：̚Ŏ(Eq. 72 �ŕ� ȉ�

ƫûĠ ɉ(ɭ©!̠̿ɉ�Ĉȉ�ƫ)	L̠̿łǏʬˎ́͂ęňěȉ�ƫ

ɉ̀ȸÙsɑ̕/ɂ�å̀ȸ¾?ŧɅ	 

aˮʺɁɂĉɉ Hamilton ͂¾：ɦ! 

   (73) 

s�s! Pauli ʀɻ,p!ɂĉ�͂	ãøɥå (A!ɂɚ͂�)ɉR

ɀ�H ¾ ! 

   (74) 

ąǝ A�p̻�sěƻ� 

   (75) 

ʙ̜�̥õȽɂĉ̵̐ɥɜ�øɥåɉɑ1Rɀͤ(Eq. 75 ¿Wɼ�ͤ)Ïɂ

ĉʺƳͤ(Eq. 75 ¿Wɼ.ͤ)ĸŻ��ɩ	Ƙ�ǘ¦ȵɞɳɂĉʺƳͤ	 

̓/ĕͯȐ�ɉɂĉʺƳɥɜ!øɥåě¬ĉƬOɉRɀ	ÙʮɂĉƬO

ȉ�ƫã̠̿ǚǊŸ$	̓/ 3.5 ˀɉ˧˭Eq. 72 ©!ɂĉƬOÞǊɉ��͙

Ƹ͍¸ ɉɑěȉ�ƫ	Ùʮs½ã Eq. 68 ɉʺȪƐƫͤ�Ȼʮł�· Hamilton

ʀĉÑRɀ,ãøɥå B ̕œƸsěɂĉ�͂：Ȼɉɑě˭ƩŅ)¾?ŧɅ	

Ùʮ9Ǌ ¦ȵŘÐ Eq. 68 �ɉʺȪƐƫͤ	ąǝğɂĉǹOã¬ĉǤø

ɉ�ĹɓRŀɐå�˶ȉ�ƫ½ěOʊɉĕ̺ñ͂Ǌ̀ȸ	°Ɂ/sãʺȪƐ

ƫMʨ©：Ȼʞ˥ČƩŅʮʞ˥ČƩŅƴrƴɴĠʅĉMʨÙʮ̠�ĕ

ƫȉ�ƫ¾?º���̄：ɦ(��)ƬOʅĉ/ƾ¾ɀĕƫ ：ɦ,°

Ùɂĉɉȳ�ʚǛ(˞ 3.7 ˀ�ěɂĉʚǛǮëɉȷŷ)sƂƪ̇�űĄ�ę

MA,e = !e ⋅
2αme

3
2

ρm,0 !

!e = 1m
−2 ⋅s

−1
2

ψ 1

H = (σ ⋅ p)2

2me
B = ∇× A

H =
σ ⋅ p + eg A( )⎡
⎣

⎤
⎦
2

2me

H =
p + eg A( )2
2me

+ i
2me

σ ⋅ p + eg A( )× p + eg A( )⎡
⎣

⎤
⎦

MA,e

MA,e
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ňǩňɉŶĽ：Ȼɑ´ÙʮŤ!˿ƫ ǮûĠɉ˿_ ƾǉĄ̂ɉ

̪ƍ	ƓǳEq. 75 �¿Wɼ.ͤ¾ ! 

   (76) 

ÙʮǑƭƙĝɉɂĉʺƳɥɜ：̚Ŏ! 

   (77) 

s� ¾?̭̜ Eq. 72 ˥ʀ	ąǝSɀ̕Ń͏ɵ͍ɉŀǽ͂ęň

Ƹ s� ! Bohr ɥĉ	LŖS

ɀǇû_ąäȼ̞͒ɉŀǽ͂ęň(�äȼ�ɉĕͯ_RěǻƿȪŅ˶S

ɀ̠�_L˶_ɉtOŗŎɏ�ƴȈˇ¶̠̿½ʶaˮ = 7.537 648 754 

4 ́  10–28 kg·m–3)Ƹħ¾?Š� 	Ùʮ´̜ǘ̟¾?

ǥƓäȼ̞͒ɉɂĉʺƳɥɜ´ƙ˶õɉŀǽ͂ęň	 

ĠĠɂĉʶú6ȿąǳĵûɉʺƳɥɜƾA¢��¾Ū˩ɉ-ŵ	̠ ̿ƙ

Ȑ˶Ȼ˽ŅƾčſãƬ�¬ĉ¡íɉŢĠʵǁʅĉqÃʺƳ̝�ĝʼtO̝�

ʖˀ̟̭̜͟ Eq. 40 ̡�ǴʬĚ	̠̿�wcǇȘnɉƗɳ	 

3.7 î/ǮëɉƙȐ 

ãǑƭ̲̗�Ďē�ɉͳȌ�ŅƾIʞȽ˭˦!ɉ��ǚŢĠɉ”ȧč

Ņ˶tǊ�ĔɉŽ̕ŇûɉOɭ½ƾęňɑě̕û	lĉɉ́͂õ/Ǡ�ʐ�

ÙʮƴȈ̩̱�-AˡɃ(Event Horizon)	Lł�ƾſǊȲ̻́ƴȈ̩ʷʻġ

ŏ�Rɀ¾?̩̱�ǘł˙Źɛ�(ąǝȄǊȲ́I̬̠�[ŰƿȪƾ�¾ʶ

˙Źɛ�ɉ)	ÙʮǠ2ͳȌ̿ͣŽˬ̟Ǌ¼���ɃȾʻǊęň̕ûɉȿ

ÎOŽsǛŻɉƭƺɧH	̠2ͳȌ�ɉƭƺȿÎO(ąǝċã)ɓż@Žˬ

ħgż@ãäȼ�ɓüɵ�ɉ0�ǣțȗ�ɆǙ�ƴŸ$č@Ⱦʻ̟¾?̭̜

́͂ǇNʐ�ɉʅĉȲ̡́˒̭[	 

ǥƓǑƭǮëƙȐøīɵ͍Ņ˶¾?Ƒȫ˒Ƽ͓͍�ůƼʊ͍�Ƽʊ͍�

Ƽʊʪ(Ú)͍����!ɵƹɱň�ÃɉƼ͓ɵ͍	̠2ɵ͍�ɉȲ́̆ǘ̆

ɰˍɐʻ̚��Ĕɱṇ̌lĉ̻ƴȈŗŻ<ʮlʔƴȈIơ̜®	ǇŃ͏

MA,e −MA,e

i eg
2me

σ ⋅( p × A+ A× p) =
i eg
2me

σ ⋅(−i !eMA,e ∇× A)

=
eg !
2me

eMA,e σ ⋅B

µg =
eg !
2me

eMA,e

eMA,e

ρm,0 = 2×10
−28 kg ⋅m−3 µg ≈1.004 38µB µB =

eg !
2me

ρm,E
µg ≈1.001159 652 2 µB
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ɉøīĎēɵ͍ƾ7ʄɏ�ƕƜɉɂɥȉƗȐƇǒſƴȈE²ɉͨí	Lƴ˭ą

Pŏ�Rɀ̻¾?ãs�Iơ	 

ąǝ˦!ʰʊɱň̕NɉƼʊʪ��ƾù�Ďē(̠2ĎēɉŭOVȪ¾?

ɓR��ǇûɉĎē)̸#˟Ȑs�Ǡ�ĎēčğH<Ǡ��˳ȿǉʗ̃

Æǵ3	ǵ3ÅɉĎēÏǵ3ÅɉůƼʄKǉÅ)HˉµǶĩ	ąǝù�Ďē

(ù̀Ďē)͍Đoƴʰʊ�¾ʶ�Ȼŀ˒Ďē,L˂ƑȫǑƭ̲̗̠2Ď

ē͍Ņ˶ċãʰʊ	ǳƸč@%͍ŤȪÙɑ1ŘÐËěɮȴ�Ĺ	Ùʮŀ˒

ĎēƾƴȈċãɉ½ʶ�ȻěɮĎē	 

̠̿ł�˦!ċãĎēûȮȦɉŵŗ(ąǝĔ˜˦!ċã©ƾ˟ȐƴɴĠ

ʅĉãƴɴûɵ͍ɉŵŗ)	Ďē̄ȟ/��ƴɴĠȧɉ˟ȧƾ¢�（˳ɉ	Ń

$ɑě˭Ǌsʺ̎ɉSɀǗA�Ņ˶ƴ͕ƙŃ	ąȱͦ�ČƈäȼŽý͐ŖR

́ȧ˥ʀŏ�Lč@Ǒ̎ł͡ƴɴĠȧ	ý͐ã�Ư̖ĞÏƂƪs"Oğǘ

)HʹʴLȄǊ7˦!ý͐̄ȟ/��ƴɴĠȧ	ÙʮƑȫ�̥ù̀Ďēɉ

˟ȧż@ſãɉĎē)Ņ˶ƌǊʄK/ůƼɉȿÎÌǎ	ż@ſʶ˟Ȑ�ɉĎ

ēã�ƯƂƪ(̠¾ʶƾüO͍Ʈ�6ȿɉ¬Ù)ŽʹʴLǇûɉĎēŭOɉ

Ȳ́�Hƥ¸ŭOȭ)�H¸ 	ãǑƭ̲̗�ʄKĎē�ǽǾ ňǻɽǭ

Ŧ)ƾ¢�ėƻȽˣɉ	 

ělĉʚǛɉˮŷ�̠ ̿˦!lĉƾɁ�2ǻlĉʶ͂ʱ͞OǇŃ͂ʐ�

ɉ(k ͑)ʅĉǛŻ	̓/�̥˧˭̠2ǇŃ͂ʐ�ʅĉɉŀæ̝�̯ňû

ĠƾĔ_č@¾ŗŻ�ÃʺƳÌǎɉʚǛ(S1Ž S2)Fig. 11 ©：ɦ+�ɪ�Ã

ʺƳÌǎ(ͩȹ)ɉlĉʚǛ 

 

Figure 11 | �ɪ�ÃͩȹlĉʚǛɦŸà	�ÃƱÆɉļʂÿǫá：ɦɑ1ê

ɐƱÆɉƳ̑ 

ƑȫǑƭ̲̗̝ ͂Ǡõlĉʶ͂ͱNɉǡ{©!˶õ k ͑ʅĉęňûĠŽ

¦MƸ͍v̭̜˶õɉ k ͑ʅĉƫɏùġ	Ùʮ< Fig. 11 ɉǮëʚǛ©¾ɓ
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�ͩȹÏʶ͂Żǲǻ	Ɂ/ k ͑ʅĉ̯ňûĠɑÃŖč@ŗŻ�ÃûĠɉ S1

Ž S2 ʚǛƸHĝʼ˶ʚǛɉʺƳÌǎ�ÃÙʮ�Ȼ�Ãͩȹɉlĉ	Lƴ

˭ąPƿȪ k ͑ʅĉʪɉŭO̝˒̯ňƾ�Ĕɉ(!ʅĉ̝�̯ňɉ ]Ž�

%Żǲǻ)	ÙʮĩʁʅĉtǊ́͂č@ŗŻɉ�ÃͩȹɉlĉVȪZƏ�

ʼɉ̝�̯ň	k ͑ʅĉǑ̎ł͡Ȇɐʔ̝�ł�č@ɉ̝˒̯ň̜̅l̯

Lč@ɉʪO˒!ªƾl̯	Ùʮ¾?ƈč@ɉʪOɓŻǇûʅĉ(©lĉ)

lĉɉ̯ň!l̯	̠ ǣɓŝlĉƵ�HŘÐlĉͩȹR!ĎēʹʴɉȐ͂Ĳt

)�HŘÐğl̯R!˶ʐ�ʅĉ̯ň=：ɉcȈ	Ȫʮ<Ń$ɑě˭ˢňɓ

�Ãͩȹɉlĉʶ͂�ÃsěƸɵƃǆɱň)�ÃÙʮͩȹŽʶ͂ͱɉlĉ

Ɂ/lĉʺ̎ʶ͂åɉŘÐ̝�Hź�ȧ,ƑǑƭ̲̗)¾Š�ɑÃɉʚ˭	L

ƾɁ/ʺ̎ʶ͂ýĠ̠�ŘÐŢ&sŢ¾ŧɅ�˥	 

ě/ĎēŢȉʵǁ̖ĞɉȽˣ�̠ �ʵǁ̖Ğ©!Ǒƭſ̥ɉʵǁŏ�å�

ŢĠʅĉ6ȿɉ¾Ȑʱ͞O	ƑȫǑƭ˟ȧŏ�ʵǁƴõ�ã½ƾã�Ãɉ

Ƽ͓ɵ͍sɰɆɱň�Ã	 

Ǒƭ˦!�?ý�ǭŦǊŤ˜ØŕLŅtǊ�Ãɉvȕ	ąǝğ?ýŖŻ

�ʝěƸɵ�̸#č¾?Ƒȫ?�ƱȈȽˣ�?ý©!Ɂ͙Ǔ̝�ɉŢĠʅĉ

ʕŻɉŏ�ʵǁå	ǉŃ͏ɵ͍�ɉ?ý©!ǉʑʇɉʝěƸɵ�Ã<Įrʊ

üO̞͒ɉ?ý¾�Ãɱňä̞K!ʝěƸɵ	ąäȼ̞͒ɉ?ý¾̞K!ʝě

Ƹɵ,ý̞͐͒ɉ?ý°ƾ¼�ɱňɉ̞KʝěƸɵ	Läȼ̞͒?ýɉ̞Kɱ

ňN/ý̞͐͒Ùs̟·ý̞͐͒?ýɉŘÐ	 

�ǜǑƭſʜƱɱ(Eq. 40)�ɉʺȪƐƫͤŖǠõ�͂ęň̚�ƴɴû()

©̯ňęňƴɴûŽ́͂ęňƴɴûŽ.ʭɊƴɴû)ƸǳõɉƂƪ̯ȹ©

!ƴɴĠ	ąǝǠõɉ̯ň v ƾƴɴû�˶õɉʶ͂ęňƾɢĔ_Ƹǳõɉ́

͂ęň Ť!ƴɴĠʮ�ƾǻ Ǉͱ͑ɉƴɴĠǳƸ�͂ęň  ©!ƴ

ɴĠ)ħȄǊ�͂ʱ͞ɉǭŦÙʮ̠ɪŵzƾȄŸ$ɉ	LąǝǠṍ͂ę

ňǻ̕û©Xś͂�Ĺ�Ƙ̞ Eq. 43 ƚ̥ɉŵŗ˶õɉƂƪ)Hǚsʣ

źã7ʄ¾ŹɛɉƸ͍Ĩňv˶õɉ�Ĺ)ƾɑěɲĔɉ	˶ʚ˭� Eq. 43

ƚ̥ɉŵŗqÃˣ̾+Ďē��ɲĔʅĉ�ɉŗŻǓ�	Ǌ+̠ǣɉŗŻǓ�

XH�Ȼ�Ã́͂ʐ�ɉʅĉł�č@%͍ƾɽBɉ	̓/�ƭſ̥�Ã́

͂ʐ�ʅĉ%͍ƴɑ1Rɀ�Ã́͂ʐ�ʅĉ%͍̻ƾɽBɉ	ÙʮĎēt

Ǌ�ŗˠş¾?ȽˣĎēƾ���ûȿȲO�)Ǌ+Ƚ˭VƓ	 

1
π

ρm
1
v

ρmv
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ǑƭſʜƱɱ Eq. 40 Ï Eq. 65 �ɉŀͣȉ�ƫěƱÆƾǊ˜ȁɉ	̠�ŀ

ͣȉ�ƫƾ�ʡÆ͂ȉ�ƫɉɿ ǲƾ̠�¬Ù�ʡ�ƫɉÓ�ūyĔ+Ǒ

ƭſ̥ɉŀͣȉ�ƫɉÓ�ū	ÙʮǑƭł�ƣƏȉ�ƫ M ãŀͣÁ�ƱÆ

̻ŅɽBɉ˟ȧ	ʮ�ǲą�ƭſ̥Ǒƭſʜȉ�ƫě�ĈǗA�ȉ�ƫɉǮ

)ƾǊ˜ȁɉ	 

ě/ĕOʅĉ(ą́ĉ�ɂĉɽ)ȉ�ƩŅɉȽˣ�ĕOʅĉɉǹO(ʵǁ

å)©!Ń͂ʐ�ʅĉȉ̠�ȉƾƑȫčɉˠşƂƪɉ,ĕOʅĉɁǹO6

ȿÙʮ̶šǹOƂƪɉɆę̦̐,ĕOʅĉɉƂƪ̯ȹ¾?Ƚˣ!ǹOȉ�ƫ

Ƃƪˠş�Ƒś͂�̼ɉ：˟Ƃƪ̯ȹ	 

ě/ɂĉ<¬ĉ�̱�̜ɱɉȽˣ�Ù!ɂĉ!ÞĔ́͂ʱ͞ňŖsƑȫ

ÞĔ́͂ʐ�ʅĉ̱�Å(ǳƸɂĉȉ�ƫçï̠ ̿ſ˻ɉȉ�ƫçïƾƐʕ

Ż�̥ǹOɉͱ̯̝�ɉŢĠʅĉɉ·Ƅʱ͞)Ʉ�ɉ̺́͂�(¬ĉǤɽ)

Hɷ©̶ď¼�ɱňɉ Eq. 43 ƚ̥ɉʱ͞ˠş,ʮě/s�ʺƳ6ȿɉƱÆʱ

͞ƩŅ̠(ɂĉ̱�ȴŨ)͡ɲĔȴŨ	Ɂ/ʧġ+ɂĉʺƳ(ě¬ĉǤ�ʺ

Ƴ̾Ʀɉ)ʌ¶¬ĉǤʺƳ̾Ʀɉʶ͂½ʶƪơ�ǘ<ʮěø：Ȼ��Ĕɱ

ňɉɂåRɀ	 

ěɂĉʚǛɉȷŷ�ǲą�ƭſ̥ɂĉł�ƾ��Iʞ˦!ɉ́͂! 9.109 

389 7(54) ´ 10–31 kg ɉʅĉʮƾɁsǹO(ǻɂĉǇŃ͂ʐ�ʅĉ)Őƪ/

ɵ͍ǛŻ	Ȼã�ǜʕŻsǹOɉʅĉ(aˮs! ͑ʅĉ)ɉʚǛ	ɂĉǹO

ʶ�ļǲɂɉ¬ĉǤ6ȿŔȩɉɑ1RɀǛŻčɉ ͑ʅĉ)Ťͥ!�2˿¦

ǚĉ	˿¦ǚĉƌǊǚĠɉ́͂ª¾?6ȿąǳûɉ�ŤȪǊąÃ 3.5 ˀſ̥

ɉʺƳ�̯ʚǛ	sʺ̎R!��¦ȵɉʺƳ�̯ʚǛƴȈĕȻ̠ǣɉ(oÆÊ

ŏ)�ʶÙʮȷŷs!ù�ʺƳʚǛɉ÷ÂO	Fig. 12 ?ŀͣàɉƱŎĭɦ+

�ɪ¾ʶɉȼȴɷO÷ÂʚǛʄë	̠� ͑ʅĉ(÷ÂʚǛ)�ţ!��́͂

ęňǚûɉʄKͳȌɉʚǛ(Fig. 12 �ɉˊʿŐƪȧ )søÝȼͣ�ʱ͞Ǌ

ʻġ�īą Fig. 12 �ǯʿ̺�ſɦɉʺƳ�̯ʚǛ S	̠ 2 S�Ʊͣ˙ Êŏ,

¼�ƱͣÙ!ŜÆɉǇŢĠʅĉ( ͑ʅĉ)Ȏ̱�̠2 Sɑ1%͍̟HƖ

Ʈ,s̔ÆŗŻɉÖȎǲĄ˙Ên 	ą�ſ̥ɉ�ʏǓ�ĝʼ ͑ʅĉ¾Ż!

��ɲĔɉ÷ÂʚǛ	̠ ǣɉ÷ÂʚǛ¾�Ư<øɃť̯Ên ͑ʅĉ<ʮŗ

ŻŔûɉŏ�	Ù!ɑě˭ƩŅ ͑ʅĉ<øɃÊƤɉ ͑ʅĉğ?ͱňȑʦ

(ʄKͳȌ)ɉŗŎʱ͞��̄、ƸŗŻɲĔɉÊnʚǛ( Ï ͑ʅĉ)	

L͊ǎǘɓ�Ư<øɃÊƤȲ́ŤȪĝʼ ͑ʅĉʚǛ�ɲĔ	Ùʮ̠ǣ

ɉʚǛ<ǇûɉƸ͍Ĩň�ɓH�ƯȿŻ°�ƯıȞȓþLã��ȳĔ¡íɉ

k1
k1

k1
P1

P1
k2
P1 k1

k2
k1 k2

P1 k1
k1
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ŭOƫ͂ZƏ�¸	 

 

Figure 12 | ʕŻɂĉǹOɉ ͑ʅĉʚǛȷŷà	̠̿ɀŀͣàɦŸ�ʡȼȴ

ʚǛ	s�ļʂÿɉˊʔɦŸ ͑ʅĉɉ̦̐ļʂÿɉǯʿǫáȺɦŸ S

ʚǛ 

î/�̥ɂĉǹOǮë©¾ƙȐ×ûʄë�ɉRɀ¬Ƚ�Ŕɑ1Rɀ�©

!ɑ1̊ɩ̞̕ɉġƫʶ͂ʱ͞O%͍ʞ˥ČƩŅĮ/ŏ�RɀŗŎ	̠ ƾʶ

͂ʐ�ɉRɀ�(ą Fig. 4b �ƾğ��İÂłŽ�ŌƾɑŖÜ͝ɉ)̠ǣɉ

Rɀ�Ŕûʮʄ ,ɂɥ�!�ƱæɁ�̥ɂĉǹOʚǛǛŻ,œɑ1Rɀ�

!½Ǌ�ƱɁ�̥ɂĉǹOʚǛǛŻ,ŏ�!�ƱæƴɂĉǹOʚǛŽǹOʚ

Ǜ�̄RɀĮ̊ɩ̢̕ɉʅĉ͞ÂO͍ɉʞ˥ČƩŅ	 

ě/´Ȳ́ɉȽˣ��ƭĸ̥ɑě/ƴɴĠɉ̝�ʅĉsſãɵ͍©!

ƴɴĠɵ͍ʅĉãɵ͍˂Ǌ˂ƴ	̠Ƹ̟¾?˦!ě/��ʅĉǊƴɴùɵ

͍̠ǣɉɵ͍ãʅĉ�̝�ğʅĉ��+�ɵ͍ƫɑɽɉĕO	ąǝğɵ͍

�ƴʅĉɉɵˏɌĉR!ʬĚě˽ÃǣäƑȫ�̥ƱȈƚ̥X�Ȼ´ʅĉ�

ɇȌ?²˿ʶ͂ɽȴz	ż@̠��ɃƾȲ́ʱ͞ɉ�ɃÙʮ´Ȳ́ɑě̕ġ	

̠ǣȽˣ´Ȳ́ƁƾĐƬÏʺȍɉ	 

ě/͂ĉʎʥɉȽˣ�ąǝ��ʅĉȴŨɑ1ʎʥč@%͍ŤȪHIơ[

Ű	Ǒƭğ�ÃʅĉƑȫ̡́͂˒�ʐɉõȽƱŎŞĄäˣ̾+̠ɪ̅̊Rɀ	

�%ʄK̟Ǌ�Wheeler Ŋ̤̪ƍĕͯ�ɉ˵ōȻ˽ąǝƑȫǑƭƛUɉ̲

̗ǟǛȽˣ)�̈!�Aɨɬɉ-ŵ	 

ƑȫǑƭƛUɉŪ̌̅ l̯̭[ƾ¾ʶĕȻɉ,ĐoĬˌŏ�ƾ�¾ʶɉ,

k1
k2

e− x
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˱àğ7ʄ̏O̝̘�sčƼOɉƼ͓Ʋ˒ƱŎƾȊĔ˜ɟ6ɉʮ̽ɀ½I̬

[Űɉ�ɗɯ�ƱŎ�ƾÂȽɉ	 

4. Conclusions 

Ǒƭ<ǉîǑɉÒČəɒ�µƙȢ���ƚ̥ʺȪ̝RˠşɉȲȽǮë	

ãǳîɠ�<ʞ˥Čˢňŋɷ+��ƚ̥̝�ʅĉʪŃ$Ƃƪ˒!ɉƫČǮë

łěs�Éø�åɉŗŎ̡˒+ɿ¦ͯ˯	Ǒƭĝ�ɉƱɱͮǰğɑě˭ƩŅˣ

̾!͙Ǔ̝�ʅĉɉʞ˥ČƩŅ˦!ʅĉ(̝�ƱÆŽMʨ)ʱ͞ɱň̆ͱħ

̆ȓʯč@ãsčƱÆɉŀæ̯ň<ʮğŏ�Ïȶ$ɑě˭ƩŅŞʺȪäˑÂ

̡®(̭̜ȁˣƸ̪ƍȳĔǮûĠɉ�Ĉ�ƫĕȻ)̷m+%�ğŏ�ŏn͂

ĉ�ČƸ�Ȼɉ�¾̀ǲ ͌ͪ	̡ �Ǵ�ǜµȻ̠ 2͙Ǔ̝�ʅĉɉʞ˥Č

ƩŅ͗+¾?ĝʼȲO͍ŏ�øč@̟¾?ʺµŗŻɲĔɉ�Ƃƪʅĉʪ̠

2ʅĉʪR!̕û́͂ʐ�ɉʅĉ̟¾?wÚʱŻǇû́͂ʐ�ɉʅĉ��ƴ
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NOTE: If there is no special case, the Mathematica code starts with gray "In["] :=" and is bold by 
default according to Mathematica's rules.

Part 1. The Square of the Norm of the Average Velocity is Proportional to the 
Number of Vectors

Definition: Particles with a higher mass level composed of k particles are called kth-order particles.
Then, the velocity of a kth-order particle is the velocity of the overall center of mass of the k particles, 
which is the average of the velocity vectors of all these particles.
Assumption: Each particle is moving at the same speed and in a random direction in space.
Thus, the projection of the velocity vector of a kth-order particle onto one of the three equivalent 
coordinate axes of the 3-dimensional Cartesian coordinate system is the mean value of the projection 
(onto the same axis) of the velocity vectors of the 1st-order particles forming the kth-order particle, 
which follow the same distribution; therefore, it approximately follows a normal distribution (central 
limit theorem).
There are three equivalent (approximate) normal distributions, one on each of the three axes, which are 
not completely independent. However, James Clerk Maxwell and Ludwig Boltzmann proved that these 
distribution can, in fact, be equivalently treated as completely independent. This is because randomly 
selecting a vector is equivalent to randomly determining a three-axis coordinate; moreover, the prob-
lem of the momentum transfer of gas molecules participating in random collisions is also equivalent to 
the problem discussed in this article.

First, the probability density of the norm of the 3-dimensional vectors formed by three normal distribu-
tion N(0, σ2) components that are independent on three coordinate axes is calculated.

In["]:= Clear["Global`*"];
$= SimplifyPDFTransformedDistributionx2 + y2 + z2,

{x, y, z} * ProductDistribution[{NormalDistribution[0, σ2], 3}], x, Assumptions→σ2 > 0;

$1 = PDFTransformedDistribution x , x* ProbabilityDistribution[$, {x, 0, +∞}], x

Out["]=

2

π
x2 ⅇ

-
x2

2 σ2
2

σ2
3

x > 0

0 True

Then, we find the probability density of the Maxwell distribution with scale parameter σ2:

In["]:= $2 = PDF[MaxwellDistribution[σ2], x]

Out["]=

2

π
x2 ⅇ

-
x2

2 σ2
2

σ2
3

x > 0

0 True

Therefore, these two probability densities are equal:

In["]:= $1 -$2

Out["]= 0

We verify the above conclusion (c is the speed of 1st-order particle; n is the number of vectors) (This 
code takes approximately 36.2 hours):
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In["]:= c = 1;
n = 1000;
m = 5 000 000;
dd = {};
ProgressIndicator[Dynamic[i], {1, m}]
For[i = 1, i <m, i++,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]];
dd =AppendTo[dd, ℋℋ]];

$= SmoothKernelDistribution[dd, {"Adaptive", Automatic, Automatic}];

s1 = PlotPDF[$, x], PDFMaxwellDistribution
c

3
n , x,

{x, 0, 100 c}, PlotStyle→ {{Red, Thickness→ 0.004}, {Blue, Thickness→ 0.004}},
Frame→ {{True, False}, {True, False}}, FrameLabel→ {"Momentum", "Probability Density"},
FrameStyle→Directive[Black, Thickness→ 0.0018],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 15],
Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.004]], Directive[Red, Thickness[0.004]]},

{Style["Theoretical", FontFamily→ "Arial", FontSize→ 15],
Style["Simulated", FontFamily→ "Arial", FontSize→ 15]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[0.58]]&)], Scaled[{0.732, 0.644}]]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S1.png",
s1, Background→None, ImageResolution→ 600];

Out["]=

Out["]=
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Figure S1 | Probability density of the momentum norm formed by 1000 randomly moving particles 
with c = 1 (theoretical and simulated results).
Accordingly, the norm of the 3-dimensional vectors formed by three normal distribution N(0, σ2) 
components which are independent on three coordinate axes follows the Maxwell distribution with the 
scale parameter σ2.
Suppose that the standard deviation of the projection of the velocity of any one of the k equivalent 
particles forming a kth-order particle onto each equivalent coordinate axis is σ. Then, the standard 
deviation of the projection of the velocity of a kth-order particle onto each equivalent coordinate axis 

(i.e., the mean value of the projection of the velocity of 1st-order particle) is σ

k
, namely, the projec-

tion onto each coordinate axis (approximate) follows a normal distribution with a mean value of 0 and 

a standard deviation of σ

k
. As a result, the speed of kth-order particles follows the Maxwell distribu-

tion with scale parameter σ

k
.

Then, the average velocity of the kth-order particles is
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Accordingly, the norm of the 3-dimensional vectors formed by three normal distribution N(0, σ2) 
components which are independent on three coordinate axes follows the Maxwell distribution with the 
scale parameter σ2.
Suppose that the standard deviation of the projection of the velocity of any one of the k equivalent 
particles forming a kth-order particle onto each equivalent coordinate axis is σ. Then, the standard 
deviation of the projection of the velocity of a kth-order particle onto each equivalent coordinate axis 

(i.e., the mean value of the projection of the velocity of 1st-order particle) is σ

k
, namely, the projec-

tion onto each coordinate axis (approximate) follows a normal distribution with a mean value of 0 and 

a standard deviation of σ

k
. As a result, the speed of kth-order particles follows the Maxwell distribu-

tion with scale parameter σ

k
.

Then, the average velocity of the kth-order particles is

In["]:= v =MeanMaxwellDistribution
σ

k


Out["]=

2 2
π
σ

k

For the kth-order particles in different reference frames (Ru and R0) and with different standard 
deviations (σu and σ0), the ratio of their average velocity vu / v0 =

In["]:=

2 2
π
σu

k


2 2
π
σ0

k

Out["]=
σu

σ0

Therefore, the ratio of σu to σ0 is the ratio between the average speeds of particles of higher mass 
levels in Ru and R0.

For k1th- and  k2th-order particles, the ratio of their average velocity v1 / v2 =

In["]:=

2 2
π
σ

k1


2 2
π
σ

k2

Out["]=
k2

k1

And because:�m1 = μ k1 and m2 = μ k2, where μ is the scale factor or the  mass of 1st-order particle. 
v1 / v2 is also equal to

In["]:= Simplify

m2
μ

m1
μ

, Assumptions→ μ > 0

Out["]=
m2

m1

Therefore, the square of the average velocity of particles is directly proportional to the mass of parti-
cles or the number of 1st-order particles forming it.

Part 2. Special Relativistic Effects on Randomly Moving Particles
Correspondence:
The mixed distribution of %1and %2 is represented by *12;
The mixed distribution of %3and %4 is represented by *34;
The rest of the symbols are consistent with those in the main text.
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In["]:= Clear["Global`*"];
$= TransformedDistribution[cCos[θ] Sin[ArcCos[η]],

{θ *UniformDistribution[{-π, π}], η *UniformDistribution[{-1, 1}]}];
$1 = TransformedDistributioncCos[θ] Sin[ArcCos[η]],

θ *UniformDistribution[{-π, π}], η *UniformDistribution
u

c
, 1;

$2 = TransformedDistributioncCos[θ] Sin[ArcCos[η]],

θ *UniformDistribution[{-π, π}], η *UniformDistribution-1,
u

c
;

$3 = TruncatedDistribution[{u, c}, UniformDistribution[{-c, c}]];
$4 = TruncatedDistribution[{-c, u}, UniformDistribution[{-c, c}]];
$34 =MixtureDistribution[{w, 1 - w}, {$3, $4}];
Simplify[Mean[$34], Assumptions→ 0 < u < c]

Out["]=
1

2
(c (2w - 1) + u)

Let the mean value expression be
1

2
(c (2 w - 1) + u) = u, and then we find the weight w

In["]:= Reduce
1

2
(c (2 w - 1) + u) ⩵ u, w

Out["]= (u. 0 ∧ c. 0) ∨ c ≠ 0 ∧ w.
c + u

2 c

Then, the mixed distribution *12 consisting of %1 and %2 can be calculated in accordance with this 
weight w. The analytical form of *12 cannot be given by Mathematica v12.2.0.0.�Therefore, the 
standard deviation of *12 is calculated directly (This code takes approximately 75 seconds).

In["]:= w =
c + u

2 c
;

$12 =MixtureDistribution[{w, 1 - w}, {$1, $2}];
σu = Simplify[StandardDeviation[$12], Assumptions→ 0 < u < c]

Out["]=
c2 - u2

3

The standard deviation of *34 is the same.

In["]:= Simplify[StandardDeviation[$34], Assumptions→ 0 < u < c]

Out["]=
c2 - u2

3

Then, the ratio between σu and the velocity components on the x-axis of the particles in R0 can be 
obtained.

In["]:= Simplify[σu /StandardDeviation[$], Assumptions→ 0 < u < c]

Out["]=
c2 - u2

c

The same factor can also be obtained by evaluating the ratio of the standard deviation of *34 to the 
standard deviation of the velocity components on the z-axis in R0.
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In["]:= Simplify[StandardDeviation[$34]/StandardDeviation[UniformDistribution[{-c, c}]],
Assumptions→ 0 < u < c]

Out["]=
c2 - u2

c

When c = 10 and u = 6, the distribution of *12 on x- or y-axes is like this (This code takes approxi-
mately 305 seconds):

In["]:= c = 10;
u = 6;
data =RandomVariate[$12, 300 000 000];
$0 = SmoothKernelDistribution[data, {"Adaptive", Automatic, Automatic}];
s2 = Plot[PDF[$0, x], {x, -10, 10}, PlotRange→ Full, PlotStyle→ {Blue, Thickness→ 0.004},

AxesLabel→ {HoldForm[Speed], HoldForm[Probability Density]},
AxesStyle→Directive[Black, Thickness→ 0.0018], TicksStyle→Directive[Black, Thickness→ 0.0014],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 15]]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S2.png",
s2, Background→None, ImageResolution→ 600];

Out["]=

-10 -5 5 10
Speed

0.01

0.02

0.03

0.04

0.05

0.06

0.07
Probability Density

Figure S2A | Simulated probability density of the mixed distribution *12 when c = 10 and u = 6.

#####################################

When the speeds of particles in particle swarm A follow Maxwell distribution with an average value of 
c, the expression of the scale parameter of this Maxwell distribution is

In["]:= Clear["Global`*"];
Solve[Mean[MaxwellDistribution[λ]] ⩵ c, λ]

Out["]= λ →
1

2

π

2
c

We can divide the particles in A into sub-particle groups Ai with velocity vectors terminating on a 
series of spheres with radius ri (i = 1, 2, 3...) according to the speeds, and the velocity vector terminals 
of particles in Ai are uniformly distributed on the sphere with radius ri. The numbers of particles in 
particle swarm A on these spheres follow a Maxwell distribution according to r (when the scale 

parameter is 1
2

ri u
c c, r = c). Therefore, the case in which the particle speeds are strictly c can be 

regarded as a special case when ri = c. The motion characteristics of a series of particles with velocity 
vector terminals on the sphere with radius ri (i = 1, 2, 3...) are gathered together, which is the motion 
characteristics of particles whose speeds follow a Maxwell distribution. When a subgroup A of the 
parent particle swarm following a Maxwell distribution moving along the z-axis (the reference frame is 
based on the parent particle swarm) with an average speed of u, it is equivalent to each sub-particle 

group Ai (i = 1, 2, 3...) moves along the z-axis with the speed ri u
c . In view of the following properties:
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We can divide the particles in A into sub-particle groups Ai with velocity vectors terminating on a 
series of spheres with radius ri (i = 1, 2, 3...) according to the speeds, and the velocity vector terminals 
of particles in Ai are uniformly distributed on the sphere with radius ri. The numbers of particles in 
particle swarm A on these spheres follow a Maxwell distribution according to r (when the scale 

parameter is 1
2

ri u
c c, r = c). Therefore, the case in which the particle speeds are strictly c can be 

regarded as a special case when ri = c. The motion characteristics of a series of particles with velocity 
vector terminals on the sphere with radius ri (i = 1, 2, 3...) are gathered together, which is the motion 
characteristics of particles whose speeds follow a Maxwell distribution. When a subgroup A of the 
parent particle swarm following a Maxwell distribution moving along the z-axis (the reference frame is 
based on the parent particle swarm) with an average speed of u, it is equivalent to each sub-particle 

group Ai (i = 1, 2, 3...) moves along the z-axis with the speed ri u
c . In view of the following properties:

In["]:= PDF[TransformedDistribution[a r, {r*MaxwellDistribution[λ]}], x]

Out["]=

2

π
x2 ⅇ

-
x2

2 a2 λ2

a3 λ3
x > 0

0 True

In["]:= PDF[MaxwellDistribution[a λ], x]

Out["]=

2

π
x2 ⅇ

-
x2

2 a2 λ2

a3 λ3
x > 0

0 True

In["]:= Mean[MaxwellDistribution[λ]]

Out["]= 2
2

π
λ

Then, the speed of all particles in particle swarm A follow a Maxwell distribution with the mean value 
u on the z-axis, and the standard deviations σi (i = 1, 2, 3...) of the mixed distributions of all sphere 
layers also follow a Maxwell distribution. For the case on the x- or y-axis, we can regard the particles 

in Ai as a particle swarm possessing a mixed distribution with weight w = c + u
2 c  (this code takes 

approximately 36 seconds).

In["]:= $= TransformedDistributionr Cos[θ] Sin[ArcCos[η]], θ *UniformDistribution[{-π, π}],

η *UniformDistribution[{-1, 1}], r*MaxwellDistribution
1

2

π

2
c;

$1 = TransformedDistributionr Cos[θ] Sin[ArcCos[η]], θ *UniformDistribution[{-π, π}],

η *UniformDistribution
u

c
, 1, r*MaxwellDistribution

1

2

π

2
c;

$2 = TransformedDistributionr Cos[θ] Sin[ArcCos[η]], θ *UniformDistribution[{-π, π}],

η *UniformDistribution-1,
u

c
, r*MaxwellDistribution

1

2

π

2
c;

w =
c + u

2 c
;

$12 =MixtureDistribution[{w, 1 - w}, {$1, $2}];
σu = Simplify[StandardDeviation[$12], Assumptions→ 0 < u < c]

Out["]=
1

2

π

2
c2 - u2

In["]:= Simplify[σu /StandardDeviation[$], Assumptions→ 0 < u < c]

Out["]=
c2 - u2

c

When c = 10 and u = 6, the distribution of *12 on the x- or y-axes is like this (this code takes approxi-
mately 18 seconds):
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In["]:= c = 10;
u = 6;
data =RandomVariate[$12, 30 000 000];
$0 = SmoothKernelDistribution[data, {"Adaptive", Automatic, Automatic}];
s2 = Plot[PDF[$0, x], {x, -20, 20}, PlotRange→ {{-21, 21}, {0, 0.091}},

PlotStyle→ {Blue, Thickness→ 0.004}, AxesLabel→ {HoldForm[Speed], HoldForm[Probability Density]},
AxesStyle→Directive[Black, Thickness→ 0.0018], TicksStyle→Directive[Black, Thickness→ 0.0014],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 15]]

Out["]=
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Figure S2B | Simulated probability density of the mixed distribution *12 when r = c = 10 and u = 6.

For the case on the z-axis:

In["]:= w =
c + u

2 c
;

$3 = TruncatedDistributionr
u

c
, r, UniformDistribution[{-r, r}];

$4 = TruncatedDistribution-r, r
u

c
, UniformDistribution[{-r, r}];

$34 =MixtureDistribution[{w, 1 - w}, {$3, $4}];

SimplifyStandardDeviation[$34], Assumptions→ r > r
u

c
> 0

Out["]=

r 1 - u2

c2

3

In["]:= StandardDeviation[UniformDistribution[{-r, r}]]

Out["]=
r

3

In["]:= $mz = TransformedDistribution
r 1 - u2

c2

3
, r*MaxwellDistribution

1

2

π

2
c;

$z = TransformedDistribution
r

3
, r*MaxwellDistribution

1

2

π

2
c;

Simplify[Mean[$mz]/Mean[$z], Assumptions→ c > 0]

Out["]= 1 -
u2

c2
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Part 3. The Norm of the Component Vector is Proportional to the Number of 
Vectors Forming It

When the total vector value of a specified vector swarm is determined, the mean norms between 
different component vectors should be proportional to the number forming them.�The following proves 
this viewpoint in detail.
It has been proven that the degree of slowdown on all three axes is the same in Part 2 of the Supplemen-
tary Information. Then, let ℳk being the norm of momentum of k particles observed from Ru, it 

follows Maxwell distribution with scale parameter 
k c2-u2

3  when observing from Ru. And when 

observing all of the moving particles in Ru from R0, all the randomly moving particles in Ru can be 
considered to have an additional velocity component u along the z-axis. Therefore, according to cosine 
theorem, the probability density of momentum norm formed by k particles in Ru observed in R0 can 
be expressed as (This code takes approximately 67 seconds):

In["]:= Clear["Global`*"];

$= TransformedDistribution (k u)2 +ℳk2 - 2 k uℳkCos[ArcCos[η]] ,

ℳk *MaxwellDistribution
k c2 - u2

3
, η *UniformDistribution[{-1, 1}];

FullSimplify[PDF[$, x], Assumptions→ c > 0 ∧ 0 < u < c]

Out["]=

3 x ⅇ

6 u x

c2-u2 -1 ⅇ

-
3 k u+x2

2 k c2-u2

k u 2 π c2 k-2 π k u2
k > 0 ∧ ((x > 0 ∧ k u > x) ∨ k u < x)

-

6 π c2 k-u x 5 u x-2 c2 k erf 6 x

c2 k-u x
+4 x ⅇ

6 x2

u x-c2 k c2 6 k+2-u 2 u+3 x-8 x (c-u) (c+u)

4 6 π k52 u ((c-u) (c+u))32
k u. x ∧ k > 0

The meaningful part (first branch) is selected to be verified. Note that the sampling with the replace-
ment method in the particle swarm with a mean speed of u can simulate all of the cases of the particle 
swarm with a mean speed of u. The following code takes averagely 4.2 + 0.5 hours.
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In["]:= c = 1;
n = 1 000 000;
ℋℋ = 0;
While[ℋℋ < 2700,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]]];

m = 1 000 000;
dd = {};
ProgressIndicator[Dynamic[ j], {1, m}]
For[ j = 1, j <m, j++,

ℋ0 =RandomChoice[ℋ , 0.3 n];
ℋℋ0 =Norm[Total /@ Transpose[ℋ0]];
dd =AppendTo[dd, ℋℋ0]];

$= SmoothKernelDistribution[dd, {"Adaptive", Automatic, Automatic}];
k = 0.3 n;

u =
ℋℋ

n
;

s3 = PlotPDF[$, x],
3 x ⅇ

6 u x

c2-u2 - 1 ⅇ
-
3 k u+x2

2 k c2-u2

k u 2 π c2 k - 2 π k u2
,

{x, 0, 2500}, PlotStyle→ {{Red, Thickness→ 0.004}, {Blue, Thickness→ 0.004}},
Frame→ {{True, False}, {True, False}}, FrameLabel→ {"Momentum", "Probability Density"},
FrameStyle→Directive[Black, Thickness→ 0.0018],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 15],
Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.004]], Directive[Red, Thickness[0.004]]},

{Style["Theoretical", FontFamily→ "Arial", FontSize→ 15],
Style["Simulated", FontFamily→ "Arial", FontSize→ 15]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[0.58]]&)], Scaled[{0.77, 0.65}]]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S3.png",
s3, Background→None, ImageResolution→ 600];

Out["]=

Out["]=
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Figure S3 | Probability density of the momentum norm formed by 3 × 105 particles in Ru observed in 
R0 when c = 1 and u is a fixed value.

In view of the above conclusions, we find the mean value of this distribution (This code takes approxi-
mately 155 seconds).
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In["]:= Y k = FullSimplify

MeanProbabilityDistribution
3 x ⅇ

6 u x

c2-u2 - 1 ⅇ
-
3 k u+x2

2 k c2-u2

k u 2 π c2 k - 2 π k u2
, {x, 0, +∞}, Assumptions→ c > u > 0 ∧ k > 0

Out["]=

c2 + (3 k - 1) u2 erf
3

2
k u

k (c-u) (c+u)
+

6
π
u ⅇ

3 k u2

2 u2-c2 k (c - u) (c + u)

3 u

We find the limit of the ratio of this mean value Y k and k when k approaches +∞.

In["]:= SimplifyLimit
Y k

k
, k→+∞, Assumptions→ u > 0

Out["]=
-u argc2 - u2 ≥ π

u True

The second brunch is meaningful. Therefore, when k is a large number, the norm of the mean value 
Y k is directly proportional to the number k forming Y k, namely, Y k = k ·u.

Eq. 21 in the main text determines the proportion of particle number distributed in various boxes 
partitioned by k, and these particles are distributed in each box of V with equal probability. That is, the 
particles are randomly extracted from the micro domain V to be distributed in each box. When the 
number of extractions is large enough, the norm of each component vector partitioned by k should be 
directly proportional to the number of particles according to the probability and the scale factor is u.
The unique expansion of scalar M in the form of including power series is

M = 

k=1

∞ ⅇ-MMk

(k - 1) !

If the corresponding terms marked by k are directly proportional between the expansion of the norm 
BMC of vector M and the expansion of the scalar M representing the number of particles, or the 
numbers of particles are allowed to be proportional to the norms of vectors they form, the number M 
of particles must be equal to the norm BMC of the vector M  they form besides they are required to 
obey Poisson distribution. According to the above conclusion Y k = k ·u, the average speed u = 1 is 
needed in the system.

Next, we verify the standard deviations of this distribution in the three axes (This code takes averagely 
123 minutes).

63



In["]:= c = 1;
n = 100 000;
ℋℋ = 0;
While[ℋℋ < 1000,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]]];

u =ℋℋ /n;
Clear[ℋℋ];
m = 1000;
dd = {};
ProgressIndicator[Dynamic[ j], {1, m}]
For[ j = 1, j <m, j++,

ℋ0 =RandomChoice[ℋ , 10 n];
ℋd = StandardDeviation[ℋ0];
dd =AppendTo[dd, ℋd]];

Mean[Flatten[dd]]
Mean[dd]
Clear[ℋ0, ℋd, dd]

Out["]=

Out["]= 0.577316

Out["]= {0.578437, 0.575584, 0.577928}

To rotate the z-axis to be consistent with the direction of the sum of the vectors, and then to study them 
again:

In["]:= zz =Normalize[Total /@ Transpose[ℋ]];
xx =Normalize[Cross[zz, {0, 0, 1}]];
yy =Normalize[Cross[zz, xx]];
Table[ℋ[[i]] = {xx, yy, zz}.ℋ[[i]], {i, 1, n}];
m = 1000;
dd = {};
ProgressIndicator[Dynamic[ j], {1, m}]
For[ j = 1, j <m, j++,

ℋ0 =RandomChoice[ℋ , 10 n];
ℋd = StandardDeviation[ℋ0];
dd =AppendTo[dd, ℋd]];

Mean[Flatten[dd]]
Mean[dd]
Clear[ℋ0, ℋd, dd]

Out["]=

Out["]= 0.577317

Out["]= {0.577756, 0.577826, 0.576369}

The conclusion is consistent. We observed a slight systematic deviation between the standard devia-
tions on the three axes. To correct this deviation, we take the average value of the three coordinate axes 
as the final result in both methods.
The standard deviation in our theory is:

In["]:=
c2 - u2

3
Out["]= 0.577317

And the values of the standard deviations without relativistic effect are:
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In["]:=
c

3.
Out["]= 0.57735

This result also verifies that the conclusions in Part 2 is correct.

Part 4. Position Aggregation Effect is Stored in the Form of Higher-mass-level 
Particles

For the vectors whose norm is c and direction is randomly distributed in space, the standard deviations 
of their projections on x-, y- and z-axis are:

In["]:= Kx = TransformedDistribution[cCos[θ] Sin[ArcCos[η]],
{θ *UniformDistribution[{0, 2 π}], η *UniformDistribution[{-1, 1}]}];

σx = Simplify[StandardDeviation[Kx], Assumptions→ c > 0]

Out["]=
c

3

In["]:= Ky = TransformedDistribution[c Sin[θ] Sin[ArcCos[η]],
{θ *UniformDistribution[{0, 2 π}], η *UniformDistribution[{-1, 1}]}];

σy = Simplify[StandardDeviation[Ky], Assumptions→ c > 0]

Out["]=
c

3

In["]:= Kz = TransformedDistribution[cCos[ArcCos[η]],
{θ *UniformDistribution[{0, 2 π}], η *UniformDistribution[{-1, 1}]}];

σz = Simplify[StandardDeviation[Kz], Assumptions→ c > 0]

Out["]=
c

3

Suppose that the mass of the lower-mass-level particle is μ0, and the average speed is c0. The mass of 
the higher-mass-level particle formed by n0 lower-mass-level particles is μ1, namely

In["]:= μ1 = n0 μ0;

And the average speed

In["]:= c1 =MeanMaxwellDistribution
c0

3 n0


Out["]=

2 2
3 π

c0

n0

When a particle swarm is formed by n1 higher-mass-level particles, the average momentum M of the 
particle swarm can be calculated as follows�

In["]:= M =MeanMaxwellDistribution
c1

3
n1  μ1

Out["]=
8 c0 μ0 n0 n1

3 π

Suppose that k particles of lower mass level can form a particle swarm with the same momentum M as 
the above case, namely:

65



Suppose that k particles of lower mass level can form a particle swarm with the same momentum M as 
the above case, namely:

In["]:= M =MeanMaxwellDistribution
c0

3
k  μ0

Out["]= 2
2

3 π
c0 k μ0

We can find the value of k

In["]:= Solve
8 c0 μ0 n0 n1

3 π
⩵ 2

2

3 π
c0 k μ0, k

Out["]= k →
8 n0 n1

3 π


However, the particle swarm composed of n1 higher-mass-level particles contains n0 n1 lower-mass-
level particles. This is obviously more than the number of lower-mass-level particles contained in the 
particle swarm with the same average momentum composed by lower-mass-level particles.
Each mass level particle can be seen as being formed by particles of lower mass level. Regardless of 
how much mass aggregation or velocity direction aggregation the particles exhibit, it can be regarded 
as a slight one with a lower mass level. This is carried out step by step. Finally, the minimal deviation 
of the aggregation behavior of the position or velocity direction for infinitesimal particles can be 
achieved.

Part 5. Solving Process of Eq. 43 in the Main Text
To solve the partial differential equation Eq. 43 in the main text, it is assumed that the system is 
spherically symmetric because it is isotropic at a huge scale. Therefore, we make the conversion from 
rectangular to spherical coordinates (note that φ is used to denote the azimuthal angle, whereas θ is 
used to denote the polar angle), namely, x = r sin θ cos φ, y = r sin θ sin φ and z = cos θ.
In the case of spherical symmetry, the change of function M(r) does not depend on θ and φ, but is 
related to r. Therefore, after the coordinate transformation, and the first and the second derivatives are 
obtained, to omit the terms that depends on angles θ and φ, we can obtain:

In["]:= Simplify
2

r
D[ℳ[r], {r, 1}] + D[ℳ[r], {r, 2}] -

(D[ℳ[r], {r, 1}])2  (Sin[θ]Cos[φ])2 + (Sin[θ] Sin[φ])2 + (Cos[θ])2

Out["]= -ℳ′(r)2 +
2ℳ′(r)

r
+ℳ′′(r)

To solve the abovementioned differential equation under the boundary condition M (r2) = 0.

In["]:= DSolve-(ℳ′[r])2 +
2

r
ℳ′[r] +ℳ′′[r] ⩵ 0, ℳ[r2] ⩵ 0, ℳ[r], r

Out["]= {{ℳ(r) → log(r) - log(1 + c1 r) - log(r2) + log(1 + c1 r2)}}

Suppose another boundary condition is M (r1) =M0, then
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In["]:= r = r1;
Solve[Log[r] - Log[1 + c1 r] - Log[r2] + Log[1 + c1 r2] ⩵ℳ0, c1]

Out["]= c1→
r1 - r2 ⅇℳ0

r1 r2 ⅇℳ0 - 1


Therefore, the solution of the above differential equation is as follows:

In["]:= Clear["Global`*"];

c1 =
r1 - r2 ⅇℳ0

r1 r2 ⅇℳ0 - 1
;

Simplify[Log[r] - Log[1 + c1 r] - Log[r2] + Log[1 + c1 r2]]

Out["]= -log
r r1 - r2 ⅇℳ0

r1 r2 ⅇℳ0 - 1
+ 1 + log(r) + log

ⅇℳ0 (r1 - r2)

r1 ⅇℳ0 - 1
- log(r2)

To restore the above solution in spherical to the solution in 3-dimensional rectangular coordinates, then

In["]:= r = x2 + y2 + z2 ;

FullSimplify-Log
r r1 - r2 ⅇℳ0

r1 r2 ⅇℳ0 - 1
+ 1 + Log[r] + Log

ⅇℳ0 (r1 - r2)

r1 ⅇℳ0 - 1
 - Log[r2],

Assumptions→ r2 > 0 ∧ r1 > 0

Out["]= -log
r1 - r2 ⅇℳ0 x2 + y2 + z2

ⅇℳ0 - 1
+ r1 r2 + log

ⅇℳ0 (r1 - r2)

ⅇℳ0 - 1
+
1

2
logx2 + y2 + z2

To verify the above results:

In["]:= ℳ[x, y, z] := -Log
r1 - r2 ⅇℳ0 x2 + y2 + z2

ⅇℳ0 - 1
+ r1 r2 + Log

ⅇℳ0 (r1 - r2)

ⅇℳ0 - 1
 +

1

2
Logx2 + y2 + z2;

FullSimplify

∂2ℳ(x, y, z)

∂x2
+

∂2ℳ(x, y, z)

∂ y2
+

∂2ℳ(x, y, z)

∂ z2
-

∂ℳ(x, y, z)

∂x

2

-
∂ℳ(x, y, z)

∂ y

2

-
∂ℳ(x, y, z)

∂ z

2



Out["]= 0

Therefore, the above equation is the solution of Eq. 43 in the main text.

Similarly, the 2-dimensional case can also be solved.

In["]:= Clear["Global`*"];

SimplifyD[ℳ[r], {r, 2}] +
1

r
D[ℳ[r], {r, 1}] - (D[ℳ[r], {r, 1}])2

Out["]= -ℳ′(r)2 +
ℳ′(r)

r
+ℳ′′(r)

In["]:= DSolve-ℳ′[r]2 +
ℳ′[r]

r
+ℳ′′[r] ⩵ 0, ℳ[r2] ⩵ 0, ℳ[r], r

Out["]= {{ℳ(r) → log(-log(r2) + c1) - log(-log(r) + c1)}}
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In["]:= r = r1;
Solve[Log[-Log[r2] + c1] - Log[-Log[r] + c1] ⩵ℳ0, c1]

Out["]= c1→
ⅇℳ0 log(r1) - log(r2)

ⅇℳ0 - 1


In["]:= Clear["Global`*"];

c1 =
ⅇℳ0 Log[r1] - Log[r2]

ⅇℳ0 - 1
;

Simplify[Log[-Log[r2] + c1] - Log[-Log[r] + c1]]

Out["]= log
ⅇℳ0 (log(r1) - log(r2))

ⅇℳ0 - 1
- log

ⅇℳ0 log(r1) - log(r2)

ⅇℳ0 - 1
- log(r)

In["]:= r = x2 + y2 ;

FullSimplifyLog
ⅇℳ0 (Log[r1] - Log[r2])

ⅇℳ0 - 1
 - Log

ⅇℳ0 Log[r1] - Log[r2]

ⅇℳ0 - 1
- Log[r],

Assumptions→ r2 > 0 ∧ r1 > 0

Out["]= log
ⅇℳ0 log r1

r2


ⅇℳ0 - 1
- log

log r1
r2


ⅇℳ0 - 1
+ log(r1) -

1

2
logx2 + y2

In["]:= ℳ[x, y] := Log
ⅇℳ0 Log r1

r2


ⅇℳ0 - 1
 - Log

Log r1
r2


ⅇℳ0 - 1
+ Log[r1] -

1

2
Logx2 + y2;

FullSimplify
∂2ℳ(x, y)

∂x2
+

∂2ℳ(x, y)

∂ y2
-

∂ℳ(x, y)

∂x

2

-
∂ℳ(x, y)

∂ y

2



Out["]= 0

To verify the above conclusion, the results of analytical solution and the numerical solution under the 
same conditions are plotted (This code takes approximately 86 seconds):

In["]:= Clear["Global`*"];

ℳ[x, y] := Log
ⅇℳ0 Log r1

r2


ⅇℳ0 - 1
 - Log

Log r1
r2


ⅇℳ0 - 1
+ Log[r1] -

1

2
Logx2 + y2;

r1 =
4

100
;

r2 = 4;
ℳ0 = 1 + 2 ⅈ;
Ω= ImplicitRegionr12 ≤ x2 + y2 ≤ r22, {x, y};
ℳ2[x_, y_] = (Norm[ℳ[x, y]])2;

G1 = ShowPlot3Dℳ2[x, y], {x, y} ∈ Ω, PlotRange→ {0, 5},
ColorFunction→ (Hue[0.65, #3]&), MeshStyle→None, BoundaryStyle→None, PlotPoints→ 200,

AxesLabel→ Style["x ", Italic], Style["y", Italic], Rotate"Density ",
π

2
,

AxesStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22], TicksStyle→ Black,
BoxStyle→Directive[Black, Thickness→ 0.002], BoxRatios→Automatic, ViewPoint→ {15, -26, 16},
Epilog→ Text[Style["a", 22, FontFamily→ "Arial", Bold, Black], {-0.07, 0.92}, {-1, 1}],

Table ; ;
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In["]:=

TableΩ1 = ImplicitRegion
9

100
≤ x2 + i2 ≤ 16, {x}; Ifi2 ≤

9

100
, xx =

9

100
- i2 , xx = 0;

ParametricPlot3D{x, i, ℳ2[x, i]}, x ∈Ω1, PlotStyle→ Thickness[0.0014], PlotPoints→ 200,

ColorFunction→ GrayLevel0.4, 1 - #3*
ℳ2[xx, i]

ℳ20, 3
10


& , {i, -3.5, 3.5, 0.5},

TableΩ1 = ImplicitRegion
9

100
≤ j2 + y2 ≤ 16, {y}; If j2 ≤

9

100
, yy =

9

100
- j2 , yy = 0;

ParametricPlot3D{ j, y, ℳ2[ j, y]}, y ∈Ω1, PlotStyle→ Thickness[0.0014],

PlotPoints→ 200, ColorFunction→ GrayLevel0.4, 1 - #3*
ℳ2[ j, yy]

ℳ20, 3
10


& ,

{ j, -3.5, 3.5, 0.5}, ParametricPlot3D[{4 Cos[ϕ], 4 Sin[ϕ], 0}, {ϕ, 0, 2 π},

PlotStyle→Directive[Gray, Thickness[0.0014]], PlotPoints→ 200];
Needs["NDSolve`FEM`"];
mesh = ToElementMeshΩ, MeshRefinementFunction→

Function{vertices, area}, area >
3

100 000

1

10
+ 80 Norm[Mean[vertices]] ;

uif =NDSolveValue
∂2u(x, y)

∂x2
+

∂2u(x, y)

∂ y2
-

∂u(x, y)

∂x

2

-
∂u(x, y)

∂ y

2

⩵ 0, DirichletCondition

u[x, y] ⩵ℳ0, x2 + y2⩵ r12, DirichletConditionu[x, y] ⩵ 0, x2 + y2⩵ r22, u, {x, y} ∈mesh;

G2 = ShowPlot3D(Abs[uif[x, y]])2, {x, y} ∈mesh, PlotRange→ {0, 5},
ColorFunction→ (Hue[0.65, #3]&), MeshStyle→None, BoundaryStyle→None,

AxesLabel→ Style["x ", Italic], Style["y", Italic], Rotate"Density ",
π

2
,

AxesStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22], TicksStyle→ Black,
BoxStyle→Directive[Black, Thickness→ 0.002], BoxRatios→Automatic, ViewPoint→ {15, -26, 16},
Epilog→ Text[Style["b", 22, FontFamily→ "Arial", Bold, Black], {-0.07, 0.92}, {-1, 1}],

TableΩ2 = ImplicitRegion
9

100
≤ x2 + i2 ≤ 16, {x}; Ifi2 ≤

9

100
, xx =

9

100
- i2 , xx = 0;

ParametricPlot3Dx, i, (Abs[uif[x, i]])2, x ∈Ω2, PlotStyle→ Thickness[0.0014], PlotPoints→ 200,

ColorFunction→ GrayLevel0.4, 1 - #3*
(Abs[uif[xx, i]])2

Absuif0, 3
10


2
& , {i, -3.5, 3.5, 0.5},

TableΩ2 = ImplicitRegion
9

100
≤ j2 + y2 ≤ 16, {y}; If j2 ≤

9

100
, yy =

9

100
- j2 , yy = 0;

ParametricPlot3D j, y, (Abs[uif[ j, y]])2, y ∈Ω2, PlotStyle→ Thickness[0.0014],

PlotPoints→ 200, ColorFunction→ GrayLevel0.4, 1 - #3*
(Abs[uif[ j, yy]])2

Absuif0, 3
10


2
& ,

,

;
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In["]:=

{ j, -3.5, 3.5, 0.5}, ParametricPlot3D[{4 Cos[ϕ], 4 Sin[ϕ], 0}, {ϕ, 0, 2 π},

PlotStyle→Directive[Gray, Thickness[0.0014]], PlotPoints→ 200];
s4 =GraphicsRow[{G1, G2}, ImageSize→ 800, Spacings→ Scaled[0.09]];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S4.png",
s4, Background→None, ImageResolution→ 600];

sfg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S4.png"];

ImageResize[ImageTake[sfg, {220, 2850}, {150, 6370}], 4000]

Out["]=

Figure S4 | Distribution of the mass density of a particle swarm meeting conditions M(0, 0) = 1 + 2ⅈ ∧ 
(M(x, y) = 0 ∧ x2 + y2 = 42). a, The analytical solution. b, The numerical solution.

It can be seen from Fig. S4b that the numerical solution is also a circular symmetrical structure.

Part 6. Differences Between the Two Solving Methods (Schrödinger Equation 
and Eq. 40)

This code takes approximately 45 hours.

70



Clear["Global`*"];

usol =DSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2, ψ, {x, t};

F[x_] := ⅇ-x; L = 20;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-2 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 40;

s5 = Plot3DAbs[usol[x, t]] - 102 Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {-0.002, 0.003}},
MeshStyle→GrayLevel[0.4], BoundaryStyle→GrayLevel[0.4],

AxesLabel→ Style["t ", Italic], Style["x", Italic], Rotate"Deviation ",
π

2
,

AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.0017},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.0017}}, {{-6, -6, {0.011, 0}, Thickness→ 0.0017},
{-3, -3, {0.011, 0}, Thickness→ 0.0017}, {0, 0, {0.011, 0}, Thickness→ 0.0017},
{3, 3, {0.011, 0}, Thickness→ 0.0017}, {6, 6, {0.011, 0}, Thickness→ 0.0017}},

{{-0.002, -0.002, {0.012, 0}, Thickness→ 0.0017}, {-0.001, -0.001, {0.012, 0}, Thickness→ 0.0017},
{0, "0.000", {0.012, 0}, Thickness→ 0.0017}, {0.001, 0.001, {0.012, 0}, Thickness→ 0.0017}, {0.002,
"0.002", {0.012, 0}, Thickness→ 0.0017}, {0.003, "0.003", {0.012, 0}, Thickness→ 0.0017}}},

TicksStyle→ Black, LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 15],
ViewPoint→ {1, -2, 2.1};

FindMaxValueAbs[usol[x, t]] - 102 Abs[vsol[x, t]], x > 0, t > 0, {x, t}, WorkingPrecision→ 34
Abs[usol[x, t]] /. Last

FindMaximumAbs[usol[x, t]] - 102 Abs[vsol[x, t]], x > 0, t > 0, {x, t}, WorkingPrecision→ 34
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S5.png",

s5, Background→None, ImageResolution→ 600];
Import["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S5.png"]

Out["]= 0.01137609304650582034220637885507277

Out["]=

Figure S5 | Deviation of the contours computed by the Schrödinger equation and Eq. 40 with an initial 
wave function of 10-2 e-2 x2.
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Part 7. Another Comparison when the Initial Wave Function is 1.4 e-2 x2

This code takes approximately 3 hours.

In["]:= Clear["Global`*"];
Off[NDSolveValue::eerr];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵
6

5
ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 22;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵
7

5
ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 26;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;

xsol =NDSolveⅈ D[χ[x, t], t] Z -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plot3D
5

6
Abs[usol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,

MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", Italic], Style["x", Italic], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness→ 0.0017},

{1.5, 1.5, {0.04, 0}, Thickness→ 0.0017}}, {{-6, -6, {0.04, 0}, Thickness→ 0.0017},
{-3, -3, {0.04, 0}, Thickness→ 0.0017}, {0, 0, {0.04, 0}, Thickness→ 0.0017},
{3, 3, {0.04, 0}, Thickness→ 0.0017}, {6, 6, {0.04, 0}, Thickness→ 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.0017}, {1, "1.0", {0.012, 0}, Thickness→ 0.0017}}},
TicksStyle→ Black, LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20],
ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["a", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G2 = Plot3D
5

7
Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,

PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", Italic], Style["x", Italic], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness→ 0.0017},

{1.5, 1.5, {0.04, 0}, Thickness→ 0.0017}}, {{-6, -6, {0.04, 0}, Thickness→ 0.0017},
{-3, -3, {0.04, 0}, Thickness→ 0.0017}, {0, 0, {0.04, 0}, Thickness→ 0.0017},
{3, 3, {0.04, 0}, Thickness→ 0.0017}, {6, 6, {0.04, 0}, Thickness→ 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.0017}, {1, "1.0", {0.012, 0}, Thickness→ 0.0017}}},
TicksStyle→ Black, LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20],
ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["b", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G3 = Plot3D[Norm[Evaluate[{u[x, t], v[x, t]} /. xsol]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", Italic], Style["x", Italic], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
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In["]:=

Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness→ 0.0017},
{1.5, 1.5, {0.04, 0}, Thickness→ 0.0017}}, {{-6, -6, {0.04, 0}, Thickness→ 0.0017},
{-3, -3, {0.04, 0}, Thickness→ 0.0017}, {0, 0, {0.04, 0}, Thickness→ 0.0017},
{3, 3, {0.04, 0}, Thickness→ 0.0017}, {6, 6, {0.04, 0}, Thickness→ 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.0017}, {1, "1.0", {0.012, 0}, Thickness→ 0.0017}}},
TicksStyle→ Black, LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20],
ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["c", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

G4 = Plot
5

6
Norm[usol[x, 1]],

5

7
Norm[vsol[x, 1]], Norm[Evaluate[{u[x, 1], v[x, 1]} /. xsol]], {x, -3.8, 3.8},

PlotStyle→ {{Red, Thickness→ 0.005}, {Blue, Thickness→ 0.005}, {Black, Thickness→ 0.005}},
PlotRange→ {{-3, 3}, {-0.02, 0.9}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016],
FrameTicks→ {{{-3, -3, {0.013, 0}, Thickness→ 0.0017}, {-2, -2, {0.013, 0}, Thickness→ 0.0017},

{-1, -1, {0.013, 0}, Thickness→ 0.0017}, {0, 0, {0.013, 0}, Thickness→ 0.0017},
{1, 1, {0.013, 0}, Thickness→ 0.0017}, {2, 2, {0.013, 0}, Thickness→ 0.0017},
{3, 3, {0.013, 0}, Thickness→ 0.0017}}, {{0, 0}}}, FrameLabel→ {Style["x", Italic]},

LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20],
Epilog→ Inset[LineLegend[{Directive[Red, Thickness[0.005]], Directive[Blue, Thickness[0.005]],

Directive[Black, Thickness[0.005]]}, {Style["1.2", 20, FontFamily→ "Arial", Black], Style[
"1.4", 20, FontFamily→ "Arial", Black], Style["Dirac", 20, FontFamily→ "Arial", Black]},

LegendFunction→ (Framed[#, RoundingRadius→ 5, FrameStyle→GrayLevel[0.5]]&)],
Scaled[{0.8661, 0.7667}]];

s6 =GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings→ {Scaled[-0.01], Scaled[-0.01]},
Alignment→ Bottom, ImageSize→ 700,
Epilog→ Text[Style["d", 20, FontFamily→ "Arial", Black, Bold], Scaled[{0.5713, 0.8356}]]];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S6.png",
s6, Background→None, ImageResolution→ 600];

ImageResize[Import["/Users/gotall/Library/Mobile
Documents/com~apple~CloudDocs/SPaper/Figures/Figure S6.png"], 4000]

Out["]=

Figure S6 | Illustrations of the 1-dimensional time-dependent diffusion of the Gaussian wave packet 
e-2 x2

 as obtained using various methods in natural units. a, Computation result of Eq. 40 when the 

initial condition is M0 (x, t) = 1.2 e-2 x2. The norm has been reduced (× 5
6 ) to facilitate the shape 

comparison. b, Computation result of Eq. 40 when the initial condition is M0 (x, t) = 1.4 e-2 x2. The 

norm has been reduced (× 5
7 ) to facilitate the shape comparison. c, Computation result of the Dirac 

equation. d, Comparison between the 3 methods at t = 1 eV-1.
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Part 8. Angular Speed Distribution of Random Spin Particles
Clear["Global`*"];

X = TransformedDistribution
N1

N12 + N22 + N32
,

{N1, N2, N3} * ProductDistribution[{NormalDistribution[], 3}];

PDF[X, x]

Out["]=

1
2

-1 ≤ x ≤ 1

0 True

The expression of BΩ'C in the main text is calculated as follows.

In["]:= X = c Sin[ArcCos[Θ]]Cos[Η];
Y = c Sin[ArcCos[Θ]] Sin[Η];
Z = 0;

FullSimplify X2 + Y2 + Z2 , Assumptions→ c > 0

Out["]= c 1 - Θ2

NOTE: Bω'C(x) in the main text is substituted by ω' as the probability expression here.

In["]:= ω ' = TransformedDistributionc 1 - Θ2 , Θ*UniformDistribution[{-1, 1}];
FullSimplify[PDF[ω ', x], Assumptions→ c > 0]

Out["]=

x

c c2-x2
x > 0 ∧ c > x

0 True

NOTE: ωS,X (x) in the main text is substituted by ωsx here. Then, the probability density of X, which 

represents one of the three equivalent coordinates of the angular velocity ΩS contributed by the random 
vector VS, can be obtained:

In["]:= ωsx = TransformedDistributionF1 F2,

F1* ProbabilityDistribution
1

2
, {x, -1, 1}, F2* ProbabilityDistribution

x

c c2 - x2
, {x, 0, c};

FullSimplify[PDF[ωsx, x], Assumptions→ c > 0]

Out["]=

cos-1 x
c


2 c
x. 0 ∨ (x > 0 ∧ c > x)

2 sin-1 x
c
+π

4 c
c + x > 0 ∧ x < 0

NOTE: ωB,X (x,r) in the main text is substituted by ωbx here. Then, the probability density of the norm 
r of the radius r at which the starting point of the vector VB is located within the ball can be obtained:
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NOTE: ωB,X (x,r) in the main text is substituted by ωbx here. Then, the probability density of the norm 
r of the radius r at which the starting point of the vector VB is located within the ball can be obtained:

ωbx = TransformedDistribution
1

r
x,

x* ProbabilityDistribution

ArcCos x
c


2 c
0 ≤ x < c

2 ArcSin x
c
+π

4 c
-c < x < 0

, {x, -c, c}, Assumptions→ r > 0 ∧ c > 0;

PDF[ωbx, x]

Out["]=

r cos-1 r x
c


2 c
c + r x > 0 ∧ c - r x > 0 ∧ r x ≥ 0

r 2 sin-1 r x
c
+π

4 c
c + r x > 0 ∧ c - r x > 0 ∧ r x < 0

The distribution function of the contribution of VB to the equivalent coordinate ΩB,X  of ΩB is calcu-
lated as follows (NOTE: This is the result in Mathematica 11.2):

CDFProbabilityDistribution

r ArcCos r x
c


2 c
0 ≤ x < c

r

r 2 ArcSin r x
c
+π

4 c
-
c
r
< x < 0

, x, -
c

r
,
c

r
, Assumptions→ r > 0 ∧ c > 0, x

1
2

c
r
- x > 0 ∧ x. 0

1 c
r
- x < 0 ∧ x ≥ 0

- c2-r2 x2 +r x cos-1 r x
c
+2 c

2 c

c
r
- x. 0 ∧ x ≥ 0 ∨ 

c
r
- x ≥ 0 ∧ x > 0

2 c2-r2 x2 +2 r x sin-1 r x
c
+π r x

4 c
x < 0 ∧ c

r
- x > 0 ∧ c

r
+ x > 0

We remove the meaningless parts of the above function and integrate the function in the whole unit 
ball (NOTE: This is the result in Mathematica 11.2):

FullSimplify
0

1
4 π r2

2 c2-r2 x2 +2 r xArcSin r x
c
+π r x

4 c
-
c
r
< x < 0

- c2-r2 x2 +r xArcCos r x
c
+2 c

2 c
0 ≤ x < c

r

ⅆ r, Assumptions→ c > 0

-
π2 c3

32 x3
c + x ≤ 0

128-3 π π c3

96 x3
c < x

π 3 c2 x (c-x) (c+x) +3 c4 3 sin-1 x
c
-4 tan-1 x

c2-x2
+24 x4 sec-1 c

x
+64 c x3-30 x3 (c-x) (c+x)

48 c x3
c ≥ x ∧ x ≥ 0

π 8 x4-3 c4 sin-1 x
c
+x (c-x) (c+x) 10 x2-c2+4 c4 tan-1 x

c2-x2
+4 π x4

16 c x3
True

We find the first derivative of the above result with respect to x (NOTE: This is the result in Mathemat-
ica 11.2):
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FullSimplify

D

-
π2 c3

32 x3
x ≤ -c

(128-3 π) π c3

96 x3
x > c

π 3 c2 x (c-x) (c+x) +3 c4 3 ArcSin x
c
-4 ArcTan x

c2-x2
 +24 x4 ArcSec c

x
+64 c x3-30 x3 (c-x) (c+x)

48 c x3
0 < x ≤ c

π 8 x4-3 c4ArcSin x
c
+x (c-x) (c+x) 10 x2-c2+4 c4 ArcTan x

c2-x2
+4 π x4

16 c x3
-c < x < 0

, x

3 π2 c3

32 x4
c + x ≤ 0

π 3 π-128 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 tan-1 x

c2-x2
-3 sin-1 x

c
 +8 x4 sec-1 c

x


16 c x4
x > 0 ∧ c ≥ x

π x (c-x) (c+x) 3 c2+2 x2+9 c4+8 x4 sin-1 x
c
-12 c4 tan-1 x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0

We modify the above results to the form of a continuous function and integrate the function in the 
whole interval �-∞��∞ . 

In["]:= Integrate

3 π2 c3

32 x4
c + x ≤ 0

3 π2 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcTan x

c2-x2
-3 ArcSin x

c
 +8 x4 ArcSec c

x


16 c x4
x > 0 ∧ c ≥ x

π 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcTan x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0

,

{x, -∞, ∞}, Assumptions→ c > 0

Out["]=
4 π

3

The above function is normalized according to the integration results (NOTE: This is the result in 
Mathematica 11.2):

FullSimplify
1
4 π
3

3 π2 c3

32 x4
c + x ≤ 0

3 π2 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcTan x

c2-x2
-3 ArcSin x

c
 +8 x4 ArcSec c

x


16 c x4
x > 0 ∧ c ≥ x

π 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcTan x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0



9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 tan-1 x

c2-x2
-3 sin-1 x

c
 +8 x4 sec-1 c

x


64 c x4
x > 0 ∧ c ≥ x

3 9 c4+8 x4 sin-1 x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 tan-1 x

c2-x2
+4 π x4

64 c x4
c + x > 0 ∧ x < 0

In view of tan-1 x
c2-x2 = sin-1 x

c2-x2  and sec-1 c
x = cos-1 x

c , the probability density of the 

contribution of VB in the whole unit ball to an equivalent coordinate X of the angular velocity ΩB can 
be obtained by simplifying the above results (Note: ωB,X (x) in the main text is substituted by ωBx 
here) (NOTE: This is the result in Mathematica 11.2):
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In view of tan-1 x
c2-x2 = sin-1 x

c2-x2  and sec-1 c
x = cos-1 x

c , the probability density of the 

contribution of VB in the whole unit ball to an equivalent coordinate X of the angular velocity ΩB can 
be obtained by simplifying the above results (Note: ωB,X (x) in the main text is substituted by ωBx 
here) (NOTE: This is the result in Mathematica 11.2):

ωBx = FullSimplify

9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcSin x
c
-3 ArcSin x

c
+8 x4 ArcCos x

c


64 c x4
x > 0 ∧ c ≥ x

3 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcSin x

c
+4 π x4

64 c x4
c + x > 0 ∧ x < 0

, Assumptions→ c > 0

9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 3 c4 sin-1 x
c
-x c2-x2 3 c2+2 x2+8 x4 cos-1 x

c


64 c x4
x > 0 ∧ c ≥ x

3 8 x4-3 c4 sin-1 x
c
+x c2-x2 3 c2+2 x2+4 π x4

64 c x4
c + x > 0 ∧ x < 0

Further more, when the radius of the ball is R, the above situation scales to 
ΩB,X (x)
R . Accordingly, the 

probability density of the contribution of the random vector V to the single equivalent coordinate X of 
angular velocity Ω is (Note: ωX (x) in the main text is substituted by ωx here) (NOTE: This is the result 
in Mathematica 11.2):

ωx = TransformedDistribution
x

R
,

x* ProbabilityDistribution

9 π c3

128 x4
x > c ∨ x ≤ -c

3 8 x4-3 c4ArcSin x
c
+x c2-x2 3 c2+2 x2+4 π x4

64 c x4
-c < x < 0

3 3 c4 ArcSin x
c
-x c2-x2 3 c2+2 x2+8 x4 ArcCos x

c


64 c x4
0 < x ≤ c

Indeterminate True

, {x, -∞, ∞},

Assumptions→ R > 0 ∧ c > 0;

FullSimplify[PDF[ωx, x]]
9 π c3

128 R3 x4
c < R x ∨ c + R x ≤ 0

3 R x c2-R2 x2 3 c2+2 R2 x2+8 R4 x4-3 c4 sin-1 R x
c
+4 π R4 x4

64 c R3 x4
c + R x > 0 ∧ R x < 0

3 -R x c2-R2 x2 3 c2+2 R2 x2+3 c4 sin-1 R x
c
+8 R4 x4 cos-1 R x

c


64 c R3 x4
R x > 0 ∧ c ≥ R x

Indeterminate True

The standard deviation of ωx is:

StandardDeviation[ωx]

2
3
c

R
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This is the end of the whole proof.

Part 9. Figures Used in This Article
###################### Figure1##############################

In["]:= Clear["Global`*"];

aa =GraphicsRGBColor
178

255
,
252

255
,
61

255
, Rectangle[{0, 0}, {1, 1}],

RGBColor
178

255
,
252

255
,
61

255
, 0.5, Rectangle[{1, 0}, {2, 1}],

RGBColor
250

255
,
200

255
, 0, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0.7, 0.54}, {1.3, 0.54}}]},

RGBColor
250

255
,
200

255
, 0, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.3, 0.46}, {0.7, 0.46}}]},

RGBColor
178

255
,
252

255
,
61

255
, 0.5, Arrowheads[0.06],

{Thickness[0.006], Arrow[{{0, -1.3}, {1.2, -1.3}}]},

RGBColor
178

255
,
252

255
,
61

255
, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {0.8, -0.3}}]},

{Orange, {Thickness[0.002], DotDashed, Line[{{1, -0.05}, {1, 1.05}}]}},
{Orange, {Thickness[0.004], Dashed, Line[{{0.8, -0.3}, {2, -0.3}}]}},
{Orange, {Thickness[0.004], Dashed, Line[{{1.2, -1.3}, {2, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.2, -1.3}, {0.8, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {2, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {1, -0.8}}]}},
Text[Style["V", 24, FontFamily→ "Euclid Math One", White], {0.45, 0.5}],
Text[Style["A", 17, FontFamily→ "Arial", White], {0.513, 0.456}],
Text[Style["V", 24, FontFamily→ "Euclid Math One", White], {1.55, 0.5}],
Text[Style["B", 17, FontFamily→ "Arial", White], {1.616, 0.455}],
Text[Style["D", 24, FontFamily→ "Arial", Orange, Italic], {0.982, 0.63}],
Text[Style["A", 17, FontFamily→ "Arial", Orange], {1.063, 0.59}],
Text[Style["D", 24, FontFamily→ "Arial", Orange, Italic], {0.982, 0.38}],
Text[Style["B", 17, FontFamily→ "Arial", Orange], {1.065, 0.34}],
Text[Style["Φ", 24, FontFamily→ "Arial", Orange], {1.06, 1.08}],
Text[Style["O", 24, FontFamily→ "Arial", Orange], {0, -1.39}],

TextStyle"B", 24, FontFamily→ "Arial", RGBColor
178

255
,
252

255
,
61

255
, 0.5, {1.2, -1.39},

TextStyle"A", 24, FontFamily→ "Arial", RGBColor
178

255
,
252

255
,
61

255
, {0.7, -0.28},

Text[Style["C", 24, FontFamily→ "Arial", Orange], {2.02, -0.4}],
Text[Style["M", 24, FontFamily→ "Arial", Orange], {0.972, -0.93}],
Inset[Style["a", Black, Bold, FontFamily→ "Arial", FontSize→ 24], {0.034, 1.12}],
Inset[Style["b", Black, Bold, FontFamily→ "Arial", FontSize→ 24], {0.034, -0.2}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 1.png",
aa, Background→None, ImageResolution→ 600];

###################### Figure1##############################

###################### Figure2##############################
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In["]:= Clear["Global`*"];
text =Graphics{Gray, Line[{{1, 0}, {1, 10}}], Line[{{2, 0}, {2, 10}}],

Line[{{3, 0}, {3, 10}}], Line[{{4, 0}, {4, 10}}], Line[{{5, 0}, {5, 10}}],
Line[{{6, 0}, {6, 10}}], Line[{{7, 0}, {7, 10}}], Line[{{8, 0}, {8, 10}}], Line[{{9, 0}, {9, 10}}],
Line[{{0, 1}, {10, 1}}], Line[{{0, 2}, {10, 2}}], Line[{{0, 3}, {10, 3}}], Line[{{0, 4}, {10, 4}}],
Line[{{0, 5}, {10, 5}}], Line[{{0, 6}, {10, 6}}], Line[{{0, 7}, {10, 7}}], Line[{{0, 8}, {10, 8}}],

Line[{{0, 9}, {10, 9}}], Orange, Rectangle[{6, 4}, {7, 5}]}, PlotRangePadding→
1

1000
;

bb = Show[{Plot3D[Sin[x +Cos[y]], {x, -3, 3}, {y, -3, 3}, PlotPoints→ 60, MaxRecursion→ 3,
PlotStyle→ Texture[text], Mesh→None, Lighting→ "Neutral", PlotLabels→ Placed["", {0, 0}],
BoundaryStyle→None, Boxed→ False, Axes→None, ViewPoint→ {1, -1.9, 1.4}],

Graphics3D[{{Thickness[0.007], Black,
Arrow[{{0, 0, 0}, {-Evaluate[D[Sin[x +Cos[y]], x] /. {x→ 0.88, y→-0.3}],

-Evaluate[D[Sin[x +Cos[y]], y] /. {x→ 0.88, y→-0.3}], 1}} +
{{0.88, -0.3, Sin[0.88 +Cos[-0.3]]}, {0.88, -0.3, Sin[0.88 +Cos[-0.3]]}}]},

{Text[Style["N", 14, FontFamily→ "Arial", Bold, Italic, Black],
{-Evaluate[D[Sin[x +Cos[y]], x] /. {x→ 0.88, y→-0.3}],

-Evaluate[D[Sin[x +Cos[y]], y] /. {x→ 0.88, y→-0.3}], 1} +
{0.88, -0.3, Sin[0.88 +Cos[-0.3]]} + {0.02, 0.03, 0.23}]},

{Thickness[0.007], Blue, Arrow[{{0.88, -0.3, Sin[0.88 +Cos[-0.3]]}, {1.88, -0.5, 2}}]},
{Text[Style["X", 14, FontFamily→ "Euclid Math One", Bold, Blue], {2.01, -0.5, 2.01}]},
{Text[Style["Σ", 14, FontFamily→ "Arial", Italic, Gray], {-2.14, -1.5, 0.7}]},
{Text[Style["dS", 14, FontFamily→ "Arial", Orange], {0.55, -0.8, 1.39}]}}]}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png",
bb, Background→None, ImageResolution→ 600];

bfg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png"];

bfg = ImageTake[bfg, {295, 1915}, {50, 2920}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png", bfg];

###################### Figure2##############################

###################### Figure3##############################

This code takes approximately 447 seconds.

In["]:= Clear["Global`*"];

ℳ[x, y, z] := -Log
r1 - r2 ⅇℳ0 x2 + y2 + z2

ⅇℳ0 - 1
+ r1 r2 + Log

ⅇℳ0 (r1 - r2)

ⅇℳ0 - 1
 +

1

2
Logx2 + y2 + z2;

r1 =
4

100
;

r2 = 4;
ℳ0 = 1 + 2 ⅈ;
Ω1 = ImplicitRegionx2 + y2 + z2 ≤ 16, {x, y, z};
G1 = SliceDensityPlot3D(Norm[ℳ[x, y, z]])2, "CenterPlanes", {x, y, z} ∈ Ω1,

Boxed→ False, Axes→None, ColorFunction→ (Hue[0.65, #1]&), PlotRange→ {0, 5},
BoundaryStyle→Directive[Thickness[0.0014], Gray], ClippingStyle→ Transparent, PlotPoints→ 300,
Epilog→ Text[Style["a", 22, FontFamily→ "Arial", Bold, Black], {0.0345, 1.134}, {0.5, 4}];

Ω2 = ImplicitRegion
16

10 000
≤ x2 + y2 ≤ 16, {x, y};

z = 0;
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ℳ[x, y] = -Log
r1 - r2 ⅇℳ0 x2 + y2 + z2

ⅇℳ0 - 1
+ r1 r2 + Log

ⅇℳ0 (r1 - r2)

ⅇℳ0 - 1
 +

1

2
Logx2 + y2 + z2;

ℳ2[x_, y_] = (Norm[ℳ[x, y]])2;

G2 = Show
Plot3D[ℳ2[x, y], {x, y} ∈ Ω2, PlotRange→ {{-4.52, 4.52}, {-4.52, 4.52}, {-1.7, 5}}, MeshStyle→None,
BoundaryStyle→None, Boxed→ False, Axes→None, ColorFunction→ (Hue[0.65, #3]&),
BoxRatios→Automatic, ImageSize→ {392, 392}, PlotPoints→ 200, ViewPoint→ {1.2, -2, 0.7},
Epilog→ Text[Style["b", 22, FontFamily→ "Arial", Bold, Black], {0.075, 1.08}, {0.5, 4}]],

TableΩ3 = ImplicitRegion
36

10 000
≤ x2 + i2 ≤ 16, {x}; Ifi2 ≤

36

10 000
, xx =

36

10 000
- i2 , xx = 0;

ParametricPlot3D{x, i, ℳ2[x, i]}, x ∈Ω3, PlotStyle→ Thickness[0.0014], PlotPoints→ 200,

ColorFunction→ GrayLevel0.4, 1 - #3*
ℳ2[xx, i]

ℳ20, 6
100



& , {i, -3.5, 3.5, 0.5},

TableΩ3 = ImplicitRegion
36

10 000
≤ j2 + y2 ≤ 16, {y}; If j2 ≤

36

10 000
, yy =

36

10 000
- j2 , yy = 0;

ParametricPlot3D{ j, y, ℳ2[ j, y]}, y ∈Ω3, PlotStyle→ Thickness[0.0014],

PlotPoints→ 200, ColorFunction→ GrayLevel0.4, 1 - #3*
ℳ2[ j, yy]

ℳ20, 6
100



& ,

{ j, -3.5, 3.5, 0.5}, ParametricPlot3D[{4 Cos[θ], 4 Sin[θ], 0}, {θ, 0, 2 π},

PlotStyle→Directive[Gray, Thickness[0.0014]], PlotPoints→ 200];
G3 =DensityPlot[ℳ2[x, y], {x, y} ∈ Ω2, PlotRange→ {{-4.44, 4.44}, {-4.44, 4.44}, {0, 5}},

ColorFunction→ (Hue[0.65, #1]&), Frame→ False, PlotPoints→ 200,
Epilog→ {Text[Style["c", 22, FontFamily→ "Arial", Bold, Black], {-3.87, 3.9}],

{Directive[Thickness[0.0014], Gray], Circle[{0, 0}, 4]}}];

Ω4 = ImplicitRegion
16

10 000
≤ x2 ≤ 16, {x};

y = 0;
z = 0;

ℳ[x] = -Log
r1 - r2 ⅇℳ0 x2 + y2 + z2

ⅇℳ0 - 1
+ r1 r2 + Log

ⅇℳ0 (r1 - r2)

ⅇℳ0 - 1
 +

1

2
Logx2 + y2 + z2;

ℳ4 = (Norm[ℳ[x]])2;
G4 = Plot[ℳ4, {x, -4, 4}, PlotRange→ {{-4.47, 4.47}, {-0.05, 5}},

ColorFunction→ (Hue[0.65, #2]&), PlotPoints→ 1500, PlotStyle→ {Thickness→ 0.005},
Frame→ False, Axes→None, AspectRatio→Automatic];

G4 = Show[{G4, Plot[ℳ4, {x, -4, 4}, PlotRange→ {{-4.47, 4.47}, {-0.05, 0.9}},
PlotPoints→ 1500, PlotStyle→Directive[GrayLevel[0.66], Thickness→ 0.005, Dashed],
Frame→ False, Axes→None, AspectRatio→Automatic]}];

cc =GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings→ {50, 50}, ImageSize→ 700,
Epilog→ Text[Style["d", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.6118, 0.3921}]]];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png",
cc, Background→None, ImageResolution→ 600];

cfg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png"];

cfg = ImageTake[cfg, {60, 5780}, {60, 5760}];
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In["]:=

Export[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png", cfg];

###################### Figure3##############################

###################### Figure4##############################

This code takes approximately 12 minutes.

In["]:= Clear["Global`*"];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;
F[x_] := ⅇ-x;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;

wsol =NDSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2 , ψ(-L, t) ⩵ ψ(L, t),

ψ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 18;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;

xsol =NDSolveⅈ D[χ[x, t], t] Z -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plot3D1013 Abs[usol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,
PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", Italic], Style["x", Italic], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness→ 0.0017},

{1.5, 1.5, {0.04, 0}, Thickness→ 0.0017}}, {{-6, -6, {0.04, 0}, Thickness→ 0.0017},
{-3, -3, {0.04, 0}, Thickness→ 0.0017}, {0, 0, {0.04, 0}, Thickness→ 0.0017},
{3, 3, {0.04, 0}, Thickness→ 0.0017}, {6, 6, {0.04, 0}, Thickness→ 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.0017}, {1, "1.0", {0.012, 0}, Thickness→ 0.0017}}},
TicksStyle→ Black, LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20],
ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["a", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G2 = Plot3D[Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,
PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", Italic], Style["x", Italic], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness→ 0.0017},

{1.5, 1.5, {0.04, 0}, Thickness→ 0.0017}}, {{-6, -6, {0.04, 0}, Thickness→ 0.0017},
{-3, -3, {0.04, 0}, Thickness→ 0.0017}, {0, 0, {0.04, 0}, Thickness→ 0.0017},
{3, 3, {0.04, 0}, Thickness→ 0.0017}, {6, 6, {0.04, 0}, Thickness→ 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.0017}, {1, "1.0", {0.012, 0}, Thickness→ 0.0017}}},
TicksStyle→ Black, LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20],
ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["b", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

G3 = Plot3D[Abs[wsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,
, ,
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PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", Italic], Style["x", Italic], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness→ 0.0017},

{1.5, 1.5, {0.04, 0}, Thickness→ 0.0017}}, {{-6, -6, {0.04, 0}, Thickness→ 0.0017},
{-3, -3, {0.04, 0}, Thickness→ 0.0017}, {0, 0, {0.04, 0}, Thickness→ 0.0017},
{3, 3, {0.04, 0}, Thickness→ 0.0017}, {6, 6, {0.04, 0}, Thickness→ 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.0017}, {1, "1.0", {0.012, 0}, Thickness→ 0.0017}}},
TicksStyle→ Black, LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20],
ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["c", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

G4 = Plot3D[Norm[Evaluate[{u[x, t], v[x, t]} /. xsol]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", Italic], Style["x", Italic], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.04, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.04, 0}, Thickness→ 0.0017},

{1.5, 1.5, {0.04, 0}, Thickness→ 0.0017}}, {{-6, -6, {0.04, 0}, Thickness→ 0.0017},
{-3, -3, {0.04, 0}, Thickness→ 0.0017}, {0, 0, {0.04, 0}, Thickness→ 0.0017},
{3, 3, {0.04, 0}, Thickness→ 0.0017}, {6, 6, {0.04, 0}, Thickness→ 0.0017}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.0017}, {1, "1.0", {0.012, 0}, Thickness→ 0.0017}}},
TicksStyle→ Black, LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20],
ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["d", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

dd =GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings→ {Scaled[-0.01], Scaled[-0.01]}, ImageSize→ 700];
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png",

dd, Background→None, ImageResolution→ 600];
dfg =

Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png"];

dfg = ImageTake[dfg, {120, 5009}, {120, 5620}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png", dfg];

###################### Figure4##############################

###################### Figure5##############################

This code takes approximately 11.7 minutes.

In["]:= Clear["Global`*"];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;
F[x_] := ⅇ-x;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;

wsol =NDSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2 , ψ(-L, t) ⩵ ψ(L, t),

ψ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 18;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;
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xsol =NDSolveⅈ D[χ[x, t], t] Z -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plotⅇ-2 x2 , {x, -3.8, 3.8}, PlotStyle→ {Gray, Thickness→ 0.005, Dashed},
PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016],
FrameTicks→ {{{-3, -3, {0.013, 0}, Thickness→ 0.0017},

{-2, -2, {0.013, 0}, Thickness→ 0.0017}, {-1, -1, {0.013, 0}, Thickness→ 0.0017},
{0, 0, {0.013, 0}, Thickness→ 0.0017}, {1, 1, {0.013, 0}, Thickness→ 0.0017},
{2, 2, {0.013, 0}, Thickness→ 0.0017}, {3, 3, {0.013, 0}, Thickness→ 0.0017}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic]},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22],
Epilog→ Text[Style["t = 0.0", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

datau = Tablex, 1013 Norm[usol[x, 0.2]], {x, -4, 4};

fu =NormalNonlinearModelFitdatau, a ⅇb x2 , {a, b}, x;

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.2]] ⅆx

-1
 x2 Norm[vsol[x, 0.2]] ⅆx , {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.2]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a ⅇb x2 , {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] ⅆx

-1


x2 Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] ⅆx, {3, 2};

G2 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.2]], StringForm["σ = ``", σu], {0.76, 0.64}, {0.63, 0.56},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.2]], StringForm["σ = ``", σv],
{0.76, 1.03}, {0.11, 1.01}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.2]], StringForm["σ = ``", σw], {0.76, 0.9}, {0.23, 0.84},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]],
StringForm["σ = ``", σx], {0.76, 0.77}, {0.42, 0.74}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None], {x, -3.8, 3.8},

PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005}, {Blue, Thickness→ 0.005},
{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}}, PlotRange→ {{-3, 3}, {-0.02, 1.1}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic]},
Frame→ {{False, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016],
FrameTicks→ {{{-3, -3, {0.013, 0}, Thickness→ 0.0017},

{-2, -2, {0.013, 0}, Thickness→ 0.0017}, {-1, -1, {0.013, 0}, Thickness→ 0.0017},
{0, 0, {0.013, 0}, Thickness→ 0.0017}, {1, 1, {0.013, 0}, Thickness→ 0.0017},
{2, 2, {0.013, 0}, Thickness→ 0.0017}, {3, 3, {0.013, 0}, Thickness→ 0.0017}}, {{0, 0}}},

Epilog→ Text[Style["t = 0.2", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];
G2 = Show[G2, LabelStyle→ {FontFamily→ "Arial", 22}];
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datau = Tablex, 1013 Norm[usol[x, 0.4]], {x, -4, 4};

fu =NormalNonlinearModelFitdatau, a ⅇb x2 , {a, b}, x;

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.4]] ⅆx

-1
 x2 Norm[vsol[x, 0.4]] ⅆx , {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.4]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a ⅇb x2 , {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]] ⅆx

-1


x2 Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]] ⅆx, {3, 2};

G3 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.4]], StringForm["σ = ``", σu], {0.95, 0.54}, {0.589, 0.6},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.4]], StringForm["σ = ``", σv],
{0.95, 0.93}, {0.157, 0.93}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.4]], StringForm["σ = ``", σw], {0.95, 0.67}, {0.23, 0.713},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]],
StringForm["σ = ``", σx], {0.95, 0.8}, {0.14, 0.756}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None],

{x, -3.8, 3.8}, PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}},

PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016],
FrameTicks→ {{{-3, -3, {0.013, 0}, Thickness→ 0.0017},

{-2, -2, {0.013, 0}, Thickness→ 0.0017}, {-1, -1, {0.013, 0}, Thickness→ 0.0017},
{0, 0, {0.013, 0}, Thickness→ 0.0017}, {1, 1, {0.013, 0}, Thickness→ 0.0017},
{2, 2, {0.013, 0}, Thickness→ 0.0017}, {3, 3, {0.013, 0}, Thickness→ 0.0017}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic]},
Epilog→ Text[Style["t = 0.4", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

G3 = Show[G3, LabelStyle→ {FontFamily→ "Arial", 22}];
datau = Tablex, 1013 Norm[usol[x, 0.6]], {x, -4, 4};

fu =NormalNonlinearModelFitdatau, a ⅇb x2 , {a, b}, x;

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.6]] ⅆx

-1
 x2 Norm[vsol[x, 0.6]] ⅆx , {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a ⅇb x2 , {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]] ⅆx

-1


x2 , ;
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In["]:=

x2 Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]] ⅆx, {3, 2};

G4 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.6]], StringForm["σ = ``", σu], {1.1, 0.49}, {0.79, 0.52},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.6]], StringForm["σ = ``", σv],
{1.1, 0.88}, {0.157, 0.815}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.6]], StringForm["σ = ``", σw], {1.1, 0.62}, {0.79, 0.52},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]],
StringForm["σ = ``", σx], {1.1, 0.75}, {0.64, 0.69}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None],

{x, -3.8, 3.8}, PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}},

PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016],
FrameTicks→ {{{-3, -3, {0.013, 0}, Thickness→ 0.0017},

{-2, -2, {0.013, 0}, Thickness→ 0.0017}, {-1, -1, {0.013, 0}, Thickness→ 0.0017},
{0, 0, {0.013, 0}, Thickness→ 0.0017}, {1, 1, {0.013, 0}, Thickness→ 0.0017},
{2, 2, {0.013, 0}, Thickness→ 0.0017}, {3, 3, {0.013, 0}, Thickness→ 0.0017}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic]},
Epilog→ Text[Style["t = 0.6", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

G4 = Show[G4, LabelStyle→ {FontFamily→ "Arial", 22}];
ee =GraphicsGrid{{G1, G2}, {G3, G4}}, ImageSize→ 800, Spacings→ {Scaled[-0.2], Scaled[0.16]},

Epilog→ InsetLineLegend{Directive[Red, Thickness[0.005]], Directive[Blue, Thickness[0.005]],
Directive[Orange, Thickness[0.005]], Directive[Green, Thickness[0.005]]},

Style"Eq. 401", FontFamily→ "Arial", FontSize→ 22, Style"Eq. 402", FontFamily→ "Arial",
FontSize→ 22, Style["Schrödinger", FontFamily→ "Arial", FontSize→ 22],

Style["Dirac", FontFamily→ "Arial", FontSize→ 22], LegendFunction→
(Framed[#, RoundingRadius→ 5, FrameStyle→GrayLevel[0.5]]&), Scaled[{0.5, 1.081}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png",
ee, Background→None, ImageResolution→ 600];

efg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png"];

efg = ImagePad[efg, {{-260, -267}, {20, 100}}, None];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png", efg];

###################### Figure5##############################

###################### Figure6##############################

This code takes approximately 3 hours.

In["]:= Clear["Global`*"];
Off[NDSolveValue::eerr];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;
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In["]:=

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵ ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;

wsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵
6

5
ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 22;

xsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵
7

5
ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 26;

G1 = Plot1013 Norm[usol[0, t]], Norm[vsol[0, t]], FindMaxValue[Norm[vsol[x, t]], {x, 0, 3}],

5

6
Norm[wsol[0, t]], FindMaxValue

5

6
Norm[wsol[x, t]], {x, 0, 3},

5

7
Norm[xsol[0, t]], FindMaxValue

5

7
Norm[xsol[x, t]], {x, 0, 3},

{t, 0, 3}, PlotStyle→ {{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005},
{Green, Thickness→ 0.005, Dashed}, {Blue, Thickness→ 0.005},
{Blue, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005}, {Red, Thickness→ 0.005, Dashed}},

PlotRange→ {{0, 3}, {0, 1.23}}, Frame→ {{True, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002], FrameTicks→
{{{0, "0.0"}, {0.5, 0.5, {0.013, 0}, Thickness→ 0.0017}, {1.0, "1.0", {0.013, 0}, Thickness→ 0.0017},

{1.5, 1.5, {0.013, 0}, Thickness→ 0.0017}, {2.0, "2.0", {0.013, 0}, Thickness→ 0.0017},
{2.5, "2.5", {0.013, 0}, Thickness→ 0.0017}, {3.0, "3.0", {0.013, 0}, Thickness→ 0.0017}},

{{0, "0.0"}, {0.2, 0.2, {0.013, 0}, Thickness→ 0.0017}, {0.4, "0.4", {0.013, 0}, Thickness→ 0.0017},
{0.6, "0.6", {0.013, 0}, Thickness→ 0.0017}, {0.8, "0.8", {0.013, 0}, Thickness→ 0.0017},
{1.0, "1.0", {0.013, 0}, Thickness→ 0.0017}, {1.2, "1.2", {0.013, 0}, Thickness→ 0.0017}}},

FrameLabel→ {Style["t", Italic]}, LabelStyle→Directive[Black,
FontFamily→ "Arial", FontSize→ 22];

xv =NArgMax[Norm[vsol[0, t]], {t, 0.1, 0.5}];
xw =NArgMax[Norm[wsol[0, t]], {t, 0.1, 0.5}];
xx =NArgMax[Norm[xsol[0, t]], {t, 0.1, 0.5}];

G2 = Plot1013 Norm[usol[x, 0]], Norm[vsol[x, xv]],
5

6
Norm[wsol[x, xw]],

5

7
Norm[xsol[x, xx]],

{x, -3, 3}, PlotStyle→ {{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Red, Thickness→ 0.005}}, PlotRange→ {{-3, 3}, {-0.02, 1.23}},

Frame→ {{False, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016],
FrameTicks→ {{{-3, -3, {0.013, 0}, Thickness→ 0.0017}, {-2, -2, {0.013, 0}, Thickness→ 0.0017},

{-1, -1, {0.013, 0}, Thickness→ 0.0017}, {0, 0, {0.013, 0}, Thickness→ 0.0017},
{1, 1, {0.013, 0}, Thickness→ 0.0017}, {2, 2, {0.013, 0}, Thickness→ 0.0017},
{3, 3, {0.013, 0}, Thickness→ 0.0017}}, {{0, 0}}}, FrameLabel→ {Style["x", Italic]},

LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22];

ff = LabeledGraphicsRow{G1, G2}, ImageSize→ 800, Spacings→ Scaled[0.15],
Epilog→ InsetLineLegend{Directive[Orange, Thickness[0.005]], Directive[Green, Thickness[0.005]],

Directive[Blue, Thickness[0.005]], Directive[Red, Thickness[0.004]]},
Style"10-13 ", FontFamily→ "Arial", FontSize→ 22,
Style["1.0 ", FontFamily→ "Arial", FontSize→ 22], Style["1.2 ", FontFamily→ "Arial",
FontSize→ 22], Style["1.4", FontFamily→ "Arial", FontSize→ 22],

LegendFunction→ (Framed[#, RoundingRadius→ 5, FrameStyle→GrayLevel[0.5]]&),
, ,
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In["]:=

LegendLayout→ "Row", Scaled[{0.5, 0.8}],
Text[Style[" a b", 22, FontFamily→ "Arial", Bold, Black]],
{{Top, Left}},
Spacings→ {0, -0.3};

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png",
ff, Background→None, ImageResolution→ 600];

ffg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png"];

ffg = ImageTake[ffg, {0, 2500}, {180, 6500}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png", ffg];

###################### Figure6##############################

###################### Figure7##############################

Clear["Global`*"];
ℛ1 = Sphere[{0, 0, 0}, 1];
ℛS1 = Point[{0, 0, 0}];

ℛ2 = Sphere
1

2
, -

3

4
,
3

4
, 1;

A = Line
1

2
,

3

4
, 0, 

1

2
,

3

4
, 1;

pts1 = Solve[{x, y, z} ∈ ℛ1 ∧ {x, y, z} ∈ A, {x, y, z}];

ℛ3 =Arrow{0, 0, 0}, 
1

2
, -

3

4
, z /. Association[pts1];

{u, v, w} =Normalize{0, 0, 1}⨯
1

2
, -

3

4
, z /. Association[pts1];

θ =VectorAngle
1

2
, -

3

4
, z /. Association[pts1], {0, 0, 1};

M =

u2 + 1 - u2 cos(θ) u v (1 - cos(θ)) - w sin(θ) u w (1 - cos(θ)) + v sin(θ) 0

u v (1 - cos(θ)) + w sin(θ) v2 + 1 - v2 cos(θ) v w (1 - cos(θ)) - u sin(θ) 0

u w (1 - cos(θ)) - v sin(θ) v w (1 - cos(θ)) + u sin(θ) w2 + 1 - w2 cos(θ) 0
0 0 0 1

;

ℛ4 = ParametricPlot3D[Take[M.{r Cos[t], r Sin[t], 1, 1}, 3],
{r, 0, 1}, {t, 0, 2 Pi}, PlotStyle→ {Orange, Opacity[0.4]}, Mesh→None];

ℛ5 =Arrow
1

2
, -

3

4
, z /. Association[pts1], TakeM.-

1

2
,
1

4
, 1, 1, 3;

ℛS2 = Point
1

2
, -

3

4
, z /. Association[pts1];

A = LineTakeM.-
1

2
,
1

4
, 1, 1, 3, TakeM.-

1

2
,
1

4
, 2, 1, 3;

pts2 = Solve[{x, y, z} ∈ ℛ2 ∧ {x, y, z} ∈ A, {x, y, z}];

ℛ6 = LineTakeM.-
1

2
,
1

4
, 1, 1, 3, {x, y, z} /. Association[pts2];

ℛ7 =Arrow
1

2
, -

3

4
, z /. Association[pts1], {x, y, z} /. Association[pts2];
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ℛ8 = Point[{x, y, z} /. Association[pts2]];

ℛ9 = LineTakeM.-
1

2
,
1

4
,
20 + 5

20
, 1, 3, TakeM.-

1

2
+
1

10
,
1

4
-
1

20
,
20 + 5

20
, 1, 3;

ℛ10 = LineTakeM.-
1

2
+
1

10
,
1

4
-
1

20
, 1, 1, 3, TakeM.-

1

2
+
1

10
,
1

4
-
1

20
,
20 + 5

20
, 1, 3;

gg = ShowGraphics3D{Blue, Specularity[White, 30], Opacity[0.3], ℛ1},
{PointSize[Large], Blue, ℛS1}, {Orange, Specularity[White, 20], Opacity[0.3], ℛ2},
{PointSize[Large], Blue, ℛS2}, {Blue, Thickness[0.0085], ℛ3}, {Thickness[0.0085], Orange, ℛ5},
{Thickness[0.005], Dashed, Orange, ℛ6}, {Thickness[0.0085], Orange, ℛ7},
{PointSize[Large], Orange, ℛ8}, {Thickness[0.0085], Orange, ℛ9},
{Thickness[0.0085], Orange, ℛ10}, {Text[Style["S", 24, FontFamily→ "Arial", Blue], {0.14, 0, 0}]},

TextStyle["r", 24, FontFamily→ "Arial", Bold, Italic, Blue], TakeM.0.11, 0,
1

2
, 1, 3,

{Text[Style["S'", 24, FontFamily→ "Arial", Orange], Take[M.{0.14, 0, 1, 1}, 3]]},

TextStyle["D'", 24, FontFamily→ "Arial", Orange], TakeM.
1

2
, 0.22, 1, 1, 3,

TextStyle["v", 24, FontFamily→ "Arial", Bold, Italic, Orange],

TakeM.-
1

4
+ 0.12, 0, 1 +

3

4
, 1, 3, Text

Style["S", 13, FontFamily→ "Arial", Orange], TakeM.-
1

4
+ 0.196, 0, 0.98 +

3

4
, 1, 3,

TextStyle["ω'", 24, FontFamily→ "Arial", Bold, Orange], TakeM.-
1

4
, 0, 0.928, 1, 3,

ℛ4, Lighting→Automatic, Boxed→ False, ViewPoint→ {0, -∞, 0}
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 7.png",

gg, Background→None, ImageResolution→ 600];

###################### Figure7##############################

###################### Figure8##############################
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Clear["Global`*"];
R = 3;
c = 1;

hh = Plot

9 π c3

128 R3 x4
x > c

R
∨ x ≤ -

c
R

3 8 R4 x4-3 c4 sin-1 R x
c
+R x (c-R x) (c+R x) 3 c2+2 R2 x2+4 π R4 x4

64 c R3 x4
-
c
R
< x < 0

9 c4 sin-1 R x
c
-3 R x (c-R x) (c+R x) 3 c2+2 R2 x2+24 R4 x4 cos-1 R x

c


64 c R3 x4
0 < x ≤ c

R

,

{x, -0.8 c, 0.8 c}, PlotStyle→ {Blue, Thickness→ 0.0032}, PlotRange→ {-0.8 c, 0.8 c}, 0,
2

c
,

Frame→ {{True, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.0017],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.001],
FrameTicks→ {{{-0.7, "", {0.008, 0}, Thickness→ 0.001}, {-0.6, "", {0.008, 0}, Thickness→ 0.001},

{-0.5, -0.5, {0.012, 0}, Thickness→ 0.001}, {-0.4, "", {0.01, 0}, Thickness→ 0.001},
{-0.3, "", {0.008, 0}, Thickness→ 0.001}, {-0.2, "", {0.008, 0}, Thickness→ 0.001},
{-0.1, "", {0.008, 0}, Thickness→ 0.001}, {0, "0.0", {0.012, 0}, Thickness→ 0.0011},
{0.1, "", {0.008, 0}, Thickness→ 0.001}, {0.2, "", {0.008, 0}, Thickness→ 0.001},
{0.3, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.008, 0}, Thickness→ 0.001},
{0.5, "0.5", {0.012, 0}, Thickness→ 0.001}, {0.6, "", {0.008, 0}, Thickness→ 0.001},
{0.7, "", {0.008, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001}},

{{0, "0.0"}, {0.1, "", {0.008, 0}, Thickness→ 0.001}, {0.2, "", {0.008, 0}, Thickness→ 0.001},
{0.3, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.008, 0}, Thickness→ 0.001},
{0.5, "0.5", {0.012, 0}, Thickness→ 0.001}, {0.6, "", {0.008, 0}, Thickness→ 0.001},
{0.7, "", {0.008, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001},
{0.9, "", {0.008, 0}, Thickness→ 0.001}, {1, "1.0", {0.012, 0}, Thickness→ 0.001},
{1.1, "", {0.008, 0}, Thickness→ 0.001}, {1.2, "", {0.008, 0}, Thickness→ 0.001},
{1.3, "", {0.008, 0}, Thickness→ 0.001}, {1.4, "", {0.008, 0}, Thickness→ 0.001},
{1.5, "1.5", {0.012, 0}, Thickness→ 0.001}, {1.6, "", {0.008, 0}, Thickness→ 0.001},
{1.7, "", {0.008, 0}, Thickness→ 0.001}, {1.8, "", {0.008, 0}, Thickness→ 0.001},
{1.9, "", {0.008, 0}, Thickness→ 0.001}, {2, "2.0", {0.012, 0}, Thickness→ 0.001}}},

FrameLabel→ {"ωX", "Probability Density"}, LabelStyle→
Directive[Black, FontFamily→ "Arial", FontSize→ 14]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 8.png",
hh, Background→None, ImageResolution→ 600];

###################### Figure8##############################

###################### Figure9##############################

NOTE: This code takes approximately 17 hours.
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Clear["Global`*"];
m = 1 000 000;
n = 1000;
R = 3;
c = 100;
sl = {};
ProgressIndicator[Dynamic[ j], {1, m}]
For j = 1, j <m + 1, j++,

ℋ =RandomPoint[Ball[{0, 0, 0}, R], n];

Fori = 1, i < n + 1, i++, ℋ[[i]] =
ℋ[[i]]

ℋ[[i]][[1]]2 +ℋ[[i]][[2]]2 +ℋ[[i]][[3]]2
;

ℋθ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ = {0, 0, 0};
For[i = 1, i < n + 1, i++, ℋℋ =ℋℋ +ℋ[[i]]⨯ℋθ[[i]]];
Clear[ℋ , ℋθ];

sl =AppendTosl, Norm
1

n
ℋℋ;

$= SmoothKernelDistribution[sl, InterpolationPoints→ 100, MaxRecursion→ 3];

ii = PlotPDFMaxwellDistribution
c 2

3

R
 n , x, PDF[$, x],

{x, 0, 5.1}, PlotRange→ {{-0.1, 5.21}, {-0.023, 0.73}},
PlotStyle→ {{Blue, Thickness→ 0.0032}, {Red, Thickness→ 0.0032}},
Frame→ {{True, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.0017],
FrameTicks→ {{{0, "0", {0.012, 0}, Thickness→ 0.001},

{0.2, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.012, 0}, Thickness→ 0.001},
{0.6, "", {0.01, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001},
{1, "1", {0.012, 0}, Thickness→ 0.001}, {1.2, "", {0.008, 0}, Thickness→ 0.001},
{1.4, "", {0.008, 0}, Thickness→ 0.001}, {1.6, "", {0.008, 0}, Thickness→ 0.001},
{1.8, "", {0.008, 0}, Thickness→ 0.001}, {2, "2", {0.012, 0}, Thickness→ 0.001},
{2.2, "", {0.008, 0}, Thickness→ 0.001}, {2.4, "", {0.012, 0}, Thickness→ 0.001},
{2.6, "", {0.008, 0}, Thickness→ 0.001}, {2.8, "", {0.008, 0}, Thickness→ 0.001},
{3, "3", {0.012, 0}, Thickness→ 0.001}, {3.2, "", {0.008, 0}, Thickness→ 0.001},
{3.4, "", {0.008, 0}, Thickness→ 0.001}, {3.6, "", {0.008, 0}, Thickness→ 0.001},
{3.8, "", {0.008, 0}, Thickness→ 0.001}, {4, "4", {0.012, 0}, Thickness→ 0.001},
{4.2, "", {0.008, 0}, Thickness→ 0.001}, {4.4, "", {0.008, 0}, Thickness→ 0.001},
{4.6, "", {0.008, 0}, Thickness→ 0.001}, {4.8, "", {0.008, 0}, Thickness→ 0.001},
{5, "5", {0.012, 0}, Thickness→ 0.001}, {5.2, "", {0.008, 0}, Thickness→ 0.001}},

{{0, "0.0", {0.012, 0}, Thickness→ 0.001}, {0.1, "0.1", {0.012, 0}, Thickness→ 0.001},
{0.2, "0.2", {0.012, 0}, Thickness→ 0.001}, {0.3, "0.3", {0.012, 0}, Thickness→ 0.001},
{0.4, "0.4", {0.012, 0}, Thickness→ 0.001}, {0.5, "0.5", {0.012, 0}, Thickness→ 0.001},
{0.6, "0.6", {0.012, 0}, Thickness→ 0.001}, {0.7, "0.7", {0.012, 0}, Thickness→ 0.001}}},

FrameLabel→ {"BωC", "Probability Density"}, LabelStyle→
Directive[Black, FontFamily→ "Arial", FontSize→ 14],

Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style["Theoretical", FontFamily→ "Arial", FontSize→ 14],
Style["Simulated", FontFamily→ "Arial", FontSize→ 14]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[0.6]]&)], Scaled[{0.732, 0.644}]];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 9.png",
ii, Background→None, ImageResolution→ 600];

Out["]=

###################### Figure9##############################
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###################### Figure10#############################

In["]:= jj =Graphics[{{Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{-2, 0}, {-2, 0.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{2, 0}, {2, -0.3}}],
Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}],
Arrow[{{0, 2}, {0, -2}}], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],
Arrow[BezierCurve[{{-0.4, 2}, {-0.1, 0}, {-0.4, -2}}]],
Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}], Arrow[BezierCurve[{{0.4, 2}, {0.1, 0}, {0.4, -2}}]]},

{Directive[Thickness[0.004], Orange], Circle[{5, 0}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{3, 0}, {3, 0.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{7, 0}, {7, -0.3}}],
Blue, Thickness[0.001], Arrowheads[{{-0.02, 0}, {-0.02, .4}, {-0.02, 0.8}}],
Arrow[{{5, 2}, {5, -2}}], Arrowheads[{{-0.02, 0}, {-.02, .4}, {-0.02, 0.8}}],
Arrow[BezierCurve[{{4.6, 2}, {4.9, 0}, {4.6, -2}}]], Arrowheads[
{{-0.02, 0}, {-0.02, .4}, {-0.02, 0.8}}], Arrow[BezierCurve[{{5.4, 2}, {5.1, 0}, {5.4, -2}}]]},

{Directive[Thickness[0.004], Orange], Circle[{0, -5}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{2, -5}, {2, -5.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{-2, -5}, {-2, -4.7}}],
Blue, Thickness[0.001], Arrowheads[{{-0.02, 0.1}, {0.02, 0.9}}],
Arrow[{{0, -3}, {0, -7}}], Arrowheads[{{-0.02, 0.12}, {0.02, 0.88}}],
Arrow[BezierCurve[{{-0.4, -3}, {-0.1, -5}, {-0.4, -7}}]],
Arrowheads[{{-0.02, 0.12}, {0.02, 0.88}}], Arrow[BezierCurve[{{0.4, -3}, {0.1, -5}, {0.4, -7}}]]},

{Directive[Thickness[0.004], Orange], Circle[{5, -5}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{3, -5}, {3, -4.7}}], Arrowheads[{{0.03, 1}}], Arrow[{{7, -5}, {7, -5.3}}], Blue,
Thickness[0.001], Arrowheads[{{0.02, 0.13}, {-0.02, 0.87}}], Arrow[{{5, -3}, {5, -7}}],
Arrowheads[{{0.02, 0.15}, {-0.02, 0.85}}], Arrow[BezierCurve[{{4.6, -3}, {4.9, -5}, {4.6, -7}}]],
Arrowheads[{{0.02, 0.15}, {-0.02, 0.85}}], Arrow[BezierCurve[{{5.4, -3}, {5.1, -5}, {5.4, -7}}]]},

Inset[Style["a", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {-2, 2}],
Inset[Style["b", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {3, 2}],
Inset[Style["c", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {-2, -3}],
Inset[Style["d", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {3, -3}]}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 10.png",
jj, Background→None, ImageResolution→ 600];

###################### Figure10#############################

###################### Figure11#############################

In["]:= kk =Graphics

Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Directive[Thickness[0.004], Orange],
Circle[{2.2, 0}, {1, 2}], Directive[Thickness[0.004], Orange], Circle[{4.4, 0}, {2, 1}],
Directive[Thickness[0.004], Orange], Circle[{6.6, 0}, {1, 2}], Directive[Thickness[0.004], Orange],

Circle[{8.8, 0}, {2, 1}], Directive[Thickness[0.004], Orange], Circle{-1, 4.6}, 1,
1

2
,

Directive[Thickness[0.004], Orange], Circle{0.1, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange],

Circle{1.2, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange], Circle{2.3, 4.6}, 

1

2
, 1,

Directive[Thickness[0.004], Orange], Circle{3.4, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange],

Circle{4.5, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange], Circle{5.6, 4.6}, 1,

1

2
,

Directive[Thickness[0.004], Orange], Circle{6.7, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange],

Circle{7.8, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange], Circle{8.9, 4.6}, 

1

2
, 1,

, , ,
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Directive[Thickness[0.004], Orange], Circle{10, 4.6}, 1,
1

2
, Directive[Thickness[0.003], Black],

Arrowheads[Large], Arrow[{{1.8, 2.5}, {7.1, 2.5}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0.4, 1}, {0.6, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0, -1}, {-0.3, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{1.2, 0.2}, {1.2, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{3.2, -0.2}, {3.2, -0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.8, 1}, {5, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.4, -1}, {4.1, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{5.6, 0.2}, {5.6, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{7.6, -0.2}, {7.6, -0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{9.2, 1}, {9.4, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{8.8, -1}, {8.5, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-0.9, 5.1}, {-0.65, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-1, 4.1}, {-1.23, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-0.4, 4.7}, {-0.4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{0.6, 4.7}, {0.6, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.3, 5.1}, {1.55, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.2, 4.1}, {0.97, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.8, 4.7}, {1.8, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{2.8, 4.7}, {2.8, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.5, 5.1}, {3.75, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.4, 4.1}, {3.17, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{4, 4.7}, {4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5, 4.7}, {5, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.7, 5.1}, {5.95, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.6, 4.1}, {5.37, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{6.2, 4.7}, {6.2, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.2, 4.7}, {7.2, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.9, 5.1}, {8.15, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.8, 4.1}, {7.57, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{8.4, 4.7}, {8.4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{9.4, 4.7}, {9.4, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10.1, 5.1}, {10.35, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10, 4.1}, {9.77, 4.1}}], Directive[Thickness[0.002], Blue, Dashed],
Line[{{-2.2, -1.2}, {-2.2, 1.2}, {2.2, 1.2}, {2.2, -1.2}, {-2.2, -1.2}}],
Directive[Thickness[0.002], Blue, Dashed], Line[{{-2.1, 4}, {-2.1, 5.2}, {0.1, 5.2}, {0.1, 4}, {-2.1, 4}}],
Inset[Style["Direction of light", Black, FontFamily→ "Arial", FontSize→ 16], {4.1, 2.9}],
Inset[Style["i1", Blue, FontFamily→ "Arial", FontSize→ 16], {-0.9, 3.54}],
Inset[Style["i2", Blue, FontFamily→ "Arial", FontSize→ 16], {0, 1.7}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 11.png",
kk, Background→None, ImageResolution→ 600];

###################### Figure11#############################

###################### Figure12#############################

NOTE: This code takes approximately 23 seconds.

In["]:= Needs["NDSolve`FEM`"];

Ω= ImplicitRegion
1

10 000
≤ x2 + y2 ≤ 16, {x, y};

mesh = ToElementMeshΩ, MeshRefinementFunction→

Function{vertices, area}, area >
3

100 000

1

10
+ 80 Norm[Mean[vertices]] ;
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In["]:=

uif =NDSolveValueⅇ-u(x,y)
∂2u(x, y)

∂x2
+

∂2u(x, y)

∂ y2
-

∂u(x, y)

∂x

2

-
∂u(x, y)

∂ y

2

⩵ 0,

DirichletConditionu[x, y] ⩵ 1 + 2 ⅈ, x2 + y2⩵
1

10 000
,

DirichletConditionu[x, y] ⩵ 0, x2 + y2⩵ 16, u, {x, y} ∈mesh;

ll =DensityPlot(Norm[uif[x, y]])2, {x, -4, 4}, {y, -4, 4}, PlotRange→ {{-6.2, 7.4}, {-6.2, 6.2}, {0, 5}},
ColorFunction→ (Hue[0.65, 3*#1]&), Frame→ False, AspectRatio→Automatic, PlotPoints→ 80,
Epilog→ {Directive[Thickness[0.0028], GrayLevel[0.5], Dashed], Circle[{0, 0}, 4]},

{PointSize[0.01], Blue, Point[{0, 0}]}, {Directive[Thickness[0.004], Orange],
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Arrowheads[{{0.03, 1}}], Arrow[{{1.4, 4}, {1.39, 3.7}}], Blue, Thickness[0.001],
Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[{{0, 6}, {0, 2}}], Arrowheads[
{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[{{-1, 6}, {-0.4, 4}, {-0.5, 2}}]],

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[{{1, 6}, {0.4, 4}, {0.5, 2}}]]},

Directive[Thickness[0.004], Orange], RotateCircle
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{0, 4}, {1.4, 0.7},
π

4
,

Arrowheads[{{0.03, 1}}], Arrow
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{-1.4, 4},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{-1.39, 4.3},

Arrowheads[{{0.03, 1}}], Arrow
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{1.4, 4},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{1.39, 3.7},

Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

Arrow
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{0, 6},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{0, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve


cos π

4
 -sin π

4


sin π
4
 cos π

4


.{-1, 6},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{-0.4, 4},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{-0.5, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve


cos π

4
 -sin π

4


sin π
4
 cos π

4


.{1, 6},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{0.4, 4},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{0.5, 2},

Directive[Thickness[0.004], Orange], RotateCircle
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{0, 4}, {1.4, 0.7},
π

2
,

Arrowheads[{{0.03, 1}}], Arrow
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{-1.4, 4},
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{-1.39, 4.3},

Arrowheads[{{0.03, 1}}], Arrow
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{1.4, 4},
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{1.39, 3.7},

Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

Arrow
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{0, 6},
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{0, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve

,

93



In["]:=


cos π

2
 -sin π

2


sin π
2
 cos π

2


.{-1, 6},
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{-0.4, 4},
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{-0.5, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve


cos π

2
 -sin π

2


sin π
2
 cos π

2


.{1, 6},
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{0.4, 4},
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{0.5, 2},

Directive[Thickness[0.004], Orange], RotateCircle
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{0, 4}, {1.4, 0.7},
3 π

4
,

Arrowheads[{{0.03, 1}}], Arrow


cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{-1.4, 4},
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{-1.39, 4.3}, Arrowheads[{{0.03, 1}}],

Arrow
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{1.4, 4},
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{1.39, 3.7},

Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

Arrow
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{0, 6},
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{0, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.

{-1, 6},
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{-0.4, 4},
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{-0.5, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve


cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{1, 6},
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{0.4, 4},
cos 3 π

4
 -sin 3 π

4


sin 3 π
4
 cos 3 π

4


.{0.5, 2},

Directive[Thickness[0.004], Orange], RotateCircle cos(π) -sin(π)
sin(π) cos(π)

.{0, 4}, {1.4, 0.7}, π,

Arrowheads[{{0.03, 1}}], Arrow cos(π) -sin(π)
sin(π) cos(π)

.{-1.4, 4}, cos(π) -sin(π)
sin(π) cos(π)

.{-1.39, 4.3},

Arrowheads[{{0.03, 1}}], Arrow cos(π) -sin(π)
sin(π) cos(π)

.{1.4, 4}, cos(π) -sin(π)
sin(π) cos(π)

.{1.39, 3.7},

Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

Arrow cos(π) -sin(π)
sin(π) cos(π)

.{0, 6}, cos(π) -sin(π)
sin(π) cos(π)

.{0, 2},

Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}], ArrowBezierCurve


cos(π) -sin(π)
sin(π) cos(π)

.{-1, 6}, cos(π) -sin(π)
sin(π) cos(π)

.{-0.4, 4}, cos(π) -sin(π)
sin(π) cos(π)

.{-0.5, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve


cos(π) -sin(π)
sin(π) cos(π)

.{1, 6}, cos(π) -sin(π)
sin(π) cos(π)

.{0.4, 4}, cos(π) -sin(π)
sin(π) cos(π)

.{0.5, 2},

94



In["]:=
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