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Abstract

HTRWEARE Y (S SRR B e B B IR R,
ASCRE R — L8 5SS R e 18 e A SO AS B9 227 Ji i e, HETsE
MR B RSB CEHARE D . R RS B STt
FRMEREN T ARSI R TR Y BT v B R, |

oM he™ ) . N st e g s A
== [AM—T (M)} X HAE SN T kAT 1 el S0k . A

SCHE UK 51 TR RS R N IS SR T B GE vt 7 R . IR FE, 51 JJ Ak SUAH
XF IR RN AR B SRR G 3T R GEE SR AR I 126 F45 8 AR R/ 4R BRI BRI
[ s 38 T DA 7~ A W BT B R Gl 2 254 AML = T2 (M) Do INTT S5 P ER A
BB BIE R E G, RAE— R L OGIEY] 73R i AT St o G g — a0
X TR T 05 A IR AR 5L B AR Jot DA S SR Z AR B AR 5 AT
BIENT A A RESENE.
1. Introduction

“HIRS AR, HEfEsE” L, AT K AN IR AR, JaE A EIbe
n— Fy HERL NZRARHH) ZE AR, SRTIAE R PH R g 20 08— A /NI 7 e
FRATHR AR L R IR R R A LR, TS e AT A B SOl ? AT Ab i)
FEA 2 K? A AR ? E AR AP RPHIEEIE? 7.
96 N2 ST P EORBEE XATB R ? e AN HI 58 ? I IR) . 25 A] DA S 52 4
RERTAER? FE TP A A ARG ? e —H Lk, XA LR
HMECLBIZ )@ “ R AN, ASASR” 2, WRFHIAM, £ ARMERE R
FRJ 2 FH 2

B Pk, AT B SRR AN T IR AR N, KA BL N =A
b B

I Aristotles Ptolemy. Copernicus fl Kepler £ AN, AMTHRZE B
ARERR T 32 B I A7 ) R K208k, 38 52 3 4 LA 26 AT BRI 3. X E
R FHIRREE LR, VR B,

F| 1 Galileo M1 Newton I3, A7 I3k KRR FEmr, ATHA 1A %5 ()
AR R ) B YE D75, 1E Newton /MR HE T T, WNIHEREIKF
RKARFETt. A1, Newton J1%#iAAy, SIJHBEER L, HAZEIMEEE
FISEIE o X0 51 7 BRI S5 R R 1 A AT o 1 J5E N DA 7 i B ) 22 56 4
M CARE, T35 71 URE K H Newton, {H Galileo HRIEMLM &5 K%k T 450
PRI SR AT B A TR AR RS S ), BEAS T2 R AR FE S
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FRPAC, Einstein BF7 SCHXHEHEAE, AMTAHBERIE. Ul R
HIRE RIS KER . | SR I, 9l DB 25 2 215 . REE LAz 3)
WL FEFEN, SBUEEI RS AW RN . FEIERA b, LIRS 7RISR
RIARAE 340 BT 1 BERN R AT AT O R E R ARKFA T B RS
FEAE T T HH A 22 AR (Copenhagen School X & F /12211 HR), WARfERTA
HH— R IR T B 3

HETH¥EERNYEEHEHA? B 7YY 5 F Wheeler 1EIRIE S ©
EBAHRA . AR SN 18 24N Dirac 7 REEATR _FAa2 B IEm? T~ SUAHXT I8N
DT BN 7 25 TS S AR R DR DA BB SRR RN () SR B A4 2 JF HL, TR
RFE =T, B ERERE LY e LR I 5 ) AT g2 «eeeee

—HUK, MIFHFEAES R I FIR XS F i 0 S 5 5 5 CRESLE
—ANFEEERR Y B AL, T2 AR B TR E, BTy (n
Newton JJ%%) Al WNEUF A 2 EATHE RS, P SCHIXT IR 4518 5 Lorentz #0748
L)AL A S N B - BT AR R 22, BAS 0 FI%E (40 Dirac JTRENE TR,
DABCE FhERR AR AR, SRR MARAS b A o i) @ 37, BN BE 7 K A — e
TE AR R DL 5% B0 S5 MR T AT BT SO, (H SEBR AT — 4> 76 4 % A
o FRAER RN R Gt — PRI S5 2 WEC 7 AN ] B W) BRI B3R 200 2 i A 1Y
AT RS, AR e R 5l IEH (SIS 1E AT EIEAD . X
AP T E 2 80 H HEE GRS 4ERD, BN 1A ARSI Eig,
{FL S v PR A4 52 5 AN e A R B 22 IR SIEBR 0] R, S RO 3G N 1 AR 22 89 1) e AR RT e
PSSR AR AR AR DR A, X e BT I BERIA B 74 N R e s . B, “5%”
KARFAAE « WA A — M RERPVBIEA. s, B2 5 JEHR kR
1R HIEIR AN T2 35 , DA I8 21 (1) PR AL B BEfR U 1) [ A 22 o 25T kb [l
MG L EFE JE— B YRV I R e 2 ) f5 0S8, DL, — > B LAl
fOE7/BLE RV

KRN ERFEAR G 770 JG HRIR N T — Lol 2 th SR 2 BEAR 5 1) i)
ST 1 — MR T 07 Ia VR R () B LAt (P P BT , 6 s Aty b DA S ity
T LR A BIa I TR . BRI N: Be, BE AKATLLIA
WHWER: ARG, MAFBEEFRNPEARNR (AFD HREEYTE (KGN
AFERILIEA RGN &5, 87 EREA EE I EER (A
TMIHAE 1 TA) S 23 8] DA S S B A A F AR R 35D L 1R 78 ST RO PR A 1Y
Bl b, — DR SECAER HETAT, B TR SE: B IR
BB R SRR RN s 28—, e 2B B W] 7 — 58 254 T~ 2 Schrodinger
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JitE e I AR AT IRATEE B 1 SRR T RO TR T 1
T XY WIS RS () ES . WAIB BT S F B i B
BIPRLT ZYEZE N 1 [r) EANAE 5 () e AL B 0 i o IR HE T A% O )« (i)
LMY BREOHAT IR, I AR PO E B . (i) E BIRG). (i)
fith 67 AR R 22 i O B AT 20, AT SRER Ly O B o AR B I 4
AN 5 T A R B E R A AT TR AESIE . Bedn, er s i 2 7 FE IR
WHE AR — S B R 5. N TR .
2. Methods

ACH B FIF R L HRAE T I 1 OB BARRL, S8 5 2 3R R LAl
EEHTI RS, SRR, &)E, XNEE IR AT ECA R R
YRR S T AR E . T T O R £ A Mac R Mathematica
12.1.1.0 (Wolfram Research Inc.) Fit4T, HH#EAERGR AN macOS High Sierra
10.13.6. £FXF AN BAR ) B #7775 W, Supplementary Information. 1K $5 BA
BARZHTTE, SR FZICA At B R G ERME - BUE T VERA A P AT
6 fir.
3. Results and Discussions
3.1 XA AT ARG

NEBEA B 56 RFNR AL B AR TR L RS, AR B R4
g HAEAER, AN TAREE T R A AT LURI b RO o 2 B 1R 82,
HAMAEERATEENE . NBLE— MRS CEME R )RR A 7E B
ZEUOEMEZR) TR ERAREER, 7ERMERAEEET L5, M
MR T REATEH W b, BT FLeH TR R A AR e FI T B M (R
I TR AN (A PR AR D, NPT SE RENRM G K&, 2 NS
B0 A B2 AT FERY

PRI, ARG LS, RUEALARE A Y5 1 A2 e i sk b i N 25 A B2 )
WAL, WEMEAAAE S PP b BiR R (IXAS “HEIR T AR, 248 s3I AR =
W EYRESATE S AR EMEARRRESRAIEES ), HERE A RO iR A
T FEATHTBEVLIN 2 IR, A2 — S Th R Ee, RN IE L2 5
R S8 A IR L 8
3.2 HEFFRFHIHA

EAMEAZ T UIA LT ZheE, 3 HisHERKKAMTER, HORFEE— R
M ERL G 2 g o0, JUEHA TXErEH L), MR G- A
GFEHE (BB, EHMAIEST, A4’ 3 K am:
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AXIO 1: XMEFREYRA

XA T BAADIL, 2Tl B 8 s, SRR LA A S
A7 ERPEHE TR IE 4R R TT I SR ah ek o X M T R AT REAEAE B ANE T : B AH YR
fP1E: BASTEEBRAVIRAAE. FIERARN: XMEFEWRAATE. SR, F
BIRok, X o M, ML 120 B, XM (BEAE
NPT RENLIN 2 VS Bl D) BARAETEY) R AH L XA BRI A
AXIO 2: XMHFHYREABSH

WA TR, A X e A A i A B A AT e B4
SEB SN BEARAEISIN . ARRER, XA T B TE BATI I 21— 5 Y6
WIS AR A I RTAT, SR LSS B AR Bl R iia 7, RIFE At
SR 2, TEEA SIS B, RCSIPIRIES—4 CRIRT=
YLD 43 AT IR AH S5 I BN R RUBE AR R 2 201 1314 [ I 2 4 A A 34 1
AR X B 5, XA Bk — € LLE PR, “ X MR
[P el v =3 S B N E NV E A R A T = ik /B M AT SO Y|
HES, WA, XA AR RN, SIRGINE TSR CR
FRFENTC TS NRLT) Z A REMEZR AR . [T 2 B “ oA AN PRI 2 35
MR IR B PUE T IR SRS AR S O (R TUANERED 3R
LA SN JE AR
AXIO 3: XMEFHIW R EEIIH

XS R — AT G, AR AN T T B PR o FRATDILI 3 X AN 57
BRI BN, B MNRREER AR A R I3 . o, XA AT
A AR IS B T A 2 — RN FR IR 04, XA B & —FhERE T
BHAE NG E?

PAERPA R IX PR oF B E DR FH g s s R R . W4
AEHERENYE QLR IERDGE R AR, BB R G H R E
RBBTETR, RERMEFEHH ARG K IR IS5 . FIm, AnEe
AR5, BIEA, WIEGSE R (HAERXMUAT, FECREI
TGRSR CVE IR AR, “Wheeler ZEIREF LI IR 1015 57 LA K BB o 5
JIVERIA] DAL 3% H R 1 S BT AN 5 g - - -+

PRI, 3X BRI AN EVE, WONIGTR AN B AT A LB e i I 21 ) 1 R A TR
T (s B, T HE AN (BOEF /N, XM S — RIS,
T, 3.3.5.4 10 5146, KT IT IS SOE sh LB HEN I 3.7 1) &,
BB I TVE LR SRR & . OGRS N RL T (B, BIEREAL 8
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SR, ANFKHATWEIMAR] (BANNEERD, (HE/ R G AR
JEE P Bk, ZRT G BERA—ERE, HoR “nR” BESOE
NHIRLY (BF), HEBREARILH K, REZRRLT /N (FE AR5
T HESRT, 3.3.5.2 RSIE] “BEINB/MLT (B TERUR &5
BORKLT (BB LLACH I I R 2 AT RERD o

WM AT, BEANFERERN N EaE S XN RELT/NIRLT,
EWIsZEE R LA BITE T R A, TIREZ AR, ZATET5 MRLT
HomT LARGER] CATHFEI D AEAE T AR E . T, B R PARAAANE, T8
T 22 R 225 [RLAH T T8 (A Ve A I TR R R B 2 R G 75 /N2 [ s T J6 75 /N 4
X T IR A 3 8] X TG 75 KB (A R AR 2 AN B Ti2 8l CRL T IR T 45 i) &
). XTIET KT, BN BAMS, BASfEEREMRS. W
RFEWHLBLT ZANEXERIE IR (BB LT MR, e
WAEEALE, A SHFENEREE, B LUKEis T £, m—HIA]
R IZ L TG 55 /INRLF- AL BE R B ki1 CRE) I, XK () 1Y)
Lo B ok (FE= el WA Jy st B2 7 m) SRAE 5 0 3 kL 1 o A
B B 2 (A 1) O% R IEAG Maxwell 73 A FUE , £ WL Supplementary Information
Z Part 1)o X, I[A], (6], L. REMBERSEMES A M. Him, 368
ARTCHITE] (A AE IR, WA LR NS, eI 2 AN [F] A B A
FIRR R KT BN, T2 LR FHRK, XTI R TS
T3/ R TIEEE B FILRA, FRE TBIHME. XA N,
H WP iz s XNAIEE), UL TR 230, A, lE eSS ia
NICEE, X AREHON A ELHI 2B JE A o

PAE 3 25 A B IEAA MRS AR, HAFAEMERGR T B GO H5—T7 1
14y, X BB AT = X — T AT S . 535h, X 3 SR AEE—EWE
PEAVHR T AT AR BRSPS R 20 o B R AR LE TR T 20 ()32 2 e B A
HIGH . £ Bk 3 A ABEREAE b, ASCHEAT S BHENT, SR T 3 Kkik:
HYPO 1: FHEBHEREZANEIIERTLT R RELIFT/ I SIRT K

e T I Nl v = R NI v T 4 G i e 1 Bl W5 10 N L
T3/ EREE . ST ERES R R  B R /A T HARAEE T F B, T IR RIE
“BISIRLT AR XA S
HYPO 2: 55 /MLFEFH 2 H Iz shE R R /MESE B 5 R BEHL

B AXTIO 2 fTik, X EETG 75 /N HE A [F]— IR s, BT BLEAT T2 1A )
JR R AR E RN (BRE BB RN NAZAH S B AT HAR e 20 & 2 A S5 1,
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NSRBI EBGE A (BhE) KMEEMSSREANER . T ETANYEE
MR ARG, A T A3 .
HYPO 3: L7 /MLTZRIE&HMHEEAEH

FERATMEER IR, M EAEH AR, SR80, T /MR Ih], X
HARDFTR . XTTT5 /KT, X BERREAZ R A LS SR 5] )15
FHELAEFH S 10 2290 (B B D I B X L6 T8 55 /N8 SR I G it-27 3008 3 38
XFEMRBEA 2 52 B E R JIARP &, 366 R T 5 2R g 2 B AT B AT
I,

DL R AR X M T 3 SRR AR R 3 KA (R,
Rk, WTEX 3 Z AR AL A,
3.3 BT HEF BRI

7E B3R 3 4 AFM 3 B rEat B, O B BEARIR T 3+1 4i%
8, ) ARSCHEWT, XANFH TR REXIBAE ERERE) 2R K/
K40 H 2/ PUFE] R, 173 DU AT B84 7E AN [F) J 30 X 3 A e A ST o 32 R
N AEAT B YEFE T, XA SRS A S0, T S A A = AN &
TR T HE3), ST B 20 %% — @ B H R, XA 1 RN
MR, AR YRR, R R/ MBS R I I (B AN PR B R s B TR 0 A 1Y)
AR, ME M ENE R B R, XA AR KIS, 1R
ERYefEh, 2RISR I R 220 BT 50H 20 CURAEHR
FHMASEHHEREEED FMRE (XA TR AN — 3 HED #d. Wi
W 5 X PR A B L [ ok (LRI DAX PR AN B R B AT I PR I I S A 2 2%
THE NG, BRI HIRANLERE ERIES B R, B, XA
FEVUANF BT 2R, DUk (= 4ERPUNIRA RN P 2SS, — 4%
DN TRATR R P (BT (RES ) BRI gk, =4 (AN — R (R AL AR AT LA AR —
VIE RN G o SZIRAR h BT IR I 2 473 (], B AR IR A A7 AE T DY I 25 1) 1] 3L

BT BRHR, X BLAG L AT DA IR I [R] B AR () j . R X N R E— A
HEARET, DU A I 25 SN o 2 4 A T SR F 2 o R G e Ak () B 555 23 UL U0
A I TSRS [RITT, IR R X A R — 2y HR R, PR AR ST
HEZ —, H BN R RAR R N RS . 1% A B 3T IRAIR Y, 4
SCR AL SR\ I T 2 Ab 2

NTHEG EMHAGRES, AT TR SRR S50 iE 347
FAGE R b B AT A 2 o 2 a8 0 AL bR AR R F DU 4E it Ze A br 22, TR B BPF AT
DAMEIS ST B, (R0 245 BR A v 5 RN HE . Einstein (197 SURXT Rt A 1 1Y
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YEhZeAibr & (W7D, KR —FF S 5N “UURAMA 7, REAN TR
HFA AR A D TR A P ER A, (H 5 282 45 R AR B (7] R0 S5 ol SF PRI o 5
AR I 25 o =22 [0 — e T AR bR 8 T “ Bag il ™, A8 T AT L
5 RN R I R 2R, TEAR IR A, #AS S m x DU 4 B 2 s A BRI G B R
2, SPGB R B AT B AR AR BLARKR RN 2T 2 A AR

LRI e, XELPTRE) “ B (B ARSI R
AT PR NS RN, R R RAFE (Z4E7 ) HYPO 1-3 T4 2%
fF (X B NS I “BRIESE R KRERE, R TR
B, X EE LS AIRBER T B AR S BRI (B ZAHXT B
L AAR 22D SRR B L.

BESRFRATTH B IR AR X AN 5, IR 0 B — 5 AR R T AR
W B, XTI AT @R ST LR, A
WGAE 4 2 (3 YE=S I 1 eS8 Lt ALAR R T LY BRI A2 A
3.3.1 YRR

X B BRI IHE R, AR XA B LR 2 AN s
BERETCTT K R TC TS /NI TR TR s X8I0 55 /KL AR S = 4R )
BB R/ NREE B 5 RIBEHL; TC 55 /NPT 2 (88 AR BAE o AN 7 BT 2
3.3.2 B SUHRT IR B

NHEUEY] EIR (3.3.0 ) WEEA AR OB SO AHXTIR AR . 3X B0
W, AR R0 ERYEERRSR R TR MO R 1Y
R BC“PRUINRLT 7, T & AN IR R 2H R BE R B & bR “k
PR iz sl RN SEME (o, <, HA o R E R/ NI,
Gjilﬁﬁ‘/ﬁ%% A EIFENL. T2, XM T Euclidean space 15545 fifi
Pl . H3EE R (5D XIRPRR A E 5], Hazl stX s i3+
DX 35 HFoRL A  FE 7 [) SRER I T, RATTRR I AAE % X 42 DA R U7 v SR 4 o
BRI SEE 5 (R X RRF188) 07 W J7 o Amsss], Hixd s
DX 3 e DX oL 1A A B R SR IR, FRATRR O AR %1 X380 DA B 5
T IRHBHEIE . X BT 50N 707 1) 3R SR A HITE Y « RSO Geit 207
VAR B IR 1) — 2L S S L ) e ) S PR 77 T SRR o DI 3% 1) ) LA e SR %o
WA 4 [F]— = e A — R (B0 A3 —ANTrmEg iy, BohSt
THERORL BT 25 2k — & B 1) B 7 W18 3 R, B R e T I s Bl 55
W/, DR 2 BB SCREX IR 0N o T THT P 2l b o e B IX AN LG

A, kPR R RN RS kAR SR SO, AR BT
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A IR LR B r) ) IME . T HL, & BRI (3 B ) & AE =4 Cartesian HLff]
AATR B AN AR — BB RN kN EGZ (kB R B AR A IE]— 4>
A 1 ORI B ) AR R B E, BRI (4 ke AEBOREUE D SR A
B AT (RO PR E B o = ANAARHN B3 a =N E GEARLD IR0,

B FFASE RIS, {H Maxwell'> fl Boltzmann'® V28 1ESE, IX 5L FANSE4
MSZ RGN . X2, SRS m &, g TR E — > =5k
br CBASZ4ERENL R & =N RD; R4, WA T b d1E
BN EMAREE, ARSI B A B2 SN . XFE, k FR I RN IR
M Maxwell 7347 o B AR k BR8] & DN SERL PR R — AR
FERF— AN EM AR B4 (WE—ANBENIAR R, TRD BtsdEE N o . B4,

kﬁﬁ*ﬁﬂl’ﬂiﬁbﬁﬁﬁd\ﬁ4\%1ﬁ§é$ﬂmi&%ﬁﬁﬁ‘/&%ﬁa%, T, (fE4

AAE bR _E P IR MIIME DS 0 ﬁ%?ﬂ%ﬁ’ﬂﬁ%ﬁﬁﬂﬁo T, kPrkrmia

AN E R NRANSHCH % ) Maxwell 2375 (13855 2 BIVEHH 8RS 7 0

Supplementary Information 2 Part 1),

m ESCHTIA, BCRRL IS SEE RN ¢ (¢ > 0), T7IERA =473 B N 1
2534 AEHBENLIE BRI R, X BRI R Dy 0 R TR (A
BIFTSCHERIAT “AXTIT 27D FRONFRIESE R(Ro), W =4 Cartesian B A
MAFR R Oxyzs FHAERE— BRI [R] P B A 5 0 R 1 TR ) S w 183 )7
KL FREMNIZENZH R (Ru). B RIS z BHIERIIES), A Ry IR TLE 2 4l
HIB B IR B oy B SE IR ue R R HFTA WL #A E4A sU7E AL bR I A 1Y
&, 4500, 0, wfER z 73 5t i, R I ) &5k v] DL A3 i Rl Oy A B3R
RO == 1 ol = M < T == 1 A (T € =0 o == (5= N S s /R4 S B N

B R R 1. BRI, FIKE Ry H [a) & () 20 A B AR 2 B AE 73 F il B3R 1) &
Moy BAE 53 TR N R E AR A AT . MIX MRS A E 2 fll B &3
EA u i, B HREHWHIET wo PLk(w)y NS E, FIfEIXIRE 7 mhix e
[ EAE x 4l (B y Bl BRI ARG, T AT LR e E R fEE o .
WRAZIR G AL z fh B BRI HEE W R o, CTFICHSEN]D, B4 k Bkt

R HE A uk, pNBEANRFRE, TED £ R, EE RN R M S
HNo,, K Maxwell 734,



0= ()
i o, Ak BERLT(who) BRI RN Y, (SHON o, 1) Maxwell 7347 #2448
Z B EIE L, B

vu,k = 2 %O-u,k (2)
¥ Eq. 1 f\ Eq.2, W{3

— 2 O

vu,k = 2\/; ) \/i (3)

TR Reo V1 T 5 18 25l 4 5 1) 20 A7 WU PR A 1 . (aln AU IES A D RIEE
I x Bl (y 80z 3D pEMEE N o, R, EATERE kPR (uk )
SR FE RN A

%, =2 %% @)
53 MAE R 1 Ro I BLRIFE T BN Ck M) Kk )i, eI P E (A
XF Ro HALFR R ) Z[EIfFIEL (Eq. 3 b Eq. 4) HI N

<
Q

=

L= (5)

0,k O-O

BT, R B Ro o1 o Al 0, 16 EL )6 2 iyt A 3 A o KRR B0 k) B T4
BN/ X T Ro AR &R HILLHICR . T EARS % tE L
wn ERTIR, fEEFIESE R Ro 1 LT =4k Cartesian HLAAIR R T, W
1B 5% FR Ry OEFE u I z HIZ3), XBF x Ay bR RS0, B R EE x
AAbR . TR HIATURL, 76 Ro W, WXLy ¢ BIFER 1L 2 fh
ERIXI[—c, ] BRI 3, 8L AL x Hl b oy B R I Dy
D(6,1m)=c-cosB-sincos™ 7 (6)
Hrr, BNAE R O~Un, 1), H~U-1,1). FEAH, BEIAE (8D = HKE AR
G RERR, TBENLAR (a) B RE AN NS A RER IR . 730 EAE(0, 0,u) BT
R A x i R B A Dy, R EIL N
D(6,n)= c-cos@-sincos™' N (7)

<I

Hr, B R O~U-r, 1), H~U(%,1); St R, X TE 2 Gl ARy

N D3, B Ds~U(u, ¢) 7 EAE(0, 0, u) N HIHELE x fl A EaAmid Ny
Dy, SRERHE L
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D,(6,n)=c-cosf-sincos™' 1 (8)
Kb, 0~Uln, 1), H~UC1, ©); SR, e iee 2 i B & Ao
c

Dss B Da~U(—c, u)o 4 D3 D4y WHRE ARLE z $h L0 EWIIME N u b, EA1]

IR LT 49 50K C;“ Fil 62‘” . VEEF Dy D2 B Dsy Da e THIFHIE

C C
(BB AL I A, 4 Dy 8L Dy B B I SR BT AR, D3 31 Dy tHRITEGE &
(S A BT A REAR s TR BEATL = 4 1) 5 PO 2 #1002 BE AL 5 = A2 . DRI
lzibﬁg?'ixﬁh >R A AR R SRR 0 R ) B L o 4R
WELE T Dy A Dy KRS AT GZIRA 70 A1 1 B AR I 20 S8 Tevkgh
), TR Ry WKL I8 BEAE x Bl oy B bR dEZE A
o, = */‘fi/:? 9)

AT Ro KL T EEAE x B> EArHERE o) =

c

N FAXFEE, AT RARA XA L

TRI:

(10)

M o RFESHI & 25T Lorentz factor PRI, A8, R HELE y 7 = AR ME
ZEWRZ Bq. 10 FrsBIZANHAIE T # R, OBR R, KD K5 E EEAE 2 4
S EPNRE I APREZERN Ro th OB Ro B KLl JELE z Sl or EARiEZE VR
b, WA] DA RIIRAN LI R 7 (Bq. 10). _IRTFEISFE ) 1E4H Mathematica AXHS
U, Supplementary Information 2 Part 2. IXHELERE, SEE R NHEE (RPN
o) T A HLRL T2 255 &R Ro B 73 KL T TE LR JE u 12812
R Rl R PORLT BRI & CheN H k#1) Bkl 5 S m 5 4818,
A R B2 RO EL5 X7 Eq. 10 € BOME
IR ZIER T Euclidean space H S5 (BUBTARAE 2208 /N T BUERT) W&
HAP SRR AL (5P 2% R/N, 1% 3 Eq. 40 #f5E %
RIBNEANF TR IR, Maxwell AN EANTFEE AR H7E—
ANERIEN u HE 30275 R R PRI B KC B 2H A5 19 B K 0 22 20 i hr - SR A 1
(IR FE, AR RIS K BRI T o 128 LI R+

2 _ 2
C

g IR E £ FoR5 4L i 58 R R L SR AR (1 24

Cx

11



2 2
CL. —u

I, e AT EEFEARRIRERE B L kL1 (P 1 o 2 LU B PR 1 FASE o

CE

WRZEANIEENZH R(RH)TWIEsh B e 4 ot T (REIBGTReER) Ak,
HS 23X e J5T )~ 53 R ek A A P El (Bl SCREOH IR 5E 1) Eq. 10 H i) B A5 X
TS HAr, AMTRIRN T IA 68 /7 et/ 2061 BLE OG0 8T8 B Cn
R S ST a5 ), ISR, SR SCHIX 14 ) 78 5% AR e IR LR 1) !

HHNERE], 1E Ry AL = AR T AR R — B . XHLE
WRE, 1E R, PR LURZ BIMNENIESE R Ro TLZENWEAE. Him, H4E
Ru PRI N ZHE R R I, R, LUCAERIESE ZOoRAH, X2 —
RN, EU i, RERFS =4E73 (Al HYPO 1-3 T4 11275 R4ER T BL Y
EF LS E R, MAVEBEHERRAXNFIENZSE R, FN, £T R (4
u — &) BENL AR —A R, SR EEFIESE R R, Z A S,
AR [F]— AT B Z N Ruo B, ARFT—A Ry (ENTEZENRLTEE) #B
AUEER S ZAMXNE) CREN w B RoBENL A, ZFELLK, Ro (FEA
TZEMRLTE) BRI EEH S A IEs) GREAN w) 1 R, BENL™ 4. B,
AMYAFAE R P BE FEAR IR R, HE B SURRHR RN, CINFTRIIZAK | K BRI 48
WHAFAE . ASCATEZE T BEAT B2 1R TR IR RN 1 18 . 2z
BNV~ BB SORERE 25N S5 38 B Y B ATLAZ BRE T B GE T 27 RS, B D) 2 AL
IBHRLT I T ) R AR AR GE T RN KT I B T ) SR AR AR A 3R
IR SRR RN s T —AE LT . SRAE R 0 H5E 707 B 3R A (AR 3 I 1Y
5%, MEFRIRICN “51 717 sgm, X HURIX M CRED USSR SCHXT
WAL, EATT SR il 2 B A LI SR T B G vt 8 B EATT 2 )2 S50 1) IE B
I FE7E W Supplementary Information 2 Part 3). WS A 1 HFERE AL S i85
iG585, A B S T AN IR RN
3.3.3 MY HUTREROL

B4 A IR B, FATRAZ0 BB 1 s S R 57— AN R FR I
FENKUSHEITE, e,y z 0. ST —MNEn MRFRRS, ER—A
AL N RS H 3n+ 1 DNEBEERTTE, K n > o, XEIRZRAI
SR X HURTTSR I, AFERA AR T 2 iBiash R iE, Am Bk 1ia
AP RR S . B NREA TR T aRHE . HILSEAT iR R
i) B 77 FE R Givt 2207 AL B AT B2 LU UG 4 00771, RIFE Y B AR A LAt |,
S BA G R B AR

g EUF, FETG T R PU4ERT 2 v ] AR BTG 55 2T AT R SR AR AR
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{HIX e SRAE AR I 25 Hh SRR FE 5 0 P35 BEAH ZE e, LTI B I Ak 26 Al 1R
WISV 4E 2 b 2 Bk ANAS SE o SR, X AME UARME FH — N 5 1) R i ok o DT
AR SCAEIZ LSOOI - AN E A5 2 T SR ek B, T AE SR e 200 a6 2% 2
XA FEORTE ], R LB e B G T 0 pR A . V1 B IR Bk 17 = 4
AL EAissl, HPUEERSESN, Wi SEE 8 (SRR TAKE, W
EIBE L sk 1) X #t . X ¥R — Db TR, Hrms
WL 128) 77 ) —30 R/ANRIORL T3 R RN o BRI, BENLE SR 11 ok
&Eﬂ(ﬁTﬂlkﬁUTEWU{Xﬁﬁi@ DOCREIR “BENLIAE” A “FEHLIs A

WD H R — AN &R BT ) R AR S, 183 R R/MEE],
lﬁ,&MWE%ﬁXFﬂﬁﬁ%%M%%<ﬁ%>%ﬁi#ﬁﬁoﬁ%%%%
IR SO RS S NINIGE el  A BE AL Bl kLT AN
AR ROW R S o RE 20— i CEban 21 A SE3 807 F2 B0 AT DA AR IR IS D 5k
2 RRBEZE L B GIARBIT BRI KPR B A AL G S .
FEIXANRUE, Fe— 23 (8] P 1) B 6 AP R IE AN BER N 2 & m] [RIPE Y« 241X
Le Lz SR T e B IR AR 5 AL A BEE Y b B R A IR/ B TR, MR
Maxwell 437, 7556 BB Y RO T BRRI S o4k 13— R RO 7 7, HLRANS i
RIELEE, Hob kO (BB 2 2E (£ )WL Supplementary Information Z Part 1)
JRAE Maxwell 3 A5 JoV20 7 G025 18] A g B AR 7 [r) - HR B 7 BE A i 24 1Y
L) R SR A IR 5 SR ) AT DR /N [ A 25 ) % A 1) 0 A B

TG, W 7 A ) B A RSk o R RIS S [ B TE N X, B R
BN R, B X, p, z, 0o ERE SN BRERE—BZ], YOV)FRR

B8 Pl y, ) SIHKIR VR4 ERREL, B X(xyzt)—hmyg})
[PAR BT & #0225 (A AR AR x, v, z) RIS TR AR AR ¢ IR BRI ). 1 T 25 2201 B 56
RGBT ST .

X Z—Agi-rmE, EA 8 RE SRR, B5mERH Z R K R K
M Maxwell 73 Afi . 40 Fig. 1a Frow, ARBAE 7 EIRIOM R L 7 17146 K/ R
WX IRV, F Y, o WY, A BRI OA , V) el &Ry OB, e
fIMIAIHOC, 2K AB, BMEFBLET M A (Fig 1b). % THIH %O
PRI IV, FV, M4, LR TYER R AR I ED 2 B U A% e G . e TR
T 7 155 50 A R, KA TR A TS0 OM S5 (i), B
OA A1 OB #Bi A1 A OM . 3%, Fodb X DLk )y AL RIZ S X (1K
AR ARG XK AL 2RI 32 A — AN A R 2 (RITER X Bk 8 3)
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WK/ BIREm, BAREEAE. B, EASREREE (REAEREM

TR SRR TR Z R, PLEPIA AR R Z B A% ROE .
a

Figure 1| flX 35 Va 1 Vp A0AH B3 AT 5 3R = K
LT mE CRE) MEE (bRE) AHLRER M 5T, 3X BL07 fESed #ur) 4
SR WRE—XE W HEthm 2 B, BAELTS D Bde W, X 7Ef

I 2 ERATET /N T dS iﬁ’]/%ﬁﬁﬁ’]ﬁﬁ—'?i&— 5 X P A A X3

W AT I dS (1R B d X BIE L(Fig. 2), BB B RECHIESH D

Figure 2 | [ME=MZE X ¥ HUsERE
METZ 6 B £, AT FE R X D RRZIR S RIS A 38475 AR R L] &
#o, i 2 NAEEEEMN A RN

SA= j (@D—dS)dz (11)

R4 Gaussian A, Eq. 11 & 0] 5 g
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5A= Jttz[JJJDAdedydzjdt (12)

Hr, AN Laplace BT, RARMALE (x, v, 2) T . 1 Eq. 11 £i8 6.A XA LA
5 R

tzaX
= Z= 4t |dxdyd 13
5A '[VJ;J.(ntthyZ (13)
ik Eq. 13 26T Eq. 12, WP RF
1 8)( )
L}Lﬂlg;dxdydzdpzilLU[»Ldedydzdz (14)
HEEEH 0. o URIXBWEAER, TEA TRERTE
9X
2=~ pAx 1
ot (15)
AR, M X IS HEE T M SR LA E N AL B R AR AL Bk T R

DL 451 ATh AT
DNAET N SCEAT IR R A i, X HRR SO =k ) B PR R R T T E
ST Al B A A . R Eq. 15 RIS EAER T = 4Em &, 2 A A B AT
WA BRAERT, SR B B TE 55 /N B AL B 1) S AT AN 2218 55, AKX N BT 1 7 )
=Y R R RE R B AR A W RS AR E, th HRESRE 4k
W PRI, R 75 BT 1) B 1Y) 055 R T LA 2 2 ) = 4 [ 2 [R] 1) 3 4055
KA GXI, P ] DR RN e Tz iR mEEEE ). e, Xt
STHT 7 52 vk 23 77 A SRAFAS I PR T 10 1) B2 o 0t 2 ME— 1, FLn] 5 = 4[] &6 B
X BRI S (x, », z, LS A AR L A3 1) 52 5 ) 12 R )~ T 1) = B 4
N M, y, z, ) [REFEHIVL, LU LR M AR 25 [0 AR (x, y, z) RIS ] A4 4R
t IR, AT IR X M B B, P R R ORNMEIXFE R E BT
RARALIAR, SR M ER . HZED Bq. 15 75l FE:
FWl

ot

FETOR, W€ P A& M TR RLA R AT . T I655 /MR T s S U ) i

S, M ARIUYRER 7GR, PN RN 22 a g . B-F i Zeiem)

I, SPTHR) B AE S [AUE— 7 M B — B S A i R E, B A0 SR S b
H(Eq. 16)FHR RMEEN, FEWR TR~ AFENTRR

oM
ot

= D|AM| (16)

=iDAM (17)
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Hrp, i REHERAL, Eq. 17 WAFZEL i RIS CREAMNIARD) Schrodinger 77
R
iaM
ot
Eq. 18 B4R 186 AH R SR B i skl 73 (B35IEs) 77 m)) 75 [E H
(R AR, R0 22 My BT R o SR, 4 B IX e R T Hf 3 300 2 B A TR (O
) SR RO Bk RAE R (R ERE LR I, HX HUr ik A
TERE . N T S INA TR R AR 8 GX PR Y #0 JRE, 1e7FHE i —
Aot
3.34 " Xy By EEE
TR X HUTE, REFEZ AR, G XY #RE b £5MN
2N, BARZEREIA A REBAET SO 18 (51 T3 Rk SCR 18 R B4
RGNy, T BArmEE 2 K, B R 8RB 805 %
(Schrédinger 7#2); (HASCN AN, D RIA%bEHE H Az R EAE A R & A2
HISCHER], UAF R ENEE (OGO EREF N7 M REEE, TFED XF
D WISy, [HEY BOBHH Schrodinger /7 FE. SR, 2454k 1) & A% 5 BRI
X D IS ENANT] 200 . U Fig. 1a Fros, X3 Va 4b ) A2 KT Ve it
HEMNRETFE—EFY, Va EERZAGROE, & T 2R &
JE CAMEZ EE, BALRRRNSIN T2 HIABEE), HAD RN T 1) (F
B ik, HasiE L Va AR SR RIS S ARE (2% E303.3.2). 1
B SCHTIR (BFSC Bq. 31), RLFARESEEEER D KRER R, Muztrm Ay
U R IR (Da) A RES Ve A1) 2 BUR F A (D) AL ()R D 0y Da #1 Ds
WIZRE D). BT, B RS0 P N e &AL ) A B R B X T R Rix A
FRAEBARAT L
BT EREE, BEAEREERHIRZ ONFED IR R EUE AR ST K
TR ) B e @ T TR E S R X RN 1 B0 B ) S AT
3.3.4.1 HEDHE
N E — € B H R TR XN MR (BEHL) 20 Af I B 70 A R A (R
BN —ILEH n DK, NI ERE, X BAEEA X R0 n AR
SWET, SETEEEMEEEH Y 0. MEFESH M DMETHRMXEHI £
(keN, TED MRFRME (R 28/ N R ANEFHImdEsE 8D,
ETRCR, KX MR E. BA, n ADRFAERSAE n A

=—-DAM (18)
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BT ERAI AT RERITE L2 0" Bl M n AR T AR B kAR T, —3E (Z] i
L BEAMEEI) kNP FAR RN M AN &ETH, —3E MORMIER, T
FIFE n—k MRFALREBN n— M AT, —3HH - M) FiiEdl. K,
M AETFHHI AR IR P(M, k)RR N

(Zij(n_M)n—k
P(M, k)=

(19)
A XA TR n ALK, M n— +olit ¥ Eq. 19 BUKIE, EI75

P(M, k)= (20)

RO, Ho MRS 58 DX ST o 1 S A H (FE =42 ) e RAA AR
Ny kARFRE X (M AET WK T8, PAVRAEZXE (M A
) WHI LR TFRME. Eq.20 By (GETALER)D Poisson 43 Aii

KEINN, R X GXAS IR DU B 50, ] LR A EE 503
FEN VR REYE D R 73 AR T O R 2 50818 — A deidr i iR 70 5 i
B 7 RTRLg > 28, TN RS, AT ERE: MRS TR — AL K
VEBRIR T ST R R MR R AER L s RN — 5, A REIRBIURL T 2 AR
M, ASCKA X AR o 5 A SR8 B MRS &, XA Fi
1T FHANER S . ASCBEA GRS XEFR X, KBHAERES (3
DR iy R M R SN P < 0B SR A R 97 A £ = e S 511 VAR Y 7
TR HE.

TR, BB TRFRHE LR TXI v SRR, 12
Eq. 20 ', M A& CERON SR Fr oA XA ) 3 Jay 8 DX 45 BT ied 7 1 574
H (B ANMAEE, SRR By Aln 7S eE1E, M
WA DMRERAFAE T F X3V WRLFHPP IR R, BN 22 1% R A
DI SRR B T o M ARSI RS, FRREREA & T
HILR T2 H, PAREZE PRI kDR, FRFBAE Y PR
i e % LR E N M [ Poisson 43 Afi . #2 T2k, F4#T Poisson 4347 43\ Eq. 20,
EH SR M R AR IS Bk E 1S UE A o e E I B FEIX BLY
BEHE, MXEE N M BRI R ATAE 3 XY (B Y BT o ) 74K
H W K) Frisdiss i) B _FIRPRAERT i€ KIS % 8T NN, Fr k4808 k &1
YRS TEMILE. HBE A, XN EREJRIT M, SR, X
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AN H L E A1, WK Eq. 20 A IATERLL £, id N R(M, k), BT
LUl

e MMF

(k=D!
M4, e GEZR O BOUNMRERE M 2ty 2 05— o T
EQIWL%ﬁﬁ@%E%imllﬁﬁﬁV%%@bﬁﬁm\m&m% i
PR AR IR SO, Eq. 21 B SR HINT B RE N M GRANFEN 25 FE A
V S BIARNT A BED BB TSR E] Y iREE ) (B 24 SHE R T
G, B kAR A R BT 23 M R X B BN SAERT B TE MR TR .
¥ Eq. 21 bl v irRE TR ERNE A kMR RE PRk a8 BT
Wi 4% BRI FE T 2 30 A 2 1 ——JIR AL Poisson 73455, BT ANAEE,
YT AR M, IXFE (CBRRED TR 5 R ME— 1.

WHR M AEH (SFCFmEmE), A Eq. 21 w5 i 2R

R(M,k)= (21)

R(M, k)= (22)

KRR UL k BRI M R HBURITIGH k TSR H S E 4 ™ 1
b, XEZ 7 A5, i HEX ARG M. [FIFEHL, R Eq. 22 3250
IIANE 2 F & M Bl XS R HOR 2 70 il 2 ME— Y .

WAL BIZ8) TR REEEAE EIR IR T X YV AR dl . W Sk
THE BB AR S XA BEATLAZ 3l T4 R AR R /DN FE BT DX A ) 2
AN BRI AT CERL TR RS PRI WA E TERE R 55 . 72 N2R P
SR RESE . CR K< HaHnE], HSSEE 2 REVEED, AT 5
JUPAEE—A “RUXIR” 870 HeE 2 BEORE, PITa 316 A ST X 35
V WHIZrAT AT AR Eq. 20 SRR . M X3V 4% k RIS K& 7 iie
BlRLT-#R AT LUE > )&, Fom B —i&2 0y v p e m & . R a5k H et
SEER Y NIz PR P RS =ZEF R Y — € (WRIARIE « —E), A
& SR GRIME) AR e R4 (FEH R RIS D kL,
tut RECN u (V£ WL Supplementary Information 2 Part 4). 75 By 2, BIf#E
k=1015%, £V PREARESWRNZ 7RI B, % kX5 1&KE
R0 ) = R CREZR 354D 2 TR EE AR Eq. 20 PP e 10 75 s g 3 e =
—WE. ENYE VIIREIERE X, HAIRTT USRI 8 Y NI =460
HEAEE, EMEAAED N kRIS K& T gL H Eq. 20 W€ 170
EIEN . B=4E AR X RS RS TP B = 4E 7 0 S 2P A E M AR
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FRE TR L B, SARMAAAEA N FIBEE T Eq. 20 & (HJ7 1A AR
SEM Z4Em 2. B ERFRE M BT (Eq. 21D FIAT, T RE
M B, ERFFRLEIRA Poisson 73T, A0SR ZEME— . B0 E &
R RIZAN D E A — CHEERBELL RN 58 BCEATHRL 748 & BOELE,
BTREF—NDEFM, Blu=1, FHARN Supporting Information 2 Part 4), 5
Bl Eq. 22 € v m S0 77 3K, X 43 ) B2 77 [ AR g M — A E o DRI
BAMIFERAFE b W8T g AR RS R A Eq. 22 F £ B I8
—UUH AR, 2k BN P AR, KL s Ry E M (R
Pk R &R E T HrE— 0 fi@, RN
= o MALH
M:g - (23)
IEWETSCIR S Gkl shki 1 b B R AE S I HIE & ia 3 77 [ 3R & L%,
B IREAN T ) B AH A, T4 50 A BRE X 10 280 PRy 5 M 45 2 A [ £ o PRI T
LT3 B2 T 0] SR AR AN B IR AR SR S (AR AL B IR AR, &
JETT NI SI oAt s AN R 7 ) SRAEIS , S B S o0 A . AR SO AR )
RN LT M EA B R ER XA EED. #&# Supporting Information
Z Part4 FIEEL, &oraE RN GERIMED BN e k50 Hpr ab Ak &
B e B — A X8 Y WK RS AR 1, XRS5l b
BRI B &R NS . HE ik, FERESRE T b 20 A B S5 1n) A HSOp AT 1) K/
e, HEATXIEBZ A2 (SATaR) 1. BT M ] UREAAET
T Y WL AR, & MEE S . BRI E M R — X )
o FIRFRE M BIZEE T8 H W B9S2 B 9 S XA R T iR 2 e A Y
EFHHE. FEEKMXIER Y Rk (BE—3H n AN BENEEEAN o For
REER 1 R RE, H&Z 58 TRERD &FEHEAN ne, R RE
M CGEN)D) Z2EGTHHE. B, 3.3.3 T8 M EYIiE N %2 AH X m &
VR TE, 7 1) B 5240 B 48508 () S AN 7 o) — 3. IEAOATIA, W47 A 7] & 2 1) /Y
MZE s FR AT BT I XA B, EA1% B X AT B g vt Eq. 23
PR (0 ~F- 1 2 o) S A PRI, X AL 1) 1 AT DALARER & B R 22 8] 23 [ ) N 3
TR ZE S HIEHE .
3.3.4.2 R
B REE k WYKL & DNEEYRLT R SR — AN S ARl b 4352
(X B HEMEEN M E, TR WirdEE N o . Wik, k Bk iz s)
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TR/ U AR NS O % () Maxwell 73 Afi G B CURFIE B ) SRR 034 15

A N B RS SRS B, IR BOVR R EA SR, At
SE SORIIHE D) o ARk BORLT AP 2138 Ry

2 O
V=2— —F 24
v pn \/; (24)
5T ki BVRLF A ko Bk 1, BEATTH P2 B B
V. k
N7 25
S (25)

SRS 1 k7 AR/ B AR, R ke BRL A ke BB ) 5 )
B mi A ma (me< k), MRYE Eq. 25 Fron iR AR, EATR P H SRR

yr, (26)

IR R R VELNTT B AN HE SIS FE WL Supplementary Information 2 Part 1. H Eq. 26
AL XTI, BRI T 5P EE RNAREO EE (WK,
A2 ke BB T IRy m I, P2 R R Oy
_ K
V= ﬁ (27)
T HUCRBO] € SON: WY 80718, ARSI ()RR BRI B B 2R A T,
T I B TRIAR P B o 1) ot B B R B . DRI BNy, 8 B SEH ORI
B RR R m =Y BUCARZ —FUW . ARYE Einstein-Brown V#7718, #HUREL

=2
X

D=—
2t

(28)

Horb, X O8N K BYRLT U x BT TR RO T I RERE R e B & Bk x BT T2
RNV B FEIRE RN T, AR Bq. 28 W MR 21 B R E T
V2

D:3$ (29)

T EARE D BN m2sts 8559007 Eq. 28+ Eq.29 (HA ¢ F1 V72 &1
tR—HH, Wft=1s), FRYERBETEE . BAREPA, kBRFE
ST b il T 0P THIAR o 3% NP3 AR AN EAAS & fob - B FEAR G . R
A kYRR CEYD RN Y, Ak PR — 77 S s e
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K

7= (30)

Mo | <

ke R RERD DUOZE R A T I AH . B Bq. 30 RN Eq. 29, HWHFH =155
HNZREUGH «, BRI
D=x,v’ (31)
Hrb, ko, UL s ML R AL
¥ Eq. 27 fRN Eq. 31, BEIRBIE N m 1) kB KRR HUREL

kY Kklk
szz—sz L2 (32)

Jm m
F(Eq. 32)iE R BAEA G AXR NI 1 BrbiFHE TR EAT i) B
R BTN m R RS HUCRE, M SA RN, (BN 1 ki1 3
R R HUE ) 1 Schrodinger HFEH, C&g XA RZEHI AR,
¥ H A Bq. 32 XL n 15

fi
KK, =— 33
> (33)

Hr, h NZ1L Planck # 4L
3343 XY BOTEASR

HISCIRAE, 55 /KL 2 (B AHBAE o RIS EATTIR B i) B R 5 & % kL
B A AR CE LR ARSI USG5 288N 7= A= A BAEH D,
X LA — AN RO AW 2k 5 4 s B A 1, RIS B JeAH B2
AL, ETIRL HEAER Y BsEmE RG] ) (MRS ER TS RN, H
EHEAEH BT VS RERE, 5 m AR i T (8 Jo A LA
R ES 2SR ST 3.3.54 TS UEXAMN M A2 BB, T2, fEHt—
X FEA B ) b, —E 7T LR BHZ IR Eq. 23 8 1 1 &2 e, T H
AN 7] [y 23 T A X3l N 5 A AH S50 T B & 1 2 (R S ) . X2 R, AR
JET, B XIRE SN NEE N 1 R RJE, Poisson 73 thiE | & RETH
HiZR, AR HAMFZRY (SR8 STRNER. REsshkT
DAAH [FIE R AE T X S FE AN (B U0 v A, B8ttt b DNERLT ISRAT
I, BTSN T RS . R, R IO SR AR A TR
DX IR H B, (58 2 3 Dy 2 [X s P R - S A T B AR B A2 v 2 SN 5 M ]
DAk RIS RGP R LUEN TR GG ¥EEs), B8 k NMEMRTR
SO FBRES N E T PO, B3R (EF kDM ERRT ME TR, %
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A ke B SRR IR SR MR, — RS SR YT BRI A E
Schrodinger J5 29 HUE R PRI, $2 IR ATSCWet) 2 4 19 & 7 BR800 & 97>
M2, I3 H7%5 EE X R TR B M il 5 13T R(M, k), 565 5 E AT Hh
PG )RR N2 R AR AR SRR B8R AT .

KH, CREANER R &E T PR A AR RO SO 1 &
kit R RX I Y AT ST k ADRLT & T & SR RS ARRRON kR
TR HADRRHE AT, kPR fE A (B B HF 2 S8 EEAR A
HARRAIEH R 9 AR E %8 Eq. 32 SRR (T RS kR B
B ke MBI IR 1 VR ECRE S D), aniR 1 Bk R BCRECN Dy, T
Qi ARE

(34)

a\
x| =

ﬁ%%%ﬁ#ﬁ%ﬁﬁ¥o

AT HER T (CLE BT M) RE S ERI G v 8 AR 18 RS 4 8 52
i, BN 1 kiR BUE T, 5 Schrodinger J7 FEX 9T B Fiid — 2L,
RT3 H R 2

p=-1 35)

Y 2m
XA R P Y O RRER T R m W EFRSEY) (BSR4 IE SREEA) 1%
B CGRZEHT AREm 1 R FRTiE R CBI8)E) WY Hus 2317 M4 1l
1B EN 715, AR B AR HL RS (8] B 2 A ARFAE B S 1 kL 9 5T ik
o Mk>1HF, M RS, ¥ Eq. 35 AN Eq. 34 EI15 k Bk T REMT H AR
#
nol
Dy==g—o (36)
XA ST k Mk B Sisshikis B R TR m M ERSEY) (BURgEE
REENR) LY BOR L TR %5 BOR BT e 9 #07 R SR BT 1 B
BRI, BN RER m B ERSEY) (8R4 5 REA %8 (b
B HRCE R k R BT ) R fE) RN BUR R AT Hus 3 3)
735, A HbRSAE FLR U M B AR E S S & ki1 B9 /AT Jy

JE o
R &7 &1 k ANEshki s eBrRE ) [REAT RM, k) CEAMY
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XI5 Y W EZ —) AL E, p, 2R FE FFER R E M,
HIECYIN W

9’ R(M, k)
oM’

OR(M, k)

.T?
M+

AM (37)

to, TZ(M)z[a'a/;/tj {aa";j +(a;‘;] L E TR, R

M R HIN, HERZEEFTERIRAS (TEF3/) X Vi 1 Vs (2650 R/ A
o K Eq. 37 SeLAEE PR TR TR B(Eq. 36))5, AR ISk,
AN I HERIE A (B R ED:

_h &1 PRMLE) k) - s JdR(M., k)
2msz{k oM? rMy+ koM aM (38)

XFELHE TR 9 B & WA (TET5/) SIS vy 2 v 1) X E. F
Eq. 38 tbfa, BNt RER:

_he;nM [AM -T2 (M)] (39)

¥ Eq. 18 &5 it I/ 1 Eq. 39 4143 — RIS se B M & U BT 2
Fik:

OM  he™ 5
i [AM-T*(M) ] (40)
AT, AN CEFESI D B X iR R E AN
p=_he” (41)
 2m

X H B BCR BN AL T — AN RIS SR AE G [r) B BEAR AL ) E AR 4R
BRE. 2k, ﬁ%ﬁ’]ﬁ)@fﬁﬁ(ﬁﬁ*ﬂgﬁi)%ﬂzaf@ﬂi?ﬂé RPE Maxwell 734
AT DA 5 A X33 2 T S0 ) S ) RN, it Eq. 40 WA DARA € 23 8] 1) &=
IR NAT 0] (RPN AED . 2L, ‘IﬂLﬂM?ﬁﬁ/‘Jﬁﬂ—‘ﬁxﬁF LA IR EL .
T AN B Y BRI I SR A B R A SR B Gt AN Y BT T
PIME—RIL . AR, R0 B R A HILFAN, BATRSTH (51 1) 28T LA
3T Eq. 38 (AL TTEARIL . IEUNHTIA, A0 B AR RN B FE A B 7 7] SR AR
E’Jéﬁﬁ‘i;&fh X TR T 12 Bl 7 17 3R A AR A BIE T, TR AT LAy fr
FEHRARER (£ Supplementary Information 2 Part 3), X4 iF22%%
fh@ﬁﬁfhﬁ:*& B3 B T (R A B B B IR ME— AT 2% b, X
CHEAT RS A AL B S 1) 717 A PR AR G827 2508 () 4 T B ok 3 J5 DA & b o)
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511 3Fe DA [] 47 #5028 50 n sy R ] SETR0KS 3% 8 58 B (14 4 350 A X 18 508 44
A Eq. 38, TM{XA Lorentz MR J7#E (41 Dirac JTHEMETIZL) A ~E L
AT 4 0 AR XA RN o
3.3.5 %f Eq. 40 It —E 5
3.3.5.1 5 Schrédinger FEHIR A

¥ Eq. 40 555 AU HZ I o MR REURIT, BITTF 210 45

Mk M :
1?_—%£1—M+ - +---J[AM—T(M)]
(42)
:—%[AM—Tz(M)—MoAM+M~Tz(M)+--~]
m

M Eq. 42 5 AT S AL IS S, %07 R AR S AMINIZ I Schrodinger
IR, B, MER EFE Eq. 40 BINXE Schrodinger J7 FE7 N T 044 IF
o4k . AR, Schrodinger 7 FRTE R AL S AIRT B RN, HCHE A 43 B B AT 68

WS FEL AR A M| > OB, AR TA(M) L AM BB TES /N GX

Tl 100 AL T3 AR /IMEL DI B AR ORI IE . AR IE R BUE ) i B Bq. 42
F CATESAU-T* (M) T E&IHEES M B M E IR, 2
SRAZ HE AM BRI TS /0o AT, 24| M| BUB/IME RS, Bq. 40 8 AT A A5
SN Schrodinger FAR R 24| M| BURCKAEI, Bq. 40 AHARGHERN (12
IR ISR B, AT Schrodinger 7720
3.3.5.2 ANy ok 7R

BRI R A SRR, IR SRR R A ) . AR SO
2577 FE(Eq. 40) U R AR B 1R 7= AR ST R R, HEAR T DAgE H R 1 G
BEARAIFIXA D . 7FE Eq. 40 AARBENLE SR T8 X 87 e,
4

AM-T*(M)=0 (43)

I, M OARBERTE] ¢ 224k, FFE SRR R R e R A Hoki 1 8. XA
KL BE T AR S T = O R, B TS S R — RYIER R &
5 5 R HE) o

NT LI SEAY HORL T BETEAR, X BB M AU B (x, y, 2) R 2.
IS ERL AL B R B S . = 4E S RIS Bq. 43 TRF W FHIA6 4%
F:
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M(0,0,0)=1+2i,

_ 2 2, 2 _ a2 (44)
M(x,y,2)=0,x"+y +z" =4~

K37 Eq. 43 M1 Bq. 44 #HA7EER M CRAESFEMIEL] Mathematica RS L
Supplementary Information < Part 9 ' Fig. 3 FI&Hilid E), Sk FRE%E

(M| yita 53 AitR L 4 P (Fig. 3):

Figure 3 | £ Eq. 43 M Eq. 44 &R F R EZE oM E (AR E
JEoR)e a, Z4EpAii: b, z=0 &M 450 s ¢, z= 0 Qb Z4E 1% o0 An
d,y=0,z=0 14040, ATEL, SEEK= (B MRz Y

KH 11 B EIR.

MR LLE W, e BT B LT AR AR T K ER O T ) — AN/ ERCR
X, HREAW A2 GRER R, KRR TR, %48
RRE—P e U8, Eq. 40 AMUTT LASRAR 504, 61T DR AR 5 A A% 5k
i ie

WETERAE, AT Bq. 44 BT A M(0,0,0) = 1420, {ERMLE
BT BRI X2+ + 22 = 0.047 ERME A 1 +2i KIERUX A4k FTRAHENT, 24ixX
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A (NI BRI A28 T I T3 /T, g RARSR AU Fig. 3 BT /R IZ AR o
RIS, ASCGESR AR 7 A R 564 I 45T, Bk A g 0L Supplementary
Information 2 Part 5. fEANSZI Al @ HITE LT, X BAN XS W46 S5 L
BNIE(NS VRIATAT B A P30 FRER A 42(0.04) 0 SFH EIE — 35 889k py i
BRPARIE— Dk, 2 L2 S R (0 B BN LA S, (HLIG R g SR A AN 1 T
2 B A 2 ORI o 4, ARSI RSB AE D 4 HIEKTH B R EUE D 0,
XA A SEBRE B . fESEbRIg s, TF R R E BRI S k. BEAR %
JEIXFhE RN, BN R T R ER BN 0 KIS 5tdat . Boif, Shast
FAFPOZAETL I AL A — DA T 0 [0 BUE ST T 0 IR M 2
7B (x, y, 2) FIES 8] ¢ )RR RN

BTX FIRTTFE(Bq. 40) K153, % BRI 52 A o — 2 JLP AN AR 1 ROR R
YRR BT L XA T BB R SO ERE L Bl i it R
U FE BN EIE A FRAT, A WL T B A — BN 2 R . A SR R
JE X LEIE U BEIS 8] S H A SRR AT R T B AR A Bk SRR
RLFREAR,  MTITAR B AR L G208 (1 B KB kL1 CREASH E I T Eq.
40 M R BB AR ORS00 Bq. 43 FIFRFATERD), KRR e A T
P GRS Rl R A AR R A AR . FEAR RN BRI FE AN,
FIRETE 2 AR B, — BIEARTF& LIRS PF, IX R I mT AR I ] £
BN K, IR BEAN [ 52 K /N B LR R B R i = ik . A St m] DA S,
T 5 B AR R A A5 B ZRom DR~ £ 5 X IR R B H 2/ 1) S e, T 2 WL e
AR 2 D) 2 AR5 B B E R XU TR B H 2/ I e T HL, X P& 2 (]
FHIRAEF BN . FFEERRE, ST IR, A SCTEEEil N H b
MIB) 5] 4y A5 B R B B B A R AR ORI R, DR AR T R AT RE A R AR
W, HAESRMWIEA L,

ERAENIE TR B R E HIRARE Y, X TR s s s 1n R A A
HIETE, ERAFER, BARHERAE 3.3.54 5 hdktr.
3.3.5.3 WA RBIR T 5=

AR, Eq. 40 KRS F 4006 2% A R sk B AR /N R SR ), R
PR B TFAOL B R A CRZ RINILRME ) X NG 2R
WisE J7i%. BESL Eq. 29+ Eq. 32 1 Eq. 33 HHEL MY B R B D 5145

o=t (45)

m
JEES|Eq. 45 ' = 1s, XEERCKILZAM, KHHEAKm LXKV A
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T 0 B LR A PTIATE 7 AR, AT 2% DX AR TR T 203 P2 7
K/ EE B R
7= \/z (46)

INGEH 2 F B T i KN ELD 7R 28 5 50 G0 A ) 2R G, X IR T
BRI/ X =| & ko Horh, | ] i X 3R Py 4 ALt B RN 38 5
Wk, & ONFEACE . AACREX SR A A 1T B DR/ [R] (el AL 25 18] Y
BEHLIEE), WA XV AR R SRS B NG A G
Bl FE IR/

V| =|7]- & (47)

o, kONIKR Y IR TACH . 48 Bq. 46 [N Bq. 47 F4E 0t & ﬁﬁ%ﬁ

|V‘= /iﬁ:7m (48)
M u u
b, o BARLA 1) &

M Max Born 4% B BB B £, —AMA RIOUEER B0 —(LJG (EUEA
WD, TEN BT R 6 A B R FE Ay

B, H15

2
p,=w| -m (49)

Hrb m & BHAX G E (A BEq. 40 #om BIE 0. Hsz, BI{EAZ M Max Born
XK RREER, Mt A SO G 2 MEE, W RN J7 8L
R PR BN T A FE IR b, B DL Supplementary Information 2 Part
1.

E] DAy R HR 3 s B AR R P 10 PR B P 35 B, R Py AR AR R
BRE, ¥ Eq. 49 fAN Eq. 48, HPIFSIE sl ib ik R B/ A

)

v, = F" v (50)
TR 3.3.4.1 103G, gﬁiumxmzm&m 5y, HEATHE— 25 A

44 L e LA B/ 8B A /N D % B S AR P £ B B R AR 1 S T £

KT8 I Mo T 5 w AHFERIT 1) o I RAZ 4K 5208 B0 7200 BIRL T 4L
W Mo T RN
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M =1 Jhm v, (51)
c'pm,O

He, c i p, R VEREE (B5%) WRPr8REHE, —BRiIh

_1
P, =2x10%kg-m™; ANEELRM, HENIm s 2, KEIAEERY iR

B B S I 7 A R AN 2 S MM 4 RO R R R S R B AR AR B s o DA
B2 Eq. 40 #1146 2 A4 B 07 2.

FE B TE BRSO (SR AR SR T2 1 790 A [ 8N ), A Eq. 51 3K
B IIHE S AE R, I oR B | A B ILBO N (WIS AN e (e, BOAE
THRI RS ERE 75 R B0 E A 7, R Ay — B ME, TEIL 3.6).
IS ETTH T8, LR Eq. 40 5t JLF-#1 Schrodinger 77 8 —3, W HRIAE SR ff 5+
AN T4, Eq. 40 iR 4E N Schrodinger AR, 10X B 44 R 4h
I HiAWIIE e & Rib S FREER R, FCRE, YERER (B 5
HHOGF O FRL 2R, Bq. 51 H Y ¢ BIARERGE R/ B Histh R HE
JR AR, ¢ MARERAZ BT B O b B FE R/ o X B 1 & X m]
DA BN 52 7 O A] DA 2 i i 00 BB AN BN 247 5 DO E Ja 6
MW SRR p, A T ARARE TR 5356, M Eq. 40 LR ATTAA I R 5 TR
TR UG, RAE 400 E IR 17 AR Rk B i KBRS e M A T T/,

RE4r Bq. 43 FHRN| M| TR IR T 56 R . Sridvl, AT

BUAL B AR S IRB BIRLTHE, WMATRARATT G Bq. 43 iR G, HA R4
AR EYHL
3.3.5.4 HEH

R 3.3.5.3 TNEL TR B RKE HRBNIEE, (5 Eq. 51 XM
BRI Mo BIIR T 77 KSR S Bt 7 B35 b sl e B30 1) 07 2 DRI, BT 3 R Ak
BREE M 2 EBHESH R NS BRFEFmN 2, RTEEHER Mo 777
AHABWRIT] . BT 3.3.2 WHIBHE, TEAEEIE (B 2FR%, BTiE3)
S g s ) [F 22 AR, 19 2D EE ¢ DU HE MR I)E BEAE #2185 ¢
(1 T Eq. 51 XfHIARUE R Mo IR T 7 X & EO6E ¢ A ESHEAZS
R Him, TREES%E R, RERE =487 6 %4 HYPO 1-3,
AR FHIITHE Eq. 40 LA HAIMG B MBOR 777 Eq. 51 #0&EH . ok, #%
[Fl— 2% KPR R ELANRFAENTR (TEF5) ISR . VI
R T 77X Eq. 51 ANFEEEE/RTHRE: TORMF R EINRLT1E 5
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ZHERLT, #EIEENN 528 FE L, 15 BIRDGEE ¢ DURE MAER)
HEETEE: 1M Eq. 51 XHIGHRE Mo FIR T 7 Xh HESHEAZ RS
R IR PERR o DRI, ToRTRA K 2 R 4 i VR T, AR SC R TJ7 2 Eq.
40 AR HANUEFAR T 7730 Bq. 51 WARIEH . 2R b, R (A 5] ik ]
MRIBHRLF G 280N, To v Wl — 5T & 2Dk 1~ 2 8] & nT AL TG AH BLAE H
(ﬁ%wynﬂmosﬁﬁM@uﬁmTﬁfﬁ XFELLK, K] LUR R A1 2R,
BB 15 R S R E A& R AR R T 38 T DA TR A b e o 2 0 O e (R T o A
FH M%Aﬁgfﬁ%%%§¥%m i B EZ PR EN . X
i3 AXIO 2 FH P “XANMEAMYR 2 E T FAEAES EmTEURBED
TERLT B

M T ) R AR, T RE Bq. 43 MRV S b B AR R, T
"e ) R I B AN 3 Ak AR S T AR S o o 3K 508 49T R AR PR R T LA
A€ BT B PR BE E, AE— 8 SR T R S A DA AR (R
A Eq. 43 A0 BRGNS HTSCATR I “RFEF i T EnEBELE 3 R
WILHE W .

g b, fEARMFFE =42 44 HYPO 1-3 IS E R T, LA ANK
HEANFEAR) (LT3N ZHFRLT bR 2 RS Zo IR, WIS AN kLT
“H T BBEEEA 218, WAKATEBIMES, XAHOR B R TG
55/, HEMRATLS K (HREET B, XELT T BEEEM/NETILT /N
R B R LA EVENE . RN, Egs T B 33400 iR (BN X Y
PR T S EAT A AR Za %o AL A 2R T BRBE R TR AR R 2 7 (W s DA AT X
Ff, Eq. 40 & F'E IV R B0 T 7720 Bq. 51 BEAT AIfER Rt 2 A& i, ]
DATERZ) R RS f&E ] (BURTE S A B S % R T IE M) BEAT DA IR &= 2%
STRL A 2, SORT DUAR PR 1y Jo7 2 2000 BB A4 3R (B AR o B2 4 b1~ 4
W/ 0% 5 AN VA P (ST =108 €78 1 AR = 1 7 A N 1A D SO~ ) Wl w2 o & )
(R RIHE S T Eq. 405 Eq. 40 X A& AV A EAEE (HiH#
B, i EATZ R R SN .

3.4 X H AR ) a7 S UE

B ESCRHB TR, 7R Eq. 40 SEA T LR AR M —UI Sl %, BH
BT (16 5 SO0 A BRAE BUAR 5 2 1A) & 22 48 VA 1Y, B R AT S 21 I dn ],
AR BN B R b — A ARSI SRR — AN WIEE A9 e FLI x b
07 A BB TR S AMING—4E Gaussian I ALK IS 3 BOR A A 2 40 FE 8 4F
Xof AR N S it — B4R o O 77V, AT A o EE R H AR B AL
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(BB h=c=1) Hitm=1eV, MHETIH EBREAH .

WIHT SRR, ZLIERR AR TTFE Bq. 40, T4 Bq. 51 % 5 B F AN &3
HIRIIE2AF, XA T KR Schrodinger 2. NI LLEJR FAZ 4N T K P15
BB RSERTE Gaussian Wbl e > (RN Y BKIHILE S RHOR /N . 31X
FRLAR TR I R S ) L ) AN o e — B, #R TN R i s . B m =
9.109 389 7(54) x 103" kg, FFXI Eq. 51 H1)3—AL I bR H yr, 10 1H 1) REOHEAT T 5

BRIXAMMELI N 1.63x107"° B iR Gaussian V56 pREUH —14b 5 RN \/% o AT

PRV A 10 o< 9 TV RN ) B S B == o7 B LI [V K
M, (x,0) = 1072 e fE 93X BLIIIIE 51 (LILIAIE, 24 &> BT I R E N T 107
i, SR Eq. 40 F1 Schrodinger 77 72 FrfS (13 CL4E BRAE BT Y il 1) e R AH X i 22
/NF1.14%, EAK W, Supplementary Information < Part 6). fEAXTEL, X HILT
HT WG R PRI T (M, (x,0) = ), RN, AT Schrodinger
A1 Dirac J7 FEXF X AMBAAR IS O HEAT K. X T Dirac 778, X BLEA

SRR BRSO (B 5, (x,0) = 1, (x,0) = %e ) E RIS R

TE4H Mathematica 1XA% i, Supplementary Information 2 Part 9 ' Fig. 4 [ Hilid
FE)o
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Figure 4 | S AR [E (977 18 SR B TSR3 Gaussian W% 6, e ) — 41K
&S a, EVIIASAE N M, (x,00=10"e> I, J Eq. 40 HHE 455,
NITEXTECTAR, B ARl AT T I8OR(X107)Ab 3 s b, EWIMAE AT A
M, (x,0) = e BF, F Eq.40 iFEMLE R, ¢, S Schrodinger H T E 45
R; d, KH Dirac HHETFE ISR,

W&l Fig. 4 FiR, Euq. 40 7E &G FIRIIASAE(M,(x,0) =102 ) F 1351
ALK He 14 (Fig. 4a)F1 Schrodinger J7 #2159 2 45 B (Fig. 4¢) L% A Z 5
GV T7 0 I 3, A7 I 10 B A U R B, TR ~F- 7))« £E Fig. 5 1,
AN TR ZI o AR BbR A 22 45 IR VR b IR T IX AN ZE RN AL B, SR
FPA 7 E Gaussian 3 GER— I 2| F5 EE L 22 EAE K, X
B — B RIE, AN SCHTS 7 R o R AR DX (AR A LT A AT
X, EfFJEFZBIGEEEEE) #i{lA Schrodinger 772 (Z/DFE AL
Gaussian ¥ ELIX AN W), IX 5113 3.3.5.1 75 0 285 5 — 2% . 7 Supplementary
Information 2 Part 6 W, AR BIGUE | 1L R FAZ SRR, {1 H T3 Eq.
72 AV AL R BRI I,V1| FIFRAME T IR i S5 TH HAS 2 A Gaussian ALK

I BURE, HAKIR 5 R Schrodinger 77 FE 15 21 i 45 SR AR — 2,

t=0.0 I, t=0.2 061
N ag=0.
— Eq. 40 / Y,
!
— Eq. 402 \a = 0.64
Schrédinger
Dirac / \
_____________________ _Z N
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X x
t=04 t=0.6
N——0 =0.83 P
\ ! /U = 108
’/"\ £
3 } A
g=0.94 " T W&o =1.30
2 \
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X X

Figure 5| A[EA] fi(r=0.0, 0.2, 0.4, 0.6 eV ) PURH 773 (Eq. 40': #J4h4%A%
M, (x,0)= 10702, Eq. 402 UG %A M, (x,0) = e ) TEE RN R
M Gaussian YL PR EREED KI5 B 34 K

0 R UG S A I BB BR K (10 M, (x,0) = ), JERIRETE =03
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eV i LB B R BN T (AL E BT D FEE(Fig. 4b). BT H S ERE,
H Eq. 40 52 EUEAE x 7 1A BEBE, XM Fig. 5 H =A% Gaussian £
BERIbRAE ZZ 45 R T LIS M . FEIXFEMIVIGE KT, Eq. 40 PN B4 HoE
JEFFI&A Schrodinger J7 A2 TN H PR, B rh IR IR AN E T #, X B 42T Dirac J7
MR E(Fig. 4d). X HHEN, HIFZLHBEOH ST 138 Er=1eV!
PUG, FEFFIESZONANE CEBE 7022415850 . Supplementary Information
2 Part 7 e R RECH 1.4 (015 TE): Dirac FREHGARITETE, WFE t=0.5eV!
DA H I B ) 3 8 (R o0 2R AN IR UG, 35 S IR 93 ) S o3 2 AN B
AN . XN, ZIR Y Dirac 7R B H & 5] )1 HAE S5 R e
B RS 3. Fig. 5 W BIPRHEZ S5 R ENHIE 71X — £
T, T VEARRE AR ELYT B R, X BLIEXTEE TN Eq. 40

T A RIS ZAE(1072e ™, e, 12¢ and 1.4e™ )G, BG4 (x
= 0 Ak B B A5 ) AR I B ORTASE e KB AL L) BT OIR COR A i 7 1) 7 48
Mathematica fXi5 )1, Supplementary Information 2 Part 9 #' Fig. 6 FI2 il #2),
S50 Fig. 6 s MEIFRATLUE 2432 BATAR M /N B R AR O AS [8] 4]
USRS, Eq. 40 TR ET #UEE (x=04b) MEW]5 Schrodinger /7 FE—
#;, B#wmZ R 0.3 eV ML TS RE (BHGIZ#FER), Fig. 6a R~
TixAEH. JFH, Fig. 6b Ll AR E RIS ZI TR O T HI36 5%A4F
M, (x,0)= 1.2 Rl M, (x,0) = 1.4¢™> B4 LK 5 Dirac 75 51045 B0 L
U, Supplementary Information < Part 7). MEF AT UUE H, Bl 54 UG5 )2 1
Ko XANEELAENITFUE ) — Bt ) 2 B HT W 4 , AEASE0 3] d R ARLIN YR T 3283
APPSR BE N, CHEND 8T SE UL A2 Bq. 43 SAMFRIRR L. XA AT DA
Ze R B VRNl S B N B AN R BT RN 6 A

a b
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Figure 6 | 7£ HRSBALHI T, XF Gaussian 3 AR T A F KB4 %4 Mo = (10,
1.0, 1.2, 1.4) e JEHREII B TR LLE . a, Gaussian JEELLE x = 0 &b (S248)
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B R KA (A REZ) BRI RIS b, Gaussian B KIS 21 ()%
o BB RIS A 2 BT 25, ARERAFRIWIUE 5. S5 @ %t LR
W, FEEHEG RS =0 eV R IAIEA T T 13— AR BE.

3.5 Xf A RSN

e EdF, A T Eq. 40 #A K EANME RER e s i AR S, BAS
H A VR R LR A R R X S 3 3 8. SR, AR AL BE S B ]
I, R RS R, A NE S RS . B, % Eq. 40 TN
A H LR B A

XPFANFEHEFTCRI BRI RAER- 71, 3.7 1R - SE . H
T EAEH T B R A R R RE AR, A L ESRA Mg, B
HHH Eq. 40 AP RA S, KEAZRXMIER 71, TR FRAES Ty, dil
HIRGGAHEAEH 13 T . ST 51 e e 75 CAatg Jpmss A BAEH 7
%) BAARMENE Cnsl IERAEE K5 DRSO 51 713 gE
X EININING RS R AE . —Fad 5l i, 5 I EHmE. 51715
72 H BB LIS 3l 30N RL LR I 23 SR 00 A I 77 AR 1) S 38 T 5 L 6 (045 T/ i 1Y)
BE M LIz Bl ) B R R T (BRE 5O R S MR A A = B % 1) B ZE 0 5 3
e B R H AW Gt 2238 e T3 K E ok (8
H &) A g nEizsh (e rm) F8, &4 U7 a5 4 S L
ARG E L T 5] J13, DR — ] LB s T HER G, 517
RN, — M AT LA o R TRTEAT VR4 ) 0 -

T 5 B R R BT B o R BE AL B e AR SR B . ] R BE LS B Bk
WA [EAXT R RN, (G Bhk B GETH22808D, 7825 1] 1) A ZARBL AT B A R
M _ER Poisson 4347 Eq. 20, X BEAFFRHATE—NEF (BEAMHLET T
KT TR AR (IR P TR AR BRI, HASAELE R A X8 8081 3 BRI 15
YR TARFR RS /N )RR T 22 e DI IR T . ERL TR R E I
AR B GO ARARXT B, BTG .. — e 8 H £ =475 A
3G B R P DR /INAH ST 7 ) B L ERDRE - (4] SR AE — 2N, 78 55— 2106 SR AH L
1B 5043 BT SRR 5T Lo AR AR T 23 AT 9 E I B ERSE . O T BB A A L, 3K
BRI R SR AL S R T B AR AR BN LI &, - R AR B 5,
SR AN BEATL e BT Sl A2 BT 0o 7™ A TR A SR RN R A AT I s R S5 P 3 — 8
HH 1 ) B AR B 77 A TR A R RN TR A i) R

H 56, AT AN RALERI S XS] oA (SRR AL ) & (BRITBREATL R 2
WIE) Vs STERO P AL RIBEHL S KN Q| o i Vs S ERO HIBEHLAE T 2
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P DR E 22 18] 28N ) AT AT RE, Wi 2 N s otk B N 2 B R s B AR 1
By ? X B R B BRI U 20 B2 v AT AR AL BRIET S HOEAE r HR 1) B AR
wﬂu%@m%%@¢%%&%¢%m@%ﬁﬁ%ﬁﬁﬁ%ﬁﬁ(ﬁ%Mzh
S@% v X FEE @ I TTHRD

| =1, M

@, =rxv, (52)

R AT LA R PR A AR FLSL D R AR R S0, B A A ERA )
r%ﬂﬂ@%m%mﬁgr%%ﬁf$MﬁﬁsL%MEO84@EE%¢W
S bE¥51504G, FHBEHLAIE R £ons B0, MEE A E L AagssEm
=y T, XA T A E A I 51 A, HBENLR R Vs Fon. RIRAE r
oK CRDERTED S —3f) A —ANLE N v BRI S . H54, BEKLIAE VsS4 T
BRI S E3Y5) A B R AR R T B ) . VEEE =1, %4
BA r 7 FHER, |rxov] S0 FERIETS” L3951 50 i, WA 7 SFAT 47 1)
B SFf 31 — A3t Sﬁuﬂﬁﬁ? MRS D L5, 5SRO RS B
KN,

Figure 7 | [ o’ K740 2UR B H

MBEAL IR R ARG, A0 T 3 R AL BRI S EIPIRAAL D’ —#gizs).
NP 513 AT BN R 5 oA, AR, BEHLIAE R <V, 45 SR UG 1R
BEAL ) B €27 LEREAN 2R (R 35 2 o3 Ain o SRHEISE D7 BRI IA &K/ |2
AR, FRLEHTT MAE A R4 20 0 A, RIRISRASBENLIA&E Vs TIRRE] S MIBR.L™=4
ipiibud NANFo AR EL R

WEEHLAZ & Ni~N (0, 1), Na~N (0, 1), Ns~N (0, DAHE ST, DU FAr B ML ) &
R AR — AN EE A AR X Ry 1718
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N

X = 1 (53)
\/le +N,+ N,
HMZRERE N
1 -1<x<l1
Se()=4 2’ ’ (54)
0, otherwise.

XIS #AL =4 Cartesian HLAALPR R, Bk DARRM D #ET 2 #ll, HPEHAZE
O~U-1, 1), H~U(-n, ), M4, BRMES EHEI0ARRRENL SRR D 15
I BENLIA &= Q7 HIALFR N X =¢-sincos™ @ -cosH , Y =c-sincos" @-cosH , Z=0,
1M AT s A

Q| =NX+Y+ 72 =cN1-60? (55)
RN, | 62| FRORE SR 25 oy
, #, O<x<e,
@'|(x)=1 ¢\ —x? (56)
otherwise.

VR P BB LA B | Q| M/ A BIATE R HFEh S Q7825 1At BENLIZ 37 4 (1 BE ALY
Ao BT, BEEHLAE BT F, (x)-|Q](x) HETBCARRENLFAE R 7RG T
Q') BUFTRAGBEHLIAN R Vs X Q (02 A bR X TR M 5 2 Py

1 . ,x =«
—sinm —+—, —c<x<0,
2c c 4c
1 X <
@ (x)= Zcos = 0<x<ec, (57)
0, otherwise.

XFTERTT S BRI EEAS AL ER N A S A R BEAL T B Ve X AT Q, Y T

Bk, B2t i ) B AR ROFT AL BRI AR v 89K/ - R %J‘iﬁlﬁ(o M, 4%

AT R TR Vo i, Jrh M Ak 2, | KT

Q (x,r)= % A (x) (58)
NS EIR oL ¥ i
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1 Lrx Tmr c

—rsinT —+—, ——<x<0,
2¢ c 4c r
1 VX c
o, (x,r)=<4 —rcos —, 0<x<—, 59
B’X( ) 2c c r (59)
0, otherwise.

B, SR Ve X Q HA - ANE AR ST 0 AT R 2, (), FPRILAE A
BARLER NS
[ anr-Q, (ar (60)

iR Eq. 60 #IR2RL T35 A0 TERN B G T, A RT 52 Bq. 43 Fritiid
1) CRY 8O TR A, WS A 2 % 2 B B B0 AT B, (X AT R B
BT 0 TGV 3REL o RIS R 25 FE 38 ) 43 A B T, AN 52 Jig 2 1 R I 6« X5 T Eq.
43 AT IR G T, HONRL 128 BE A2 R) AN IE 50 00 A B BRRRL T3, 7] LA,
HAAR RS H BB FAMES (FSL B, W T EKEE, #nma—14
B/ INFN 5 ) BEATL AT 1 ) i, RS A Co B PR v B, 3 6 ) o i 81— RS R A 2R
JR WA Z 508 5€ 1 Maxwell 734D 4 EiR Eq. 60 Xf x K FHIH—W)E, 1535
BN BT ER A BEAL IR B Ve X A €2, 1) — AN AR BR X DTRRIG R

O7c

o 40 x>cvx<-—c,
128x

3(8x4sin_1 X amxt+ Ulj
c

, —c<x<0,
o, ,(x)= 6dcx’ ot (61)
3(8x4cos_' *_ Ulj
” f , O<x<c,
cX
0, otherwise.

f£ Eq. 61 11, U, =x(2x*+3 W —x° “3ctsin . XL R Ve 75 AR
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Appendix:

Supplementary Information
(Mathematica v12.1.1.0 code of TraditionalForm)

Part 1. The Square of the Norm of the Average Velocity is Proportional to the
Number of Vectors

Definition: Particles with a higher mass level composed of k particles are called kth-order particles.
Then, the velocity of a kth-order particle is the velocity of the overall center of mass of the k particles,
which is the average of the velocity vectors of all these particles.

Assumption: Each particle is moving at the same speed and in a random direction in space.

Thus, the projection of the velocity vector of a kth-order particle onto one of the three equivalent
coordinate axes of the 3-dimensional Cartesian coordinate system is the mean value of the projection
(onto the same axis) of the velocity vectors of the 1st-order particles forming the kth-order particle,
which follow the same distribution; therefore, it approximately follows a normal distribution (central
limit theorem).

There are three equivalent (approximate) normal distributions, one on each of the three axes, which are
not completely independent. However, James Clerk Maxwell and Ludwig Boltzmann proved that these
distribution can, in fact, be equivalently treated as completely independent. This is because randomly
selecting a vector is equivalent to randomly determining a three-axis coordinate; moreover, the prob-
lem of the momentum transfer of gas molecules participating in random collisions is also equivalent to
the problem discussed in this article.

First, the probability density of the norm of the 3-dimensional vectors formed by three normal distribu-
tion N(0, o) components that are independent on three coordinate axes is calculated.

Clear["Global +"];
D = Simplify| PDF| TransformedDistribution|x” + y* + 2*,
{x, y, z} & ProductDistribution[{NormalDistribution[0, o], 3}]], x], Assumptions —» o > 0];

Dl= PDF[TransformedDistribution[ \/; , X &~ ProbabilityDistribution[ D, {x, 0, +oo}]], x]

0 True

Then, we find the probability density of the Maxwell distribution with scale parameter o:

D2 = PDF[MaxwellDistribution[o-], x]

\/?)sz 23
N x>0
I

2

0 True

Therefore, these two probability densities are equal:
D1-D2
0

We verify the above conclusion (c is the speed of 1st-order particle; n is the number of vectors) (This
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code takes approximately 13 hours):

c=1;
n =1000;
m =3000000;
dd ={};
ProgressIndicator[Dynamic[i], {1, m}]
For[i=1,i<m,i++,
‘H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HH = Norm[Total /@ Transpose[FH]];
dd = AppendTo[dd, HH]];
D = SmoothKernelDistribution[dd, {" Adaptive", Automatic, Automatic}];

s1= Plot[{PDF[D, xl, PDF[MaxwellDistribution[ % \n ] x]}

{x, 0, 100 ¢}, PlotStyle —» {{Red, Thickness — 0.0032}, {Blue, Thickness - 0.0032}},
Frame — {{True, False}, {True, False}}, FrameLabel - {"Momentum", "Probability Density"},
FrameStyle — Directive[Black, Thickness — 0.0017],
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 14],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style["Theoretical", FontFamily — "Arial", FontSize —» 14],
Style["Simulated", FontFamily — "Arial", FontSize —» 14]}, LegendFunction -

(Framed[#, RoundingRadius — 4, FrameStyle - GrayLevel[0.6]] &)], Scaled[{0.732, 0.644}]]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S1.png",
s1, Background — None, ImageResolution — 600];

0.030}
0.025}
0.020
0.015}
0.010}
0.005}
0.000

—— Theoretical
— Simulated

Probability Density

0 20 40 60 80 100

Momentum

Figure S1. Probability density of the momentum norm formed by 1000 randomly moving particles
with ¢ = 1 (theoretical and simulated results).

Accordingly, the norm of the 3-dimensional vectors formed by three normal distribution N(0, o)
components which are independent on three coordinate axes follows the Maxwell distribution with the

scale parameter 0.

Suppose that the standard deviation of the projection of the velocity of any one of the k equivalent
particles forming a kth-order particle onto each equivalent coordinate axis is o. Then, the standard
deviation of the projection of the velocity of a kth-order particle onto each equivalent coordinate axis

(i.e., the mean value of the projection of the velocity of 1st-order particle) is %, namely, the projec-
tion onto each coordinate axis (approximate) follows a normal distribution with a mean value of 0 and

a standard deviation of %. As a result, the speed of kth-order particles follows the Maxwell distribu-
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. . o
tion with scale parameter ——.

Vk
Then, the average velocity of the kth-order particles is

= V= Mean[Maxwel]Distribution[ i”
k

2\/30'
N

For the kth-order particles in different reference frames (R, and R) and with different standard

Out[+]=

deviations (o, and o), the ratio of their average velocity v,/ v, =

2\/72?0'”/2\/30'0
e T E

Infe]:=

a-u
outfe]= —
g0
Therefore, the ratio of o, to o is the ratio between the average speeds of particles of higher mass
levels in R, and R.
For k th- and k,th-order particles, the ratio of their average velocity v, /v, =
2 ﬂ, 727 o 2 72: o
Inf]:= /
ki L2
k2
Outf+]=

And because: m; = u k; and m, = pu ky, where u is the scale factor or the mass of 1st-order particle.

vy /¥, is also equal to

my
M

Infe]:= Simplify[ , Assumptions —» y > 0]

my

N
\/7771

Therefore, the square of the average velocity of particles is directly proportional to the mass of parti-
cles or the number of 1st-order particles forming it.

Outf+]=

Part 2. Special Relativistic Effects on Infinitesimal Particles
Correspondence:
The mixed distribution of Dand D, is represented by D12;

The mixed distribution of Dsand D, is represented by D34;
The rest of the symbols are consistent with those in the main text.
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1= Clear["Global x"];
D = TransformedDistribution[c Cos[6] Sin[ArcCos[7]],
{0 &~ UniformDistribution[{—x, 7}], 7 & UniformDistribution[{—1, 1}]}];

D=T ransformedDistribution[c Cos[6] Sin[ArcCos[7]],

{0 /s UniformDistribution[{-x, 71}], 7 &~ UniformDistributiOH[{ lci’ 1}]}]’

D, = TransformedDistribution[c Cos[6] Sin[ArcCos[7]],

{0 / UniformDistribution[{—rx, n}], 7 &~ UniformDistribution[{—l, ;}]}]’

D5 = TruncatedDistribution[{«, c}, UniformDistribution[{—c, c}]];
D4 = TruncatedDistribution[{—c, u}, UniformDistribution[{—c, c}]];
D34 = MixtureDistribution[{w, 1 — w}, {D3, D4}1;
Simplify[Mean[D34], Assumptions - 0 < u < c]

1
ouf-]= —(cRw—=1)+u)
2

1
Let the mean value expression be 5 (c2w-=1)+u) = u, and then we find the weight w

1
Infe]:= Reduce[ —(cRw=-1D+u)==u, w]
2

ct+u
Outf+]= (u=0/\C=O)V(thO/\w: )
2¢

Then, the mixed distribution D12 consisting of D and D, can be calculated in accordance with this
weight w. The analytical form of D12 cannot be given by Mathematica. Therefore, the standard devia-
tion of D12 is calculated directly (This code takes approximately 72 seconds).
c+u
5

2¢
D12 = MixtureDistribution[{w, 1 — w}, {D1, D,}];
o, = Simplify[StandardDeviation[ 12], Assumptions - 0 < u < c]

In[-]= W=

c2—u2

N&)

The standard deviation of D34 is the same.

Out[+]=

in-1= Simplify[StandardDeviation[ D34], Assumptions -» 0 < u < c]

Outf+]=

Then, the ratio between o, and the velocity components on the x-axis of the particles in R can be
obtained.

inf-1= Simplify[o, /StandardDeviation[ D], Assumptions - 0 < u < c]
outf+]=

The same factor can also be obtained by evaluating the ratio of the standard deviation of D34 to the
standard deviation of the velocity components on the z-axis in Ry.
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inf- 1= Simplify[StandardDeviation[ D34] / StandardDeviation[ UniformDistribution[{—c, c}]],
Assumptions » 0 < u < c]

Outf+]=

When ¢ = 10 and u = 6, the distribution of D12 on x- or y-axes is like this (This code takes approxi-
mately 350 seconds):

1= ¢ =103

u=6;

data = RandomVariate[ D12, 300 000 000];

D0 = SmoothKernelDistribution[data, {" Adaptive", Automatic, Automatic}];

s2 = Plot[PDF[D0, x], {x, —10, 10}, PlotRange — Full, PlotStyle - {Blue, Thickness — 0.0032},
AxesLabel —» {HoldForm[Speed], HoldForm[Probability Density]},
AxesStyle — Directive[Black, Thickness — 0.001],
LabelStyle — Directive[Black, FontFamily — "Arial", FontSize — 14]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S2.png",
s2, Background - None, ImageResolution — 600];

Probability Density
0.07

Out[+]=

‘ : : Speed
-10 -5 5 10

Figure S2. Simulated probability density of the mixed distribution D12 when ¢ =10 and u = 6.

Part 3. Position aggregation being dominant is equivalent to velocity direction
aggregation being dominant

Suppose that the standard deviation of the projection of the velocity of the 1st-order particle swarm
onto each equivalent coordinate axis is o. Then, the Maxwell speed density function related to mass is
as follows:

g
e D= MaxwellDistribution[ —];
k

PDF[D, x]
\/? K32 52 (‘72‘%
Outf+]= ”—3 x>0
0 True

In the main text, ) is generally used to represent the magnitude of the momentum in a microdomain V.
However, due to the characteristics of Mathematica, we replace ) with Y and substitute it with x in the
above formula, namely,
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Infe]:=

Outf«]=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

2

=
1
x|~

Then, the probability density of the magnitude of the momentum (Y) is

kx?
Lng i

D= TransformedDistribution[k X, X R ProbabilityDistribution[ , {x, —o0, oo}]];

o3

Simplify[PDF[D, Y], Assumptions — k > 0]

v2
2 Y2 e 2k
m

B2 o3

Find the value of k at the maximum value of the above formula:

YZ
= Y2 e zko?

Reduce[D[ , (&, 1}] == 0, k]

132 o3
Y2
k+0ANc+0ANY =0)V|c+0ANY £0Nk= —
302

2

And this formula is expanded by a Taylor series about the point k = 3Y—2 according to k.
(o

Yz

= Yze 2ko?
Serles[ I {k, 30_2 }]
3
o W(ERE 0 s
ollk- —
32 3 32 3/2 y2 Y’ 32 324 (Y 32 : 30'2]
e’ o (”2) 2( Y (”2 ] e’ Y (”—2)

2

Therefore, this formula is a parabola with its opening facing downward about the point k£ = 3Y—2,

o

which is symmetric! This result shows that the two aggregation effects are equivalent about the point &
Y2

3027

Each mass level particle can be seen as being formed by particles of lower mass level. Regardless of
how much mass aggregation or velocity direction aggregation the particles exhibit, it can be regarded
as a slight one with a lower mass level. This is carried out step by step. Finally, the minimal deviation
of the aggregation behavior of the position or velocity direction for infinitesimal particles can be
achieved. The above results show that when the slightest aggregation behavior occurs, the difficulty of
the two aggregation behaviors is equivalent. Therefore, the two aggregation behaviors can be replaced
with each other for the statistical influence of the diffusion behavior on the infinitesimal particles.
When the particles of higher mass level are investigated, their dynamic behaviors are affected by the
dynamic behaviors of the lower-mass-level particles forming them (this is not contradictory to the
viewpoint that each mass level particle can be treated equally, that is, when the behavior of particles of
higher quality level is investigated, these particles can be regarded as free particles with a statistical
effect, while the lower-mass-level particles forming them can be completely ignored. See Section
3.3.5.4 of the main text for more details. When the number of particles of higher mass level is small
and does not meet the statistical conditions, their dynamic behavior should be investigated according to
the dynamic behaviors of the particles of lower mass level. When the number of particles of higher
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Outf+]=

mass level is large enough, their dynamic behaviors can be investigated separately, that is, they are not
affected by the dynamic behaviors of lower-mass-level particles, and they show the minimal deviation
of the aggregation behavior. However, when there are artificial regulations, even if the number of
particles of higher mass level is large enough, they will still be affected by the dynamic behavior of
particles of lower mass level), thus following the dynamic behaviors of the lower-mass-level particles.
Therefore, the two aggregation behaviors are equivalent to that of the higher mass-level-particles. In
summary, the two aggregation effects are interchangeable for any mass level particles and thus affect
the diffusion behavior as a single statistical effect of the aggregation behavior.

Part 4. The Norm of the Component Vector is Proportional to the Number of
Vectors Forming It
When the total vector value of a specified vector swarm is determined, the mean norms between
different component vectors should be proportional to the number forming them. The following proves
this viewpoint in detail.

It has been proven that the degree of slowdown on all three axes is the same in Part 2 of the Supplemen-
tary Information. Then, let Mk being the norm of momentum of & particles observed from R, it

\/j

follows Maxwell distribution with scale parameter when observing from R,,. And when

observing all of the moving particles in R, from R, all the randomly moving particles in R, can be
considered to have an additional velocity component u along the z-axis. Therefore, according to cosine
theorem, the probability density of momentum norm formed by £ particles in R, observed in R can
be expressed as (This code takes approximately 54 seconds):

Clear["Global «"];
D= TransformedDistribution[ \/ ku)*+ MK? =2 ku Mk Cos[ArcCos[7]] ,

Vi NFE
3

FullSimplify[PDF[D, x], Assumptions > ¢>0A0<u <c]

{Mk ~ MaxwellDistribution[ ] 1 & UniformDistribution[{~1, 1}]}];

wa?
6ux L)

\/7,\" [1%27—1]1» 2k (2-u?)
ku \2xTk=2rku®
62
67 m (5 ux=2c k) Crf[ L 4xeuik (02 (6 k+2)-u (2u+3 x])fg X (C—1) (c+10)

A k-ux
> A ku=xAk>0
4 67 K2 u ((c-u) e+

k>O0AN(x>0ANku>x)Vku<x)

The meaningful part (first branch) is selected to be verified. Note that the sampling with the replace-
ment method in the particle swarm with a mean speed of u can simulate all of the cases of the particle
swarm with a mean speed of u. (The following code takes averagely 4.2 + 0.5 hours)
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= ¢=1;3

n=1000000;

HH =0

While[ HH < 2700,
H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HH = Norm[Total /@ Transpose[H]]];

m =1000000;

dd ={};

ProgressIndicator[Dynamic[ j], {1, m}]

For[j=1, j<m, j++,
JH0 = RandomChoice[H, 0.3 n];
HHO = Norm[Total /@ Transpose[FH0]];
dd = AppendTo[dd, HHO]];

D = SmoothKernelDistribution[dd, {" Adaptive", Automatic, Automatic}];

k=03n;

HH

u= ;
n

6ux _ 3 (k utx)?
\3 x(ecz_T - 1)@ ]
3= Plot[{PDF[z), xl, } {x, 0, 2500},

ku \/27rczk—27rku2

PlotStyle — {{Red, Thickness — 0.0032}, {Blue, Thickness — 0.0032}},
Frame - {{True, False}, {True, False}}, FrameLabel — {"Momentum", "Probability Density"},
FrameStyle — Directive[Black, Thickness — 0.0017],
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 14],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style[" Theoretical", FontFamily » "Arial", FontSize - 14],
Style["Simulated", FontFamily — "Arial", FontSize —» 14]}, LegendFunction -

(Framed[#, RoundingRadius — 4, FrameStyle - GrayLevel[0.6]] &)], Scaled[{0.756, 0.644}]]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S3.png",
s3, Background - None, ImageResolution — 600];

Out[+]=
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Probability Density

Figure S3. Probability density of the momentum norm formed by 3 x 10> particles in R, observed in

Ry when ¢ =1 and u is a fixed value.

In view of the above conclusions, we find the mean value of this distribution (This code takes approxi-
mately 150 seconds).

59



nep= Yy = FullSimplify[

3 (k u+x)?

6ux _
ﬁx (@cZ—T - 1]@ Zk(cz_ul)
ku \2nc2k-2nku?

3ku?

3—ku
(62+(3k— l)uz)erf[%]+ \/ijupz(“z’“z) k(¢ —u) (c+u)

3u

Mean[ProbabilityDistribution[ , {x, 0, +oo}]], Assumptions » ¢ > u> 0 A k> 0]

Out[+]=
We find the limit of the ratio of this mean value J/, and k when k approaches +oo.

N S— :
Slmphfy[lelt[ —, k- +oo], Assumptions - u > 0]
k

—u arg(® —u?)=n
Out[+]=
u  True

The second brunch is meaningful. Therefore, when £ is a large number, the norm of the mean value

Y, is directly proportional to the number k forming V,, namely JV, = k-u.

Eq. 21 in the main text determines the proportion of particle number distributed in various boxes
partitioned by £, and these particles are distributed in each box of V with equal probability. That is, the
particles are randomly extracted from the micro domain V to be distributed in each box. When the
number of extractions is large enough, the norm of each component vector partitioned by & should be
directly proportional to the number of particles according to the probability and the scale factor is w.

The unique expansion of scalar M in the form of including power series is

00 €_MMk
-3 o
o K

If the corresponding terms marked by & are directly proportional between the expansion of the norm
|IM| of vector M and the expansion of the scalar M representing the number of particles, or the num-
bers of particles are allowed to be proportional to the norms of vectors they form, the number M of
particles must be equal to the norm | M| of the vector M they form besides they are required to obey
Poisson distribution. According to the above conclusion )/, = k -u, the average speed u = 1 is needed
in the system.

Next, we verify the standard deviations of this distribution in the three axes (This code takes averagely
291 seconds).
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= ¢=1;3

n =10000000;

HH =0

While[ HH < 6600,
H = RandomPoint[Sphere[{0, 0, 0}, c], n];
HH = Norm[Total /@ Transpose[H]]];

JH0 = RandomChoice[H, 0.3 n];

HHx = StandardDeviation[ Transpose[HO0][[1]]]

HHy = StandardDeviation[ Transpose[7H0][[2]]]

HHz = StandardDeviation[ Transpose[ HO][[3]]]

ou-]= 0.57735
ou-]= 0.577374
ou-]= 0.577327

The standard deviation in theory is:

HH

ou-]= 0.57735

This result also verifies that the conclusions in Part 2 and Part 3 are both correct.

Part 5. The 2-Dimensional Situation Under the Same Conditions

This code takes approximately 22 seconds.
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1= Clear["Global x"];
Needs["NDSolve' FEM" "];

16
Q= ImplicitRegion[ <2+ <16, (x, y}];
10000

mesh = ToElementMesh[Q, MeshRefinementFunction -

1
Function[{vertices, area}, area > (— + 80 Norm[Mean[vertices]]]]];

100000 (10

uif = NDSolveValue[{

== Y

Fux,y) ulx,y) (dulx,y)\¥ (dulx,y) )
+ — —
ax? ay? ( ox ] [ dy ]
16
DirichletCondition[u[x, yl=1+2i,x% +y* = ——|,
10000

DirichletCondition[u[x, y] == 0, x* + y* == 16]}, u, {x, y) € mesh];

s4 = PlotSD[(Abs[uif [x, y]])2 , {x, y} € mesh, PlotRange — {0, 5}, ColorFunction —» (Hue[0.65, 3] &),
MeshStyle - GrayLevel[0.4], BoundaryStyle - GrayLevel[0.4],
AxesLabel » {Style["x", 15, FontFamily —» "Arial", Black, Italic, Bold],

T
Style["y", 15, FontFamily - "Arial", Black, Italic, Bold], Rotate["Density", —]}
2

AxesStyle — Directive[Black, FontFamily —» "Arial", FontSize - 15],
BoxStyle — Directive[Black, Thickness — 0.002], BoxRatios - Automatic, ViewPoint — {15, —26, 16}];

ImageResize[s4, 700]
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S4.png",
s4, Background — None, ImageResolution — 600];

4

Outf«]=

4

Figure S4. Distribution of the mass density of a particle swarm meeting conditions M(0, 0) =1+ 2i A
(M(x,») =0 A x> +1? = 47).

It can be seen from Figure S4 that it is a circular symmetrical structure.

Part 6. Differences Between the Two Solving Methods (Schrodinger Equation
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and Eq. 40)
This code takes approximately 45 hours.
1= Clear["Global x"];
Y (x, 1) 1 8*y(x, 0

usol = DSolveValue[{i Py = —; 7, Y(x, 0) == @—sz}’ ¥, {x, t}];

F[x_]:=e ;L =20;

IMx, ) 1
vsol = NDSolveValue[{:Z e —F[M, 0]
ot 2

PMx, ) (IM(x, 1)\
( dx ] ’
M(x, 0) =102 e2%, M(~L, t) == M(L, t)}, M, {x, —L, L}, {t, 0, 3}, WorkingPrecision - 40];

s5 = Plot3D[Abs[usol[x, £11 — 10% Abs[vsol[x, 1, {t, 0, 1.6}, {x, —8, 8}, PlotPoints — 60,
MaxRecursion — 3, PlotRange - {{0, 1.6}, {-8, 8}, {—0.002, 0.003}},
MeshStyle - GrayLevel[0.4], BoundaryStyle - GrayLevel[0.4],

AxesLabel —» {Style["t ", 15, FontFamily — "Arial", Black, Italic, Bold],

T
Style["x", 15, FontFamily - "Arial", Black, Italic, Bold], Rotate["Deviation E]}

AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness — 0.003}}, {{—6, —6, {0.011, 0}, Thickness - 0.003},
{-3, -3, {0.011, 0}, Thickness — 0.003}, {0, 0, {0.011, 0}, Thickness — 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},
{{-0.002, —0.002, {0.012, 0}, Thickness - 0.003}, {—0.001, —0.001, {0.012, 0}, Thickness — 0.003},
{0, "0.000", {0.012, 0}, Thickness — 0.003}, {0.001, 0.001, {0.012, 0}, Thickness — 0.003},
{0.002, "0.002", {0.012, 0}, Thickness - 0.003}, {0.003, "0.003", {0.012, 0}, Thickness — 0.003}}},

LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 15], ViewPoint - {1, -2, 2.1}];

FindMaxValue[{(Abs[usol[x, £]] — 10? Abs[vsol[x, #]]), x > 0, ¢ > 0}, {x, 7}, WorkingPrecision - 34| /
(Abs[usol[x, tl/. Last[

FindMaximum|[{Abs[usol[x, £]] - 10> Abs[vsol[x, f]], x > 0, ¢ > 0}, {x, t}, WorkingPrecision - 34]])

ImageResize[s5, 700]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S5.png",
s5, Background — None, ImageResolution - 600];

ouf-1= 0.01137609304650582034220637885507277

Outf+]=

Deviation

Figure S5. Deviation of the contours computed by the Schrodinger equation and Eq. 40 with an initial
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Infe]:=

. _ _ 2
wave function of 1072 ¢72*,

Part 7. Another Comparison When the Initial Wave Function Is 1.4 ¢2 *
This code takes approximately 3 hours.

Clear["Global +"];
Off[NDSolveValue::eerr];

L =20;
Flx_]:=e™
IM(x, b 1 PMx,0) (IM(x, 1)\
usol = NDSolveValue[{i ——— = ——=F[M(x, 0] - [ ) 8
ot 2 ox

6
M(x, 0) == ge'z "2, M(-L, t) = M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision —» 22];

2

2 7
] ]’ M(x, 0) == — e 2 ’
5

OM(x, 0 1 PMx, ) (OM(x, D
vsol = NDSolveValue[{i - _ [

== — = F[M(x, 1)]
2 ox

ot dx?

M(~L, ) = M(L, t)}, M, {x, L, L}, {t, 0, 3}, WorkingPrecision - 26];
/\/[x9 t] = {ulx, t], v[x, t1};

(1O, (01,
3—(0 _1)9 1—(1 0)’
2 2
xsol = NDSolve[{i DlxIx, tl, f] = —o1.x(x, ) — i 73D x[x, ], x], ulx, 0] = £ 2% yx, 0] = £ e,
2 2
u[L, f] = u[~L, £], v[L, f] == v[-L, t]}, {u, v}, {x, —L, L}, {t, 0, 3}, WorkingPrecision - 14];

5
Gl= Plot3D[ — Abs[usol[x, 1], {z, 0, 1.6}, {x, —8, 8}, PlotPoints - 60, MaxRecursion - 3,
6

PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle - GrayLevel[0.4],
BoundaryStyle - GrayLevel[0.4], AxesLabel - {Style["¢ ", 22, FontFamily - "Arial",

Black, Italic, Bold], Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness —» 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness - 0.003},

{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{-6, —6, {0.011, 0}, Thickness — 0.003},

{-3, -3, {0.011, 0}, Thickness — 0.003}, {0, 0, {0.011, 0}, Thickness — 0.003},

{3, 3, {0.011, 0}, Thickness - 0.003}, {6, 6, {0.011, 0}, Thickness - 0.003}},

{{o0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness - 0.003}, {1, "1.0", {0.012, 0}, Thickness - 0.003}}},

LabelStyle — Directive[Black, FontFamily - "Arial", FontSize — 21], ViewPoint - {1, -2, 2.1},

Epilog - Text[Style["a", 22, FontFamily —» "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

5
G2= PlotSD[ — Abs[vsol[x, 1], {¢, 0, 1.6}, {x, —8, 8}, PlotPoints - 60, MaxRecursion — 3,
7

PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle » GrayLevel[0.4],
BoundaryStyle —» GrayLevel[0.4], AxesLabel - {Style["t ", 22, FontFamily — "Arial",

Black, Italic, Bold], Style["x", 22, FontFamily - "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks — {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},

{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{—6, —6, {0.011, 0}, Thickness — 0.003},

{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},

{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness - 0.003}}},

LabelStyle - Directive[Black, FontFamily — "Arial", FontSize —» 21], ViewPoint - {1, -2, 2.1},

Epilog - Text[Style["b", 22, FontFamily - "Arial", Bold, Black], {-0.09, 0.88}, {—1, 1}]];
G3 = Plot3D[Norm[Evaluate[{u[x, 7], v[x, #]} /. xsol]], {¢, 0, 1.6}, {x, -8, 8},
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PlotPoints - 60, MaxRecursion — 3, PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.23}},
MeshStyle - GrayLevel[0.4], BoundaryStyle - GrayLevel[0.4],
AxesLabel - {Style["z ", 22, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold], ""},
AxesStyle - Directive[Black, Thickness - 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness — 0.003}}, {{—6, —6, {0.011, 0}, Thickness — 0.003},
{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness —» 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},
{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness —» 0.003}, {1, "1.0", {0.012, 0}, Thickness - 0.003}}},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize - 21], ViewPoint —» {1, -2, 2.1},
Epilog — Text[Style["c", 22, FontFamily — "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]1];

5 5
G4 = Plot[{gNorm[usol[x, 111, ;Norm[vsol[x, 111, Norm[Evaluate[{u[x, 1], v[x, 1]} /.xsol]]}, {x, -3.8, 3.8},

PlotStyle — {{Red, Thickness — 0.005}, {Blue, Thickness — 0.005}, {Black, Thickness — 0.005}},
PlotRange - {{-3, 3}, {-0.02, 0.9}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[0.3], Thickness — 0.0012], FrameTicks —»
{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {—2, -2, {0.01, 0}, Thickness - 0.003}, {-1, -1, {0.01, 0},
Thickness — 0.003}, {0, 0, {0.01, 0}, Thickness - 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 22], PlotLegends —»
Placed[LineLegend[{Directive[Red, Thickness[0.0036]], Directive[Blue, Thickness[0.0036]], ,

Directive[Black, Thickness[0.0036]]}, {"1.2", "1.4", "Dirac"}], {0.873, 0.72}]];

s6 = GraphicsGrid[{{G1, G2}, {G3, G4}}, Alignment —» Bottom, ImageSize — 700,
Epilog - Text[Style["d", 22, FontFamily — "Arial", Black, Bold], Scaled[{0.6053, 0.7776}]1]];

ImageResize[s6, 1000]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S6.png",
s6, Background — None, ImageResolution — 600];
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Outf+]=

Outf+]=

3 -2 -1

) ¢

Figure S6. Illustrations of the 1-dimensional time-dependent diffusion of the Gaussian wave packet

e72* as obtained using various methods in natural units. a, Computation result of Eq. 40 when the

initial condition is My(x, ) = 1.2 ™2 ** The norm has been reduced (x %) to facilitate the shape
comparison. b, Computation result of Eq. 40 when the initial condition is My(x, 1) = 1.4 e~2 ' The
norm has been reduced (x %) to facilitate the shape comparison. ¢, Computation result of the Dirac

equation. d, Comparison between them at = 1.

Part 8. Angular Speed Distribution of Random Spin Particles

Clear["Global x"];

Ny
X= TransformedDistribution[ ,

'\’le + N22 + N32

{N1, N3, N3} &~ ProductDistribution[{NormalDistribution[], 3}]];

PDF[X, x]

The expression of |2] in the main text is calculated as follows.
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Infe]:=

Out[+]=

Infe]:=

Outf+]=

Infe]:=

Outf+]=

Outf«]=

X = ¢ Sin[ArcCos[®]] Cos[H];
Y = ¢ Sin[ArcCos[®]] Sin[H];
Z=0;

FullSimplify[ X2 +Y*+ 72, Assumptions - ¢ > 0]
cA1-67

NOTE: |w'|(x) in the main text is substituted by «' as the probability expression here.

w'= TransformedDistribution[c \/ 1-©?, ® &~ UniformDistribution[{-1, 1}]];
FullSimplify[PDF[w', x], Assumptions - ¢ > 0]

X
x>0Ac>x
{cm

0 True

NOTE: wg x(x) in the main text is substituted by wsx here. Then, the probability density of X, which

represents one of the three equivalent coordinates of the angular velocity (2 contributed by the random
vector Vs, can be obtained:

WSX = TransformedDistribution[Fl F2,

— % o, a):

1
{Fl R ProbabilityDistribution[ -, {x, -1, 1}], F2 ~ ProbabilityDistribution[
2 2 _ 2
c -

FullSimplify[PDF[wsx, x], Assumptions — ¢ > 0]
cor (5
2¢
2 sin’l(g)m
4c

x=0Vx>0Ac>x)

c+x>0Ax<0

NOTE: wp x(x,r) in the main text is substituted by wbx here. Then, the probability density of the norm

r of the radius r at which the starting point of the vector F3 is located within the ball can be obtained:

1
wbx = TransformedDistribution[ -Xx,

r

ArcCos[ )i]
> - O<x<c
xR ProbabilityDistribution[ - , {x, —c, c}], Assumptions - 7> 0 A ¢ > 0];

2 ArcSin[ ;]+7r
T —-c<x<0

PDF[wbx, x]

_y(rx
rcos (7)
-

5 c+rx>0Ac-rx>0Arx=0
[

r (2 sin’](:i)wr)

2 c+rx>0Ac—-rx>0Arx<0
C

The distribution function of the contribution of Vg to the equivalent coordinate £2g y of (25 is calcu-
lated as follows (NOTE: This is the result in Mathematica 11.2):
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r ArcCos[ rc—x]
CDF[ProbabilityDistribution[ 2 T {x, -, —}, Assumptions - > 0 A ¢ > 0], x]
r (2 ArcSin[ T]Hr)
4c
j— —x>0Ax=0

;—x<0Ax20

— -

rx
- \jcz—rz X 4rx 005’1(7)+2 c
c

2¢

c c
(——x:O/\sz)V(;—sz/\x>O)

r

e
2 AJc2-r? x> +2r xsin '(—)Jrnrx
"

X<OANS=x>0N<+x>0
4c r r

We remove the meaningless parts of the above function and integrate the function in the whole unit
ball (NOTE: This is the result in Mathematica 11.2):

2 NP xt+2rx ArcSin[ ’C—X]+7r rx

1 > —j— <x<0
FullSimplify[ f 4nr? —— . dr, Assumptions - ¢ > 0]
0 - \/c -rx +rxArcCos[ c—]+2c- ¢
=x<-
2¢ r
2.3
- c+x=<0
323
(128-3 ) n ¢
< c<x
96.x3

n [3 2 x AJlc=x) (c+x) +3 ¢* [3 sin"({)—4 tan™! [ ]]+24 X sec’](i)+64 cx3=30 X% Aflc=x) (c+x)
¢ x

2 2
48 cx3
4 [(8 x*-3 L'4) sin”! (;)+x A(c=x) (c+x) (10 xz—c'2)+4 * tan™! [ L:fxz ]—»4 nx“]

16 ¢ x*

True

We find the first derivative of the above result with respect to x (NOTE: This is the result in Mathemat-
ica 11.2):

FullSimplify[
2
_rc x<-—c
RS
(128-3mn c? r>e
96 x°
D[ x [3 2 x Af(c=x) (c+x) +3 ¢* [3 ArcSin[;i]—4 ArcTan[ c:—xz ]]+24 x* ArcSec[E]+64 cx’=30x A/(c=x) (c+x) ] , x]]
O<x=c
48cx®
x [(8 x*-3¢%) ArcSin[§]+x V(e=x) (c+x) (10 *~c?)+4 ¢* ArcTan[ ;_XZ ]+4 z x“]
. -c<x<0
16cx3
32263
i c+x=<0
3244
7r(3 n-128) I
SN c<X
32x*
n [—x Af(c=x) (c+x) (3 242 x2)+3 c* (4 tan™! [ ]»3 sin’l(g)]+8 X sec’l(})]
i x>0Ac=x
16cx*
P [x Af(c=x) (c+x) (3 242 x2)+(9 *+8 x“) sin’l(;)—IZ c*tan”! [ X = ]+4nx4]
A c+x>0Ax<0
16cx*

We modify the above results to the form of a continuous function and integrate the function in the

whole interval (— o, o0).
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32263
= c+x<0
32x*
326
— c<x
324
Infe]:= Integrate[ x [—x V=) c+x) (3c2+2x%)+3¢* [4 ArcTan[ j = ]—3 ArcSin[;i] ]+8 xt ArcSec[E]] ,
o x>0Ac=x
16cx*
x [(9 c+8x%) ArcSin[§]+x V=) (c+x) (3c2+2x%)-12¢* ArcTan[ j = ]+4 x x4]
= c+x>0Ax<0
16cx*

{x, —o0, co}, Assumptions - ¢ > 0]

dr
outfe]= —

3

The above function is normalized according to the integration results (NOTE: This is the result in
Mathematica 11.2):

3x%¢3
== c+x=<0
2
3ncd
< c<x
1 3244
FullSimplify[ ol B (—x A=) (c+x) (3c2+2x%)+3¢* [4 ArcTan[ : - ]—3 ArcSin[:i] ]+8 x4 ArcSec[E]]
= — x>0Ac=x
3 16 ¢ x*
4 4 S — 2 2\_ 4 x 4
x ((90 +8 x )ArcSm[c]+x V=1 (c+x) (32+2x%)-12¢ ArcTan[ — ]+47rx ]
c+x>0Ax<0
16 ¢ x*
9rc
xe c<xVe+x<0
128 x*
3 [—x e=0) (c+x) (3 242 x2)+3 e [4 tan‘l[ A = ]—3 sin’](;)]JrS x4 sec"(?}]
L x>0Ac=x
64 ¢ x*
4 in~ !~ - . 2,942 . - * -
3 [(9c +8 x4) sin (:)+x AJ(c=x) (c+X) (3c +2x )—12 ¢ tan ][ = ]+4zr.x"]
: c+x>0Ax<0
64 ¢ x*

1

In view of tan~ 1<~ cos™! f, the probability density of the

X .1 X _
W = sin W and sec .
contribution of Vg in the whole unit ball to an equivalent coordinate X of the angular velocity 5 can
be obtained by simplifying the above results (Note: wp_y(x) in the main text is substituted by wBx

here) (NOTE: This is the result in Mathematica 11.2):

wBx = FullSimplify[

3
%Z c<xVe+x=<0
128 x
3(-x A/c=x) @) (3 c2+2x2)+3 ¢* (4 ArcSin| =|-3 ArcSin| |}+8 x* ArcCos| =
( * NED ) (34243 ¢ (64 rc4l"[f] e m['-‘]) Lo OS[C]) x>0Ac=>x ,Assumptions—>c>0]
cXx
3((9.¢*+8 x*) ArcSin| “|rx e @) (3 2+22%)-12 ¢* ArcSin Z|+4 7.+
< < c+x>0Ax<0
64cx*
;i c<xVe+x=0
X
3(3 ¢t sin ! (S)ex AJ2—x2 (3242 x2)+8 x* cos ! (E
((,‘ mn (C)X C «\(C+ X)+XLOS (c]] x>0/\c2x
64cx*
3((8 x*=3 ¢*) sin~ (X 72 (3242 2 )4d ot
o) (e NZ e tr) g nw<o
cX
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5

£ x(x)
Further more, when the radius of the ball is R, the above situation scales to R Accordingly, the

probability density of the contribution of the random vector V to the single equivalent coordinate X of
angular velocity £ is (Note: wx(x) in the main text is substituted by wx here) (NOTE: This is the result
in Mathematica 11.2):

x
wX = TransformedDistribution[ -
R

3
L x>cVx=<-c
128 x*
3 ((8 x-3¢%) ArcSin[i]+x VAE-x? (32+2x%)+4n x“) 0
e e pen et < —-c<x<
xR ProbabllltyDlstrlbutlon[ 64cxt » {x, —o0, °°}]a
3(3¢* ArcSin[ *|-x =2 (3¢*+2x%)+8 x* ArcCos| )
< < 0<x=<c
64cx?
Indeterminate True
Assumptions > R >0 A ¢ > 0];
FullSimplify[PDF[wx, x]]
9rcd
c<RxVc+Rx<0
128 R? x*
3(Rx \/CZ—RZ 32 (3c2+2 R x2)+(8 R* x*-3 ¢*) sin”! A +4 7 R x4
( ( M ) (‘) ) c+Rx>0ARx<0
64 ¢ R x*
3(-Rx \/c‘z—R2 2 (3242 R x2)+3 ¢* sin”™! A +8 R* x* cos™! A
( ( ) (‘) (‘)) Rx>0Ac=Rx
64c R x*
Indeterminate True

The standard deviation of wx is:

StandardDeviation[wx]

ﬁy
[}

R

This is the end of the whole proof.

Part 9. Figures Used in This Article
S0 Figurel T $hH $EE SEEE SEEE SRR ERE SRR SRR SEER SEE SERL SRR EPE ERED EED SEED SEED HORL HNR HHE HE HY
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1= Clear["Global x"];

178 252 61
aa= Graphlcs[{{RGBColor —, —, —|, Rectangle[{0, 0}, {1, 1}]}
255° 255 255

178 252 61
{RGBColor —, ==, —, 0.5|, Rectangle[{1, 0}, {2, 1}]},
255 255 255

200
RGBColor —, —, 0|, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0.7, 0.54}, {1.3, 054}}]}}
255 255

250 200
{RGBColor Py 0|, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.3, 0.46}, {0.7, 046}}]}}

178 252 61
RGBColor| —, —, —, 0.5|, Arrowheads[0.06],
255" 255 255

{Thickness[0.006], Arrow[{{0, —1.3}, {1.2, -13}}]}},

178 252 61
{RGBColor —, —, —|, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {0.8, —0.3}}]}},
255° 255 255

{Orange, {Thickness[0.002], DotDashed, Line[{{1, —0.05}, {1, 1.05}}1}},
{Orange, {Thickness[0.004], Dashed, Line[{{0.8, —0.3}, {2, —0.3}}1}},
{Orange, {Thickness[0.004], Dashed, Line[{{1.2, —1.3}, {2, —0.3}}1}},

{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.2, —1.3}, {0.8, —0.3}}1}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {2, —0.3}}1}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, —1.3}, {1, —0.8}}1}},
Text[Style["V", 24, FontFamily — "Euclid Math One", White], {0.45, 0.5}],
Text[Style["A", 17, FontFamily - "Arial", White], {0.513, 0.456}],
Text[Style["V", 24, FontFamily —» "Euclid Math One", White], {1.55, 0.5}],
Text[Style["B", 17, FontFamily —» "Arial", White], {1.616, 0.455}],
Text[Style["D", 24, FontFamily — "Arial", Orange, Italic], {0.982, 0.63}],
Text[Style["A", 17, FontFamily — "Arial", Orange], {1.063, 0.59}],
Text[Style["D", 24, FontFamily - "Arial", Orange, Italic], {0.982, 0.38}],
Text[Style["B", 17, FontFamily - "Arial", Orange], {1.065, 0.34}],
Text[Style["®", 24, FontFamily — "Arial", Orange], {1.06, 1.08}],
Text[Style["O", 24, FontFamily - "Arial", Orange], {0, —1.39}],

178 252 61

Text[Style["B" 24, FontFamily - "Arial", RGBColor[— —, — 05]] (12, -1 39}]
255 255 255
178 252 61

Text[Style["A" 24, FontFamily —» "Arial", RGBColor[— — —]] {0.7, —0.28}]
255 255 255

Text[Style["C", 24, FontFamily — "Arial", Orange], {2.02, —0.4}],
Text[Style["M", 24, FontFamily —» "Arial", Orange], {0.972, —0.93}],
Inset[Style["a", Black, Bold, FontFamily —» "Arial", FontSize — 24], {0.034, 1.12}],

Inset[Style["b", Black, Bold, FontFamily — "Arial", FontSize — 24], {0.034, —0.2}]}];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 1.png",
aa, Background — None, ImageResolution — 600];

HH g8 #H Figurel i #8 #8 £H 88 &8 88 88 88 88 88 88 88 88 88 88 88 88 88 88 88 88 854

HH g8 #H Figure2 i #8 #H #H H8 #8 &8 88 #8 88 88 88 88 88 88 88 88 88 88 88 88 88 851
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1= Clear["Global x"];
text = Graphics[{Gray, Line[{{1, 0}, {1, 10}}], Line[{{2, 0}, {2, 10}}],

Line[{{3, 0}, {3, 10}}], Line[{{4, 0}, {4, 10}}], Line[{{5, 0}, {5, 10}}1,

Line[{{6, 0}, {6, 10}}], Line[{{7, 0}, {7, 10}}], Line[{{8, 0}, {8, 10}}], Line[{{9, 0}, {9, 10}}],
Line[{{0, 1}, {10, 1}}], Line[{{0, 2}, {10, 2}}], Line[{{0, 3}, {10, 3}}], Line[{{0, 4}, {10, 4}}],
Line[{{0, 5}, {10, 5}}], Line[{{0, 6}, {10, 6}}], Line[{{0, 7}, {10, 7}}], Line[{{0, 8}, {10, 8}}],

1
Line[{{0, 9}, {10, 9}}], Orange, Rectangle[{6, 4}, {7, 5}]1}, PlotRangePadding — —];
1000

bb = Show[{PlotSD[Sin[x + Cos[yll, {x, -3, 3}, {y, -3, 3}, PlotPoints —» 60, MaxRecursion - 3,
PlotStyle —» Texture[text], Mesh —» None, Lighting - "Neutral",
PlotLabels — Placed[Style["dS", 14, FontFamily — "Arial", Orange],
{0.9, —0.9}, Background — None], BoundaryStyle —» None, Boxed — False,
Axes - None, ViewPoint - {1, —1.9, 14}], Graphics3D[{{Thickness[0.007], Black,
Arrow[{{0, 0, 0}, {—Evaluate[D[Sin[x + Cos[y]], x] /. {x -» 0.88, y » —0.3}],
—Evaluate[D[Sin[x + Cos[y]], y]1 /. {x - 0.88, y » —0.3}], 1}} +
{{0.88, —0.3, Sin[0.88 + Cos[-0.3]]}, {0.88, —0.3, Sin[0.88 + Cos[—0.3]1}}1},
{Text[Style["N", 14, FontFamily - "Arial", Bold, Italic, Black],
{—Evaluate[ D[Sin[x + Cos[y]], x] /. {x - 0.88, y » —0.3}],
—Evaluate[ D[Sin[x + Cos[y]], y]/.{x » 0.88, y » —-0.3}], 1} +
{0.88, —0.3, Sin[0.88 + Cos[—0.3]]} + {0.02, 0.03, 0.23}]},
{Thickness[0.007], Blue, Arrow[{{0.88, —0.3, Sin[0.88 + Cos[-0.3]]}, {1.88, —0.5, 2}}1},
{Text[Style[" X", 14, FontFamily - "Arial", Bold, Italic, Blue], {2.01, -0.5, 2.01}]},
{Text[Style["Z", 14, FontFamily - "Arial", Italic, Gray], {-2.14, —15, 0.7}]}}]}];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png",
bb, Background - None, ImageResolution — 600];
bfg =
Import[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png"];

bfg = ImageTake[bfg, {290, 1870}, {110, 2920}];
Export[

" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png", bfg];
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This code takes approximately 227 seconds.
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1= Clear["Global x"];
Needs["NDSolve' FEM" "];

16
Q= ImplicitRegion[
10000

=X +y +2 <16, {x, y, z}];
nr = 50; ng = 50; nf = 50;

4 4
coordinates = Flatten| Table|{r Sin[¢] Cos[0], r Sin[¢] Sin[#], r Cos[¢l}, {7, —,4,|4— — |/ (ar—-1)¢,
[ [ i i i { 100 [ 100 ]/ }

1 1 2
{so, y T — y|lm———— /(nsa— 1)}, {6, 0,27,2n/(nb - 1)}], 2];
10000 10000 10000

incidents = Flatten[Table[Block[{pl = (j — 1)#nr + i, p2 = j*nr + i, p3 =p2 + 1, p4 = pl + 1, p5, p6, p7, p8},
{pS, p6, p7, p8} = {pl, p2, p3, p4} + k+nr+ny;
{p1, p2, p3, p4} += (k — 1) *xnr xnep;
{pls p29 p39 p49 pss p63 P7, ps}]a {19 19 nr — 1}3 {J’ 19 ny — 1}3 {ks 13 né — 1}]s 2];
mesh =
ToElementMesh[" Coordinates" — coordinates, "MeshElements" — {HexahedronElement[incidents]}];

PMx, y,2) PMnx,y,2) Mk, y,2) (6M(x, ¥, 2) ]2 [aM(x, ¥, 2) ]2
+ + - - -
0x? ay* 072 dx dy

uif = NDSolveValue[{

2 16
] =0, DirichletCondition[M[x, y,2l=142i, x> +y? + 7> == ——

IM(x, y,2)
( 100007

a0z
DirichletCondition[M[x, ¥, 2] =0, ¥+ y2 +22= 16]}, M, {x,y,z} € mesh];

Gl= SliceDensityPlot3D[(Norm[uif [x, y, z1)?, "CenterPlanes", {x, -4, 4}, {y, -4, 4},
{z, —4, 4}, Boxed — False, Axes - None, ColorFunction —» (Hue[0.65, #1] &),
BoundaryStyle —» Directive[Thickness[0.001], Gray], PlotRange — {0, 5}, PlotPoints — 100,
Epilog - Text[Style["a", 23, FontFamily —» "Arial", Bold, Black], {0.2478, 0.93}, {0.5, 4}]];
G2 = Plot3D|(Norm[uif[x, y, 011, {x, —4, 4}, {y, —4, 4},
PlotRange - {{—4.52, 4.52}, {—4.52, 4.52}, {-1.7, 5}}, MeshStyle -
{Directive[ GrayLevel[0.4], Thickness[0.001]], Directive[GrayLevel[0.4], Thickness[0.001]]},
BoundaryStyle — Directive[ Thickness[0.001], Gray], Boxed — False, Axes - None,
ColorFunction —» (Hue[0.65, #3] &), BoxRatios » Automatic, MeshStyle —» Gray,
ImageSize —» {360, 360}, PlotPoints —» 30, ViewPoint - {1.2, -2, 0.7},
Epilog - Text[Style["b", 23, FontFamily - "Arial", Bold, Black], {0.2478, 0.93}, {0.5, 4}]];
G3= DensityPlot[(Norm[uif[x, y, 012, {x, —4, 4}, {y, —4, 4}, PlotRange — {{-7.2, 7.2}, {-7.2, 7.2}, {0, 5}},
ColorFunction -» (Hue[0.65, 1] &), Frame — False, PlotPoints —» 180,
Epilog - {Text[Style["c", 23, FontFamily —» "Arial", Bold, Black], {-3.75, 4.24}],
{Directive[ Thickness[0.001], Gray], Circle[{0, 0}, 4]}}];
G4 = Plot[(Norm[uif[x, 0, 011)%, {x, —4, 4}, PlotRange - {{—7.3, 7.3}, {—0.95, 6}},
ColorFunction —» (Hue[0.65, H#2] &), PlotPoints — 180, PlotStyle — {Thickness — 0.0036},
Frame — False, Axes — None, AspectRatio —» Automatic];
G4 = Show[{G4, Plot[(Norm[uif[x, 0, 011, {x, —4, 4}, PlotRange - {{-7.3, 7.3}, {—0.95, 0.9}},
PlotStyle — Directive[GrayLevel[0.66], Thickness — 0.0036, Dashed],
Frame — False, Axes — None, AspectRatio —» Automatic]}];
cc = GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings - {—70, —70}, ImageSize — 700,
Epilog - Text[Style["d", 22, FontFamily - "Arial", Black, Bold], Scaled[{0.6684, 0.3371}]]];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png",
cc, Background —» None, ImageResolution — 500];
cfg =
Import[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png"];
cfg = ImageTake[cfg, {570, 4670}, {560, 4300}];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png", cfg];
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This code takes approximately 12 minutes.

Clear["Global «"];

L =20;
Flx_]:=e™
IM(x, t) 1 PMx,t) (dM(x, )\
usol = NDSolveValue[{i -~ FIM(x, ] - [ ] ,
ot 2 dx

M(x, 0) = 1073 25 M(=L, 1) = M(L, t)}, M, {x, L, L}, {t, 0, 3}, WorkingPrecision - 66];

F[x_]:=e™";

OM(x, D) 1 PMix,0) (OM(x,t)
vsol = NDSolveValue[{tZ = —5 F[M(x, 1] [ - ( 5 ] ]’
X

ot 2

ox
Mx, 0) == e, M(~L, t) == M(L, t)}, M, {x, -L, L}, {¢, 0, 3}, WorkingPrecision - 20];
x, 1 FY(x, 0
wsol = NDSolveValue[{IZ =—- L P(x, 0) == 72 (=L, 1) = (L, t)},
ot 2 9x?
v, {x,-L, L}, {t, 0, 3}, WorkingPrecision —» 18];
xlx, ] = {ulx, 1], vx, f1};

(10 (01
”3‘(0 —1]"7“(1 0)’
'2 2 x*

2
xsol = NDSolve[{tZ Dlxlx, 1, fl = —o1.x(x, £) — i 03D xIx, ], x1, ulx, 0] = zi 2%, y[x, 0] = -7

u[L, t] == u[-L, t], v[L, t] ==v[-L, t]}, {u, v}, {x, —L, L}, {t, 0, 3}, WorkingPrecision —» 14];

Gl= Plot3D[1013 Abs[usol[x, 1], {z, 0, 1.6}, {x, —8, 8}, PlotPoints — 60,
MaxRecursion — 3, PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle —»
{Directive[ GrayLevel[0.4], Thickness[0.0014]], Directive[GrayLevel[0.4], Thickness[0.0014]]},
BoundaryStyle — Directive[GrayLevel[0.4], Thickness[0.0014]],
AxesLabel — {Style["t ", 20, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 20, FontFamily - "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{—6, —6, {0.011, 0}, Thickness - 0.003},
{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness - 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness — 0.003}}},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 20], ViewPoint - {1, -2, 2.1},
Epilog - Text[Style["a", 20, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]];

G2 = Plot3D[Abs[vsol[x, 1], {z, 0, 1.6}, {x, —8, 8}, PlotPoints - 60, MaxRecursion - 3,
PlotRange — {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle —»
{Directive[ GrayLevel[0.4], Thickness[0.0014]], Directive[ GrayLevel[0.4], Thickness[0.0014]]},
BoundaryStyle — Directive[GrayLevel[0.4], Thickness[0.0014]],
AxesLabel — {Style["¢ ", 20, FontFamily — "Arial", Black, Italic, Bold],
Style["x", 20, FontFamily —» "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness - 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{-6, —6, {0.011, 0}, Thickness - 0.003},
{-3, -3, {0.011, 0}, Thickness — 0.003}, {0, 0, {0.011, 0}, Thickness — 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness — 0.003}}},

LabelStyle - Directive[Black, FontFamily — "Arial", FontSize — 20], ViewPoint - {1, -2, 2.1},
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Epilog - Text[Style["b", 20, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {—1, 1}]];
G3 =Plot3D[Abs[wsol[x, 1], {z, 0, 1.6}, {x, —8, 8}, PlotPoints —» 60, MaxRecursion - 3,
PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle —
{Directive[ GrayLevel[0.4], Thickness[0.0014]], Directive[GrayLevel[0.4], Thickness[0.0014]]},
BoundaryStyle — Directive[GrayLevel[0.4], Thickness[0.0014]],
AxesLabel — {Style["t ", 20, FontFamily —» "Arial", Black, Italic, Bold],
Style["x", 20, FontFamily - "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness — 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{15, 1.5, {0.01, 0}, Thickness - 0.003}}, {{—6, —6, {0.011, 0}, Thickness — 0.003},
{-3, -3, {0.011, 0}, Thickness - 0.003}, {0, 0, {0.011, 0}, Thickness - 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness - 0.003}},

{{o0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness — 0.003}}},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 20], ViewPoint - {1, -2, 2.1},
Epilog — Text[Style["c", 20, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]1];

G4 = Plot3D[Norm[Evaluate[{u[x, ], v[x, ]} /. xsol]], {¢, 0, 1.6}, {x, —8, 8}, PlotPoints - 60,
MaxRecursion - 3, PlotRange - {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle —»
{Directive[ GrayLevel[0.4], Thickness[0.0014]], Directive[ GrayLevel[0.4], Thickness[0.0014]]},
BoundaryStyle — Directive[GrayLevel[0.4], Thickness[0.0014]],
AxesLabel — {Style["¢ ", 20, FontFamily — "Arial", Black, Italic, Bold],
Style["x", 20, FontFamily —» "Arial", Black, Italic, Bold], ""},
AxesStyle — Directive[Black, Thickness — 0.002], BoxStyle — Directive[Black, Thickness — 0.002],
Ticks - {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness - 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness - 0.003}}, {{-6, —6, {0.011, 0}, Thickness - 0.003},
{-3, -3, {0.011, 0}, Thickness — 0.003}, {0, 0, {0.011, 0}, Thickness — 0.003},
{3, 3, {0.011, 0}, Thickness — 0.003}, {6, 6, {0.011, 0}, Thickness — 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness — 0.003}, {1, "1.0", {0.012, 0}, Thickness - 0.003}}},
LabelStyle - Directive[Black, FontFamily — "Arial", FontSize — 20], ViewPoint - {1, -2, 2.1},
Epilog - Text[Style["d", 20, FontFamily - "Arial", Bold, Black], {—0.09, 0.88}, {-1, 1}]];

dd = GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings — {Scaled[—-0.01], Scaled[-0.01]}, ImageSize — 700];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png",

dd, Background —» None, ImageResolution - 600];
dfg =

Import[

" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png"];

dfg = ImageTake[dfg, {220, 5009}, {120, 5620}];
Export[

" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png", dfg];

HH g8 #H Figured £ B8 #H £H B8 S8 #H 88 88 88 88 88 88 88 88 88 88 88 88 88 38 88 831
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This code takes approximately 11 minutes.

Clear["Global «"];

L =20;
Flx_]:=e™
OM(x, D) 1 PMx,0) (IM(x, 1)\
usol = NDSolveValue[{i e~ F[M(x, 0] - [ ] \
at 2 dx

M(x, 0) == 1073 25 M(=L, 1) = M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 66];

F[x_]:=e™;

IM(x, t) 1 PMx, 1) (dMx, )\
vsol = NDSolveValue[{:z e —F[M(x, D] [ - ( ] A
2 ox2 ox

at
M(x, 0) = e, M(-L, 1) = M(L, t)}, M, {x, —L, L}, {t, 0, 3}, WorkingPrecision - 20];
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Y(x, b) 1 y(x, 0 R
wsol = NDSolveValue[{i =—— S P(x, 0)==e 2", Y(-L, ) = y(L, t)},
ot 2 9x?
v, {x,-L, L}, {t, 0, 3}, WorkingPrecision —» 18];

xlx, 1] = {ulx, 1], v[x, 1};
0'3=((1) (11 ); 0'1=((1) (1)),
V2 B

xsol = NDSolve[{ll DlxIx, £, {1 = —01.x(x, t) — i 03Dl xIx, £], x], ulx, 0] = — €72, p[x, 0] == — =2+,
2 2

u[L, f] == u[~L, £], v[L, f] == v[-L, t]}, {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 14];

Gl= Plot[e'2 xz, {x, —3.8, 3.8}, PlotStyle - {Gray, Thickness - 0.005, Dashed},

PlotRange — {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle - Directive[GrayLevel[0.3], Thickness — 0.0016], FrameTicks —»
{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {-2, -2, {0.01, 0}, Thickness - 0.003}, {-1, -1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness — 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},
LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize — 22],

Epilog —» Text[Style["? = 0.0", 22, FontFamily —» "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
datau = Table[{x, 10" Norm[usol[x, 0.2]]}, {x, -4, 4}];
fu = Normal[NonlinearModelFit|datau, a Exp[b x*|, {a, b}, x||;

-1
ou= NumberForm[StandardDeviation[ProbabilityDistribution[( jw fud x) fu, {x, —co, oo}]], {3, 2}];

10 10 -1
a’v:NumberForm[ \/N[ f N[( f Norm[vsol[x, 0.2]]d’x] ]x2 Norm[vsol[x, 0.2]]d/x],{3, 2}];
-10 -10

dataw = Table[{x, Norm[wsol[x, 0.2]]}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

-1
oW = NumberForm[StandardDeviation[ProbabilityDistribution[( r fwd x) fw, {x, —co, oo}]], {3, 2}];

10 10 -1
0'x=NumberF0rm[\/ N[ f N[( f Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]]dx] ]
-10 -10

x* Norm[Evaluate[{z[x, 0.2], v[x, 0.2]} /. xsol]] dx], 3, 2}];

G2= Plot[{«z‘2 "2, Callout[l()13 Norm{[usol[x, 0.2]], StringForm["o =""", ou], {0.7, 0.64}, {—0.21, 0.83},

CalloutStyle —» {Red, None}, LabelStyle - {FontFamily —» "Arial", FontSize — 22, Red},

Background - None], Callout[Norm[vsol[x, 0.2]], StringForm["o =", o],

{0.7, 1.03}, {0.11, 1.01}, CalloutStyle - {Blue, None},

LabelStyle —» {FontFamily - "Arial", FontSize —» 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.2]], StringForm["o =""", ow], {0.7, 0.9}, {0.23, 0.84},

CalloutStyle - {Orange, None}, LabelStyle —» {FontFamily - "Arial", FontSize - 22, Orange},

Background — None], Callout[Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]],

StringForm["o =", ox], {0.7, 0.77}, {0.42, 0.74}, CalloutStyle —» {Green, None},

LabelStyle —» {FontFamily — "Arial", FontSize - 22, Green}, Background —» None]}, {x, -3.8, 3.8},

PlotStyle — {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness — 0.005}, {Blue, Thickness — 0.005},
{Orange, Thickness — 0.005}, {Green, Thickness — 0.005}}, PlotRange — {{-3, 3}, {-0.02, 1.1}},
FrameLabel - {Style["x", 22, FontFamily — "Arial", Black, Italic, Bold]},
Frame — {{False, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.002],
AxesStyle — Directive[ GrayLevel[0.3], Thickness — 0.0016], FrameTicks —»
{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {—2, —2, {0.01, 0}, Thickness - 0.003}, {—1, —1, {0.01, 0},
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Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness - 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness - 0.003}, {3, 3, {0.01, 0}, Thickness —» 0.003}}, {{0, 0}}},

Epilog —» Text[Style["? = 0.2", 22, FontFamily —» "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
G2 = Show[G2, LabelStyle -» {FontFamily — "Arial", 22, GrayLevel[0]}];
datau = Table[{x, 10 Norm/[usol[x, 0.4]]}, {x, -4, 4}];
fu= Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

-1
ou = NumberForm|StandardDeviation| ProbabilityDistribution fudx| fu,{x, —oco, o}||, {3, 2}|;
y

10 10 -1
ov= NumberForm[ \/ N [ f N [( f Norm[vsol[x, 0.4]] dx) ] x? Norm[vsol[x, 0.4]] clx] , {3, 2}];
-10 10

dataw = Table[{x, Norm[wsol[x, 0.4]]1}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, a Exp[b x*], {a, b}, x]];

-1
oW = NumberForm[StandardDeViation[ProbabilityDistribution[( r fwd x) fw, {x, —co, oo}]], {3, 2}];

dataw = Table[{x, Norm[wsol[x, 0.4]]1}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( f fw dx) fw, {x, —oo, oo}]], 3, 2}];

10 10 -1
ox = NumberForm[\/N[f N[(f Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]] dx] ]
-10 -10

x% Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]] dx], 3, 2}];

G3= Plot[{e'z *, Callout[10" Norm{[usol[x, 0.4]], StringForm["o =", orul, {0.8, 0.54}, {-0.22, 0.7},

CalloutStyle —» {Red, None}, LabelStyle - {FontFamily - "Arial", FontSize — 22, Red},

Background - None], Callout[Norm[vsol[x, 0.4]], StringForm["o =", ov],

{0.8, 0.93}, {0.157, 0.93}, CalloutStyle - {Blue, None},

LabelStyle —» {FontFamily —» "Arial", FontSize - 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.4]], StringForm["o =""", ow], {0.8, 0.67}, {0.23, 0.713},

CalloutStyle - {Orange, None}, LabelStyle —» {FontFamily —» "Arial", FontSize —» 22, Orange},

Background — None], Callout[Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]],

StringForm["o =", ox], {0.8, 0.8}, {0.14, 0.756}, CalloutStyle —» {Green, None},

LabelStyle —» {FontFamily - "Arial", FontSize - 22, Green}, Background —» None]},
{x, —3.8, 3.8}, PlotStyle - {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness —» 0.005},
{Blue, Thickness — 0.005}, {Orange, Thickness — 0.005}, {Green, Thickness — 0.005}},
PlotRange — {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle » Directive[GrayLevel[0.3], Thickness - 0.0016], FrameTicks —»
{{{-3, =3, {0.01, 0}, Thickness - 0.003}, {-2, -2, {0.01, 0}, Thickness - 0.003}, {-1, —1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness - 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel - {Style["x", 22, FontFamily — "Arial", Black, Italic, Bold]},
Epilog — Text[Style["t = 04", 22, FontFamily - "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];
G3 = Show[G3, LabelStyle —» {FontFamily —» "Arial", 22, GrayLevel[0]}];
datau = Table[{x, 10" Norm[usol[x, 0.6]1}, {x, —4, 4}];
fu= Normal[NonlinearModelF it[datau, a Exp[b xz], {a, b}, x]];

-1
ou= NumberForm[StandardDeviation[ProbabilityDistribution[( jw fud x) fu, {x, —c0, oo}]], {3, 2}];

10 10 -1
av:NumberForm[ \/N[ f N[( f Norm[vsol[x, 0.6]]dx] ]x2 Norm[vsol[x, 0.6]]cﬁx],{3, 2}];
-10 -10
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dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, —4, 4}];
fw = Normal|NonlinearModelFit[datau, a Exp[b x|, {a, b}, x||;

-1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( f fwd x) fw, {x, —co, oo}]], {3, 2}];

dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, —4, 4}];
fw = Normal[NonlinearModelFit[datau, a Exp[b xz], {a, b}, x]];

-1
ow = NumberForm[StandardDeviation[ProbabilityDistribution[( f fw dx) fw, {x, —co, oo}]], 3, 2}];

oo

10 10 -1
oxX = NumberForm[\/N[f N[(f Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]] Lﬁx] ]
-10 -10

x* Norm[Evaluate[{z[x, 0.6], v[x, 0.6]} /. xsol]] dx], 3, 2}];

G4= Plot[{c'z *, Callout[10" Norm{[usol[x, 0.6]], StringForm["o =", orul, {1.1, 0.49}, {0.79, 0.52},

CalloutStyle - {Red, None}, LabelStyle —» {FontFamily —» "Arial", FontSize - 22, Red},

Background - None], Callout[Norm[vsol[x, 0.6]], StringForm["o ="

{1.1, 0.88}, {0.157, 0.815}, CalloutStyle - {Blue, None},

LabelStyle —» {FontFamily - "Arial", FontSize - 22, Blue}, Background — None],
Callout[Norm[wsol[x, 0.6]], StringForm["o =""", ow], {1.1, 0.62}, {0.79, 0.52},

CalloutStyle —» {Orange, None}, LabelStyle —» {FontFamily — "Arial", FontSize —» 22, Orange},

Background — None], Callout[Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]],

StringForm["o =", ox], {1.1, 0.75}, {0.64, 0.69}, CalloutStyle - {Green, None},

LabelStyle —» {FontFamily - "Arial", FontSize —» 22, Green}, Background —» None]},

{x, —3.8, 3.8}, PlotStyle » {{Gray, Thickness — 0.005, Dashed}, {Red, Thickness - 0.005},
{Blue, Thickness — 0.005}, {Orange, Thickness — 0.005}, {Green, Thickness — 0.005}},
PlotRange — {{-3, 3}, {-0.02, 1.1}}, Frame — {{False, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle - Directive[GrayLevel[0.3], Thickness — 0.0016], FrameTicks —»
{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {-2, -2, {0.01, 0}, Thickness - 0.003}, {—1, -1, {0.01, 0},
Thickness — 0.003}, {0, 0, {0.01, 0}, Thickness — 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel - {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},

Epilog — Text[Style["t = 0.6", 22, FontFamily - "Arial", Black, Bold], Scaled[{0.1, 0.96}]]];

G4 = Show[G4, LabelStyle —» {FontFamily —» "Arial", 22, GrayLevel[0]}];
ee = GraphicsGrid[{{Gl, G2}, {G3, G4}}, ImageSize — 800, Spacings — {Scaled[—0.2], Scaled[0.16]},

Epilog —» Inset[LineLegend[{Directive[Red, Thickness[0.004]], Directive[Blue, Thickness[0.004]],
Directive[Orange, Thickness[0.004]], Directive[ Green, Thickness[0.004]]},
{Style["Eq. 40'", FontFamily - "Arial", FontSize - 22], Style["Eq. 40*", FontFamily - "Arial",
FontSize —» 22], Style["Schrodinger", FontFamily — "Arial", FontSize — 22],
Style["Dirac", FontFamily — "Arial", FontSize - 22]}, LegendFunction —»

(Framed[#, RoundingRadius — 5, FrameStyle - GrayLevel[0.3]] &)|, Scaled[{0.5, 1.081}]]];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png",

ee, Background — None, ImageResolution — 600];
efg =

Import[

" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png"];

efg = ImageTake[efg, {0, 4650}, {260, 6400}];
Export[

" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png", efg];

,ov],
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This code takes approximately 3 hours.

78



Clear["Global «"];
Off[NDSolveValue::eerr];
L =20;

F[x_]:=e™";

IM(x, t) 1 PMx, 1) (dM(x, )\
usol = NDSolveValue[{:z e~ F[M(x, 0] - [ ] ,
ot 2 ox

M(x, 0) =10 72 M(~L, t) = M(L, t)}, M, {x, L, L}, {t, 0, 3}, WorkingPrecision - 66];

OM(x, D) 1 PMix,0) (OM(x, t) s
vsol = NDSolveValue[{:z e —F[M(x, D] - ( ] L M(x, 0) == e72%,
at 2 x? dx
M(-L, t) = M(L, t)}, M, {x, =L, L}, {t, 0, 3}, WorkingPrecision - 20];
IM(x, t) 1 PMx, ) (dM(x, )\
wsol = NDSolveValue[{i e FIM(, 0] - [ ] S
ot 2 x? dx

6
M(x, 0) == — e_zxz, M(-L, t) == M(L, t)}, M, {x, =L, L}, {t, 0, 3}, WorkingPrecision - 22];
5

OIM(x, D) 1 [ P M(x, 1) (6M(x, )
2

xsol = NDSolveValue[{i e~ F[M(, 0]
2 ox

2 7
] , M(x, 0) = _@—sz’
ot 5

ox
M(~L, t) == M(L, t)}, M, {x, -L, L}, {t, 0, 3}, WorkingPrecision - 26];

Gl= Plot[{lO13 Norm{[usol[0, #]], Norm[vsol[0, #]], FindMaxValue[Norm[vsol[x, 7]], {x, 0, 3}],

5 5
— Norm|[wsol[0, 7]], FindMaxValue[ — Norm[wsol[x, 7]], {x, 0, 3}],
6 6

5 5
~ Norm{[xsol[0, 7]], FindMaxValue[ ~ Norm{[xsol[x, ], {x, 0, 3}]},
7 7

{¢, 0, 3}, PlotStyle — {{Orange, Thickness — 0.005}, {Green, Thickness — 0.005},
{Green, Thickness —» 0.005, Dashed}, {Blue, Thickness —» 0.005},
{Blue, Thickness — 0.005, Dashed}, {Red, Thickness - 0.005}, {Red, Thickness — 0.005, Dashed}},
PlotRange — {{0, 3}, {0, 1.23}}, Frame — {{True, False}, {True, False}},
FrameStyle — Directive[Black, Thickness — 0.002], FrameTicks -
{{{o, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness - 0.003}, {1.0, "1.0", {0.01, 0}, Thickness — 0.003},
{1.5, 1.5, {0.01, 0}, Thickness — 0.003}, {2.0, "2.0", {0.01, 0}, Thickness — 0.003},
{25, "2.5", {0.01, 0}, Thickness - 0.003}, {3.0, "3.0", {0.01, 0}, Thickness - 0.003}},
{{0, "0.0"}, {0.2, 0.2, {0.012, 0}, Thickness — 0.003}, {0.4, "0.4", {0.012, 0}, Thickness — 0.003},
{0.6, "0.6", {0.012, 0}, Thickness — 0.003}, {0.8, "0.8", {0.012, 0}, Thickness — 0.003},
{1.0, "1.0", {0.012, 0}, Thickness - 0.003}, {1.2, "1.2", {0.012, 0}, Thickness — 0.003}}},
FrameLabel — {Style["¢", 22, FontFamily —» "Arial", Black, Italic, Bold]},

LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize —» 22]];

xv = NArgMax[Norm[vsol[0, ¢]], {¢, 0.1, 0.5}];
xw = NArgMax[Norm[wsol[O0, #]], {z, 0.1, 0.5}];
xx = NArgMax[Norm[xsol[0, 7]], {¢, 0.1, 0.5}];

5 5
G2 = Plot[{lO” Norm[usol[x, 0]], Norm[vsol[x, xv]], — Norm[wsol[x, xw]], — Norm[xsol[x, XX]]},
6 7

{x, =3, 3}, PlotStyle - {{Orange, Thickness — 0.005}, {Green, Thickness — 0.005},

{Blue, Thickness — 0.005}, {Red, Thickness — 0.005}}, PlotRange —» {{-3, 3}, {—0.02, 1.23}},
Frame — {{False, False}, {True, False}}, FrameStyle — Directive[Black, Thickness — 0.002],
AxesStyle — Directive[GrayLevel[0.3], Thickness — 0.0012], FrameTicks —»

{{{-3, -3, {0.01, 0}, Thickness — 0.003}, {-2, -2, {0.01, 0}, Thickness - 0.003}, {—1, -1, {0.01, 0},
Thickness - 0.003}, {0, 0, {0.01, 0}, Thickness - 0.003}, {1, 1, {0.01, 0}, Thickness — 0.003},
{2, 2, {0.01, 0}, Thickness — 0.003}, {3, 3, {0.01, 0}, Thickness — 0.003}}, {{0, 0}}},
FrameLabel — {Style["x", 22, FontFamily —» "Arial", Black, Italic, Bold]},
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LabelStyle — Directive[Black, FontFamily —» "Arial", FontSize —» 22]];

ff = Labeled[GraphicsRow[{Gl, G2}, ImageSize - 800, Spacings — Scaled[0.15],
Epilog —» Inset[LineLegend[{Directive[Orange, Thickness[0.004]], Directive[Green, Thickness[0.004]],

Directive[Blue, Thickness[0.004]], Directive[Red, Thickness[0.004]]},

{Style["lO'13 ", FontFamily - "Arial", FontSize —» 22],
Style["1.0 ", FontFamily — "Arial", FontSize - 22], Style["1.2 ", FontFamily - "Arial",

FontSize — 22], Style["1.4", FontFamily - "Arial", FontSize —» 22]},
LegendFunction —» (Framed[H, RoundingRadius — 5, FrameStyle —» GrayLevel[0.3]] &),
LegendLayout - "Row"], Scaled[{0.5, 0.8}]]],

Text[Style[" a b", 22, FontFamily - "Arial", Bold, Black]],
{{Top, Left}},
Spacings - {0, —0.3}];
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png",
ff, Background — None, ImageResolution — 600];
ffg =
Import[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png"];
ffg = ImageTake[ffg, {0, 2500}, {180, 6500}];
Export[
" [Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png", ffg];

HH #H #H Figure6 H# H8 #H £ B8 &8 &8 &8 &8 88 88 &8 88 88 88 88 88 88 88 88 88 88 856
HH #H #H Figure7 ## H8 #8 88 88 &8 &8 88 &8 88 88 88 88 88 88 88 88 88 88 88 38 88 851

Clear[" Global +"];
Ry = Sphere[{0, 0, 0}, 1];
RS1 = Point[{0, 0, 0}];

a=vif((5. 30 5. 3 1)

2 4 2 4
ptsl = Solve[{x, y, z} e Ri A {x, y, 2} € A, {x, y, 2}];
1 3
R3y = Arrow[{{O, 0, 0}, {—, - i, z} /- Association[ptsl]}];
2 4

\/3

1
{u, v, w} = Normalize[{O, 0, l}x{ - -, z} /- Association[ptsl]];
2 4

1 3
0= VectorAngle[{ - = i, z} /. Association[pts1], {0, 0, 1}];
2 4

u* + (1 - u?) cos(9) uv (1 - cos(0)) —wsin(®) uw(1-cos(®))+vsin@) 0
uv (1= cos(6)) + wsin(®) v?+ (1-17)cos(6) vw (1 - cos(6)) — usin(d) 0 |
uw(1-cos(d) —vsin(@ vw(1 - cos(d))+ usin(@) w?+ (1 - wz) cos(6) ol
0 0 0 1

R4 = ParametricPlot3D[Take[M .{r Cos|¢], r Sin[?], 1, 1}, 3],
{r, 0, 1}, {t, 0, 2 Pi}, PlotStyle —» {Orange, Opacity[0.4]}, Mesh — None];

Rs = Arrow[{{%, - g, z} /. Association[pts1], Take[M.{—%, ‘1? 1, 1}, 3]}];
3

RS2 = Point[{ 2, - T, z} /. Association[ptsl]];
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a=vinel{Taepr (-, =, 1,1}, 3] Takel -2, 2,2,1), 3]}

pts2 = Solve[{x, y, 2} e Ry A {x, y, 2} € A, {x, y, z}];

Re = Llne[{Take[M{ % 41: 1, 1}, 3], {x,y,2}/. Association[ptsZ]}];
Ry = Arrow[{{ 2, - ?, z} /. Association[pts1], {x, y, z} /. Association[ptsZ]}];

Rs = Point[{x, y, z} /. Association[pts2]];

11 20+«/_ }’3],Take[M{ 1 1 1 1 20445 } ]}]

Ro = Llne[{Take[M {—E Z ” - ; + E Z - 2—0, 20

R1o =Line[{Take[M {—2 + % 2- 2l0 1, 1} 3] Take[M.{——+ _ 1}, 3]}];
gg = Show[{Graphics3D[{{Blue, Specularity[ White, 30], Opacity[0.3], R},

{PointSize[Large], Blue, RS1}, {Orange, Specularity[ White, 20], Opacity[0.3], R,},
{PointSize[Large], Blue, RS2}, {Blue, Thickness[0.0085], R3}, {Thickness[0.0085], Orange, Rs},
{Thickness[0.005], Dashed, Orange, R¢}, {Thickness[0.0085], Orange, R},

{PointSize[Large], Orange, Rg}, {Thickness[0.0085], Orange, Ry},

{Thickness[0.0085], Orange, Ry}, {Text[Style["S", 24, FontFamily —» "Arial", Blue] {0.14, 0, 031},

{Text[Style["r", 24, FontFamily — "Arial", Bold, Italic, Blue], Take[M {0 11, 0, } 3]]}

{Text[Style["S'", 24, FontFamily - "Arial", Orange], Take[M.{0.14, 0, 1, 1}, 3]]},
1
{Text[Style["D'", 24, FontFamily - "Arial", Orange], Take[M.{ -,022,1, 1}, 3]]}
2

{Text[Style["v" , 24, FontFamily — "Arial", Bold, Italic, Orange],

Take[M.{—} +0.12,0,1+ ?, 1}, 3]]} {Text[
Style["S", 13, FontFamily - "Arial", Orange], Take[M.{— ', 0.196, 0, 0.98 + £ 1}, 3]]}
4 4
{Text[Style["w' ", 24, FontFamily - "Arial", Bold, Orange], Take[M.{— ‘17, 0, 0.928, 1}, 3]]}}]

m}, Lighting - Automatic, Boxed — False, ViewPoint - {0, —oco, 0}]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 7.png",
gg, Background — None, ImageResolution - 600];

HH g8 #H Figure7 H #8 #8 #H H8 &8 88 88 &8 88 88 88 88 88 88 88 88 88 88 88 38 88 851

HH g8 #H FigureS H #8 #H #H H8 #8 &8 &8 #8 88 88 88 88 88 88 88 88 88 88 88 38 88 858
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Clear["Global «"];

R=3;
c=1;
2xe x>=Vxs-%
128 R3 x* R - R
3 (8 R*x*-3 c") sin~! pia +Rx A/(c—R x) (c+R x) (3 A+2 R? x2)+4 xR x4
hh = Plot| ( &) ) ecico
64cR3 x* R
94 sin’l(fo)—3 Rx \/(c—R x) (c+R x) (3 A+2 R? x2)+24 R x* cos‘l(R—x) ¢
c < O0<x= -
64¢R3 x* R

2
{x, —0.8 ¢, 0.8 c}, PlotStyle -> {Blue, Thickness - 0.0032}, PlotRange - {{—o.s ¢, 08¢}, {0, —}}
C

Frame - {{True, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.0017],

AxesStyle - Directive[GrayLevel[0.3], Thickness — 0.001],

FrameTicks - {{{-0.7, "", {0.008, 0}, Thickness — 0.001}, {—0.6, "", {0.008, 0}, Thickness — 0.001},
{-0.5, —0.5, {0.012, 0}, Thickness - 0.001}, {—0.4, "", {0.01, 0}, Thickness - 0.001},
{-0.3,"", {0.008, 0}, Thickness — 0.001}, {—0.2, "", {0.008, 0}, Thickness — 0.001},
{-0.1, "", {0.008, 0}, Thickness — 0.001}, {0, "0.0", {0.012, 0}, Thickness —» 0.0011},
{0.1, "", {0.008, 0}, Thickness - 0.001}, {0.2, "", {0.008, 0}, Thickness — 0.001},

{0.3, "", {0.008, 0}, Thickness - 0.001}, {04, "", {0.008, 0}, Thickness — 0.001},
{0.5, "0.5", {0.012, 0}, Thickness - 0.001}, {0.6, "", {0.008, 0}, Thickness — 0.001},
{0.7, "", {0.008, 0}, Thickness — 0.001}, {0.8, "", {0.008, 0}, Thickness - 0.001}},

{{o0, "0.0"}, {0.1, "", {0.008, 0}, Thickness — 0.001}, {0.2, "", {0.008, 0}, Thickness — 0.001},
{0.3, "", {0.008, 0}, Thickness - 0.001}, {04, "", {0.008, 0}, Thickness — 0.001},
{0.5, "0.5", {0.012, 0}, Thickness - 0.001}, {0.6, "", {0.008, 0}, Thickness — 0.001},
{0.7, "", {0.008, 0}, Thickness — 0.001}, {0.8, "", {0.008, 0}, Thickness — 0.001},
{09, "", {0.008, 0}, Thickness - 0.001}, {1, "1.0", {0.012, 0}, Thickness — 0.001},
{11, "", {0.008, 0}, Thickness - 0.001}, {1.2, "", {0.008, 0}, Thickness - 0.001},
{1.3,"", {0.008, 0}, Thickness - 0.001}, {14, "", {0.008, 0}, Thickness — 0.001},
{1.5, "1.5", {0.012, 0}, Thickness —» 0.001}, {1.6, "", {0.008, 0}, Thickness — 0.001},
{1.7, "", {0.008, 0}, Thickness - 0.001}, {1.8, "", {0.008, 0}, Thickness — 0.001},
{19, "", {0.008, 0}, Thickness - 0.001}, {2, "2.0", {0.012, 0}, Thickness — 0.001}}},
FrameLabel - {"wy", "Probability Density"}, LabelStyle —

Directive[Black, FontFamily — "Arial", FontSize —» 14]]

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 8.png",
hh, Background —» None, ImageResolution — 600];

HEHE A FigureS B HA HE A HA HE A AR HE A AR HE A A S A A SR A B HR HE A
HEHE A Figure) B HA HH A HAE S A AR HE A AR S A A S A A SR A B HR HE A

NOTE: This code takes approximately 17 hours.
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Clear["Global «"];

m =1000000;

n =1000;

R=3;

¢ =100;

sl={};

ProgressIndicator[Dynamic[j], {1, m}]

For[j: 1L,j<m+1, j++,
H = RandomPoint[Ball[{0, 0, 0}, R], n];

HILI
].

HIGT? + HIGI211% + HIGT311
HO = RandomPoint[Sphere[{0, 0, 0}, c], n];

HH = {0, 0, 0};

For[i=1,i<n+1,i++, HH = HH + H[[i]]x HO[[i1]];

Clear[H, HOI;

For[i =1,i<n+1,i++, H[]] =

1
sl= AppendTo[sl, Norm[ - (H(H]”,
n
D = SmoothKernelDistribution[sl, InterpolationPoints —» 100, MaxRecursion — 3];

c

2
ii = Plot[{PDF[MaxwellDistribution[ ? / \n ] x], PDF[D, x]},
R
{x, 0, 5.1}, PlotRange — {{-0.1, 5.21}, {-0.023, 0.73}},
PlotStyle — {{Blue, Thickness — 0.0032}, {Red, Thickness - 0.0032}},
Frame - {{True, False}, {True, False}}, FrameStyle - Directive[Black, Thickness — 0.0017],
FrameTicks - {{{0, "0", {0.012, 0}, Thickness — 0.001},
{0.2, "", {0.008, 0}, Thickness - 0.001}, {0.4, "", {0.012, 0}, Thickness - 0.001},
{0.6, "", {0.01, 0}, Thickness — 0.001}, {0.8, "", {0.008, 0}, Thickness — 0.001},
{1, "1", {0.012, 0}, Thickness - 0.001}, {1.2, "", {0.008, 0}, Thickness - 0.001},
{14,"", {0.008, 0}, Thickness - 0.001}, {1.6, "", {0.008, 0}, Thickness - 0.001},
{1.8, "", {0.008, 0}, Thickness - 0.001}, {2, "2", {0.012, 0}, Thickness - 0.001},
{2.2, "", {0.008, 0}, Thickness - 0.001}, {2.4, "", {0.012, 0}, Thickness - 0.001},
{2.6,"", {0.008, 0}, Thickness —» 0.001}, {2.8, "", {0.008, 0}, Thickness - 0.001},
{3, "3", {0.012, 0}, Thickness - 0.001}, {3.2, "", {0.008, 0}, Thickness — 0.001},
{34, "", {0.008, 0}, Thickness - 0.001}, {3.6, "", {0.008, 0}, Thickness - 0.001},
{3.8, "", {0.008, 0}, Thickness - 0.001}, {4, "4", {0.012, 0}, Thickness - 0.001},
{42, "", {0.008, 0}, Thickness —» 0.001}, {4.4, "", {0.008, 0}, Thickness - 0.001},
{4.6,"", {0.008, 0}, Thickness - 0.001}, {4.8, "", {0.008, 0}, Thickness - 0.001},
{5, "5", {0.012, 0}, Thickness - 0.001}, {5.2, "", {0.008, 0}, Thickness - 0.001}},
{{o0, "0.0", {0.012, 0}, Thickness — 0.001}, {0.1, "0.1", {0.012, 0}, Thickness — 0.001},
{0.2, "0.2", {0.012, 0}, Thickness - 0.001}, {0.3, "0.3", {0.012, 0}, Thickness - 0.001},
{04, "04", {0.012, 0}, Thickness - 0.001}, {0.5, "0.5", {0.012, 0}, Thickness - 0.001},
{0.6, "0.6", {0.012, 0}, Thickness — 0.001}, {0.7, "0.7", {0.012, 0}, Thickness - 0.001}}},
FrameLabel - {"|w|", "Probability Density"}, LabelStyle —»
Directive[Black, FontFamily — "Arial", FontSize — 14],
Epilog — Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style[ "Theoretical", FontFamily —» "Arial", FontSize - 14],
Style["Simulated", FontFamily —» "Arial", FontSize —» 14]}, LegendFunction —»

(Framed[#, RoundingRadius — 4, FrameStyle - GrayLevel[0.6]] &)], Scaled[{0.732, 0.644}]]];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 9.png",
ii, Background —» None, ImageResolution — 600];

Out[+]=
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HH g8 #H Figurel0 B8 #8 £H #8 S8 #H 88 88 88 88 88 88 88 88 88 88 88 88 80 80 88 fe H3a

9= jj = Graphics[{{Directive[ Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{-2, 0}, {-2, 0.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{2, 0}, {2, —0.3}}],
Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}],
Arrow[{{0, 2}, {0, —2}}], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],
Arrow[BezierCurve[{{-04, 2}, {-0.1, 0}, {-0.4, —-2}}]1],
Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}], Arrow[BezierCurve[{{0.4, 2}, {0.1, 0}, {0.4, —2}}]11},
{Directive[ Thickness[0.004], Orange], Circle[{S, 0}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{3, 0}, {3, 0.3}}]1, Arrowheads[{{0.03, 1}}1, Arrow[{{7, 0}, {7, —0.3}}],
Blue, Thickness[0.001], Arrowheads[{{—0.02, 0}, {-0.02, 4}, {—0.02, 0.8}}],
Arrow[{{5, 2}, {5, —2}}], Arrowheads[{{-0.02, 0}, {—.02, 4}, {-0.02, 0.8}}],
Arrow[BezierCurve[{{4.6, 2}, {4.9, 0}, {4.6, —2}}]], Arrowheads[
{{-0.02, 0}, {-0.02, 4}, {-0.02, 0.8}}], Arrow[BezierCurve[{{54, 2}, {5.1, 0}, {54, -2}}11},
{Directive[ Thickness[0.004], Orange], Circle[{0, -5}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{2, -5}, {2, —5.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{-2, -5}, {-2, —4.7}}],
Blue, Thickness[0.001], Arrowheads[{{—0.02, 0.1}, {0.02, 0.9}}],
Arrow[{{0, -3}, {0, —7}}], Arrowheads[{{—0.02, 0.12}, {0.02, 0.88}}],
Arrow[BezierCurve[{{-04, -3}, {-0.1, -5}, {-0.4, -7}}11,
Arrowheads[{{—0.02, 0.12}, {0.02, 0.88}}], Arrow[BezierCurve[{{0.4, -3}, {0.1, -5}, {0.4, =7}}11},
{Directive[ Thickness[0.004], Orange], Circle[{5, -5}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{3, -5}, {3, —4.7}}], Arrowheads[{{0.03, 1}}1, Arrow[{{7, -5}, {7, —5.3}}], Blue,
Thickness[0.001], Arrowheads[{{0.02, 0.13}, {—0.02, 0.87}}]1, Arrow[{{5, -3}, {5, =7}}1,
Arrowheads[{{0.02, 0.15}, {—0.02, 0.85}}], Arrow[BezierCurve[{{4.6, -3}, {4.9, -5}, {4.6, =7}}1],
Arrowheads[{{0.02, 0.15}, {—0.02, 0.85}}], Arrow[BezierCurve[{{5.4, -3}, {5.1, =5}, {54, =7}}11},
Inset[Style["a", Black, Bold, FontFamily — " Arial", FontSize - 20], {-2, 2}],
Inset[Style["b", Black, Bold, FontFamily — "Arial", FontSize — 20], {3, 2}],
Inset[Style["c¢", Black, Bold, FontFamily — "Arial", FontSize —» 20], {-2, —-3}],
Inset[Style["d", Black, Bold, FontFamily — "Arial", FontSize — 20], {3, —3}1}1;
Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 10.png",
jj, Background —» None, ImageResolution — 600];
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1= kk = Graphics[

{Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Directive[ Thickness[0.004], Orange],

Circle[{2.2, 0}, {1, 2}], Directive[ Thickness[0.004], Orange], Circle[{4 .4, 0}, {2, 1}],
Directive[ Thickness[0.004], Orange], Circle[{6.6, 0}, {1, 2}], Directive[ Thickness[0.004], Orange],

1
Circle[{8.8, 0}, {2, 1}], Directive[Thickness[0.004], Orange], Circle[{—l, 4.6}, {1, —}]
2
1
Directive[ Thickness[0.004], Orange], Circle[{O.l, 4.6}, {—, 1}], Directive[Thickness[0.004], Orange],
2
1 1
Circle[{l.z, 4.6}, {1, —}] Directive[Thickness[0.004], Orange], Circle[{z.s, 4.6), {—, 1}]
2 2
1
Directive[Thickness[0.004], Orange], Circle[{3.4, 4.6}, {1, —}] Directive[Thickness[0.004], Orange],
2
1 1
Circle[{4.5, 4.6}, {—, 1}], Directive[ Thickness[0.004], Orange], Circle[{5.6, 4.6}, {1, —}],
2 2

1
Directive[Thickness[0.004], Orange], Circle[{6.7, 4.6}, {—, 1}] Directive[Thickness[0.004], Orange],
2

Circle[{7.8, 4.6}, {1, 2}] Directive[Thickness[0.004], Orange], Circle[{8.9, 4.6}, {2 1}]
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1
Directive[Thickness[0.004], Orange], Circle[{lO, 4.6}, {1, —}], Directive[ Thickness[0.003], Black],
2

Arrowheads[Large], Arrow[{{1.8, 2.5}, {7.1, 2.5}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0.4, 1}, {0.6, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0, —1}, {—0.3, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{1.2, 0.2}, {1.2, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{3.2, —0.2}, {3.2, —0.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.8, 1}, {5, 1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.4, —1}, {4.1, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{5.6, 0.2}, {5.6, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{7.6, —0.2}, {7.6, —0.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{9.2, 1}, {9.4, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{8.8, —1}, {8.5, —1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{—0.9, 5.1}, {—0.65, 5.1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{—1, 4.1}, {—1.23, 4.1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{—-0.4, 4.7}, {—0.4, 4.9}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{0.6, 4.7}, {0.6, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.3, 5.1}, {1.55, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.2, 4.1}, {0.97, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.8, 4.7}, {1.8, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{2.8, 4.7}, {2.8, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.5, 5.1}, {3.75, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{34, 4.1}, {3.17, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{4, 4.7}, {4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5, 4.7}, {5, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.7, 5.1}, {5.95, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.6, 4.1}, {5.37, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{6.2, 4.7}, {6.2, 4.9}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.2, 4.7}, {7.2, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.9, 5.1}, {8.15, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.8, 4.1}, {7.57, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{8.4, 4.7}, {8.4, 4.9}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{9.4, 4.7}, {9.4, 4.4}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10.1, 5.1}, {10.35, 5.1}}], Directive[ Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10, 4.1}, {9.77, 4.1}}], Directive[ Thickness[0.002], Blue, Dashed],
Line[{{-2.2, —1.2}, {-2.2, 1.2}, {2.2, 1.2}, {2.2, —1.2}, {-2.2, —1.2}}],

Directive[ Thickness[0.002], Blue, Dashed], Line[{{-2.1, 4}, {-2.1, 5.2}, {0.1, 5.2}, {0.1, 4}, {-2.1, 4}}],
Inset[Style[ " Direction of light", Black, FontFamily — "Arial", FontSize - 16], {4.1, 2.9}],
Inset[Style["S;", Blue, FontFamily —» "Arial", FontSize - 16], {—0.9, 3.54}],

Inset[Style["S,", Blue, FontFamily —» "Arial", FontSize - 16], {0, 1.7}]}];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 11.png",
kk, Background —» None, ImageResolution — 600];
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NOTE: This code takes approximately 23 seconds.

ins7:= Needs["NDSolve' FEM "];

1
Q= ImplicitRegion[
10000

<x*+ y2 <16, {x, y}];

mesh = ToElementMesh[Q, MeshRefinementFunction —»

3 1
Function[{vertices, area}, area > — + 80 Norm[Mean|[vertices]] ]],
100000 {10
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Pu(x,y) ulx,y) du(x, y) \ du(x, y)
uif = NDSolveValue[{c‘”(x’y) 4+ —_ - . =0,
ax? dy* dx ay
1
DirichletCondition[u[x, yl==1+2i, %+ y*== —|,
10000

DirichletCondition[u[x, y] == 0, x* + y* == 16]}, u, {x, y} mesh];

= DensityPlot[(Norm[uif[x, yID?, {x, —4, 4}, {y, —4, 4}, PlotRange - {{—6.2, 7.4}, {-6.2, 6.2}, {0, 5}},
ColorFunction —» (Hue[0.65, 3+ H1] &), Frame — False, AspectRatio - Automatic, PlotPoints — 80,
Epilog —» {{Directive[Thickness[0.0028], GrayLevel[0.5], Dashed], Circle[{0, 0}, 4]},

{PointSize[0.01], Blue, Point[{0, 0}]}, {Directive[ Thickness[0.004], Orange],
Circle[{0, 4}, {1.4, 0.7}], Arrowheads[{{0.03, 1}}], Arrow[{{—14, 4}, {-1.39, 4.3}}],
Arrowheads[{{0.03, 1}}], Arrow[{{14, 4}, {1.39, 3.7}}], Blue, Thickness[0.001],
Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[{{0, 6}, {0, 2}}], Arrowheads[
{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[{{—1, 6}, {—04, 4}, {-0.5, 2}}11,
Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[{{1, 6}, {0.4, 4}, {0.5, 2}}11},

cos( ;5) —sin(;L

{Directivel Thickness[0.004], Orangel, Rotate[Circle[[ (%) cos(®)
s Z COoS Z

) x
].{0, 4, (14, 0.7}], 4—],

Arrowheads[{{0.03, 1}}], Arrow[{[ ) ].{—1.39, 4.3}}],

sm(;i) cos(;i
cos(*) —sin(= cos(*) —sin(=
Arrowheads[{{0.03, 1}}1, Arrow[{[Sin(( : cos(i;) ].{1.4, 4), [sin( g)) cos(i;) J,{1.39, 3.7}}],
4 4 4

4
Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

et 5 o2 2 o

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[

cos( ;5) —sin( ;5) cos(%) —sin( :‘i) cos( ;5) —sin( ;5)
{[sin(g) cos( :‘5) ]'{_1’ o, [sin( ;5) cos( ;5) ].{_0'4’ B [sin(%) cos( 1) J'{_O'S’ 2}}]]’

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[
cos(%) —sin(%) cos(%) —sin(%) cos(%) —sin(%)
{[ : N ].{1, 6, [ : N ].{0.4, 4, [ : ! ].{0.5, 3]}

sin( ;i) cos( ;i) sin( ;i) cos( :i) sin( ;L) cos( ;L)

cos(
{Directive[Thickness[0.004], Orange], Rotate[Circle[[ .

%)
[t
=
—
Ve
~
o
=]
72
—
NYEY
~— N
N ——

cos(Z) —sin(= cos(=) —sin(=
Arrowheads[{{0.03, 1}}], Arrow[{[sin(;)) eos ,E ;) ].{—1.4, 4), [sin((,i)) cos i ;) ].{-139, 43}}],
2 2 2 2
cos(Z) —sin(Z* cos(Z) —sin(Z
Arrowheads[{{0.03, 1}}],Arr0w[{[ _ ((”2)) (i;) ].{1.4, 4},[ . ((;)) (i)z) ].{1.39, 3],
sim! ; COS ; sin! ; COS ;

Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

- {[cos< z) —sin(3) hoo [cos(;i) sin() b

sin( 725) cos( %) sin( ’25) cos( ’25)

2
Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[
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{[cos(;-) i) ]-{_1’6} [cos(i) —sin(3) ]'{_0-4’ 4}’[005(2') —sin(3) ],{_0.5, 23}]|.

sin( 725) cos( ;) ’ sin( 725) cos( 725) sin( 725) cos( 725)

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[

cos( 75) —sin( 75) cos( ’5) —sin( 1) cos( z ) —sin( 75)
{..: R Vo I N I B FO 1 . Hos, 2]}
sm( ;) cos( ;) sm( 2—) cos( 2—) sm( ;) cos( ;)
3
{Directive[Thickness[0.004], Orange], Rotate[Circle[[ ) ] {0, 4}, {14, 0.7 }], Tﬂ],

Arrowheads[{{0.03, 1}}], Arrow[

col2) -sn(2)
(e o

Arrow|{

[w%mu

J{ -1.39, 43}}] Arrowheads[{{0.03, 1}}],

Cos —Slll

{14, 4}, [

4 ow.an)

Blue, Thickness[0.001], Arrowheads[{{0.02, 0 2} {0.02, 0 6} {0.02, 1}}1,
cos( 3—") —sin( 3—”) cos( 3z ) —sin( 3_")
4 ‘7 10, 6}, [ ! ! J.{o, 2}}],

() ) [ () )

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}1, Arrow[BezierCurve[{[

sm COS

Arrow[

—~—

Ala

cos( %) —sin( 2
sm( Tﬂ) cos(z—’r
-1, 6). cos( T) —sin z—") <04, 4, cos(j“—") —sins( ?) 0, 2}}”’

i 2 sin( 4—”) cos( Tﬂ)
Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[

(8] 2 o ) [

() anfze) [ Lsnfze) i) SO L

{Directive [Thickness[0.004], Orange], Rotate[Circle[(

w

)

)

N

|2 Josy

).{0, 4, (14,073}, 7],

w
Ala N

cos(rwr) —sin(r)
sin(zr) cos(xw)

cos(zr) —sin(mr) cos(zr) —sin(xr)
Arrowheads[{{0.03, 1}}], Arrow[{(sin o cost) ).{-1.4 4}, (Sin o cost)
cos(zr) —sin(mr) (14, 4) cos(zr) —sin(x)
sin(zr) cos(xr) ) ’ ’ (sin(n) cos(m)
Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],
Arrow[ {(COS(JT) —sin(r) }{0’ 6. (cos(n') —sin(r) ) (0, 2}}]’

sin(zw) cos(r) sin(zw) cos(r)

].{-1.39, 4.3}}],

Arrowheads[{{0.03, 1}}], Arrow[{( ).{1-39, 3-7}}],

Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}], Arrow[BezierCurve[
{(cos(n) —sin(xr) }{_1’ 6) (COS(]Z’) —sin(r) )'{_0.4, 4, (cos(n) —sin(x) )‘{_0.5, 2}}]],

sin(x) cos(r) > sin(r) cos(xw) sin(x) cos(r)

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[
{(cos(n') —sin(r) }{1, 6) (cos(ﬂ) —sin(r) ).{0.4, 1, (COS(ﬂ') —sin(r) )0{0.5’ 2}}”}’

sin(r) cos(x) > sin(xr) cos(w) sin(zr) cos(xw)
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o) -

-

sin 5—”) cos(—)
4 4

4=|:

b

Swm
{Directive[Thickness[0.004], Orange], Rotate[Circle[[ ) ] {0, 4}, {14, 0_7}], _]’
4

Arrowheads[{{0.03, 1}}], Arrow[
{ cos( i—”) —sin( %")
sin( %‘) cos( ?)

el ) —sn()

w%m@
4 4

{-14, 4}, [ ].{—1.39, 4.3}}], Arrowheads[{{0.03, 1}}],

cos( —) —sin( 5’4—”) cos —sin( 5’4—")
Armw[{ ” A, s, 3.7}}],
sm( _) COS( 4_) sm COS( T)

Blue, Thickness[0.001], Arrowheads[{{0.02, 0 2} {0.02, 0.6}, {0.02, 1}}1,
ol 2) —snf$)) | (ool -]

{0, 6}, , 20,
w%wﬁw”“ﬁﬁﬂw%]”“
Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

cos( %’) —sin( i—”) cos( i—”) —sin %”)
(5x s Lo (04, 4},
) o) | ) o

—~—

Arrow[

Arrow [BezierCurve[{ [

o) ()| fen %) ~sn(5)
Arrow[BezwrCurve[{[Sin(i_ﬂ) cos(i—") {1, 6} [sin(i_") cos(%ﬂ) J{04 4)

Rotate[Clrcle [ i (
3

w

Arrow[{[cos( 7) -l ) J.{—1.4, #, [c"s(sz_) ‘Si“(_: 7)

() o)

cos(3 ) —sin( 37") cos|
(10.03, 1y, Arrowl[{| 2 N RN
an(22) con(22)
Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],
cos( 32”) —sin( 37") cos( 32 ) sm( 32" )
mﬂmwnmgﬂm“@@wwﬂy“%
Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],
cos( 32" ) sm( 32” ) [ cos( 3’2—”) —sin 3’2—") ]
{1, 6}, ) {-04, 4},

sm( ix ) cos( 31)
2 2

Arrow [BezierCurve[{ [
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s 32—) COS( 32—7()
cos( z—") —sin( %)
Rotate[Circle[ 2 {0, 4}, {14, 07}] —] Arrowheads[{{0.03, 1}}],
sin( 4—) cos( T)
7

) _in( 1= 7Y _gin( 1=
Arrow[{[cf)s( 4 ) Sm(; ) ]-{—1.4, 4}, [CT)S( ! ) o ”4 ) {-1.39,4 3}}] Arrowheads|

)
Tx) _(7x Tx) g f7x
{{0.03, 1}}1, Arrow[{[cos(( )) _STS:))]'“-“’ 4},[C_OS( 1) o “)].{1.39, 3.7}}],
Sin 2 COS 4—

Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

[ ) o () A3

() o) [ 2] o

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[{[

T) °°S(£T"4_;) ]

(-1, 6},[C_OS(T) sin( ) ].{—0.4, 4},[CT)S(:T:) _SinszT”) ].{—0.5, 3],
: () o)

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[

cos( %") —sin( Z—”) cos( %”) —sin( Z—") cos( 4—”) -s ( TK)

{ sin( 7—") cos( 7—”) A1, 6) sin( 7—") cos( 7—”) 044, sin( 7—”) cos( 7—“) 103 2}}”}’
4 4 4 4 4 4

{Black, Thickness[0.0008], Arrowheads[0.04], Arrow[{{6.9, —0.4}, {6.9, —5}}1},

{Black, Thickness[0.0008], Arrowheads[0.04], Arrow[{{6.9, 0.4}, {6.9, 5}}1},

{Black, Thickness[0.0008], Line[{{6.5, 5}, {7.3, 5}}1},

{Black, Thickness[0.0008], Line[{{6.5, -5}, {7.3, —5}}1},

Inset[Style["#;", Blue, FontFamily — "Arial", FontSize — 16], {0.6, 0.1}],

Inset[Style["S", Orange, FontFamily — "Arial", FontSize - 16], {—1.3, 4.7}],

Inset[Style["k,", Blue, FontFamily — "Arial", FontSize —» 16], {—0.39, 5.5}],

Inset[Style["k,", Blue, FontFamily — "Arial", FontSize —» 16], {04, 5.5}],

Inset[Style["k; ", Black, FontFamily - "Arial", FontSize - 16], {6.98, 0}]}];

Export[" /Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 12.png",
11, Background — None, ImageResolution - 600];
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