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Abstract 

Ŗ�ɈʻȩÒČ(ȱȼČ)ʨġ��ǉîɠɈǭëÏ�…ĐƬʻȌɈˤ́

Ǒƭ˳ɕƗ˨�2�ǲɐrɈ͏ͭ	ͱkǑƭ<ǉîǑɈÒČəɑ�µƙȡ�

��ƚ̨ʻȩ̠RˡşɈȱȼǭë(ʻȩÒČˠ)	ạ̃�ǭëɈîɠ�<ʟ˦

Čˣňŋɸ+ ��ƚ̨ ̠�ʆĉʫ Ń $Ƃƪ˓!Ɉ ƫČǭë ©

łěs�Éø�åɈŗŎ̤˓+ʀ¦ͳ˰	Ǒ

ƭͱǯğŏ�ÏɐěˮƩŅˤ́!̠�ʆĉɈʟ˦ČƩŅ	̣ ǣŏ�Ïȵ$ɐ

ěˮƩŅħŞʻȩ˒Â̤Ʊɲ(̰̟ȁˤƸ̭ƍȲĔǭûĠɈ�Ĉ�ƫĕȺ)

ÃƸ̢¾?ƝɦɳĔʆĉɈŗŻ¬Ù(Ƞ̋ǗA )	<ʯ�ȱȼǭ

ëa˯ŗŻʻỌ̏ ã�Ĕɲň�°˰ƺ+ȱȼǭëɈ¾ͥū	s�Ɉ�2ˠȦ

ě/ȼˤͅĉ�Č�ɐěˮÏ̈őˮɈǑ̄?²Ǉȗ�ä˧˲ʻȩ�ĎēÏ�̳

ͅĉ˦ʁǓ¾ʷtǊȣã¯ʭB_	�

1. Introduction 

�ͯ。Ͷôɣƶ͵˂Ř̓�1ż@ɈĖÛȾǓɊȩ
ȩʯlŁ%øªŮ

ą�ȮǴĘ,7ʅèƌŃ˙ɈäȻȩʯãý͓ʋ�čª½ƾ���ĠˋȦ���

ż@ɔ�̣2üóŴ͞Ɉɨ”Ⱥ̀ɴɹã˚Pɫ�ͅſƣ̿�ż@ſõɈĎē

�ņǊùû�!8#ƾȺạ̃�ǣĉ�čɴɹƑȪ8#ǣɈǓ�ã̠R�Ǌƴ

ĈȦÏʘȦ�s�Ɉĵûʷͅ°<Ñ͂ǘ�H�HȿĐ�Ƹ͐�ɶ͐?²̲ňǬ

Ŧƾũǣ6ȾɈ�Ďē�ɈŭȬH�H�Ưñ�����ɏ?ụ̈́ 2̾ƾǻ̘

͠?ØɿɈ͏ͭ	�ɛķɛřɇž�ǵ�2ƗʍĎēɈǑȞƾ7ʅśǋʻȩ

ɈŤɀ%̏	 

ʻº?ǘ7@ěʻȩˡşÏĎēȺ̀Ɉ˧˲̮țȗnû！¾?�!��

͔Ƿ� 

ǉ�Ɉ Aristotle�Ptolemy�Copernicus Ï Kepler ɾ7Ƹǎ7@ƗʍʻȩɈ

̟ɲ͚+·�ŖƸȾ6�µĭǿŀ�ʐø̢·�ÁɫƧȅǗAɈ͘� 3	ěʻ

ȩ�ĎēɈƗʍ̲ňǻ̘ʤź˧˲)ǻ̘ʇȎ	 

�+ Galileo Ï Newton ƸǎȾ6�ǿŀûûƛ͵7@)Ǌ+ɐě�ęɈ

̵̚Ï̘ɬČɈŪʢƱȇã Newton �ČÏŢɮ�ɈƐĝ�˧˲ʻȩɈǿŀ

ûûƛ£	ȩʯNewton �Č˧!ŏ�ɀ̄ͅɏƘ6Ⱦ��·̠�Ïʷͅ

ɈŘÐ	ěŏ��ŶūÏ�̲ňɾɈˡĔ̾ƾ<ÒČˣň7!Ǣɸʀ¦Ɉʚͳˡ

�(pȼ�Ǌŏ�Ĕ$ĩʂǘʻ NewtonL Galileo ǥƓˠȏʛǝ˯ɸ+ʚͳ

ˡ�,ŶūÏ�̲ňɈǑ̄̾Ǐȓ²)Ƭ�Ďē)ƾɐěͣŨɈ	 

i ∂M
∂t

= − !e
−M

2m
ΔM−T 2(M)⎡⎣ ⎤⎦

ΔM = T 2(M)
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w�Ⱥ=Einstein ɈŃ$ɐěˮ˵Ⱦ7@˧˲ʻȩˡş�ͪȏʻȩȺ̀

Ɉʷ�，Š̄ɈͰ̌	Ń$ɐěˮ˧!ŏ�ŽƸɶå·�ȱ̄�ʷͅ?²̠�

ɈqÃŘÐĝ！̠�µȾÁɫ”ĆɈ¸ 	ãǲîɠ�s̢ͪ˥+ͷȋɾü

OɈċã 3,4	ͅĉ�ČɈˌ�µĭS7@ěŢˠĨňɈ˧˲ǿŀǊ+ĵûƛ£

6Ⱦ+ưƸǎɈÒČŪŷ (Copenhagen School ěͅĉ�ČɈ˶́))YS˔Ⱦ

��ûƅȺ=ƇǒƀǷ 3	 

Lͅĉ�ČʶÅɈȱȼ¬ȼƾ8#�ͅĉʏʦ 5 Ï Wheeler Ŋ̧̭ƍĕͳ 6

ũ#ȼˤ��Éȵ$ɐěˮƩŅɈ Dirac ƱɲãǑ̄�ƾÈǱɢ�Ń$ɐěˮ˧

!Ɉĝ！ƸɶŒǆʶÅǇǑ̄¬Ù?²ȵ$ɐěˮƩŅɈ¬ȼƾ8#�ł�Ⱥ

=ĎēČ�ƸĽ˚ƛ²Ɉǅȱ̄�ǅʷͅ?²ˇÄɈƮ�°ąPˤ́��� 

�ɏ?ǘ7@łȄǊ��Ɨɴ�̨̣2ĕ̄ū͏ͭʶÅɈɿǧ(Ǐŋɸ̇

��ǇîɠɈȱȼǭë)ʯƾdɃãʳȎɈͅĉȱȼ；īî/ʚuȱȼČ(ą

Newton �Č)¦ʒ<ƫČˣň̤˓ƙĝȡʁğȵ$ɐěˮʛˮŽ Lorentz ¥¸

ʐǖɡȾȾäș��ÁɫƱɲ�®ƿŠ¢��？(ą Dirac ƱɲÏͅĉåˮ)	

?！Áɫȼˮǲ̇řFª̾Ǐ<ǥǑ�ˤy͏ͭ 3,7	Ƭ�ȱȼČûã�2ſ

˾ǡ{ǭë?²̈őȼˮɾˤ́�K&ǊſƥˠLĕ͖ªȄǊ��Đo>7Ƞ

ŸɈ	ǡ{ǭëÏûʟ�ȼˮɾ½ƾ<ƫČÏʀ¦ɈȱȼȺ̀；īě%�Ɉǭë

̤˓õȼƬÂÙʯ̾ƴȇĐʪȔɌŏ�Rȿ(ŏnŏ�Å�¾̓Ǳ )	̈ő

ȼˮÙ!ʔn+ǇùɈʻɀň(Ǉ͵Ɉʢň)ɒKȔɌ+ſǊĸɛŻ�Ɉȼˮ

LǇ͵Ɉʢňł�ʷˤyǇùɈĕ͖͏ͭ́ ʯÙ!ñ�+ŞùͮøɈːa¾ʷ

ūʯSȁˤ¸ŠǚsÜ͠ěƫČƇĴɈ˝ȁ̝�+>7µƐɈäǳ	ʯ��ő�

Ǒǘħ�ƾ�)�ŅŻ!��ǉîǑɈȱȼŗŨ	ǲøâͅĉŏ�ɾȼˮµĭ

Š)̢Ş�ĐÕȺã̶�ɈÜ͠K&ǻʷˤyɈ͏̢ͭù	͆ /�̨ɫɫ͏ͭ

7@ŞǊŤ˝Ǉ̤�ǳ˧˲ȱȼȺ̀ŽȱȼʐǖʶÅɈĕ̄?ŋɸ��Ǉîɠ

Ɉȱȼǭë	 

Ǒƭ<ǉîǑɈÒČəɑ�µƗ˨+�2ȱȼČ�Ǉȗī�ǇǑ̄Ɉ͏ͭ

łĥ˳ŋɸ+��ƚ̨Ďē̠RˡşɈǉîɠɈȱȼǭëãǲîɠ�?ǇʀȊ

ɈŗŎŋɸ̇��ʻȌɈƫČƱɲ	oʄɈîǑǟǛ!�ͱkɢĔ7ʅ¾?˧

˲ʻȩ,ȩÅ<7ʅŹĒ，¶ɈʻȩȺ̀(pȼ)�ƛȧÒČəɑ(Ǒƭ˧!

Ǌəɑ�ʐɈȺ̀ƁƾÂȼɈ),ǉÅãÒČəɑɈîɠ�ŋɸȱȼǭë(<

ʯɢĔ+Ƹ͐�ɶ͐?²ŋɸƫČǭëSȿɈèǡʋɾ)�ãĔ$ĄɈȱȼǭë

îɠ��ǳǳƙĝƫČǭë	ƙĝ�kc+�ͧǤĕ�ɽ�ɢĔ˸ȱȼǭ

ë�Éȵ$ɐěˮƩŅ,ɽ.ɢĔ˸ȱȼǭë¾ã�ĔǗA�ĝ� Schrödinger
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Ʊɲ	Ǥĕ̟ɲ)Sż@Ǉ�ƺɢ+ƙĝƫČǭë)©Ń$ƂƪƱɲɈƱȇ	ƙ

ĝŃ$ƂƪƱɲɈ̟ɲ�Ǝ�(i)Æͅ�ˤ	<�̠�ʆĉãɶ͐Ɉ�ˤƙŃ�̠

�ʆĉ.ʢ；ɦɈÆͅÏãɶ͐ǠȦõɈ�ˤ	̣ ƾƬ�ƙĝɈǤţ̽�	(ii)ğ

ʚuƂƪʋƫ̤˓̓ưˤ́ł，¶s�ɈǑ̄r͌[Ű	(iii)ã�̨(i)�(ii)î

ɠ�ěƱɲVȪʚuƂƪ¬ȼ̤˓ʖ˜<ʯ，¶Ń$ƂƪƱɲ	R!͕�̽�

Ǒƭ̢ě�ƱɲɐrɈ̓Ȧ̽�̤˓+˨ˮÏͳ˰	ǻąąPěbŢ�Ʊɲ̅

�_�Ʊɲ=；Ɉ�2r͌ȱȼŸ$ɾ	�̤ͦ˓˹ʗ̨͑	 

2. Methods 

Ǒƭ�ȿÒČųˮʐǖƙĝ�+Ĕ$ȚǂɈȱȼǭëȩÅãȱȼǭëîɠ

�̤˓̵̚ƙĝŠ�ƫČǭë	ǉÅ°<̵̚�˰ƺ�¾<ƫČǭë�ƛ¶

�ȱȼǭë�ÉɈſǊuëȲś	ſǊ˦ʁ̟ɲ"˝ã Mac ȯɈ Mathematica 

12.1.1.0 (Wolfram Research Inc.)�̤˓s�ƢRʋʟȯǑ! macOS High Sierra 

10.13.6	͇ěǺ�tO͏ͭɈˤyƱȇ˟ Supplementary Information	ąǏƐƺ

tO¯ƫƱȇæ̀ȿ˸ȯǑ̖AɈʋʟ˧_	ƫ_ƱȇɈǊƩƫĊæ�N/

6 M	 

3. Results and Discussions 

3.1 ̣��ɂ¾?˚˧˲Ç 

7ʅƵǊɈküɛ˲ƾãʻȩɂɈȕȂǓ�ʐǖ�ɀȾȱOÏʻȩȹðʚ

̟Ȣ͍Ɉɐ1Rȿv �ĲZɃ�ǘɈ¾?Ïøɂ�ȤɐěŅɈŹū˧˲ 8,9

tǊɐŖɲňɈ¾ͥū	7ʅã��kü˧ɛǭŎ(©X̣ǣɈ˧˲ǭŎċãŽ

ùŽġɈ"ˠÙʌ)�Š�ɈÅüɛ˲ŽʚͳãÃǣɈ˧ɛǭŎ�®ĕ̐Ņ

˸Vȩƾ¾ͥÏ̫ȿɈ	¼ø͆/Ǡ2øɂǗAɈɐěɳĔÏ¾̓÷ū()©

Ƹ͐Ïɶ͐Ɉŀɰ�¸ū)7ʅſ，ŠɈküɛ˲ÏÅüʚͳã7ʅƬ�ĕ

̐（ÝvŅ˸)ƾ¾ͥɈ	 

Ùʯ7ʅ�ɸɈȼˮ©X99ƾ<R!ĎēģìɈäȻ�Ɉ7ʅˣňɈ

˧ɛ)©XċãÁɫȵ͟Ž͋˺(̣��͋˺�ƾɐěɈƾƐ´ƽ�7ʅŸ

˲�Ɉ-ȱǣ́ÏŗŨł�ƾ-ȱ¬ǑɈǣ́ÏŗŨ)½˝ʷúǊƩäˤ́Ï

ͪȏż@ſʷˠȏ�ɈȺ̻̀ ħƾ��Ż�Ɉȼˮĩʂż@ƴȇ˰ĕsƾÈ

ħƾĐoǱɢɈɓȼ 8	 

3.2 ÒČəɑɔ�Ɉ�ɂ 

̣��ɂ%ſ?Ǌƴɵùʷͅł�̠̔̇ǘȀ�dŰsŤȩċã�ʋ�

ɐ1�ʐɈÒČəɑ 10,11	½ǊƌǊ+̣2əɑ�ʐ̣��ɂƁH¸Šŀ˕Ï

Â&̵̚(ʻȌ)	ãǲˠȦƐĝ�Ǒƭŭʛ�ą� 3 Ǘpȼ� 
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AXIO 1�̣��ɂƾǊȱ̄Ɉ 

̣��ɂǊȄǊȱ̄ƾ��¢�ºʬɈÒČ˴ͭȩʯạ̃͂ªƾǑƭ̤

˓ȼūƙƯÏ̵̚ĭŌɈ¬Ĉîɠ	̣ ��ɂ½¾ʷċã�ɫŵŗ�̋ #Ǌȱ̄

ċã,˝#ĐoȄǊȱ̄ċã	-ĕƾƿȩɈ�̣��ɂǊȱ̄ċã	ȩʯŀ

æ�ụ̈́2ȱ̄°¢�ɱˎɱˎ�}&ȄǊ 12	Ùʯ̣��ɂ(Žʼġã

7ʅſʷˠȏ�Ɉ（Ýv)ˑȩċãȱ̄Ls°ɱˎ�gƾȄǊ	 

AXIO 2�̣��ɂɈȱ̄ƾ�æ�Ɉ 

ąǝ̣��ɂjȠȱ̻̄ #̣2ȱ̄ãs�Ɉ�Ĺ)½Ǌ�ɫ¾ʷ�̋ #

ƾæ�Ɉ,˝#ƾ�æ�Ɉ	Şƿȩ̣��ɂɈȱ̄ãż@ˠȏ�Ɉ�Ĕ（Ý

vɈ�Ĺƾ�æ�Ɉ	ȩʯ̣2ȱ̄łȄǊCPȼɀ�«ǲˎř�©ãǲõ

�ĹɈǓHùãřõ�ĹɈǓHġ	ÙʯŅŖ˧!ȱ̄ãǺ�õ(�͘/�

ʢ)�ĹɈǬȸƾɐɾɈŽ<ûĨňŭOɒƾæ�Ɉ 13,14	ÃƸȠ̋�Ĺ�æū

ÏǬȸæɾụ̄�Ạ̇��ɂɈȱ̄ħ�Ĕ?ͅĉŗŎċã	�̣��ɂɈȱ

̄ƾͅĉɈ�̣ �-ĕsĕ)ʻ�Ťù˨ˮčĸƾ˚Áɫȱȼĕͳͳ˰̟Ɉȱ

ȼ-ĕ	ǲø̣��ɂ)ȄǊȼɀ�«ǲˎř�ǉ¬ĈɈͅĉĕOȦ(�ͦ

ɯs!ƴɵĠʆĉ)%͐ŅƾǬȸoÃɈ	ÃƸȠ̋�̨��Ĺ�æūÏǬȸæ

ɾū�̣�Ȧ)yĔ+̣��ɂŭOƾǬȸæ�ɈLŢˠ(Žs�}�ʢň)；

Ⱥ°ƾ�æ�ɈəɑO	 

AXIO 3�̣��ɂɈȱ̄ƾ̠�Ɉ 

̣ɒK°ƾ��ÒČ˴ͭãǲª̅,čưɈvȔ	ż@ˠȏ�Ɉ̣��ɂ

Ɉȱ̄ƾ̠�ɈŽʮ<7ʅʷȼˤɈˣňɒƾ̠�Ɉ	ƴˮąP̣��ɂ̾

¾?˚ˤ́!̠�Ɉʯ�ƾ�Ż�¸ͣǰɈ	̻ #̣ ��ɂ�ņƾ�ɫũǣɈ

̠�ƁǇ�Âȼ� 

ȺãɈ˧˲ƾ̣ǣɈ�ƴͣǰ̄ͅɈlĉƾĎē�̠�ǉťɈȱ̄	ąǝƈ

Ǌͣǰ̄ͅɈȱO(ǻąɁĉ)�̲�l̲ƾ�¾ʷɈÙ!̝�l̲Ås̄ͅ

H¸�ƴɵûʷͅȒʰ)ğ¸Šƴɵû(ɐěˮʝ�Ɉʛˮ)	Ùʯ�¾ʷ

ċã̟̈l̲Ɉȱ̄©XǊ)ƴȇI̯[Ű	Lạ̃�ˠȦ��ƭƛ�Ɉ

ͅĉʏʦɈǑ̄ƴȇȼˤ�Wheeler Ŋ̧̭ƍĕͳ�Ⱥ̀¢�Ŭō?²ͷȋ�ŏ

�Rȿ¾?Iơ�ǘɈĕ̄)�ƻˤ́�� 

Ùʯ̣ ͂ɷɟ̣�ɒȇ˧ !lĉƾ7ʅɎ�µȺŽʷŹȏ�Ɉ̲ňǉť

Ɉ¾I̯[ŰɈȱ̄ʯ�lĉǊŢĠ(ŽƴɵĠ̣ƾ<¼��ˣňɈˠĚ

˹˟ 3.3.5.4 ˁɈ˨ˮ,¼ør/lĉɈʛǛ²̠�Ǔȼƙȏ˟ 3.7 ˁ)̄ͅ

̠�łƴȇĕ̄ƥ¸ȱŌͅ	ǻlĉ̄ͅʑ�ǇĠɈʆĉ(ʫ)©XʷI̯
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[Ű7ʅɎ�)Źȏ��(Ž�˧!ĸŹȏ�)LǇĠʆĉ(ʫ)Ɉǚ̲͘

ňǇť	ÙǲŖʆĉ(ʫ)̲ňť��ĔɲňsŤȩ��？�Ż̄ͅʑ�Ǉ

ĠɈʆĉ(ʫ)ɏʼ̲ň̝�ƴɵû̄ͅ¸�ƴɵĠ(ã�̣��ɂɈȱ̄

ƾͅĉɈ�Ǧǟ�3.3.5.2 ˁğH˰ƺ�̄ͅʑ�̘Ġʆĉ(ʫ)ŗŻ̄ͅʑ�

̘ûʆĉ(ʫ)�?²ɐ´Ɉ̟ɲ̾ƾ¾ʷɈ)	 

ãǲˠȦ�Ƭ�ĎēğËȺą�̠�àǁ�ě/��̄ͅƴɵĠɈʆĉ

čɈ̠�̲ň¾?̝�ƴɵû	̻#ƴˮãù#ûɈɶ͐�̣�ƴɵĠʆĉ

̾¾?ɗ͐(�ȒʰƸ͐)ċã/ɶ͐ɈCPMʩ	Ùʯč¾?ƴõ�ãƴ

ˮùûɈɶ͐ɐě/čXƾȄǊƸ͐Ï̍ɪǬŦɈƴɵĠɶ͐,ʯƴɵĠʆĉɐ

ě/̣ǣɈɶ͐°ƾƴɵûŽɶ͐ǥǑŹ·��ʆĉ̠�(ʆĉŐƪ/ɶ͐Á

õ)	ě/ƴɵĠʆĉÙ!�ċãɶ͐�Ƹ͐ǬŦ)�HċãʷͅǬŦ	ą

ǝĎēƾɀƴɵù�̣ǣɈ̠�ʆĉʖŻ(Ù!č@̾ƾƴɵĠʆĉč@%͐

)�ċãɤƠ)̻)�HȒʰſ˾Ɉʷͅč¾?Ḁ̠̏̔�®	ʯ�Ʒż@

ˠọ̑2ƴɵĠʆĉʖŻɈǇû̄ͅʑ�ʆĉ(ʫ)Ƹ̣2Ǉûʆĉ(ʫ)Ɉ

̲ňħH͗�ǘ(ã�ʢɶ͐�¾ɾB!̲ňƱÆʲ͡§G�Ɉʆĉʫ̄ͅÏ

čɈŀæ̲ň%͐Ɉrʋ̹šMaxwell�Ĺˡş˹ ˟ Supplementary Information

% Part 1)	̣ƸƸ͐�ɶ͐�̲ň�̄ͅÏʷͅɾǬŦƁH�Ⱥ	ÙʯĎē

ǑƴƸ͐�ɶ͐Ï̲ňǬŦ)ȄǊ̄ͅÏʷͅǬŦč@̾ƾ<�Ãˣňˠȏ

�Ɉ；̀ſ！	ʆĉˑĠě/Ďēħƾƴ͘û,Ďēˑûě/ĠʆĉXƾƴ

ɵĠ	Ŗʆĉ̠�̲ň̝�ƴ͘ûXþ®+̠�ɈǬŦ	̣��ɂƵû°Ġ

s�Ɉȱ̄Ƶ̠�°�̠�?²Ƹ͐�ɶ͐�̲ň�̄ͅÏʷͅɾǬŦɈƵǊ

°ƴɾ°ƾƫěɐ1�ʐɈəɑO	 

?� 3 ǗpȼɈǱɢūƾƿȩɈsċãū¶y/əɑ(³Ʊ�)¼�ƱɈ

�ʐ̣͂½̭¶ěż@ǊŸ$Ɉ�Ʊ̤˓ɞɴ	¼ø̣ 3 Ǘpȼã�ĔɈ̵

̚ʐǖ�˔Ⱦ�ɈǬŦ)ƾəɑ�ʐɈ	)½Ǌċãəɑ�ʐɈ̵̚ƁƾĐƬÏ

ʻȌɈ	ã�̨ 3 ǗpȼɈîɠ�Ǒƭ̤˓ÂȼƙƯƛȧ�ą� 3 Ǘa˯� 

HYPO 1�Ďēƾɀƴ͘ù�̠�̲ňƴɵû�̄ͅƴɵĠɈæ�ʆĉǛŻ 

̣2�ƴɵû�Ï�ƴɵĠ�ɾǬŦɾÃ/ƫČ�ǜ�Ɉ�ƴɵû�Ï�ƴ

ɵĠ�ɾǬŦ	æ�ūǬŦƾʆĉ̄ͅûĠɐě/sǡ{Ķʯ˥Ɉ�ͦƛ�Ɉ

�æ�ʆĉ�ǬŦ̾ƾ̣�ŸŪ	 

HYPO 2�ƴɵĠʆĉãĎēɶ͐�̠�̲ňûĠɐɾ�ƱÆ͜Ǔ 

Ǳą AXIO 2 ſ̨̣2ƴɵĠʆĉ̹̾šÃ�ˡşŗŻſ?č@%͐Ɉ

̄ͅÏ̲ňûĠ(Žʮ�ͅûĠ)Ņ˸ɐɾŽʮɐě/sǡ{Ķʯ˥ƾɐɾɈ
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�ͦƛ�Ɉ̄ͅŽ̲ň(�ͅ)ûĠɐɾǬŦæƾ̣�ŸŪ	ƱÆãǺ�ʢň�

ɈǬȸ)ɐɾȄǊCPȼɀ�ŀæ	 

HYPO 3�ƴɵĠʆĉ%͐ȄǊɐ1Rȿ 

ãż@ˠĚ�Ɉ�ɂ͂ɐ1Rȿƴõ�ã	ȩʯãƴɵĠʆĉ%̣͐

ł�ƾŤ͢Ɉ	ě/ƴɵĠʆĉ̣ ͂a˯č@%͐ȄǊIʟˠȦ˧!Ɉŏ�ɾ

ɐ1Rȿʯđˠ�(Žɐ1Rȿ)�ɀ̣2ƴɵĠ̠�ʆĉɈʟ˦ČƩŅĝ！	

̣ǣɈa˯Ƶ�H�ʚuRȿ�ɐəɑ̢ Ǌ�/ÅʡŋɸƱɲÏ̤˓ʻȌ（Ý

Ƃĭ	 

?�XƾǥƓ̣��ɂɈ 3 ǗîǑpȼƛȧ�ǘɈ 3 ǗîǑȲś(a˯)	

Ƙ�ǘğạ̃ 3 Ǘa˯Ɉîɠ�ŋɸǭë	 

3.3 î/ÒČəɑɈǭëŋɸ 

ã�̨ 3 ǗpȼÏ 3 Ǘa˯Ɉîɠ�(ĩʂ�ƭ¾ƑȪL�͘/ 3+1 ʢʭ

ĚL)ǑƭƙỰ�ĎēãCŸĪ̽¡í9ċã(CŸʢň�)ɶ͐ûĠÏ

ʆĉƫɎùġ×ɫ¾ʷūʯ̣×ɫ¾ʷūã�ÃĪ̽¡í°řǲȴɸ	̣ ƾÙ

!�ãCŸʢň�̣ ��ɂƾ̠�Ï�æ�Ɉʯ̠�Ï�æūƾ��ȴɸͅ	

ɀ/ʆĉɈ̠�Ŗƴɶ͐Ķ�ʭĚ�ĔƫɎʆĉƸ̣ ��ɂħǊ+̲ňûĠ

ǬŦãCŸʢň�̲ňûĠǬŦħ；Ⱥ!Ƹ͐Ï̍ɪǬŦ,ɀ/ʆĉ�ĹɈ

�æūŖǊɶ͐Ķ�ʭĚ�ĔƫɎʆĉƸ̣��ɂħċãęňûĠǬŦã

CŸʢň�ęňûĠǬŦħ；Ⱥ!Ǌɶ͐Ķ�ɈʆĉƫɎùġ(°ƾ¸ɐɈ�

¼ø��ʻɀňɈ̍ɪ)ÏĨň(¡�/̍ɪɈ¼øɈ¦�ʻɀň)ǬŦ	ąǝ

ğẠ̊ͦ��ʻɀňÞĔ̇ǘ()©?̣��ʻɀňŽč@ſ；ȺɈĕO!¯ʭ

ɢĔʭĚě̀)�H；Ⱥ!¼ø��ʢň�Ɉ̍ɪʻɀň	Ùʯ̣��ɂċ

ã×�ɐ1ȴɸɈʢňƾ×ʢɈ(�ʢ；Ⱥ!ż@Ÿ˲�Ɉɶ͐ǬŦ�ʢ；

Ⱥ!ż@Ÿ˲�ɈƸ͐ǬŦ)	¬��ˬ�ʢɶ͐��ʢƸ͐èǡ¾?ƚ̨�

�ʻȩȺ̀	őȼˮ�ſ˾Ɉùʢɶ͐ǉʘˤyɈ̢ƾċã/×ʢƸɶɈ͏ͭ	 

͆/�̨˨ˮ̣ ͂űĄ¾?̨͑Ƹ͐ɈǑ̄͏ͭ	˃ ğ̣��ɂɒR��

ƬOƸ�ȄǊƸɶɾǬŦ	˃ ğ̣��ɂ�Ɉȱ̄ÏsſõɈȹð�ŌˠȏƸ

X6Ⱦ+Ƹ͐ɾǬŦ	ÙʯƸ͐ƾğ̣��ɂ��!.ȼˤƸ6ȾɈȴɸʻ

ɀň%�s´ƽ�7ɈŸ˲�ħƾƸ͐ǬŦ	̣͂�wěs̤˓ȗnƗ˨o

ƭ½ğsŖRIʟ˧!ɈƸ͐ǬŦõȼ	 

!+Ǉėƻ�ɏˠä˧˲�ɂ7@*Ŷ/ğÁɫƊ̀ʛǝ�ʛˮƦ�ż@

ȫŲɈ�ɂ�ȼˤÏOH	˃ ̰̟èǡ¸ƒ̀ȿ×ʢǆʕèǡʋ¬��Ž˭¾

?S̠ʁʀ¦LªHʝȼˤ͏ͭļǘÜ͠	Einstein ɈŃ$ɐěˮħSȿ+×
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ʢǆʕèǡʋ(Ƹɶ)̣ƾ�ɫǊ¯�ŹɈ�ȃȑŎˢˣ�ĩʂ��ȃȑŎȱ

ȼ-A(ąl̲�¸)ǇɼÂȱȼˠȏLǉʘHʝȼˤȱȼ͏ͭĕ̄ļǘÜ͠,

ʯʞěƸɶ��ʢɶ͐��ʢƸ͐èǡĮ/��Ļˢˣ�Ǌ�/7@<đˠ�

ͶɘÏȼˤ͏ͭ	ŖȩƴˮÑɫˢˣ̾ �ŘÐě×ʢƸɶ�ȱȼȺ̀Ɉƚ̨	

ǉʘÁɫȺ̀Ɉȡ¸̢˝ƦØ�ż@Ɏ�ſȫŲɈŀɏèǡʋ�®˕ͅÏȼˤ	 

͢˝Ŕ˽Ɉƾ̣͂ſƐɈ��Ļˢˣ�(Ž�ʞěƸɶ�))tǊɐěū	

ʞěƸɶR!¯ʭʋƸs�ɈʆĉŅɼÂ(�ʢɶ͐�)HYPO 1–3 ſʝɈǗ

A(ạ̃͂)¾ȼˤ!ʚuɈ�Ŷū¯ʭʋ�)	̣ħŸÍɕąǝʆĉʫƬOɰ

�ʞěƸɶ)˝͜ɕɰ�,�̎͜ʆĉʫƬOɰ�ɈʞěƸɶ(Ž�%ɐěŅ

Ɉʞěèǡʋ)ƾȄǊŸ$Ɉ	 

Ƶȩż@ɈɎɈƾ˧˲ÏƈƜ̣��ɂ̻ ħȄǊŤ˝�ĔSȿɐě¾¸Ɉ

Ƹɶˠ	ǊƸʞěƸɶˠǇǊ�/ŋɸǭëÏȼˤˡş	͆/�̨�ǜǑƭ

ğã 4 ʢ(3 ʢɶ͐� 1 ʢƸ͐)ʞěèǡʋ�ŋɸȱȼÏƫČǭë	 

3.3.1 ȱȼǭë 

̣͂ğ�̨ʛˮŕʛ��̇R!ǑƭɈȱȼǭë�̣ �Ďēɀƴ͘ù�̠

�̲ňƴɵû�̄ ͅƴɵĠɈæ�ʆĉǛŻ,̣ 2ƴɵĠʆĉãĎē�ʢɶ͐�

̠�̲ňûĠɐɾ�ƱÆ͜Ǔ,ƴɵĠʆĉ%͐ȄǊɐ1Rȿ	�͢˝Ǉùˡ�	 

3.3.2 ȵ$ɐěˮƩŅ 

�ͦ˰ƺ�̨(3.3.1 ˁ)ȱȼǭë�ċã(ȵ$)ɐěˮƩŅ	̣͂wǯŔ

˽Ǻ�ʆĉ(Ǒƭğ�̨ȱȼǭëƚ̨Ɉ�ƴɵĠʆĉ�ɯ!�ʆĉ���1 ͔

ʆĉ�Ž�ŢĠʆĉ�ʯğɀ k �̣ǣɈʆĉʖŻɈǇû̄ͅʑ�ʆĉɯ!�k

͔ʆĉ�)Ɉ̠�̲ňûĠĐoɐÃ(Ž s� c !ʆĉ̲ňûĠæ_

!sǡ{Ķ)�ƱÆɶ͐͜Ǔ	/ƾ̣ħǛŻ+ Euclidean space �Ɉɾǭ͜

ǓÆͅ	ŖǠʶǁ(ȹð)¡í�ɈʆĉMʩ�Ĺæ��˸ʶǁ¡í�ɈǠĉ

¡í�ʆĉǊ̲ňƱÆʲ͡Ⱥ̀Ƹż@ɯs!ã˸ĉ¡íƾ?̲ňƱÆʲ͡§

G�Ɉŵŗ,ŖǠʶǁ(ȹð)¡í�Ɉʆĉ̠�ƱÆƱÆ�Ĺæ��˸ʶǁ

¡í�ɈǠĉ¡í�ʆĉǊMʩʲ͡Ⱥ̀Ƹż@ɯs!ã˸ĉ¡íƾ?Mʩʲ

͡§G�Ɉŵŗ	̣ ͂、ƸɞɴʆĉƱÆʲ͡§G�Ɉŵŗ	Ǒƭğȿʟ˦ČƱ

ȇ˰ƺ̣ǣɈ�ʖɾǭ͜ǓÆͅǛŻɈƱÆʲ͡§G�ɈÆͅʫtǊȵ$ɐě

ˮƩŅ	ŖÃ��ʢɶ͐Ɉ�ʫʆĉŀæ(̄ţ)ÆǠ��ƱÆ̠�ƸÙ!ʟ

˦ČƩŅč@ğ�þ�ĔɈÆsčƱÆ̠�ɈǬȸŽÆsčƱÆɈ̠�̊�ğ

|ĠÙʯH�Ⱥȵ$ɐěˮƩŅ	�ͦ˹ʗäĔͅ˻ƺ̣�Ⱥ̀	 

ȉŸ�k ͔ʆĉɈ̲ň©!ʖŻčɈ k �ʆĉŭOɈ̄ţ̲ň)ħƾſ

σ 1≪ c

σ 1
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Ǌ̣2ʆĉ̲ňÆͅɈŀæ_	ʯ�k ͔ʆĉɈ̲ňÆͅã�ʢ Cartesian ɏˣ

èǡʋ��ɾBèǡ̗%��ɈƉŘ©! k �ʖŻ˸(k ͔)ʆĉɈǋ<Ã��

ĹɈ 1 ͔ʆĉ̲ňÆͅã˸̗ƉŘɈæ_Ùʯ(Ŗ k !̘ûƫ_Ƹ)̡Kǋ<

ǱŨ�Ĺ(�ţǚ͘Ĕȼ)	��èǡ̗���Ǌ��ɾBɈ(̡K)ǱŨ�Ĺ

č@%͐ł�ĐoȴɸL Maxwell15 Ï Boltzmann16 ĸʚ˰ẹ̆ -ĕ�ÏĐo

ȴɸɈƩǝɾB	̣ƾÙ!Ǻ͜Ǔ¶��ÆͅħɐŖ/͜ǓɢĔ���̗è

ǡ(Ǻ��ʢ͜ǓÆͅɀ��͜ǓʢňʖŻ),¼ø<ǼO�ĉ·͜ǓƠ�I

̯�ͅˣňɒÏǑƭſ˨ˮɈ͏ͭ)ƾɾBɈ	̣ǣk ͔ʆĉɈ̲ňûĠǋ

< Maxwell �Ĺ	a˯ʖŻǺ� k ͔ʆĉɈ k �ɾBʆĉ�CŸ��ʆĉɈ̲ň

ãǺ��ɾBèǡ̗�ƉŘ(R!��͜Ǔ¸ͅ�Ã)Ɉǡ{Ķ! 	̻#

k ͔ʆĉɈ̠�̲ňûĠãǺ�ɾBèǡ̗�ƉŘɈǡ{Ķ! Ùʯ(ãǺ

�èǡ̗�ɈƉŘ)ǋ<æ_! 0 ƱĶ! ɈǱŨ�Ĺ	/ƾk ͔ʆĉɈ̠

�̲ňûĠǋ<¯ƫ! Ɉ Maxwell �Ĺ(�̨rʋɈ˹ʗ˦ʁÏƙĝ̟ɲ˟

Supplementary Information % Part 1)	 

ą�ƭſ̨a˯ʆĉ̠�̲ňûĠ! c (c > 0)ƱÆãƬ��ʢɶ͐væ

��Ĺ	ãɀ͜Ǔ̠�ʆĉʖŻɈʆĉʫ�̣͂ğŀæ̲ň! 0 Ɉʆĉʫ()

©�ƭƛ�Ɉ�ʞěƸɶ�)ɯ!ͣǰ¯ʭʋ(R0)ěsŋɸ�ʢ Cartesian ɏˣ

èǡʋ Oxyz,ğãǠ�ǷƸ͐vɀs�̽�ʆĉŗŻɈ?ŀæ̲ň u ̠�Ɉĉ

ʆĉʫɯ!̠�¯ʭʋ(Ru)	a˯Ru Ȇ z ̗ǱÆ̠�̻#Ru �Ɉʆĉã z ̗

Ɉ̠�̲ň�ͅɈæ_Ťȩƾ u	a˯ Ru �ſǊʆĉ̾ƾ̇ĈȦãèǡ¬ȦɈ

ÆͅğȦ(0, 0, u)R! z ̗Ɉ�ɂȦRu �ɈÆͅħ¾?�ˤŻ�ͅãs�̽

ɈÆͅÏ�ͅãs�̽ɈÆͅ�̽�	ʯ̣2Æ̾ͅƾ< R0 �ɾǬȸ͜Ṳ̌n

(˚Ɗ¶�Ru)Ɉ	Ùʯ¾ğRu �ÆͅɈ�ĹɒR�ͅã�ɂȦ�̽ɈÆͅ

Ï�ͅã�ɂȦ�̽ɈÆͅ�ĹɈȘÂ�Ĺ	Ŗ̣�ȘÂ�Ĺã z ̗��ͅɈæ

_! u ƸɢĔsȘÂǻTÙĉ w	?ǲ(w)!¯ʭwɢĔ˸ȘÂ�Ĺ�̣2

Æͅã x (̗Ž y ̗)��ͅɈ�Ĺȳz<ʯ¾?˦ʁ̣2�ͅɈǡ{Ķ 	

ąǝ˸ȘÂ�Ĺã z ̗��ͅɈǡ{Ķ)ƾ (�ƭğH˰ƺ)̻# k ͔ʆĉ

(a˯s̄ͅ!  !¦�ʆĉ̄ͅ�Ã)ãRu �Ɉ̲ňûĠ©ǋ<¯ƫ

! Ɉ Maxwell �Ĺs� 

σ

σ
k

σ
k

σ
k

σ u

σ u

µk µ

σ u,k
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   (1) 

Ùʯ Ï k ͔ʆĉ( )Ɉŀæ̲ňûĠ (¯ƫ! Ɉ Maxwell �Ĺæ_)

%͐ŻǱǻ©� 

   (2) 

ğ Eq. 1 =n Eq. 2¾Š 

   (3) 

ŗŻR0 ɈÆͅãÁ̗�ͅɈ�Ĺ�ǻ̘ʀ¦(o̡K!ǱŨ�Ĺ)	a˯č

@ã x ̗(y Ž z ̗)�ͅɈǡ{Ķ! Ãȼč@ŗŻɈ k ͔ʆĉ( )Ɉ

ŀæ̲ňûĠ! 

   (4) 

Ŗ��ãRu Ï R0 �ŗŻÃǣ̄ͅʑ�(k ͔)ʆĉ( )Ƹč@ŀæ̲ň(ɐ

ě/R0 �èǡʋ)%͐Ɉǻ(Eq. 3 ǻ Eq. 4)©! 

   (5) 

ÙʯRu ÏR0 � Ï ɈǻTrʋ)ħƾs�Ǉû̄ͅʑ�(k ͔)ʆĉŀæ

̠�̲ňûĠ(ɐě/R0 �èǡʋ)ɈǻTrʋ	�ͦtO:ʙ˸ŵz� 

ą�ſ̨ãͣǰ¯ʭʋR0 �ĸŋĄɈ�ʢ Cartesian ɏˣèǡʋ�ąǝ

̠�¯ʭʋ Ru ?̲ň u Ȇ z ̗̠�̣Ƹ x Ï y èǡƾɾBɈÙʯ½ʭˏ x

èǡ	͆/ǬȸˮɈǑ̄Ȳśã R0 vąǝ̣2ǭ! c ɈÆͅɈ�ͅã z ̗

�ƾ¡͐[–c, c]�Ɉæ��Ĺ̻#sã x ̗��ͅɈǬȸęň�!� 

   (6) 

s�͜Ǔ¸ͅQ~U(–p, p)H~U(–1, 1)	ãǑƭ�͜Ǔ¸(Æ)ͅȿûxĺ

ʹĊǹ；ɦʯ͜Ǔ¸(Æ)ͅɈ_ȿɐŅɈĠxĊǹ；ɦ	�ͅã(0, 0, u)�Ʊ

ɈÆͅã x ̗�Ɉ�ͅ�Ĺ˫! D1sǬȸęň˫! 

   (7) 

s�͜Ǔ¸ͅQ~U(–p, p)H~U( , 1),ěŅạ̈2Æͅã z ̗�Ɉ�ͅ�

Ĺ˫! D3© D3~U(u, c)	�ͅã(0, 0, u)�ƱɈÆͅã x ̗�Ɉ�ͅ�Ĺ˫!

D2sǬȸęň˫! 

σ u,k =
σ u

k
σ u,k µk vu,k σ u,k

vu,k = 2
2
π
σ u,k

vu,k = 2
2
π
⋅
σ u

k

σ 0 µk

v0,k = 2
2
π
⋅
σ 0

k

µk

vu,k
v0,k

=
σ u

σ 0

σ u σ 0

D(θ ,η) = c ⋅cosθ ⋅sincos−1η

D1(θ ,η) = c ⋅cosθ ⋅sincos
−1η

u
c
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   (8) 

s�, Q~U(–p, p)H~U(–1, ),ěŅạ̈2Æͅã z ̗�Ɉ�ͅ�Ĺ˫!

D4© D4~U(–c, u)	Ŗ D3 Ï D4 ɈȘÂ�Ĺã z ̗��ͅɈæ_! u Ƹč@

ɈȘÂǻ̓��! Ï 	ȉŸ� D1�D2 ��Ï D3�D4 ǘʻ/ɐÃȲś

Ɉ͜ǓÆͅʫOŖ D1 Ž D2 ¶̷čɈŭO�ſǊǣǑƸD3 Ž D4 )©¶̷č

ɈŭO�ſǊǣǑ,ʯǺ�͜Ǔ�ʢÆͅɈɢĔ̾ƾ͜ǓɢĔ��èǡ	Ùʯ

̣2Æͅã x ̗�ͅɈȘÂ�ĹȲś½；Ⱥ!˚̣�ɫÆͅȘÂǻTŘÐ	ƑȪ

�̨ǻ̓˦ʁ D1 Ï D2 ɈȘÂ�Ĺ(˸ȘÂ�ĹɈtOˤǜŗŎǑƭ、ƴȇʝ

�)<ʯȁ�Ru �ʆĉ̲ňã x ̗�ͅɈǡ{Ķ! 

   (9) 

̰̟Ï R0 �ʆĉ̲ňã x ̗�ͅǡ{Ķ ɐěǻ¾?ɢẸ̆�ǻTÙ

ĉ©!� 

   (10) 

Ŗ c =；l̲Ƹčɾ/ Lorentz factor Ɉ^ƫ	ƿȩʆĉ̲ňã y ̗�ͅɈǡ{

ĶVȩƾ Eq. 10 ſɦɈ̣�ǻTÙĉ	ğ Ru �(ŗŻ Ru Ɉ)ʆĉ̲ňã z ̗

�ͅɈȘÂ�Ĺǡ{ĶÏ R0 �(ŗŻ R0 Ɉ)ʆĉ̲ňã z ̗�ͅǡ{ĶRě

ǻ)¾?Š�̣�ǻTÙĉ (Eq. 10)	�̨˦ʁ̟ɲɈ˹ʗ Mathematica =ɝ

˟ Supplementary Information % Part 2	̣)ħŸÍɕŖ̲ňûĠɐÃ(©!

c)�ƱÆɶ͐͜ǓɈʆĉʖŻɈ¯ʭʋ R0 �Ɉ̽�ʆĉŗŻ?̲ň u ̠�Ɉ¯

ʭʋRu ƸRu vʆĉŽsŗŻɈ k( � )͔ ʆĉɈ̲ňHɐě¸ź

|źɈɲň©!ǻTÙĉ Eq. 10 ɢĔɈ_	 

�̨vė˰ƺ+ Euclidean space �Ɉɾǭ(Žǭǡ{Ķ̥Ġ/ǭ_Ƹ)Æͅ

tǊȵ$ɐěˮƩŅ	ã��ͣǰ(Ŷū)¯ʭʋvƑȪ�ƭ Eq. 40 ɢĔɈr

ʋ̠�ɕ�Ã̄ͅʑ�ɈʆĉMaxwell �Ĺ˧!č@Ɉŀæ̲ň�Ã	Ŗã�

�̲ň! u Ɉ̠�¯ʭʋRu�ƗȏɀK͔ʆĉʖŻɈǇû̄ͅʑ�ʆĉʲ͡O

Ɉŀæ̲ňƸč@̲ň͗NɈɲňɀ K ͔ʆĉɈŀæ̲ň cK ƑȪǻTÙĉ

ɢĔ,ŖƗȏɀ L ͔ʆĉʖŻɈǇû̄ͅʑ�ʆĉʲ͡OɈŀæ̲ň

D2(θ ,η) = c ⋅cosθ ⋅sincos
−1η

u
c

c + u
2c

c − u
2c

σ u =
c2 − u2

3

σ 0 =
c
3

c2 − u2

c

k ∈! k ≠ 1

c
K
2 − u2

c
K
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Ƹč@̲ň͗NɈɲňɀ L͔ʆĉɈŀæ̲ň cLƑȪǻTÙĉ ɢĔ	

ąǝ̣�̠�¯ʭʋ(Ru)�Ɉ̠�ȱ̄Đoɀlĉ(̣͂Ɛlĉʷͅʫ)ʖŻ

̻#̣2ȱ̄Ɉŀæ̲ň|źɲňɀ(Žȵ$ɐěˮɢĔɈ)Eq. 10 �ɈǻTÙ

ĉ˦ʁ	Ɏ�7@½Ɨȏ+ȺǊʷ�ʷƗȏ�Ɉlĉ?²lĉʑ�ɈŗŻȱ(ą

ɁɥȈ�¬ĉ͈ɾ)<̣�ˣňɒȵ$ɐěˮʝ�ɈĔͅrʋƾǚs{ɢɈ
 

¼øȉŸ�ã Ru �̲ňã��èǡ̗ƱÆ|źɈɲňƾ�！Ɉ	̣ħŸ

Íɕã Ru �¾?Ź·�Ïͣǰ¯ʭʋ R0 �ƴĶ�Ɉȱȼˡş	ÙʯŖã

Ru �w�Ⱥ��̠�¯ʭʋ ƸRu )¾?ŖRͣǰ¯ʭʋǘõȼ̣ ƾ��

GʿȲū	č˻ƺ½˝ɼÂ�ʢɶ͐� HYPO 1–3 ſʝǗAɈ¯ʭʋ̾¾?Ŗ

Rͣǰ¯ʭʋʯ�ŤãŸsƾÈƾʞěͣǰɈ¯ʭʋ	ÃƸ͆/ R0 �(Ŗ

u �ĔƸ)͜Ǔ6ȾɈCP�� Ru �¾ɒRͣǰ¯ʭʋɈ Ru %͐̾ƾɾBɈ

̾ƾÃ��ƴȱȼˡşĶ�ɈRu	ÙʯCP��Ru(R!ƴĶ�ʆĉ͡)̾

¾?ɒRɀ�%Ǌɐě̠�(̲ň! u)Ɉ R0 ͜Ǔ6Ⱦ̣ǣ?ǘR0(R!

ƴĶ�ʆĉ͡))¾ɒRɀ�%Ǌɐě̠�(̲ň! u)ɈRu ͜Ǔ6Ⱦ	Ùʯ

�9ċãRu �Ɉ̲ň¸źƩŅsčȵ$ɐěˮƩŅ(Ƹ͐ʺʵ�͍ ňƤʧɾ)

)̾ċã	Ǒƭ�ã˸̵̚�̤˓ǇùɈr/ȵ$ɐěˮƩŅɈ˨ˮ	ɶ͐�̠

�ʆĉɈȵ$ɐěˮƩŅ¬ȼ©!͜Ǔ̠�ʆĉɈʟ˦ČƩŅɢ�äˬƾ͜Ǔ

̠�ʆĉ̲ňƱÆʲ͡§G�Ɉʟ˦ČƩŅ	ʆĉ̠�̲ňƱÆʲ͡§G�Ƹ；

Ⱥ!ȵ$ɐěˮƩŅ,ʯ�ʾŵz�̡ ͡ƩŅ̢�ƎʆĉMʩʲ͡§G�ƸɈ

ŵŗǲƸ©；Ⱥ!�ŏ��ŘÐ̣͂ğ̣�ɫ(ʲ͡)ƩŅʟɯ!Ń$ɐě

ˮƩŅč@Ɉĕ̄̾ƾ͜Ǔ̠�ʆĉɈʟ˦ČƩŅ�č@%͐ƾɾBɈ(˰ƺ

̟ɲ˹˟ Supplementary Information % Part 3)	ąǝǑƭŋɸɈƱɲʷ�É̠�

ʆĉɈʟ˦ČƩŅ̻#č)ħ�É+ɐěˮƩŅ	 

3.3.3 ʚuƂƪƱɲŋɸ 

˝oͦƚ̨�̨ȱȼǭëż@Ņ˸ěǺ�ʆĉɈ̠�ˡşŋɸ���ƎƸ

͐ãvɈ×¯ƫƱɲąÃ(x, y, z, t)	ě/��É n �ʆĉɈʋʟãÃ��Ƹ

͐ʢň�͢˝ŋɸÉǊ 3n + 1 �ʻɀňɈƱɲs� n ® +¥	̣ƿȩƾǚ�Ⱥ

ĕɈ	̣̪͂ʯȁsǯ�ăǌƚ̨ſǊʆĉɈo̠̽�Ȳś½ĺǌěʆĉ̠

�ˡşɈƚ̨ʀȊĕȿ�ŋɸ��ĩͅ��þʆĉ̠�Ȳś��Ⱥĕ¾ƚ̨(ȁ

ˤ)ɈƱɲ	̀ ȿʟ˦ČƱŎõȼ¾ʷƾǻ̘űŖɈƱȇ©ãȱȼǭëîɠ�

ŋɸtǊʟ˦ȲśɈƫČǭë	 

ȼˮ�ˬãƴɵû×ʢƸɶ�¾?Ɔ�ƴɵù�ʆĉɈCŸɲňʲ͡O	

c
L
2 − u2

c
L

R ′u
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Ḷ2ʲ͡OãƸɶ�ʲ͡ɲň�ŭŀæęňɐĶ̥̉sŗŻɈǬȸħ̉N

<Ƹ͐ʢň�ɒ)̉�ɳĔ	ȩʯ̣ �ŵzŞ͠ȿ��ɢĔɈ�ƫƚ̨	Ùʯ

Ǒƭ�ạ̃2ŢˠɈ��ɢĔɈ�TīͦĜƆ�ƫʯƈˢ̈́Ƃĭ�ȔɌ̋úù

̣2�TɈǇû（ÝĜƆǻ̘ɢĔɈʟ˦ƚ̨�ƫ	ȉŸ�̣2ʆĉã�ʢɶ

͐ƴˮũ#̠�s̩̓̾ƾ̦ʡɈÙʯHĝ！Ƃƪ(ŽÚʲ)˓!µȾ)

©͜Ǔ̠�ʆĉɈŃ$Ƃƪū	̣ ͂ğǺ��̠�ʆĉɒŻ��ÆͅsƱÆ�

ʆĉ̠�ƱÆ�！�ûĠ©!ʆĉ̲ňûĠ	Ùʯ͜Ǔ̠�ʆĉɈŃ$Ƃƪū

)©(ƱÆ)͜ǓÆͅɈŃ$Ƃƪū	�ƭƛ�Ɉ�͜ǓÆͅ�Ï�͜Ǔ̠�ʆ

ĉ(̲ň)�̾ ƾÃ��ŸŪ	ʭˏ�̣2ʆĉɈ̄ͅɐɾ̠ �̲ňûĠɐÃ

Ùʯ͜ǓÆͅɈŃ$Ƃƪūħƾ͜Ǔ�ͅ(Æͅ)ɈŃ$Ƃƪū	̣͂˧!；

Ⱥ�ÆͅɈŃ$Ƃƪū�ɈĨňƾ����ĄɈ�ǉ̫Âƚ̨͜Ǔ̠�ʆĉ�¸

ˡşɈŢˠĨň	Ĩňwđˠ�Ȧ(ǻą�ȿĕƂƪƱɲ©¾?̡Kƚ̨Ƹ)ħ

H�þǇù[Ű,wŢ (ɣ�ǑǷŌĈƚ̨ɈȳŨ)ħȄǊ�¸Ɉʟ˦ˡş̹š	

ạ̃�ĨňǠ�ŢĠɶ͐vÆͅɈěø；Ⱥ̢�ʷ˚˧!ƾÁÆÃūɈ	Ŗ̣

2͜Ǔ̠�Ɉʆĉ!Mʩʲ͡§G�ŽɾB!Mʩʲ͡§G�ɈŵŗƸǥƓ

Maxwell �ĹãǠ�¡ívɈÆͅÏŭHƐÆǠ��ɢĔɈƱÆ�ûĠ�

ŻǱǻs� k !(ɾB)Æͅƫ (ͅ˹˟ Supplementary Information % Part 1)	

ĩʂ Maxwell �ĹƴȇɢĔŢĠɶ͐vÆͅÏɈƱÆḶ͂ĺǌSȿ̫ŖɈ

ʐǖǗAĩͅ，¶ÆͅÏɈûĠÏƱÆãɶ͐ÁõɈ�Ĺˡş	 

ͱkɢĔɶ͐ÆͅɈʐǖǗA	a˯ɶ͐ǠȦɈÆͅÏęň! XčƾM

ʩÏƸ͐Ɉ�ƫ©! X(x, y, z, t)	čɈĔ$!�a˯ãǠ�Ƹ� tY(V)；ɦ

�É P(x, y, z)ȦɈ͎¡í V vo̽ÆͅÏɈ�ƫ̻#  

[?��ȺɈ X ̾ƾɶ͐èǡ(x, y, z)ÏƸ͐èǡ t Ɉ�ƫ]	�ͦʭĚʆĉMʩʲ

͡§G�ƸɈŵŗ	 

X ƾ��ʟ˦ŀæÆͅãMʩʲ͡§G�Ƹč�ÆͅƫɎ%͐Ɉrʋǋ

< Maxwell �Ĺ	ą Fig. 1a ſɦa˯ã��ͦF�WȆȇʕƱÆǊûĠɐÃɈ

�éŢ¡í Ï 	ąǝ �o̽ÆͅÏ!  �o̽ÆͅÏ! �č

@ɈÏ! Ķ! ˯ÏĶÆͅ4/ M Ȧ (Fig. 1b)	͆/�ͦa˯F�W

ſ¶¡í Ï ɐɾ�ʆĉãǏµȾ̠�%�Ǹͨʭˏʟ˦ČƩŅ	ɀ/ʆ

ĉ̲ňƱÆæ��ĹɈȲụ̄ ��ÆͅŭǊÆč@ŀæ_ ̡ͥɈ`Æ©

Ï ̾`ÆŗŻ 	̣ǣǠõ X ȆFȇʕƱÆɈ¸ ȸŅ˸� X ɈV

Ƹ¸ ȸɐr,̣�VƸ¸ ȸ̢·¼ø��ÞǊÙʌ(©ŗŻ X Ɉʆĉ̠�

k

X (x, y, z,t) = lim
V→P

Y(V )
V

VA VB VA OA
! "!!

VB OB
! "!!

OC
! "!!

AB
! "!!

VA VB

OM
! "!!!

OA
! "!!

OB
! "!!

OM
! "!!!
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̲ňûĠ)ɈŘÐtO_、�ɢĔ	Ùʯã�ʭˏÙęň(�ƎMʩʲ͡Ï

ƱÆʲ͡)ŏ̇Ɉʆĉ͐ĶōƸ?���¸ ȸ%͐Ņ˸ŻǱǻ	 

 
Figure 1 | Ţ¡í VAÏ VBõɐ1Ƃƪ�ŗŻ¬ȼɦŸà 

͆/Æͅ(ɚͅ)Ïƫͅ(ǡͅ)ɐKɈŢɮ�ụ̄̄͂DȪĕƂƪɈƙ

ĝƱŎ	ąǝǠ�¡í W ɀ͎ǆͦ S ÝŻ̻#ãƴɵĠƸǷ vX ãǆ

ͦ S �Ǡ�ƴɵĠͦɮi dS õɈȇƱÆɈƱÆĝƫ � S ſÝŻɈ͎¡í

WvȆȇƱÆȍ̟ dS ɈÆͅ ŻǱǻ(Fig. 2)a˯ǻTʋƫ!Ǳĕƫ D	 

 
Figure 2 | ÆͅÏęň X ƂƪɦŸà 

<Ƹ� t1 � t2Ŗ�ʭˏÆͅęňě D ɈŘÐƸ(©Áõ̹šɐÃɈǻTʋ

ƫ)͎ǆͦ S vo̽ÆͅÏ A Ɉ¸ ! 

   (11) 

ǥƓ Gaussian pŎEq. 11 ̢¾xŻ 

dt

∂X
∂N

dX

δA = D ∂X
∂N

dS
Σ
!∫∫

⎛

⎝⎜
⎞

⎠⎟
dt

t1

t2∫
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   (12) 

s�D! Laplace ʁĉ；ɦěMʩ(x, y, z)Ɉ.͔ĝ	ʯ Eq. 11 ĳ̜ °¾?

xŻ 

   (13) 

˩ Eq. 13 ɾ/ Eq. 12ł¸ƒɮ�ǯń 

   (14) 

ȉŸ� t1�t2 ?²¡íWæ!CŸ/ƾǊ�̨Ʊɲ 

   (15) 

ƿȩŖ X ɀ̠�̲ňƱÆʲ͡§G�ɾB!Mʩʲ͡§G�ɈʆĉŗŻƸ

?�ʛˮ;Żɸ	 

!X/�ƭ̤˓Æͅ�ˤ̣ ͂͢˝ğ�ʢÆ̔ͅ !ŀͦÆͅ	�ͦɢĔ

ŀͦÆͅɈʐǖǗA	ĩʂ Eq. 15 �Ɉ̠ʁSȿ+�ʢÆͅŖěɶ͐Æ̤ͅ˓

Ţ�ƢRƸŭƾ¶̍ɪƴɵĠɈ�ȦõɈÆ̤ͅ˓ÏĶ̠ʁ̣ ƸſǊɈɶ͐

�ʢÆͅX½ʷ；Ⱥ�ɐěɈ.ʢȲū	ěŢ�ƱɲȁˤÅ)½ʷ，Š.ʢʐ

ǖ	Ùʯ½͢˝ŀͦÆͅɈĝƫɾ©¾?ɾB；ɦɶ͐�ʢÆͅ%͐Ɉĝƫɾ

rʋ(̣ƸŀͦÆͅ¾?ZɃûĠÏč@%͐Ɉ“ˣɾ̓˝[Ű)	ʯ�ě

ŀͦÆͅbŢ�ƱɲȁˤŠ�ɈŀͦÆͅ�ƫ)ƾÓ�Ɉ�¾��ʢÆͅěŅ	

̣͂a˯ǠȦ(x, y, z, t)õ� X ɐěŅɈƚ̨ÆͅŽ�ͅÏęňɈŀͦÆͅ�ƫ

! M(x, y, z, t) [ǏʚȲ�˻ƺ?��ȺɈ M ̾ƾɶ͐èǡ(x, y, z)ÏƸ͐èǡ

t Ɉ�ƫ]¾ğ�̨ X ȿ M ǈƒ	ǈƒÅŀͦÆͅûĠạ̃ǣɈRȿǭŎ�

ƿȩ�Hƥ¸ȩʯƱÆH̓ư�̿	Lʼġ Eq. 15 ¾xŻą�ŗŎ� 

   (16) 

Ƙ�ǘɢĔŀͦÆͅ M ƱÆɈʐǖǗA	͆/ƴɵĠʆĉ̠�̩̓Ɉ̦

ʡūM )；Ⱥ!ûͅʆĉɈʟ˦ȲūÙʯŅŖƾlȟɈ	ɀŀͦǆʕˮ¾

ɛŀͦÆͅãɶ͐C�ƱÆɈ�͔ĝÏ.͔ĝêɏč@%͐ąǝŋɸ̹š�

̨(Eq. 16)ĝƫrʋɈɾŎ͢˝ğƱÆ˽Ƭ��！©ċãą�rʋ 

   (17) 

δA = DΔX dxd ydz
W
∫∫∫

⎛

⎝⎜
⎞

⎠⎟
dt

t1

t2∫
δA

δA = ∂X
∂t
dt

t1

t2∫
⎛
⎝⎜

⎞
⎠⎟
dxd ydz

W
∫∫∫

∂X
∂t
dxd ydz

W
∫∫∫ dt

t1

t2∫ = DΔX dxd ydz
W
∫∫∫ dt

t1

t2∫

∂X
∂t

= DΔX

∂M
∂t

= D ΔM

∂M
∂t

= iDΔM
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s�iƾːƫ¦MEq. 17 �̜Ã(? i©Š(�Éø�åɈ)Schrödinger Ʊ

ɲɈŗŎ 

   (18) 

Eq. 18 ©ƚ̨+̹šɐÃƂƪʋƫɈ̠�ʆĉʫ(�Ǝ̠�ƱÆ)ãɶ͐�

Ɉ�Ĺȳz)©ʚuƂƪƱɲ	ȩʯŖǠŢ¡ívʆĉʫ̠�̲ňǻ̘ť(Ʊ

Æʲ͡§G�)Žʆĉʲ͡ǻ̘ù(Mʩʲ͡§G�)ƸsěƂƪɈŘÐ̢�

Țǫ	!+Ǉ�oͦäƚ̨̣ǣɈƂƪ(̣͂ɯ!Ń$Ƃƪ)̟ɲ̢͢˝̤�

ǳ�ǜ	 

3.3.4 Ń$ƂƪƱɲǛŋ 

˝ǛŋŃ$ƂƪƱɲ͢˝ʭˏùƱͦvė�ƎŃ$Ƃƪʋƫ Ð ƾÈŅ

˸!¸ ɈtO˸ũǣƚ̨Ɓʷ�ƎŃ$ɐě (ˮŏ�)Ïȵ$ɐěˮƩŅɾ	 

IʟˠȦ˧!ƴˮɎǡÆͅ_ùû̹̾šɐÃƂƪʋƫɈƂƪƱɲ

(Schrödinger Ʊɲ),LǑƭ˧!Ð Ņ˸͜ɕɎǡÆͅ_Ɉ�ÃʯµȾ¸ 	

�ƭƛ�Ŗ�ʭˏÆͅÏęň(�ƎMʩʲ͡ęňÏƱÆʲ͡ęň�Ã)ě

D ɈŘÐƸÆͅƂƪ̹š Schrödinger Ʊɲ	ȩʯŖǠõÆͅÏęň̘ûƸ

ě D ɈŘÐª�¾ŧɄ	ą Fig. 1a ſɦŢ¡í VAõÆͅÏęňû/ VBõ	

˃č@õ/Ã�ʶǁå�VA õęňûƾǊ=BɈ˃���̢ZƏ̘͵Ɉę

ň(<Ǭȸ�ˬ¦MOɮvŏn+ǇùɈ�ɢĔň)sŤȩHȒʰʆĉɈ(ŀ

æ)̠ �̲ňɀǲH̳Ż VAõʆĉŭOɈ̠�̲ň¸ź(¯ʭ�ƭ 3.3.2)	ą

�ƭſ̨(Ž�ƭ Eq. 31)ʆĉǑ̠̑�̲ňƾ D ɈyĔÙʌƨ˸õÆ¿Ƃ

ƪ̲ȸˡş(DA)ł�ʷ� VB õÆĳƂƪ̲ȸˡş(DB)ŀǕ(a˯ Ð! DA Ï DB

ɈʣÂ)	Ùʯ͜ÆͅÏęň̫Ƹƥ¸ÁõɈŃ$Ƃƪʋƫ Ðě/´ƽ̣��

ŀǕŵzŞǊŤ˝	 

͆/�̨ʭˏ̭ƍÂ̫ɈĔͅƚ̨˸(�ŀǕ)Ⱥ̀Ɉ�ƫƾǑƭƘ�ǘ

˝ˤyɈ"˝͏ͭ	�ͦͱkěŢ¡ívɈ�ͅÆ̤ͅ˓�ˤ	 

3.3.4.1 Æͅ�ˤ 

�ͦɢĔ�ĔƫɎʆĉãǠ¡ívɾǬȸ(͜Ǔ)�ĹƸɈ�Ĺ�ƫ�a˯

Ƭ�¡í�qÉǊ n �ʆĉ!ƱXƚ̨̣ ͂ƈƬ�¡í)��! n �ûĠɐ

ɾɈɋĉɋĉ͐̍Ïò«̾! 0	ȺãɢĔÉǊM �ɋĉɈĪ̽¡í�Ⱥ k

( �Ã)�ʆĉɈǬȸ(a˯ʆĉ̋úĠ�½ˉnɋĉ�ʯͤɋĉò)	

͆/�ƭſ̨ʆĉã¡íǺ�õɈǬȸɐÃ	̻#n �ʆĉCŸ�Ĺã n �

i ∂M
∂t

= −DΔM

k ∈!
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ɋĉ�ŭɈ¾ʷɈŵzƾ ɫ,< n �ʆĉ�CŸƊ¶ k �ʆĉ�qǊ ɫ

ŵz,ğǺǯƊ¶�Ɉ k �ʆĉCŸƦnM�ɋĉ��qǊ ɫŵz,ʯ

��Ɉ n – k �ʆĉCŸƦn n – M�ɋĉ��qǊ ɫŵz	Ùʯ

M�ɋĉ��Ⱥ k �ʆĉɈǬȸ P(M, k)¾；ɦ! 

  (19) 

a˯Ƭ�¡í�ʆĉƫɎ n !ƴɵûŖ n ® +¥Ƹě Eq. 19 ¶ǚ͘©Š 

   (20) 

wǯŔ˽s�M=；ǠĪ̽¡íſȔɌɈɋĉƫɎ(ã�ʢɶ͐)©Oɮû

Ġ)k =；ã˸¡í(M�ɋĉ)v�ȺɈʆĉƫɎP =；ã˸¡í(M�

ɋĉ)v�Ⱥ k �ʆĉɈǬȸ	Eq. 20 ©!(î/MʩɈ)Poisson �Ĺ	 

̣͂˧!ğƬ�¡í(̣�¡í¾?ƾƬ�Ďē)¾?ƾ�ÉʭĚě̀

ãvɈ̘Ń͒（Ý)��!ÏʆĉƫɐÃɈæ�ɋĉƾ��ǉÂ̫Ɉ��Ʊȇ	

͚+¾?|ġ¯ƫ�ƱX˨ˮø̢Ǌą�ʭˏ�ąǝɋĉOɮwû�Ȧğƴ

ȇɢZ�ƭÆͅ�ˤɈ{ɢū,ąǝwĠ�Ȧğ�ʷOȺʆĉɈ�ʖRȿ	Ù

ʯǑƭğo̽¡í��!�s�ÉʆĉƫɎɐÃɈæ�ɋĉạ̃�îɠ�̤

˓�ͦvėɈ˨ˮ	ǑƭğƬ�(ȹð)¡íɯ!ŭ¡íğs�ÉɈ̽�(Ɏ

ǡ)¡íɯ!ĉ¡í,ŭ¡í�ÉɈſǊʆĉɯ!ŭʆĉʫs�̽�ʆĉɯ!

ĉʆĉʫ	 

Ƙ�ǘʭĚ�̠�ĉʆĉʫã�̨Ǡĉ¡í V �ɈɾǬȸ�Ĺȳz	ã

Eq. 20 �M =；(ʭĚě̀ʆĉſ�Ĺ¡íɈ)ǠĪ̽¡íſȔɌɈɋĉƫ

Ɏ(OɮûĠ)	ƒ�ˣňɒŖğŭ¡íƑȪ�̨ƱŎ��+æ�ɋĉÅM

)¾?=；ċã/ĉ¡í V vʆĉɈŀæɐěęň̻�˚¯ʭɈęň©!ŭ

¡í�ŭʆĉʫɈŀæęň	M=；̣�ŀæęňɈ]ƫk =；ãǠ�ɋĉ�

�ȺɈʆĉƫɎP =；ã˸ɋĉ��Ⱥ k �ʆĉɈǬȸ	ĉʆĉʫã V�Ɉ�

ĹƾęňŔň!MɈ Poisson �Ĺ	Ƙ�ǘw�ǜ Poisson �ĹpŎ Eq. 20

čsĕħƾ ƑľʑƫĭŌÅɀ k ɢĔɈÁͧ_��§ _Ɉǻ̓	ạ̃͂Ɉ

Ÿ$ħƾɐěęň!MɈĉʆĉʫ�Ĺãĉ¡í V(a˯ VſȔɌɈɋĉƫ

Ɏ̋úû)ſȔɌɈɀ�̨ǡ{ſɢĔɈ¯ʭɋĉvƸſÉʆĉƫ! k Ɉɋĉ

§ V�ŭɋĉƫɈǻ̓	ɀƫČ�ǜ¾ɛ̣�ľʑƫĭŌƾÓ�Ɉƿȩ̣

nn
n
k

⎛
⎝⎜

⎞
⎠⎟

Mk

(n−M)n−k

P(M,k) =

n
k

⎛
⎝⎜

⎞
⎠⎟
Mk (n−M)n−k

nn

P(M,k) = e
−MMk

k!

eM eM
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�ƫɎǻ̓�Ĺ)ƾÓ�Ɉ	ąǝğ Eq. 20 ¿̜ͧ(? k˫! R(M, k)©!

ą�ŗŎ� 

   (21) 

̻#čɈ(ƑȪ k)̮ͧ�Ï=；ğM �ˤŻƴɵùͧÅ��¾ʷɈ�ˤŗ

ŎÙ�̨ľʑƫĭŌƾÓ�ɈÙʯ̣ǣ(Éľʑƫ)ŗŎɈ�ˤ)ƾÓ�Ɉ	

ƑȪ�̨ȱȼŸ$ȼˤEq. 21 ɈŸ$©!ğɐěęň!M(̣�ɐěęňã

V�ƾŀæɐěęň)ɈʆĉɾǬȸ�ƪ� VſȔɌɈ(ƴɵù�)¯ʭɋĉ�

ÅÉǊ k �ʆĉɈɋĉ�Ɉʆĉſ�ƞɈɐěęňěŭɐěęňM Ɉ̃ȷ	

ğ Eq. 21 (? V �ſȔɋĉƫɎ©!ÉǊ k �ʆĉɈɋĉ�Ɉʆĉŭƫ	ɀ/

ʆĉƑỌ̈̄ǣŗŎɈ�ĹƾɢĔɈ——ǋ< Poisson �ĹÙʯ<̣�ˣňɒ

ě/ɐěęňṂǣ(Éľʑƫ)ŗŎɈɐěęň�ˤ)ƾÓ�Ɉ	 

ąǝ M !÷ƫ(ŽŀͦÆͅ)̻# Eq. 21 ¾xŻÆͅŗŎ 

   (22) 

ğs͚? k ɈŗŎVȩƾ ƑľʑƫĭŌÅɀ k ɢĔɈÁͧ÷ƫ�÷ƫ Ɉ

ạ̊́͂ù+��ƱÆʯ�̣�ľʑƫĭŌƾÓ�Ɉ	Ãǣäğ Eq. 22 ̮ͧ

�ÏÅ)ƾÆͅ M Ɉ���ˤ	̣ɫÉľʑƫŗŎɈ�ˤ)ƾÓ�Ɉ	 

Ⱥãʭˏ̠�ĉʆĉʫ̲ňã�̨ǠŢĉ¡í V �Ɉ�Ĺȳz	ąǝŭʆ

ĉʫ�Ɉʆĉãŭ¡í�͜Ǔ̠�̻ #ĉʆĉʫã̋úĠɈǠŢĉ¡ívɈǠ

�Ƹ͐�Ȯ�Ɉ�Ĺ(Ŗʆĉ̲ň̋úťƸ))¾̡KɒRǬȸæɾ	ã7ʅſ

õɈĨň（Ý(�ͦğHʻȌä˰ƺsĕãCŸĨň（Ý)¾?˧!Ďē�

}&Ǻ���Ţ¡í�Ɉĉʆĉƫ̾ƾĵûɈÙʯ̠�ĉʆĉʫãǠŢĉ¡í

V vɈ�Ĺ¾?ȿ Eq. 20 ǘƚ̨	ǠŢĉ¡í V �Ƒ k ��ɈÁʅɋĉ�Ɉ̠

�ʆĉ̾¾?ŗŻ���Æͅs���̇! V�ŭÆͅ	ąǝÉʆĉƫɎ!ɢ

Ĕ_Ɉ Vv̠�ĉʆĉʫɈŭ�ʢÆͅÏ Y �Ĕ()©Oʋæ̲ u �Ĕ)̻#

sÁ�ÆͅɈǭ(Ǭȸæ_)ÏŗŻčɈʆĉƫ(ãs̋úûƸ̡K)ŻǱǻ

ǻTʋƫ! u(˹˟ Supplementary Information % Part 4)	͢˝ȉŸɈƾ©X

k = 1 Ɉŵŗã V�ɈǣǑƫ)Ņƾ¢�ŇûɈ	ÙʯƑ k ��ɈÁʅɋĉ

�ɈÁ�ÆͅɈǭ(Ǭȸæ_)%͐Ɉǻ)ɀ Eq. 20 ſɢĔɈÉľʑƫɈŗŎÓ

�ɢĔ	R! Y � VɈÔɈǚ͘_ XsVȩ¾?ŖRŢ¡í VvɈ�ʢŭÆ

ͅÏʭˏÙʯ)ċã�ˤ!? k ��ɈÁʅɋĉ�Ɉǭǻɀ Eq. 20 ɢĔɈ�

ÆͅŗŎ	Ŗ�ʢÆͅ X ãÁʅɋĉ�Ɉ�ʢ�ˤÆͅƽĞ�ŀͦÆͅ M ã

R(M,k) = e
−MMk

(k −1)!

R(M,k) = e
−MMk

(k −1)!

eM eM
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Áʅɋĉ�Ɉ.ʢ�ˤÆͅƸƿȩ)ċãɐŅɈǭǻɀ Eq. 20 ɢĔLƱÆǏ

ĔɈ.ʢÆͅ�ˤŗŎ	ɀ�̨ǡͅM Ɉ�ˤƱȇ(Eq. 21)¾ɛě/Æͅ

M Ɉ�ˤ˃ZƏǭǻǋ< Poisson �ĹŤȩ͢˝Ó�Ɉ�ŗŎɢĔɈÉľ

ʑƫɈŗỌ̆�Ť˝ǗA%�(˃˝ȁǭǻÃƸ�ŗŻč@Ɉʆĉƫ k ŻǱǻ

̢͢˝¼��Ť˝ǗA© u = 1tO˟ Supporting Information % Part 4))

© Eq. 22 ɢĔɈ˦ʁÆͅǭɈƱỌ̆ ƸÁ�ÆͅƱÆ)ħ˚Ó�ɢĔ	Ùʯ

tǊɐÃʆĉƫ k Ɉɋĉ�ſǊÆͅÏɈŀͦƽĞ©! Eq. 22 �ɀ k ɢĔɈ̻

�ͧɈ�Æͅ	Ŗ k ¶ �ſǊ_Ƹğ̣2ͧ���̇©!Æͅ M(ãƑȪ

? k ��ɈÁʅɋĉ�)ɈÓ��ˤ© 

   (23) 

Ǳą�ƭƛ��ƴˮ̠�ʆĉƾMʩʲ͡§G�̢ƾ̠�ƱÆʲ͡§G�

½˝；ɦč@ɈÆͅɐɾsě/Ƃƪ?²ɐěˮƩŅɈŘÐ̾ƾɐÃɈ	Ùʯ

ʆĉ̲ňƱÆʲ͡§G�ÏMʩʲ͡§G�ƾɾBɈ(ŖɾB!Mʩʲ͡Ƹ̲

ňƱÆ!æ��Ĺ,ŖɾB!̲ňƱÆʲ͡ƸMʩ!æ��Ĺ	Ǒƭ�ɐɾ�

ͅ；ɦɈɾB̲ňƱÆŽMʩʲ̾͡ƾ̣�ŸŪ)	ƑȪ Supporting Information

% Part 4 �ɈʛˮÁ�ÆͅûĠ(Ǭȸæ_)©!ŗŻčʆĉƫ�sſõOʋ

æ̲%ɮ	ğǺ��ĉ¡í VvʆĉɈŀæ̲ňɒR 1̣ǣsʆĉƫãƫ_�

©Ï�ͅûĠɐɾ	ƓǲãǺʅɋĉ��ĹɈɾBÆͅ�ƫħÏÆͅûĠŻǱ

ǻ�Ǻ�ĉ¡í%͐)ƾ¾ǻ(Ž¾̠ʁ)Ɉ	Ù!�̨M¾?=；ċã/

ĉ¡í VvʆĉɈɐěęňƾ��]ƫǬŦ	ƿȩÆͅ M )Ņƾ��ɐěÆ

ͅ	�̨ǡͅMɈ¯ʭɋĉƫɎɢĔɈĕ̄©!ŭ¡ívɈʆĉǉùʷ§ǊɈ

ɋĉƫɎ	̣͂ğŢ¡í V�Ɉʆĉ(a˯�qǊ n ��Ǻ�̲ň̾! c)；ɦ

!æ̲! 1 ɈOʋÅsǉù§ǊɈ(ƂĭÅɈ)ɋĉƫɎ! ncǲ©!Æͅ

M Ɉ(ɾB)¯ʭɋĉƫɎ	Ùʯ3.3.3 ˁ�Ɉ M ɢ�äˬŅ˸ƾɐěÆͅ

ÏęňƱÆ©�˸õɈʞěÆͅÏƱÆ�！	Ǳą�̨��ɶ͐Æͅ%͐Ɉ

ÏĶ̠ʁħƾãŀͦ�̤˓Ɉ	ạ̃�ŀͦ�č@Áʻ°¾?�ˤ!ą Eq. 23

ſ̨Ɉŀͦ�ÆͅÏ	Ùʯ̣ �ʖ�Æͅ)¾?=；ÁʻɈɶ͐�ÆͅěŅ̤

˓ÏĶŽĝƫ̠ʁ	 

3.3.4.2 Ƃƪƚ̨ 

a˯ʖŻǺ� k ͔ʆĉɈ k �ɾBʆĉɈ̲ňãǺ��ɾBèǡ̗�ƉŘ

(̣͂ğsɒc͜ǓÆͅ�Ã)Ɉǡ{Ķ! 	ą�ƭſ̨k ͔ʆĉɈ̠�

!

M = e−MMk

(k −1)!k=1

∞

∑

σ
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̲ňûĠ�ǋ<¯ƫ! Ɉ Maxwell �Ĺ(̣͂ĸğ̲ňƱÆʲ͡§G�Ɉŵ

ŗɾB!Mʩʲ͡§G�ɈŵŗƂƪʋƫ!OʋÞǊɈʟ˦ČƩŅ½͢Ƒs

Ĕ$ȁæ̲)	̻# k ͔ʆĉɈŀæ̲ňûĠ 

   (24) 

ě/ k1 ͔ʆĉÏ k2 ͔ʆĉč@Ɉŀæ̲ňǻ 

   (25) 

°Ù!̣2 1 ͔ʆĉɈûĠŽʮ̄ͅɐÃąǝ k1 ͔ʆĉÏ k2 ͔ʆĉɈ̄ͅ�

�! m1 Ï m2 ( )ǥƓ Eq. 25 ſɦɈrʋč@Ɉŀæ̲ňǻ°¾；ɦ! 

   (26) 

�̨rʋɈ˹ʗ˦ʁÏƙĝ̟ɲ˟ Supplementary Information % Part 1	ɀ Eq. 26

¾ɛě/Ǻ�͔ʆĉs̄ͅŌƱ�ŀæ̲ňûĠɈɮ̾!Ĕ_(˯! )

̻#Ŗ k ͔ʆĉɈ̄ͅ! m Ƹsŀæ̲ň©! 

   (27) 

Ƃƪʋƫ¾Ĕ$!�ȆƂƪƱÆã¦MƸ͐Ǻ¦MȐňǨňǗA�êɏ

̰̟¦MͦɮſƂƪǠȱ̄Ɉ̄ͅŽƟĢƫ	Ùʯ̣͂˧!ʚuɈĕƂƪỊ̈

͂ſƚ̨ɈÆͅƂƪǑ̄ƾ�！Ɉ	ǥƓ Einstein-Brown MɰƱɲƂƪʋƫ 

   (28) 

s� ! k ͔ʆĉȆ x ̗ƱÆɈŀæMɰûĠ	ȿ k ͔ʆĉȆ x ̗ƱÆɈŀæ

̲ňûĠ =ǈŀæMɰûĠ ǥƓ Eq. 28 ¾?Š�Ƃƪʋƫ¸ŗ! 

   (29) 

Ƃƪʋƫ D Ɉ¦M! m2·s–1	ʛÂ�ǜ Eq. 28�Eq. 29(s�Ɉ t1 Ï ��ÉɈ

t ƾ�！ɈÙʯ t1 = 1 s)�̨Ƃƪʋƫ)¾ȼˤ!�¦MƸ͐vk ͔ʆĉã

ŀͦ�ſ͊ĭŌɈŀæͦɮ	̣ �ŀæͦɮÏ¦� k ͔ʆĉɈ̲ňɐr	a˯¦

� k ͔ʆĉɈ(ŀæ)̲ňûĠ! ̻#̣2ʆĉãǠ�ƱÆɈʟ˦ŀæ̲ň

σ
k

v = 2 2
π
⋅ σ
k

v1
v2

=
k2
k1

m∝ k

v1
v2

=
m2
m1

κ1

v =
κ1
m

D = x
2

2t

x

V x

D = V
2

2
t1

V 2

v
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ûĠ 

   (30) 

k ͔ʆĉʫ©?˸̲ȸãŀͦ͊ĭ	ğ Eq. 30 =n Eq. 29łğs�Ɉ t1 = 1 s Â

łnʋƫÅȿ =ǈ©Š 

   (31) 

s� ƾ? s !¦MɈĽʋƫ	 

ğ Eq. 27 =n Eq. 31©Š̄ͅ! m Ɉ(k ͔)ʆĉʫɈƂƪʋƫ 

   (32) 

�Ŏ(Eq. 32)̢¾ɒR�ÉɐěˮƩŅɈ 1 ͔ʆĉʫſƚ̨Ɉč@(ïʧÅ)ŗ

ŻɈ̄ͅ! m ɈʆĉɈ；ˠƂƪʋƫʯã�ÉɐěˮƩŅ(©! 1 ͔ʆĉʫ

ƚ̨Ɉ；ˠƂƪŵŗ)Ɉ Schrödinger Ʊɲ�ĸʚʝ�̣�ʋƫɈtOŗŎ

ğsÏ Eq. 32 ěǻ¾Š 

   (33) 

s�ħ!ʐ  Planck Ľƫ	 

3.3.4.3 Ń$ƂƪƱɲʖ˜ 

�ƭaĔƴɵĠʆĉ%͐ȄǊɐ1Rȿ	©Xč@ŗŻɈǇû̄ͅʑ�ʆ

ĉ%͐Ǌɐ1Rȿ(č)ŅƾǑƭ˧!Ɉ�Ù!ʟ˦ČƩŅʯ6ȾɈ�ɐ1Rȿ�)

̣͂)ċã��Ǉûʆĉ�ƯȒþ�ȾŻɈ�Ũ̟ɲ)©-ĕ�Ɉƴɐ1ŘÐ	

¼ø͆/̣2�ɐ1Rȿ�Ɉĕ̄̾ƾŏ�()©̠�ʆĉɈʟ˦ČƩŅs

čɐ1Rȿ�ʅë¾?ɾƩɒŝ)Ǉ͵ʑɈ�Ã̄ͅʑ�ʆĉ%͐ƴɐ1Rȿ

ɈǬŦ̾ƾɾBɈ(Åͦ 3.3.5.4 ˁğH˰ƺ̣�ˠȦƾʻȌɈ)	/ƾãǠ�

Ţ¡íɈǠ�Ƹ͐�Ȯ��Ĕ¾?ËȺƑȪ Eq. 23 ɢĔɈÆͅ�ˤŗŎʯ�

�ÃÆͅęňŢ¡ívÉǊɐɾʆĉƫɈɋĉ%͐ƾɾBɈ	̣ ƾÙ!�Ãę

ň�ŖƬ�¡í̾ɾB!æ̲! 1 ɈOʋÅPoisson �ĹyĔ+Áʅɋĉƫ

ɎɈĶōħ�ŅwǊɐÃʅë(ÉɐÃʆĉƫ)ɋĉ͐ɈĶō	ĩʂ̠�ʆĉ

?ɐÃǬȸãŢ¡íɈǠ�Ƹ͐�Ȯ��ĹŖʟ˦ k �ɾBʆĉɈŭO˓!

Ƹč@ɈŀæɾB̲ňŤȩ¸ź	ÙʯŖ̟̈ŀæƫɈɾBʆĉãǠ�Ǌ͘

¡í͡��ȺƸX；Ⱥ!˸¡ívʆĉƬO̲ň¸źŽ·ʟ˦ČƩŅŘÐƺƿ	

? k ��ɈÁʅɋĉ�Ɉʆĉ?č@Ɉ(ɾB)æ̲̠��É k �ɾBʆĉɈ

ɋĉ̄ţŀæãǺ�ɋĉ�ţ	Ã�ʅë(ÉǊ k �ɾBʆĉ)Ɉɋĉ%͐Á

V = v
2

κ 2
D =κ 2v

2

κ 2

D =κ 2
κ1
m

⎛
⎝⎜

⎞
⎠⎟

2

=
κ1

2κ 2
m

κ1
2κ 2 =

!
2
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� k ͔ɾBʆĉɈŀæɾB̲ňûĠɐÃ�ĔɼÂ˸ʅëɈƂƪʋƫſɢĔɈ

Schrödinger ƱɲƂƪŗŎ	ÙʯƑȪ�ƭƵ��ĄɈɋĉ͂ɈʆĉƫɎ k !�

ʖ¯ʭ��ʭˏsěŅɈÆͅ M �ˤÅɈÁͧ R(M, k)kʭĚč@Ɉ¦ȴ

ƂƪȩÅwğs¹���̇©¾；ś͡OƂƪ¸ź˓!	 

̣͂ğǺ�ÉǊ k �ʆĉɈɋĉ�ɈſǊʆĉɒR��̘û̄ͅʑ�Ɉ k

͔ʆĉğŢ¡í VvſǊÉǊ k �ʆĉɈɋĉ�Ɉ k ͔ʆĉɈŭOɯ! k ͔ʆ

ĉʫ	ɀ�̨˨ˮ¾ɛk ͔ʆĉʫ�Ǻ��(k ͔)ʆĉɈŀæɾB̲ňɐÃ

soO̹šɐÃɈƂƪʋƫ	ƑȪ Eq. 32 ʝ�Ɉrʋ(Ƃƪʋƫ� k ͔ʆĉ̄ͅ

ŽʖŻ k ͔ʆĉɈ 1 ͔ʆĉƫͅŻ´ǻ)ąǝ 1 ͔ʆĉʫɈƂƪʋƫ! D1�

k ͔ʆĉʫɈƂƪʋƫ 

   (34) 

̣͂ɯ !ƂƪʋƫÙĉ	 

Ŗ�͢ʭˏʆĉ(MʩŽƱÆ)̡ ͡ĝ！Ɉʟ˦̲ň¸źƩŅěƂƪɈŘÐ

Ƹ©! 1 ͔ʆĉʫɈƂƪŵŗǲƸ� Schrödinger ƱɲěƂƪɈƚ̨�！

ÙʯƂƪʋƫ 

   (35) 

̣�ʋƫſyĔɈƂƪƱɲƚ̨+̄ͅ! m ɈɎǡĕȱ(ŽïʧÅʲ͡O)Ƒ

Ȫ(ïʧ�)ʖŻčɈ 1 ͔ʆĉſɢĔɈ(¸źÅ)；ˠƂƪ̲ȸ̤˓ǬȸƂƪ

̠�Ɉ��ČLčãsŐƪɶ͐Ɉ�ĹȲśɀʶǁå� 1 ͔ʆĉɈƂƪ˓!y

Ĕ	Ŗ ƸƑȪ�̨˨ˮğ Eq. 35 =n Eq. 34 ©Š k ͔ʆĉʫɈƂƪʋ

ƫ 

   (36) 

̣ɐŖ/ k ͔ʆĉʻ̠̑�|źĝ！sʖŻɈ̄ͅ! m ɈɎǡĕȱ(ŽïʧÅ

ʲ͡O)；ˠƂƪ̲ȸɾǻ�͗	˸ ƂƪʋƫſyĔɈƂƪƱɲŸ$Ã�ͦ 1 ͔

ʆĉɈŵŗʅK©!�̄ͅ! m ɈɎǡĕȱ(ŽïʧÅʲ͡O)ƑȪ(ïʧ

�)ʖŻčɈ k ͔ʆĉſɢĔɈ(¸źÅ)；ˠƂƪ̲ȸ̤˓ǬȸƂƪ̠�Ɉ�

�ČLɎǡĕȱãsŐƪɶ͐Ɉ�ĹȲśɀʶǁå� k ͔ʆĉɈƂƪ˓!y

Ĕ	 

ğ̻2ɋĉ�ÉǊ k �̠�ʆĉ(k ͔ʆĉʫ)ɈÆͅÏ R(M, k)(Ƭ�Ţ

Dk = D1 ⋅
1
k

1
k

D1 = − !
2m

k >1

Dk = − !
2m

⋅ 1
k
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¡í V vɈ�Æͅ%�)ěMʩ(x, y, z)ȁ.͔bĝƫłȉŸ��͐¸ͅ M

©Šą�ŗŎ� 

   (37) 

s� 	̣͂͢˝Ŕ˽Ɉƾ�˦ʁěÆͅ

M ɈĝƫƸǻ̘Ķ_ſ¶Ɉ��(ƴɵĠ)Ţ¡í V1 Ï V2 ɈʞěûĠƾɐ

ɾɈ	ğ Eq. 37 (?Ǻ�͔ʆĉʫɈƂƪʋƫ(Eq. 36)ÅwğÁ͔���̇

¾ŠƬ�Ń$Ƃƪ；̝Ŏ(�Ǝʋƫ)� 

   (38) 

̣ǣ˦ʁſŠɈƂƪħƾ<Ƭ�(ƴɵĠ)Ţ¡í V1 � V2 ɈŃ$Ƃƪ	ğ

Eq. 38  ʀ©!ą�ŗŎ� 

   (39) 

ğ Eq. 18 �ɾÀĳɻɈ̽�Ï Eq. 39 ʖÂ��̇©ŠĐƬɈÆͅŃ$ƂƪƱɲ

；̝Ŏ� 

   (40) 

ÙʯÉǊɐěˮƩŅ(�Ǝŏ�)ɈŃ$Ƃƪʋƫ；̝Ŏ! 

   (41) 

̣͂ɈƂƪʋƫ�ƾĽƫʯƾ��̠͜�ʆĉɐěÆͅÏęň¸ ɈʻȩƐƫ

�ƫ	̓ ǲÆͅɈŃ$ƂƪƱɲÏʋƫ Ð̾ĸɢĔ�ǘ	ǥƓ Maxwell �Ĺ

¾?ɢĔǠŢ¡ívɶ͐ɾBÆͅɈûĠʯ̰̟ Eq. 40 �¾?ɢĔɶ͐Æͅ

ɈûĠÏƱÆ(÷ŀͦv_)	̓ ǲɶ̠͐�ʆĉʫɈîǑǊƩ[Ű̾ĸ，¶	 

î/ɶ͐MʩɈƂƪ¸źȺ̀ƾMʩʲ͡§G�Ɉʟ˦ČƩŅãƂƪƱͦ

ɈÓ�OȺ	ƿȩŖʆĉMʩʲ͡§G�Ƹč@Ɉʟ˦Č(ŏ�)ƩŅ¾?

̰̟ Eq. 38 ɈõȼƱȇOȺ	Ǳą�̨o̽ɈɐěˮƩŅ�ƎMʩÏƱÆʲ͡

Ɉʟ˦ČƩŅ	ʯě/ʆĉ̠�̲ňƱÆʲ͡§G�ɈŵŗÙs¾?ɾB!M

ʩʲ͡§G�Ɉŵŗ(˹˟ Supplementary Information % Part 3)̣Ƹʟ˦ČƩ

Ņ)ɐŅ̔ɰ©̰̟î/ɶ͐MʩɈƂƪ¸źȺ̀Ó�OȺ	ʣ�Ŗğ̣2

(̤˓ɐě õȼÅɈ)ļǊ�ɫʟ˦ČƩŅɈ�Æͅȁ.͔ĝÅ? k !ǡ{�

∂2R(M,k)
∂M2 ⋅T 2(M)+ ∂R(M,k)

∂M
⋅ ΔM

T 2(M) = ∂M
∂x

⎛
⎝⎜

⎞
⎠⎟

2

+ ∂M
∂y

⎛
⎝⎜

⎞
⎠⎟

2

+ ∂M
∂z

⎛
⎝⎜

⎞
⎠⎟

2

− !
2m

1
k
⋅ ∂

2R(M,k)
∂M2 ⋅T 2(M)+ 1

k
⋅ ∂R(M,k)

∂M
⋅ ΔM

⎡

⎣
⎢

⎤

⎦
⎥

k=1

∞

∑

− !e
−M

2m
ΔM−T 2(M)⎡⎣ ⎤⎦

i ∂M
∂t

= − !e
−M

2m
ΔM−T 2(M)⎡⎣ ⎤⎦

Ð = − !e
−M

2m
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�(?�ÃɈƂƪʋƫł�ÏƸ©¾ĕȺğ̣2̠�ʆĉɈo̽ɐěˮƩŅʔ

n Eq. 38ʯ9Ǌ Lorentz ¥¸ʐǖɈƱɲ(ą Dirac ƱɲÏͅĉåˮ)�̋?

OȺo̽ɈɐěˮƩŅ	 

3.3.5 ě Eq. 40 Ɉ̤�ǳʭĚ 

3.3.5.1 � Schrödinger ƱɲɈrʋ 

ğ Eq. 40 ɾÀ¿̜ƑȪ e–MɈľʑƫĭŌ©¾Š�ą�ɾŎ 

   (42) 

Ŗ Eq. 42 ɽ.˓ɾÀ¿̜½¶ɽ�ͧƸ˸Ʊɲ©!�Éø�åɈ Schrödinger

ƱɲŗŎ	Ùʯ<ŗŎ�ɒ Eq. 40 ©!ě Schrödinger Ʊɲș�+ƫͧ\ǱÅ

Ɉʛǝ	ƿȩSchrödinger ƱɲŗŎ��ÉɐěˮƩŅƨsQ̽�©ɀɐěˮ

ƩŅĝ！	ŖȈ�ƫɈǭ Ƹƿȩ ƾǻ ͵͔ɈƴɵĠ(̣

ɫŵz)ʅK/̲ňŞĠL�̲ňŞûƸǱ�QőȈ��ƫŵŗ),ʯ� Eq. 42

�ɽ.˓ɾÀ¿̜  ͧ%ÅÁͧ̾ƾ� M Ž M Ɉ͵ǯľɈ(ɮƿ

ȩ)ƾǻ ͵͔ɈƴɵĠ	ÙʯŖ ¶̘Ġ_ƸEq. 40 X¾̡K!�É

ø�åɈ Schrödinger ƱɲŗŎ,Ŗ ¶̘û_ƸEq. 40 �ɐěˮƩŅ(̠

�ʆĉɈʟ˦ČƩŅ)ƺƿ�¾ȿ Schrödinger Ʊɲ=ǈ	 

3.3.5.2 �Ƃƪʆĉʫ 

ͅĉåˮ��Éʆĉ6Ⱦ�ȜȄʁɼḶǣŗŎɈƚ̨ƾȾɡɈ	Ǒƭſ

ʝƱɲ(Eq. 40)�üȩ�É+ʆĉ6Ⱦ�Ṟ̑Ɉ̟ɲȽʼ¾?ʝ�s¤˘ǎ(̣

͂�ȗnɞɴ̣�͏ͭ)	Ʊɲ Eq. 40 !ƚ̨͜Ǔ̠�ʆĉʫŃ$ƂƪɈƱɲ

Ŗ 

   (43) 

ƸM �͜Ƹ͐ t ¸ ɼÂ˸ǗAɈʆĉʫ©!ɳĔɈ�Ƃƪʆĉʫ	̣�

ʆĉʫ)¾ɒŻǇ͵̄ͅʑ�ɈʆĉčƾɀɼÂʟ˦ˡşɈ��ʋ�ǇN̄ͅ

ʑ�ʆĉǛŻ	 

!+˹ʗʭĚ�ƂƪʆĉʫɈŗỵ̄͂a˯ M 9ƾMʩ(x, y, z)Ɉ�ƫ�

!̠�ʆĉMʩʲ͡§G�ƸɈŵŗ	ã�ʢɶ͐vě Eq. 43 ̅,ą��ĈǗ

A� 

i ∂M
∂t

= − !
2m

1−M+M
2

2
+!

⎛
⎝⎜

⎞
⎠⎟

ΔM−T 2(M)⎡⎣ ⎤⎦

= − !
2m

ΔM−T 2(M)−M ⋅ ΔM+M ⋅T 2(M)+!⎡⎣ ⎤⎦

M → 0 T 2(M) ΔM

−T 2(M)

ΔM M

M

ΔM−T 2(M) = 0
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   (44) 

ʱɸ Eq. 43 Ï Eq. 44 ̤˓ƫ_ȁˤ(ȁˤ̟ɲɈ˹ʗ Mathematica =ɝ˟

Supplementary Information % Part 9 � Fig. 3 Ɉʜ�̟ɲ)Š�ʆĉ̄ͅęň

( )Ɉ�Ĺȳzą�àſɦ(Fig. 3)� 

 

Figure 3 | ɼÂ Eq. 43 Ï Eq. 44 ǗAɈʆĉʫ̄ͅęň�Ĺà(��Ãˣň

ĭɦ)	a, �ʢ�Ĺ,b, z = 0 õɈ.ʢ�Ĺ,c, z = 0 õɈ.ʢŀͦęň�Ĺ,

d, y = 0, z = 0 õɈ�ʢ�Ĺ	!ƱXěǻǺĿàɈ�(�)�èǡ̗%͐æ

̀ȿ 1 : 1 ǻTƿɦ	 

<à�¾?ɒ�ɳĔʆĉɈ̄ͅ}&o̽͡�/ûȻţ̡͕Ɉ��ĠȻȳ

¡ívsQ̽��¢�ɶƹ(̄ͅęňǚN)̣Ï¬ĉʛǛǚ!ʅK	˸ʛ

ǝ̤�ǳĔū˻ƺEq. 40 �9¾?ȁˤɁĉ�Ĺ̢¾?ȁˤƬ�¬ĉ�Ǥ̄

ͅ�Ĺ	 

͢˝ȉŸɈƾě/ Eq. 44 ſʝɈ̜ɂǗA ãȁˤ̟ɲ

�¶+Ȼͦ �Ɉ_! 1 + 2 iǘ̡Ḳ�ǗA	¾?ƙƯŖ̣

M(0,0,0) = 1+ 2 i,
M(x, y, z) = 0, x2 + y2 + z2 = 42.

⎧
⎨
⎪

⎩⎪

M
2

M(0,0,0) = 1+ 2 i

x2 + y2 + z2 = 0.042
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�(v̜ɂ)Ȼͦ¤Ŝ̊/ƴɵĠƸsʛǝVȩʅK Fig. 3 ſĭɦɈ̣�ŗȳ	

ÃƸǑƭ̢ȁˤ+ɐÃǗAɈ.ʢŵŗtOˤȇÏʛǝ˟ Supplementary 

Information % Part 5	ã�ŘÐ͏ͭ˨ˮɈŵz�̣͂9ě�ĈǗAɈǭ¶+

̘ĠɈ_( )Ïɐě̘ûɈv̜ɂȻ¤Ŝ(0.04)	ąǝğǭ̤�ǳñûŽv̜ɂ

Ȼ¤Ŝ̤�ǳ|ĠH�ȺĶōǇƺƿɈęňěǻʛǝLǲƸƱɲȁˤÏàŗ

ʜ�͠ň̾Hûûñ�	¼ø�̨ø̜ɂǗA¶¤Ŝ! 4 ɈȻͦ��ƫ_! 0

̣)ƾĕ͖ŵŗɈ̡K	ãĕ͖åǁ�ɞɴě̀ÌÝȱ̄ȹð÷ǔ	©X�ʭ

ˏ̣ɫ÷ǔȹðɞɴě̀)Hõ/̄ͅęň�! 0 Ɉʶǁå�	ǲƸø̜ɂ

ǗAŅ˸ãƴɵ̥õ!��Ƙ̡/ 0 ɈĽƫ_ŽǭƘ̡/ 0 ɈȈ�ƫ[Ŗ M ƾ

Mʩ(x, y, z)ÏƸ͐ t Ɉ�ƫƸ]	 

î/ě�̨Ʊɲ(Eq. 40)Ɉ�ụ̈̀͂ƙȏĎē��2}&�˘¸Ɉ̘û̄

ͅʑ�ʆĉɈŗŻǓ��̣�Ďē�̘N̄ͅʑ�ʆĉã͜ǓȈ�̠�̟ɲ�

ąǝ̶�Â̫ɈøɂǗAħǊǓHŗŻ�Ĺ�！Ɉ˼ùͲȈ	ŖøɂǗAƥ¸

Ạ̊2ͲȈ͜Ƹ͐Ń$ƂƪǊɈȒþǵĩ,ǊɈ�ŗŻ+îǑɼÂ�̨ǗAɈ

ʆĉʫŗȳ<ʯ¸Ż˘¸ǚsʤźɈǇû̄ͅʑ�ʆĉ(˘¸̲ň¶y/ Eq. 

40 � �ƫ_Ïʆĉŗȳ�ǗA Eq. 43 ɈɼÂɲň)͍ǎ̘ɳĔäċã/Ď

ē�(ąǝøɂŽ̜ɂǗAǏµȾƺƿ¸ )	ã�ÃMʩÏ�ÃøɂǗA�

¾ʷŗŻęň�ÃɈͲȈ�ƷîǑɼÂ�̨ǗẠ 2ͲȈX¾?̘͍Ƹ͐Z

Ƀ�ǘ<ʯŗŻ�Ã̄ͅûĠɈ̘ɳĔɈǇû̄ͅʑ�ʆĉ	ʼǲ¾?ƯĔ

đˠ̄ͅǬŦ©!ǯN̄ͅʑ�ʆĉãǠ¡íʲ͡ƫɎùġɈ´ƽʯđˠʷͅ

ǬŦ�ƾǯN̄ͅʑ�ʆĉãǠ¡íǏʲ͡ƫɎùġɈ´ƽ	ʯ�̣ �ʮ%͐

ɂͤ͘Ľǭʊ	͢˝ȉŸɈƾ͆/˦ʁˡǭɾ͘�ǑƭƴȇǭƋŽ˩7Ɏɖ

<æ��ĹɈʷͅŽsčǗA�ȾŻʆĉɈ̟ɲÙʯ½˯ŷ+�̨¾ʷɈ6Ⱦ

̟ɲsɓĕū̢ǊŝʭĚ	 

�̨vė9˨ˮ+ʆĉMʩʲ͡§G�Ɉŵŗě/ʆĉ̠�ƱÆʲ͡§G

�ɈŵŗˤȇƾɐÃɈtO˨ˮğã 3.3.5.4 ˁ�̤˓	 

3.3.5.3 �ĈȈ�ƫ̅,ƱŎ 

ƿȩEq. 40 ȁˤƸSȿɈ�ĈǗAěȈ�ƫɈǭûĠƾǊ˝ȁɈ�ͦ:

ʙǯʑ̄ͅʑ�ʆĉMʩʲ͡§G�Ƹ(ûù©!ǲɫŵŗ)̣ ��ĈȈ�ƫɈ

ɢĔƱȇ	ʱɸ Eq. 29�Eq. 32 Ï Eq. 33 łȒƔʚuƂƪʋƫ D Å©Š 

   (45) 

ȉŸ� Eq. 45 � t1 = 1 ṣ͂、ƸğsŧɄğs�Ɉ m ȿǠ�¡í Vv

5

e−M

V 2 t1 = !
m
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Ɉ̄ͅ ǈƒłãɾŎ�̜ŌƱ¶ǭ¾Šã˸¡ívʆĉʫɈŀæ̲ň Ɉ

ûĠ<ƫ_�Ɉ；ɦŎ! 

  (46) 

<ʟ˦ČˣňɒÆͅûĠɐÃ�ƱÆãɶ͐æ��ĹɈʋʟǠ¡ívÆ

ͅÏûĠ 	s� !˸¡ívǺ�ʆĉěŭÆͅÏûĠɈŀæ̃

ȷk !Æͅƫͅ	ąǝğ̣2͜ǓÆͅɒR̲ňûĠɐÃɈŢĠʆĉãɶ͐Ɉ

͜Ǔ̠�̻#Ǡ�¡í V vʆĉʫɈŭO�ͅŽʮ<ʟ˦Čˣňɒ!ŭɈ̠

�̲ňÏɈûĠ 

   (47) 

s�k !¡í V vɈʆĉƫɎ	ğ Eq. 46 =n Eq. 47 łğs�Ɉ k ȿ =

ǈ©Š 

   (48) 

s�µ!¦�ʆĉɈ̄ͅ	 

< Max Born ěȈ�ƫˤ́Ɉˣňɒ��OʋɈȈ�ƫŕ� Å(a˯!

)ãȈ�ƫſ²ÁõɈ̄ͅęň©! 

   (49) 

s� m ƾɎǡě̀Ɉ̄ (ͅÃ Eq. 40 � m ɈŸ$)	sĕ©X�ƾ< Max Born

ěȈ�ƫɈˤ́ˣňɒʯƾƑȪǑƭ̵̚<ʟ˦Čˣňɒ̲ ňûĠɈŀƱŽ

ʮȈ�ƫûĠɈŀƱ)Ï̄ͅŻǱǻtO˟ Supplementary Information % Part 

1. 

Ù!Ȉ�ƫ；ɦ¦MOɮvɈ̲ňŽ̲ňęňąǝȿ ；ɦǠȦõɈȈ

�ƫğ Eq. 49 =n Eq. 48©ŠǠȦõȈ�ƫûĠ! 

   (50) 

͆/�̨ 3.3.4.1 Ɉ˨ˮ˝Š�ɐěȈ�ƫ M0̢͢ě ̤˓̤�ǳõ

ȼ(ğs͚?¦�ʆĉ̲ňûĠ?²¦MOɮvɈɋĉƫŽ¦MOɮʶǁå�Ɉ

ʆĉƫłğ M0 ̅,� ɐÃɈƱÆ)	ąǝ˸Oʋƾɀlĉʑ�ɈʆĉʖŻ

̻# M0 ¾；ɦ! 

M V

V = !
M

X = X ⋅ k X

V = V ⋅ k

M

µ

V = !
M

⋅M
µ

=
!M
µ

ψ 1

ρm = ψ 1

2
⋅m

ψ 0

ψ 0 =
!m
µ

⋅ψ 1

ψ 0

ψ 1
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  (51) 

s�c !l̲, ƾǻ VǇû（Ý(ʶǁå)vɈŀǣͅęň�ʾ˧!

, !¦Mʋƫs_! ̣ "˝!\ǱğƂƪʋ

ƫƒʁŻ̲ňƸ6ȾɈͅʓĶōÏ：fƒʁrʋ�͝ÉɈ¦MOɮɈŸ$	?�

©ƾ Eq. 40 �ĈǗAɈ̅,ƱŎ	 

ã̄ͅęň̘NɈŵz�(ąȁˤ¬ĉǤøɁĉ�Ĺ͏ͭƸ)< Eq. 51 ，

ŠɈ�ĈǗA�Ȉ�ƫɈǭ ̾ǚsŢĠ(�ĈǗA�ʭˏɁåRȿ©X

˦ʁ̟ɲ�ʭˏ+�¬ĉǤɈͣɁRȿ�Ȉ�ƫɈǭ;!�̘Ġ_˹ ˟ 3.6)	

ƑȪ�ͦɈ˨ˮǲƸ Eq. 40 ħ}&Ï Schrödinger Ʊɲ�！)©ãȁˤ¬ĉ

ǤøɁĉ�ĹƸEq. 40 X̪ ! Schrödinger ƱɲɈŗŎʯě¬ĉOʋ�ø

�Ɂ�ɥåɈŵŗ͢¼øʭĚ	͢ ˝ȉŸɈƾ�ƭƛ�ŖɎǡOʋ(ʶǁå)

ɀlĉʑ�ɈʆĉʖŻƸEq. 51 �Ɉ c ©=；l̲ûĠ,L˃ɎǡOʋɀsč

̄ͅʑ�ʆĉʖŻƸc �=；˸̄ͅʑ�ʆĉɈ̲ňûĠ	̣͂Ɉʶǁ¡í¾

?ƾƬ�Ďē)¾?ƾ˞Ɍɞɴě̀ɈǠ�̘Ġ（Ý	Ŗʶǁ¡íɢĔÅěŅ

Ɉʶǁŀǣͅęň Ɓ¾?ɢĔ�ǘ	¼ø< Eq. 40 ?²�ĈȈ�ƫɈ̅

,ƱŎ¾?ɒ�½ǊŖMʩʲ͡ÏƱÆʲ͡ÃƸ̝�ǉû_Ƹ ƁƾƴɵĠ

�ɼÂ Eq. 43 ſƚ̨Ɉ ŗȳɈʆĉƁʷĐo�Ƃƪ	ƒ»˴˻½ǊƱÆ

ŽMʩʲ͡§G�Ɉʆĉʫąǝŗȳ�ɼÂ Eq. 43 ſƚ̨Ɉŵŗł�ʷĐo

ɩǰƂƪ	 

3.3.5.4 sčƗ˨ 

ĩʂ 3.3.5.3 ˁ9ʭĚ+ʆĉMʩʲ͡§G�ƸɈŵŗL Eq. 51 ě�ĈȈ

�ƫ M0 Ɉ̅,ƱŎVȩ´ƽ+˦ʁǠȦõȈ�ƫ_ɈƱŎ	Ùʯ�ƯǠȦõ

Ȉ�ƫ_ M ƾÈ͜¯ʭʋŽǉĠ¯ʭʆĉ̭ƍʯ¸ ½͢ʭĚ M0 ̅,ƱŎ

Ǌƴ¸ ©¾	͆/ 3.3.2 ˁɈ˨ˮãCPͣǰ(Ŷū)¯ʭʋ�ɀ/̠�

�˕̠ͅ�ɈƸ͐Ãǳ¸ Š�Ɉl̲_ c ?²yĔ M _Ɉ̲ň_̾ƾůĔ

Ɉ,ʯ Eq. 51 ě�ĈȈ�ƫ M0 Ɉ̅,ƱŎ��Él̲ c �sč¯ƫ_�·¯

ʭʋ͘�	ÙʯƴˮãCP¯ʭʋ�½˝ɼÂ�ʢɶ͐�ǗA HYPO 1–3

Ǒƭĝ�ɈƱɲ Eq. 40 ?²s�ĈȈ�ƫ̅,ƱŎ Eq. 51 ̫̾ȿ	¼øʭĚ

Ã�¯ʭʋ��Ã̄ͅʑ�ʆĉR!ǉ(ƴɵ)Ġ¯ʭʆĉƸɈŵŗ	�ĈȈ�

ƫ̅,ƱŎ Eq. 51 �͢˝ʭˏǉĠʆĉ̄ͅ,ƴˮÑɫ̄ͅʑ�ʆĉR!ǉĠ

M0 = ! ⋅
!m

c ⋅ρm,0
⋅ψ 1

ρm,0

ρm,0 = 2×10
−28 kg ⋅m−3 ! 1m−3 ⋅s

−1
2

M

ρm,0

e−M

M
2
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¯ʭʆĉ˕̠ͅ�ɈƸ͐�̠�Ãǳ¸ Š�Ɉl̲_ c ?²yĔ M _Ɉ

̲ň_ůĔ,ʯ Eq. 51 ě�ĈȈ�ƫ M0 Ɉ̅,ƱŎ�sč¯ƫ_�·ǉĠ¯

ʭʆĉ̭ƍ͘�	Ùʯƴˮż@ğùûʆĉŖcǉĠʆĉǑƭĝ�ɈƱɲ Eq. 

40 ?²s�ĈǗA̅,ƱŎ Eq. 51 )̫̾ȿ	ʣ�ʆĉ%͐Ɉŏ�Rȿæ¾

ˢ!̠�ʆĉɈʟ˦ČƩŅƴˮÑ�̄ͅʑ�ʆĉ%͐̾¾ˢRƴɐ1Rȿ

(̣��ƭ HYPO 3 ſcɈa˯ŗŻ+ʻȌ)	̣ǣ?ǘʆĉ¾?̮ʑÚʲ

Ǉ͵̄ͅʑ�ʆĉãÂ̫ɈǗA�̢¾?wŗŻǻč̄ͅʑ�Ǉ͵Ɉʆĉ	Ƭ�

Ďēƴˮ<Ñ�̄ͅīʑɒ̾ƾͅĉ Ɉʯ�Ǻ�̄ͅīʑ)̾ƾɾBɈ	̣

��ƭ AXIO 2 ĝ�Ɉ�̣��ɂɈȱ̄ƾͅĉ �Ɉpȼƙˮ(Ž�ƭa˯)

ŗŻ+ʻȌ	 

Ŗ̲ňƱÆʲ͡§G�ƸƱɲ Eq. 43 ɈŗŎh˭�̽�ʆĉ̲ňǚťʯ

čÌÝ̍ɪ�̥õɈʆĉ̲ň¾?̞̲�͗	̣ �̽�̲ňǚťɈʆĉ̢¾?ƌ

Ǌ�ĔɈ͵/ÌÝɈ̄ͅęňã�ĔǗA�̄ͅ�̲ň¾?ǲȒř (͍½˝ɼ

Â Eq. 43 ʐǖ)	�̨ʛˮ���ƭſ̨Ɉ�ʆĉãĎē�͵̲͜Ǔ̠��Ɉa

˯ŗŻʻȌ	 

ʣ�ãCPɼÂ�ʢɶ͐�ǗA HYPO 1–3 Ɉ¯ʭʋ�ƴˮǑƭ˧!Ɉ

̻�îǑɈ(ƴɵĠ)¯ʭʆĉĕ͖ƾ�ùû̄ͅʑ�Ɉʆĉ)ƴˮ̻�ʆĉ

�ʞě�̠�̲ňǊùź<7ʅ¾ȼˤɈˣňɒ̣�ʑ�Ɉʆĉ̄ͅħƾƴ

ɵĠ̲ňħƾƴɵû(ʻȌ（ÝƂĭ)	̣Xʝ+�lĉtǊ̘ŢĠŽƴɵĠ

̄ͅ�ɈˠȦ?Âȇū	ÃƸč)ʝ+�ƭ 3.3.4.1 ˁ�ě(ƴɵĠ)Ţ¡í V

vɈÆ̤ͅ˓�ˤÏ�ʞěèǡʋ̎͢͜ʆĉʫƬOɰ��ɈˠȦ?Âȇū	̣

ǣEq. 40 ̦ÃčɈ�ĈȈ�ƫ̅,ƱŎ Eq. 51 Ƶ¾?ãǠĪ̽ɶ̫͐ȿ°¾

?ã̘Ń͒Ɉɶ̫͐ȿ(Ž¾ãÁɫŶū¯ʭʋ�̫ȿ),Ƶ¾?õȼN̄ͅʑ

�ɈʆĉOʋ°¾?õȼ͵̄ͅʑ�ɈʆĉOʋ(Ƶ¾ğN̄ͅʑ�ʆĉŖc

ƴɵĠʆĉ)¾ğ͵̄ͅʑ�ʆĉŖcƴɵĠʆĉ)	î/?�ʛˮ<ƭ�

Ɉȱȼǭëƙĝ�+ Eq. 40,Eq. 40 °�ÉǊȱȼǭëɈſǊîǑ[Ű(ʟ˦Č

�)Ùʯč@%͐Ņ˸ƾɾBɈ	 

3.4 ěƫČǭëɈʀ¦ͳ˰ 

ɀ�ƭ˨ˮ¾ɛƱɲ Eq. 40 Đo¾?ƚ̨ʻȩɂɈ��-ȱÏȺ̀�s

ſƚ̨Ɉŵŗ�ƭ�Ɉȱȼǭëa˯%͐ƾ̵̚ʻȌɈLčɈ¾ͥū�ņąP

̢ŠƦ�ɓĕɈǧT�̤�ǳǩͳ	Ǒƭ̰̟ȁˤ���ĈǗA! �Ȇ x ̗
ƱÆtǊeĎɯɈ�Éø�å�ʢ Gaussian Ȉ�ɈVƸƂƪˡşÏĸɛȼˮR

ěǻR!ǧTc̤�ǳƗ˨	!+ƱX˦ʁǑˁ�ſǊ˦ʁæ̀ȿʻȩ¦M�

e−2x
2
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(©¶ ħ = c = 1)�˯ m = 1 eVʯsčˁ;̀ȿß͖¦M�	 

ą�ƭſ̨˝ǱɢȁˤƱɲ Eq. 40͢ƑȪ Eq. 51 ěƱɲ̅,ǭûĠÂ̫

Ɉ�ĈǗẠ�Ã/ȁˤ Schrödinger Ʊɲ	�ͦ?ǽ¬ĉǤøɁĉɈŀǣ

ͅęň!¯ʭǘɢĔ Gaussian Ȉ� VƸƂƪɈ�ĈǗAȈ�ƫǭûĠ	̣

͂a˯̣�ʅ͏ͭɈǑ̄ƾ�！Ɉ̾ƾlĉʑ�Ɉʆĉ̠�	¶Ɂĉ̄ͅ m = 

9.109 389 7(54) ´ 10–31 kgłě Eq. 51 �ŕ� Ȉ�ƫ �ͦɈʋƫ̤˓˦ʁ

Š�̣�_ʐ! ,ğ�̨ Gaussian Ȉ��ƫŕ� Åǭ! 	Ùʯ

ã � Ř Ð ͏ ͭ ˨ ˮ Ɉ ŵ z � ¶ ɓ ĕ � Ĉ Ǘ A Ɉ Ã ƫ ͅ ʑ ̡ K _

R!̣͂Ɉ�ĈǗA(ʚ̟ͳ˰Ŗ �ͦɈʋƫĠ/

Ƹ̀ȿ Eq. 40 Ï Schrödinger ƱɲſŠɈȈ�̕ŉãſǊ（ÝɈǉûɐěbĶ

Ġ/ 1.14%tO˟ Supplementary Information % Part 6)	R!ěạ̢̊́͂˦

ʁ+�ĈǗA�ǭ̘ûɈŵŗ(ą )	ÃƸ)Sȿ+ Schrödinger

Ï Dirac Ʊɲẹ̌�Ȉ�VƸƂƪˡş̤˓ȁˤ	ě/ Dirac Ʊɲ̣͂¶��

�ͅȈ�ƫɐɾɈŵŗ(© )R!�Ĉ_(ȁˤ̟ɲɈ

˹ʗ Mathematica =ɝ˟ Supplementary Information % Part 9 � Fig. 4 Ɉʜ�̟

ɲ)	 

 

e−2x
2

ψ 1

1.63×10−13 2
π

M0(x,0) = 10
−13e−2x

2

e−2x
2

10−3

M0(x,0) = e
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χ1(x,0) = χ2(x,0) =
2
2
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Figure 4 | ̀ȿ�ÃɈƱȇãʻȩ¦M��ȁŠɈ Gaussian Ȉ� Ɉ�ʢV

ƸƂƪàg	a, ã�ĈǗA! Ƹȿ Eq. 40 ˦ʁɈʛǝ	

!ƱXěǻŗȳà�ěǭʛǝ̤˓+Ʀû( )õȼ,b, ã�ĈǗA!

Ƹȿ Eq. 40 ˦ʁɈʛǝ,c, ̀ȿ Schrödinger Ʊɲ˦ʁɈʛ

ǝ,d, ̀ȿ Dirac Ʊɲ˦ʁɈʛǝ	 

ąà Fig. 4 ſɦEuq. 40 ãÂ̫Ɉ�ĈǗA( )�Š�Ɉ

Ȉ�VƸƂƪàg(Fig. 4a)Ï Schrödinger ƱɲŠ�Ɉʛǝ(Fig. 4c)}&ȄǊĶ�

(ȉ�!ƱX˻ƺ͏ͭǑˁ˨ˮɈƾȈ�ƫɈǭʯͤǭɈŀƱ)	ã Fig. 5 �

�ÃƸ�ɈȈ�ǭƂƪǡ{ĶʛǝǇ˹ʗäƚ̨+̣�ƴĶ�Ɉŵz	à�̀

ȿ�ɫƱȇͪȏɈ Gaussian Ȉ�ãǺ�Ƹ�Ɉ̕ŉ̾}&Đo̓Âã�̇	̣

̤͂�ǳͳ˰ǑƭſʝƱɲã̄ͅęňǚsɱˎɈ¡í(ą¬ĉǤøɁĉ�Ĺ

¡í®Ɣ¬ĉǤɁåŘÐɈŵŗ)ğ̡K! Schrödinger Ʊɲ(ʼġãõȼ

GaussianȈ�̣�͏ͭ�)̣ ��ƭ 3.3.5.1ˁͪȏɈʛǝ�！	ãSupplementary 

Information % Part 6 �Ǒƭ̤�ǳͳ˰+ã¬ĉǤɁåċãƸSȿ�ƭ Eq. 

72 Ïŕ� Ȉ�ƫûĠ Ɉ(ɮJ˦Ɉ�ĈǗA˦ʁŠ�Ɉ Gaussian Ȉ�V

ƸƂƪàgsVȩ�̀ȿ Schrödinger ƱɲŠ�ɈʛǝîǑ�！	 

 
Figure 5 | �ÃƸ͐Ȧ(t = 0.0, 0.2, 0.4, 0.6 eV–1)ȿ×ɫƱȇ(Eq. 401: �ĈǗA

! ; Eq. 402: �ĈǗA! )ãʻȩ¦M��ͪ

ȏɈ Gaussian Ȉ�(Ȉ�ƫǭ)VƸƂƪ̊�à 

ąǝ�ĈǗA�Ȉ�ƫɈǭŞû(ą )Ȉ�àgHã t = 0.3 

e−2x
2

M0(x,0) = 10
−13e−2x

2

×1013

M0(x,0) = e
−2x2

M0(x,0) = 10
−13e−2x

2

ψ 1

M0(x,0) = 10
−13e−2x

2

M0(x,0) = e
−2x2

M0(x,0) = e
−2x2
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eV–1 ̡͕�ȺƺƿɈ~̇Žʆĉ(MʩŽƱÆ)ʲ͡(Fig. 4b)	ɀ/ʻ̑ʲ͡

ɀ Eq. 40 Š�Ɉàgã x ̗ƱÆǇ͙̣< Fig. 5 ���Ƹ�Ɉ Gaussian Ȉ�

ǭɈǡ{Ķʛǝ¾?ǇȚǫäɒ�	ạ̃ǣɈ�ĈǗA�Eq. 40 ͪȏɈƂƪ̲

ňłȄǊ Schrödinger ƱɲͪȏɈťà�"İ̧̧�ʴȒƪ̣ ǇƘ̡ Dirac Ʊ

ɲƚ̨Ɉŵŗ(Fig. 4d)	̣͂ƙȏs"˝ƾɀȈ�ʻ̑ŏ�ĝ！	ã t = 1 eV–1

?Å"İŌĈ�？!��İ(ǇƺƿɈ�？ŵz˟ Supplementary Information

% Part 7 � �ʋƫ! 1.4 Ɉŵŗ),Dirac Ʊɲƚ̨Ɉŵŗ�ã t = 0.5 eV–1

?Å�Ⱥ�̓Ɉ�？("İ�？Ż��ǯİƘɕǺ�ǯİ��°�？!��Ǉ

ĠɈİ)	̣͂˧!˸Ⱥ̀! Dirac ƱɲǏʭˏȈ�ʻ̑ŏ��ěɓĕʛǝ\

Ǳ̟ňĝ！	Fig. 5 �Ɉǡ{Ķʛǝ)¨˰+̣�Ȧ	 

¼ø!+˹ʗɞɴ�ĈǭûĠěȈ�ƂƪɈŘÐ̢̣͂ěǻ+! Eq. 40

̅,�ÃɈ�ĈǗA( , ,  and )Åàgr͌̽M(x 

= 0 õȈ�ǭɈVƸ̊�Ïǭǉû_õȈ�)Ɉŗȳ(ȁˤ̟ɲɈ˹ʗ

Mathematica =ɝ˟ Supplementary Information % Part 9 � Fig. 6 Ɉʜ�̟ɲ)

ʛǝą Fig. 6 ſɦ	<à�¾?ɒ�ŖƑȪ�Ĉǭ<Ġ�ûVǯ̅,�ÃɈ�

ĈǗAƸEq. 40 ͪȏɈȈ�Ƃƪàg(x = 0 õ)<ǉ�� Schrödinger Ʊɲ�

！̮țbɰ�ã 0.3 eV–1 ̡͕̊Æ/ʠʡÚʲ(àg̮ț͛̇)Fig. 6a ；ɦ

+̣�̊�	ł�Fig. 6b ʜ�+ãǉ͵ȦƸ�ɈȈ�ŗȳ(ě/�ĈǗA!

Ï Ɉo˿Ȉŗ?²� Dirac ƱɲɈʛǝěǻ

˟ Supplementary Information % Part 7)	<à�¾?ɒ�͜ɕ�ĈǭɈ̮țñ

ụ̂ �Ȉ�ã�ŌĈɈ�ǷƸ͐ḪțƤʧãǭ̝�ǉû_ƸɈȈŗ)̮ț

¸Š̉ǘ͙̉į(ƙȏ)țț̡ͥȠ̋ Eq. 43 ǗAɈ�ƫ	<̣�̊�̢¾?

ɒ�ŖȈ�̄ͅęň̮țñûƸȈ�Ɉ˘|̲ň)̉ǘ̉ź	 

 

Figure 6 | ãʻȩ¦M��ě Gaussian Ȉ�̅,�ÃɈ�ĈǗA M0 = (10, 

1.0, 1.2, 1.4) ÅˤŠɈȈ�ŗȳěǻà	a, Gaussian Ȉ�ã x = 0 õ(ĕʕ)

e−2x
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10−13e−2x
2

e−2x
2

1.2e−2x
2

1.4e−2x
2

M0(x,0) = 1.2e
−2x2 M0(x,0) = 1.4e
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Žǭǉûõ(Ãˀːʕ)͜Ƹ͐¸ ̊�,b, Gaussian Ȉ�ǭǉûƸ�ɈȈ

ŗ	àT�ɈƫĊ©! �ͦɈʋƫ=；�ÃɈ�ĈǗA	!ƱXěǻŗ

ȳãà�ğǺɫʛǝ� t = 0 eV–1 õɈ�Ĉǭ̤˓+ŕ� õȼ	 

3.5 ěƱɲș�ø�å 

ȼˮ�ˬǊ+ Eq. 40 ƚ̨ɈƬ�OʋɈʆĉ̠�ˡşĸîǑj�̒ ȩɂ

�ſǊRȿ�ÏȺ̀Ɉ6Ⱦ̾ƾʆĉŃ$Ƃƪ̠�ĝ！	ȩʯãõȼĕ͖͏ͭ

Ƹ!|Ġ˦ʁͅɾʭˏŚŚ9ʭĚǠĪ̟̽ɲ	Ùʯě Eq. 40 ș�ø�å

Ǌsĕ͖Ť˝ū	 

ě/7ʅɎ�ĸµȺɈʻȩɂɈ×ûRȿ�3.7 ˁğƙȏsRȿĕ̄	ɀ

/Ŕɐ1Rȿ�¾ɒR¦Ȧě¦ȦɈʷͅRȿȄǊŤ˝̀ȿø�åŗŎÙʯ

ɏƘȿ Eq. 40 õȼǻ̘ėƻ̣͂�ʭˏ̣ɫRȿ�	�ͦ½ʭˏãŏ��Ɂɥ

�Ïœɐ1Rȿ�å�Ɉŵŗ	͆ /ŏ�ÏsčRȿ�(Ɂɥ�Ïœɐ1Rȿ�

ɾ)tǊ�ÃɈ；ȺŗŎ(ąŏ�Rȿ��ÉƮ�ɾ)?²Ǒƭěŏ�Ɉȼˤ

̣͂˧!ø�åŅ�!�ɫŵŗ��ɫƾŏ�å¼�ɫƾsč�ʷå	ŏ�å

ƾɀ͜Ǔ̠�ɈŢĠʆĉãƸɶɾǬȸ�ĹƸ6ȾɈĪ̽ʶǁɅęSŠŗŻɈ

͜Ǔ̠�ɈǇû̄ͅʑ�ʆĉ(Žʻ̑)ɈƸɶǬȸ_ãɶ͐ÁÆ�ȺĶ�ĝ！

ƾ��?Mʩʲ͡§G�Ɉʟ˦ČƩŅ,sčå�ƾɀ/Ǉû̄ͅʑ�ʆĉ(Ž

ʻ̑)˚ʻƳåŔ��̲̠�(Žƥ¸ƱÆ)ĝ！ƾ��?̲ňƱÆʲ͡§G

�Ɉʟ˦ČƩŅ	ě/ŏ�å�̲ƩŅ�ʾ¾?ŧɄ,ě/sč�ʷåŏ�

ƩŅ�ʾ¾?ŧɄ	�̤ͦ˓˹ʗ̨͑� 

ͱk̨̘͑û̄ͅʑ�ʆĉ͜ǓʻƳɈ6Ⱦ¬ȼ	ɶ͐�͜Ǔ̠�Ɉʆĉ

ąǝ�ʭˏɐěˮƩŅ(̠�ʆĉɈʟ˦ČƩŅ)ãɶ͐ɈÚʲȳz¾ɒRǋ

<�̨ Poisson �Ĺ Eq. 20̣͂ɞɴs�Ǡ��ɋĉ(Žƫ�ɐ̼ɋĉ)�Ɉ

ʆĉʲ͡O(a˯̣Úʲ͡O!Ȼȳ��ċãÙ!ɐěˮƩŅʯĝ！ɈÚʲ)	

ŖʆĉOɮ̋úĠ�ÆͅęňĶ̋úġƸ!ǲʅŵŗ	ãʆĉ̄ͅʑ�ɢĔƸ

ʭĚɈOʋ̉Ţˠ(̣�ŢˠƾɐěɈ)̉Ƙ̡˸ŵŗ	�ĔƫɎã�ʢɶ͐

�̠�Ɉ̲ňûĠɐɾʯƱÆ͜ǓɈʆĉÚʲã�̇ƸãǠ��ŤȩǊɐŅɈ

̠��ͅěŭŌţ6Ⱦˣ̲ň�Ĺ!ɢĔɈʻƳƩŅ	!+˻ƺ̣�͏̣ͭ

͂Vȩğɾ̲͜Ǔ̠�ɈʆĉɒRǭɐɾɈ͜ǓÆͅ�ą��ǳõȼ�ͱk

ȁ¦�͜ǓÆͅěŭŌţ6ȾɈˣ̲ňûĠɈ�Ĺ͏ͭ,ȩÅwƙŃ��Ĕ

ƫɎɈÆͅŭOěs̄ţ6ȾɈˣ̲ňûĠɈ�Ĺ͏ͭ	�

ͱk�ǜã��¦MȻͦ S �æ��ĹɈɾǭ͜ǓÆ (ͅȻͦ͜ǓȦɈʕ

̲ň)VS ěȻţ6ȾɈ͜Ǔˣ̲ňûĠ Ɉ�Ĺ	VS ěȻţɈ͜Ǔˣ̲ň

e−2x
2

ΩS ΩS
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Ɉ̃ȷãɶ͐Á�ƱÆ�̾Ǌ¾ʷąPğù�̔�̃ȷ¹���̇；ɦŭOɈ

̔��̣͂ȉŸ�ȻͦȦɈʕ̲ň ÏsſõɈ¦MȻͦ S Ɉ¤Ŝ r ɈÆͅɮ

¾?ƱXạ̈͑́�¹�Ž¦�͜ǓÆͅěˣ̲ň̃ȷɈ�Ĺ(̣͂ 	

ąǝ �¶ ©Šʕ̲ň ěˣ̲ň Ɉ̃ȷ)©�

   (52) 

�̨͏ͭ¾?�ˤ!��ɐ1ȴɸɈǳʹõȼ�ɽ�ǳɢĔɶ͐¦MÆͅ

r ɈƱÆ�)ħƾɢĔÆͅ r ɈʘȦã¦MȻͦ S �ɈMʩ	̣�MʩãƬ�Ȼ

ͦ S �æ��Ĺȿ͜ǓÆͅ R ；ɦ,ɽ.ǳɢĔã˸Mʩ�ȦɈʕ̲ňÆ

ͅ ɈƱÆ̣�ƱÆ)ãƬ�ɶ͐æ��Ĺȿ͜ǓÆͅ VS ；ɦ	a˯ã r

Ɉǐɻ(©Ȼͦ S �ɻ)Ǌ��¤Ŝ! ɈȻͦ 	̻#͜ǓÆͅ VSɾB/

Ȼͦ �æ��ĹɈȦÏȻţ̦ʕŗŻɈÆͅ	ȉŸ�±(ɈĔ$Ï Ŗ

Ǻ� rɈƱÆɢĔƸ ɾB/Ȼͦ �æ��ĹɈȦȆÏ rŀ˓ɈƱÆ

ƽĞ���̟ Ȼţ�êɏ/ r Ɉ�áɍ �Å� ɈȻţɐ̦Š�ɈÆͅ

ûĠ˫! �Fig. 7 	�

�

Figure 7 | Æͅ Ɉ6ȾƱŎɦŸà�

Ŗ͜ǓÆͅR¸ ƸɐŖ/ļ��̨¦MȻͦS�Ɉ�áɍ �̠̇�	

Ù!��æ��ĹɈ¹�̢ƾæ��Ĺƿȩ͜ǓÆͅ Ɉʛǝ¾?ɒR

͜ǓÆͅ ãƬ�ɶ͐�Ɉæ��Ĺ	ȁ�áɍ �͜ǓÆͅûĠ Ɉ�Ĺ

ȳzw˩sƱÆãɶ͐æ��Ĺ©¾ȁŠ͜ǓÆͅ VS ̃ȷ� S ɈȻţ6Ⱦ

Ɉˣ̲ňûĠ Ɉ�Ĺ	�

˯͜Ǔ¸ͅ N1~N (0, 1), N2~N (0, 1), N3~N (0, 1)ɐ1ȴɸ�¦M͜ǓÆͅ

Rèǡ�Ɉ��ɾBèǡ X ©! 17,18�

vS
ωS r = 1

r ≠ 1
ωS

r
vS ωS

ωS = r × vS

vS
vS ′S

′S r = 1

r × vS ′S

′S ′D ′S

′ω

′ω

′D

R ×VS
′Ω ′D ′Ω

ΩS
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   (53) 

sǬȸęň!�

   (54) 

ě ŋɸ�ʢ Cartesian ɏˣèǡʋa˯�̨áɍ êɏ/ z ̗�͜Ǔ¸ͅ

Q~U(–1, 1), H~U(–p, p)�̻#Ȼͦ �æ��ĹɈ͜ǓȦƉŘ�áɍ �Š

�Ɉ͜ǓÆͅ Ɉèǡ! � , Z = 0, 

ʯsǭ¾；ɦ! 

   (55) 

Ùʯ ɈǬȸęň!�

   (56) 

ȉŸ�͜Ǔ¸ͅ Ɉ�Ĺ©!ã R ļ�� ãɶ͐�͜Ǔ̠�6ȾɈ͜Ǔ�

Ĺ	Ùʯ¶͜Ǔ¸ͅɈ(ɮ ()©˚¦M͜ǓÆͅ R RȿÅɈ

)©¾ȁŠ͜ǓÆͅ VSěˣ̲ň Ɉ¦�ɾBèǡ X ̃ȷɈǬȸęň!�

   (57) 

ě/Ȼͦ S ÝŻɈƬ�¦MȻvæ��ĹɈ͜ǓÆͅ VB ěˣ̲ň Ɉ̃

ȷ̢H˚˸Æ̇ͅĈȦſõɈȻv¤Ŝ rɈûĠ r Ɉ^ƫ_ Ʀû	ÙʯƑ

Ȫą�ƱŎ˦ʁ VBě s���ɾBèǡ Ɉ̃ȷ��

   (58) 

<ʯŠ�ưɈǬȸęň!�

X =
N1

N1
2 + N2

2 + N3
2

fX (x) =
1
2
, −1< x <1,

0, otherwise.

⎧

⎨
⎪

⎩
⎪

′S ′D

′S ′D

′Ω X = c ⋅sincos−1Θ ⋅cosΗ Y = c ⋅sincos−1Θ ⋅cosΗ

′Ω = X 2 +Y 2 + Z 2 = c ⋅ 1−Θ 2

′Ω

′ω (x) =
x

c ⋅ c2 − x2
, 0 < x < c,

0, otherwise.

⎧

⎨
⎪

⎩
⎪

ΩS ′Ω

FX (x) ⋅ ′Ω (x)

′Ω ΩS

ωS,X (x) =

1
2c
sin−1

x
c
+ π
4c
, −c < x < 0,

1
2c
cos−1

x
c
, 0 ≤ x < c,

0, otherwise.

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

ΩB

1
r

ΩB ΩB,X

ΩB,X (x,r) =
1
r
⋅ΩS,X (x)



 36 

   (59) 

̤ʯȁŠ VB ě s���ɾBèǡ̃ȷɈ�Ĺ�ƫ łğsãƬ�

¦MȻvɮ��

   (60) 

�̨ Eq. 60 ƚ̨Ɉƾʆĉæ��Ĺ/Ȼvɶ͐Ɉŵŗ˃ʆĉË Eq. 43 ſƚ̨

Ɉ(�Ƃƪ)ŗȳ�Ĺ�Ņ̡KƑȪ˸ęň�ƫ̤˓ɮ�Ḷ�ˤǜ�ƫɎ

�Ĥƴȇ，¶	©X½ʭˏæ��ĹɈŵŗ)�ŘÐÅʡ͏ͭɈ˨ˮ	ě/ Eq. 

43 ſƚ̨Ɉŵŗs!ʆĉęňȆŜÆË�æ��ĹɈȻȳʆĉʫ¾?ƙȏ

sVȩƾÉǊ̔�ƩŅɈʅKŵz(-ĕ�ě/Ǻ��Ȼͦī̾¾6Ⱦ��

ǭûĠÏƱÆ͜ǓɈʻƳÆͅǥƓ�ţǚ͘Ĕȼ̣ 2Æͅ���̇ɈǭŤȩ

ǋ<Ǡ�¯ƫɢĔɈ Maxwell �Ĺ)	ğ�̨ Eq. 60 ě x ȁĝłŕ� ÅŠ�

Ƭ�¦MȻv͜ǓÆͅ VBěˣ̲ň Ɉ��ɾBèǡ X ̃ȷɈǬȸęň!�

   (61) 

ã Eq. 61 � 	̣ƾ͜ǓÆͅ VB ã¦MȻ

ͦ S v(�Ǝ S)Ɉŵz	�

�̤ͦ�ǳƙŃğsƂĭ�ȻɈ¤ŜƾCŸ_ R Ɉŵz	ŖȻɈ¤ŜûĠ

! R Ƹ©Ǻ�� R ̾Hğ�̨ŵŗʧƦ! 	̣ǣ͜ǓÆͅ Věˣ̲

ωB,X (x,r) =

1
2c
rsin−1

r x
c
+ π r
4c
, − c

r
< x < 0,

1
2c
rcos−1

r x
c
, 0 ≤ x < c

r
,

0, otherwise.

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

ΩB ΩB,X (r)

4π r 2 ⋅ΩB,X (r)0

1

∫ dr

ΩB

ωB,X (x) =

9πc3

128x4
, x > c∨ x ≤ −c,

3 8x4sin−1
x
c
+ 4π x4 +U1

⎛
⎝⎜

⎞
⎠⎟

64cx4
, −c < x < 0,

3 8x4cos−1
x
c
−U1

⎛
⎝⎜

⎞
⎠⎟

64cx4
, 0 < x ≤ c,

0, otherwise.

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

U1 = x (2x
2 + 3c2 ) c2 − x2 − 3c4 sin−1 x

c

ΩB,X (x)
R
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ň Ɉ¦�ɾBèǡ X ̃ȷɈǬȸęň!�

   (62) 

ã Eq. 62 � �sǡ{Ķ! 	ą

ǝ¶ R = 3, c = 1¾ğ�̨ˣ̲ňǬȸęň Eq. 62 ʜàą��Fig. 8 �

�

Figure 8 | R = 3, c = 1 Ƹ͜ǓÆͅ Věˣ̲ň Ɉ¦�ɾBèǡ �ĹɈ̃

ȷ�

ÙʯŖ k �ȴɸÃ�ĹɈ͜ǓÆͅ Vãɶ͐͜Ǔ̠�ƸǥƓ�ţǚ͘Ĕ

ȼč@Úʲ��̇Åɐě/s̄ţɈoO�ͅ6ȾɈŀæˣ̲ňûĠ ǋ

<¯ƫƾ Ɉ Maxwell �Ĺ	!+ͳ˰̣�ʛˮ̣͂¶ k = 103, R = 3, c = 

100ğsÏÃ¯ƫɈǣǑƫ! 106 ɈǭƋʛǝRěǻʛǝą Fig. 9 ſɦ(ǭƋ

ʛǝɈ˹ʗ̠R̟ɲ˟ Supplementary Information% Part 9� Fig. 9Ɉʜ�̟ɲ)	

<à�¾?ɒ�ǑƭƙĝɈˤǜ；̝ŎÏǭƋ_ɼÂŠŞĄ	 

Ω

ω X (x) =

9πc3

128R3x4
, x > c

R
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�

Figure 9 | R = 3 Ƹ103 �ǭ! 100 Ɉ͜ǓÆͅÚʲ��̇ƸŗŻɈˣ̲ňûĠ

Ɉ�Ĺ(ȼˮ_ÏǭƋ_)�

�̨˦ʁ̟ɲɈ˹ʗ Mathematica =ɝ˟ Supplementary Information % Part 

8	ʼǲǑƭ˰ƺ+ɶ͐͜Ǔ̠�ʆĉʲ͡Å6ȾɈʲ͡O(©XȄʲ͡))

̾ċãŽùŽġɈ̔��ͅsˣ̲ňûĠǋ<¯ƫɢĔɈ Maxwell �Ĺ	ąǝ

w��̠�ʆĉɈʟ˦ČƩŅěÚʲÏƳ̔Ɉ��Rȿ̒ ƳXÃʲ͡�ǣƾ

̣��ɂɈǀ̷ˡş	�

̣͂˧!7@ʷŹ·�ɈǠ�ƱÆ�Ɉ�̲ňĕ̄ħƾɎǡ¡ívɈŢĠ

ʆĉǍ˸ƱÆɈŀæ̠�̲ňɈVƸ¸ ȸ(ąǝ9ƾŀæ̠�̲ň3.3.2 ȵ

$ɐěˮƩŅ�ˁĸ˰ƺɎǡě̀HŗŻ�%�ȳŨƴȱȼˡşĶ�ɈŶūʋ

ǲƸɎǡě̀ğ�þ�̲Ź)	ŏ��̲ňɈĕ̄ƾɀ/̠�ʆĉɈʟ˦ČƩŅ

6ȾɈÆͅęňNõɈŢĠʆĉÆÆͅęň͵õɈŀæ̠�̲ňɈVƸ¸ ȸ

(TąŖ��ɼÂ Eq. 43 ǗAɈʆĉʲ͡Oõ/ŏ�å�Ƹs�Ɉʆĉ˚ę

ň̘͵Ɉŏ�åʆĉǈƒʯĝ！˸ʲ͡O¸ŗÃƸĝ！ŗŻ˸ʲ͡OɈʆĉÆ

Nęň¡̠�'�ʯÆ͵ęň¡̠�̊�ŔȨ),sčʅë�̲ňɈĕ̄ƾãŢ

ĠʆĉſʖŻ(ſõ)Ɉ(̠�)¯ʭʋ�ñ�+Æsɐ´ƱÆɈŀæ̠�̲ň

ɈVƸ¸ ȸ	<Ǒ̄�ˬ̣2�Žʮ�Ɉ6Ⱦ¬Ùƾ�！ɈL°Į/�Ã

Ɉʅë	�

ě/�̲áÌ̠�s�̲ňƱÆÏ̲ňƱÆêɏ�̲ň6Ⱦ¬ȼÃ�

½ƾŗŎǻ̘ȲǶ	ŖʆĉɈ��Ȼȳʲ͡¡í6ȾʻƳ(¾̡Kȼˤ!�̲á

Ì̠�)ƸŧɄtOʆĉɈ˓!ŭOǘɒs�ȱ̄�ƯƳ̔�ǊƏʡɈÆ

ţŏ�S̠�ƱÆ�Ưƥ¸	ąǝȄǊʻƳƸ¾ŗŻɼÂ Eq. 43 ʐǖɈǠ�ʆ

ĉ S,͜ɕƳ̔Ɉ��͢˝ǇŔɈÆţ�ǘʢƏ�̲ň	̣Ƹ SŤȩ̰̟ƥ¸

Ω
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%�Ɉŗȳ)©̡̰̟ͥƳ̔�ţõɈȈ�ƫǭ_ ¸ûwǯȠ̋ Eq. 43 Ɉ

ʐǖ(Ž<¼��ˣňɒ˃ S̜ʥ¡íɐÃMʩǺȦõȈ�ƫǭ ¸ûͥ

̡�ţõ �͢ǇûƁʷȠ̋ Eq. 43 ʐǖ)	 Ǉû�9¾?；Ⱥ!ʆĉȐ

ň̘û)¾?；Ⱥ!ʆĉ̲ň̘ť	̣ ͂½ʭĚʆĉ̲ň̘ťĝ！ ¸ûɈ

ŵŗʆĉ̲ňãƳ̔�ţõǇťɈŵŗǊą Fig. 10a–d ſɦɈ×ɫŵz	�

 
Figure 10 | ɼÂ Eq. 43 ʐǖɈãƳ̔�ţõʆĉ̲ň̘ťɈ×ɫ¾ʷŵŗ�

¼�Ʊͦąǝ S�Ƴ̔sȆŜÆÆø̴�ɈŢĠʆĉͅƾ�Ĕ_(s� SÊ

ŏɈŢĠʆĉ̝ͅ�ŀ˕),͜ɕƳ̔Ɉ��ƑȪ�̨ě�̲ňɈ�ǜ¾ʷ

ǊǇùŢĠʆĉȆŜÆ̴�)¾ʷ}&ȄǊʆĉ̴�	ʭˏ�ʆĉʫɈŏ�Rȿ

Ï̄ͅɳĔȲū(îǑɼÂ Eq. 43)ąǝǊ̽�ʆĉ̴�ǲƸƬ�ʆĉʫƿ

ȩƾ͢˝：ʝɈ̣ �：ʝ½ǊÏƳ̔ŀͦɐêɏɈ̗Æ¾?ƛU	̣ ħĝ！̣

�ʻƳ̗ƱÆěʆĉŅõ/ÊnȳŨ(Ɩ͚Ɣ Fig. 10c Ɉ¾ʷ)ǲƸʆĉʫǇ

`Æõ/ Fig. 10d ɈȳŨ,ʯ}&ȄǊʆĉ̴�ƸʆĉʫǇ`Æõ/ Fig. 10a

Ï Fig. 10b ɈȳŨ�ͦ½ʭẸ̌ɫŵŗ	/ƾʻƳɈʛǝHãs̗ÆÏŜÆ

ÃƸ6Ⱦʆĉ̠�̲ňƱÆʲ͡å(̗ÆĦ!�Ȩ)<ʯĝ！��̙ĞʻƳ̗

6Ⱦ(̣ʅK/ý͓ͯɈŗŻǓ� 19)	̣ ǣɈ�ʋ�ʻƳʆĉʫʲ͡��̇Ƹ

ąǝ̙Ğ̗¥Ã�！XH6ȾƺƿɈ̲ňƱÆʲ͡å�ʅK͉Ǘ˚�6Ⱦɥū

¬ȼ 	ʯ�č@ʲ͡��̇ŗŻɈ�Ã̄ͅʑ�ʆĉ(Ǉûʆĉʫ)HŗŻ

�ÃŔňɈ̲ňƱÆʲ͡å	̣ ͂˧!̣ ʅ̲ňƱÆʲ͡å©!sč�ʷå(Ɂ

ɥåŽœɐ1Rȿå)	ŖʭˏʻƳʲ͡ʆĉʫ�ɈǠ��ʆĉƸ¾ʷHµȺ

ʅKőȼˮ�Ɉő�ső͍Ņ˸)¾?˦ʁ(̣͂�ȗnɞɴ̣�͏ͭ)	Ƒ

Ọ̈̄ɫƱŎ6ȾɈsč�ʷå½ƥ¸+ɶ͐�ʆĉɈʲ͡ȳŨ(�Ǝ̲ňƱÆɈ

M

M

M M

M
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ʲ͡)ʯł�ʷƥ¸ʆĉ¬�Ɉ̲ňÙʻƳ5!ʻµŗŻ�õ/ʶǁå�̣

ɫ̲ňƱÆʲ͡)H·�ʶǁåɈ͘�ʯ̹šʟ˦Čˡş	�

̣͂˧!ŏ��ʷĝ！ʲ͡O̠�̲ňƥ¸Ɉ¬Ù!ŏ�å�Ɉ̠�ʆĉ

ƛUɈMʩʲ͡§G�Ɉʟ˦ČƩŅɈɮʎ,sč�ʷĝ！ʲ͡O̠�̲ňƥ¸

Ɉ¬Ù!sč�å�Ɉ̠�ʆĉƛUɈ̠�ʆĉƱÆʲ͡§G�Ɉʟ˦ČƩŅ

Ɉɮʎ	ŏ�å̰̟ʖŻɎǡě̀Ɉʆĉ(˚s�ǊMʩʲ͡ƩŅɈʆĉǈƒÅ)

Mʩ̮ǳʲ͡ĝ！�ŀ˕ɈƂƪ̊�YS̲ň�ƯɮʎʯĕȺ̣��̲̟ɲ,

sčø�å�̰̟Ɏǡě̀ʆĉ�Ư˚s�ļǊ̲ňʲ͡ƩŅɈʆĉǈƒYS

˸ƩŅ̮țɮʎ<ʯĕȺ�̲	̣ǣɈ̟ɲãǉ�½ʷŗŻ̊�)ħƾſ˾

Ɉ��ƷȆ̊�ʕ̠�XĕȺ̊�Ɉɮʎ	ạ̃2�ʷå�̻2̹šʟ˦Č

ˡşɈŗŻ�ʷåɈʆĉÏõ/s�ɈɎǡě̀ʆĉ�̇Hʠʡ̹šʟ˦ČƩ

Ņ(ɼÂ Eq. 40 ſƚ̨ɈŃ$Ƃƪ)Ŗ¦ȴʭĚs�ɈɎǡě̀ʆĉƸ�H

�ȺMʩŽ̲ňƱÆ�Ưʲ͡ɈȺ̀	̣�Ⱥ̀；Ⱥ!Ɏǡě̀ʆĉ�ʷñ�	

3.7 ˁĸƙȏ+ʖŻɁĉǹOɈʆĉʛỤ̈̀͂˧!sčø�å(Ɂɥå�œɐ

1Rȿå)�̾ÉǊʅKʛǛ	sčø�åɈċãĝ！̣ɫʛǛʆĉ�ʷñ�,

ʯŏ�åɈċã�ĝ！¦MOɮvʆĉʲ͡ŏ̇Ɉ�ʷñ�	̣ǣƬ�Ɏǡ

ě̀ʆĉ�Ɉʞû̽�̄ͅ(ƑȪ 3.3.5.2 �ƂƪʆĉʫɈˠȦ)̾¾?˚ø�

�ʷå�̲	ɎǡȈ�ƫɈɕɔȦ�ʾǻʖŻɁĉǹOɈʆĉʛǛĠŠùȈ�

ƫſãȦ�ʾ̾õ/̣2̘ûʆĉ%�ʯãŏ�å�¾ɾƩɒŝ	ǠȦõãø

�åRȿ%�6ȾɈȈ�ƫǻø�åRȿÅ6ȾɈȈ�ƫĠŠù(ąǝø�å

ąŏ�åĝ！ɈȈ�ƫ̘Ġ�¾ŧɄŽ�Ɏǡě̀�ÃʭĚ)˸õɈȈ�

ƫ¹�Å¾̡KɒR9；ś+̣2̘ûʆĉ˚�̲ÅɈ̲ň	 

Ùʯsčø�åěǠȦõɐěÆͅÏęň M VƸ¸ ȸɈ̃ȷ；Ⱥ!�

�¾¹�Ɉ̽�	�ƱͦÙ!̣�(ƴɵĠ)Ţ¡íɈƂƪ̽�;õ/ʶǁå�

ƴˮ�̲Rȿũ#ŘÐ·ŘÐÅÆͅɈƂƪƩŅÏǏ·�̲ŘÐƸʻµŗŻɈ

Æͅƴ¡�Vȩ̹šɐÃɈŃ$Ƃƪˡş,¼�Ʊͦ©；Ⱥ!˸(ƴɵĠ)Ţ

¡í˚�̲å�Ư�nɈ̲ňƱÆʲ͡ƩŅ͢˝Ƞ̋ŀæ�ʷƥ¸̽�Ɉͅ

ƱÆ©̡K!˸Ȧõ M ɈƱÆ̣ƾƂƪRȿƴȇƥ¸Ɉ�ͮøɈ M VƸ¸

 ȸ	̣ ��ÆͅɈqÃRȿyĔ+ãǠȦõɐěÆͅÏęňɈVƸ¸ ȸ!̣

�ͧ%Ï	ě/sč�ʷåĝ！ɈͮøɈ M VƸ¸ ȸ̣͂Ɉ�ʷå©¾ȼ

ˤ!ʆĉñ�ɈͮøɈƂƪʋƫ(Ù!ƂƪʋƫÏ̲ňɈŀƱǊrʯ̣�sč

�ʷåƥ¸ɈħƾʆĉʫɈ̠�̲ň	Tąãŏ�å� Ƃƪ
GM
r
m = 1

2
mv2
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ʋƫ s� t1 = 1 s)	¼øɢĔ̘û¦ǚʆĉ�ʷ)�͢˝ʭˏɐě

ˮƩŅ̣ ƾÙ!ƴˮƾÈ�ȺɐěˮƩŅ ̾ƾ��Ĕ_̣ �Ĕ_¶y

/ʆĉſõɈ�ʷ	ƒ�ˣňɒÙ!Ǡ�ƵŻǇû̄ͅʑ�ʆĉɈ�ʷ9Ïč

ſõɈMʩɐrſ?ƴˮčɈ̠�ȳŨũǣƾÈ·�ȵ$ɐěˮƩŅŘÐ

�ʷ̾�Hƥ¸,ʯ�ƵŻʆĉŤȩŐƪãƬ�å�̠�Ùʯʆĉ�ʷɈƥ

¸Ťȩĝ！ʆĉ�ʷɐŅƥ¸	ě/ø�å�̣ɫͮøɈƂƪ˓!ã Fig. 1a �

¾?ɒR A õ!��ɢĔɈȈ�ƫ MB õȈ�ƫ! 0	ğ A�B �õɒR�

�Ȧȁ.͔ĝ)ŠÃǣɈȈ�ƫ_(M)	ÙʯɎ�ɈȈ�ƫ_<ƫ_�Ï

.͔ĝ_ƾ�！Ɉ	ʯɐěŅɈƂƪʋƫ<ƫ_�)ÏɎ�Ɉʋƫ_ƾ�！Ɉ	

Ùʯƴˮč@Ɉͅʓƾ8#̾�ŘÐěƫ_ɈʭĚ	͆/ M !ŀͦÆͅ

ƱÆŅ� êɏ	Ùʯsč�ʷ E R!ƂƪʋƫãǠȦõÏ M Ɉ(ɮ©

ÏŢˠÆͅɈƂƪ̲ȸƥ¸ùġŻǱạ̊́�ǻT；̝ŎɈtOŗŎĸɀ

Schrödinger Ʊɲͳ˰̟©! 

  (63) 

ʣ�ÉǊø�åɈƚ̨ɐě�ͅ(Æͅ)Ń$Ƃƪ˓!ɈƱɲ¾?；ɦ!

ą�ŗŎ� 

   (64) 

̣͂wǯŔ˽Eq. 64 ł�ƾ��ǉʘƱǧč½ƾãǠ2ŵŗ�!|ġ˦

ʁͅʯ̀¶Ɉć¥Ʊǧ	ąǝƬ�ĎēħƾǑƭſŋɸɈȱȼǭëłʭˏ�×

ûRȿ�ɈǑ̄¬Ù(3.7 ˁɈƙȏ)Ǒƭĝ�ɈƱɲ Eq. 40 Ž Eq. 64 Ƚʼ¾

?ɯ!ɓǱɈ�ȱȼˮ (Theory of Everything)	Ù!sƚ̨+ʻȩɂǉîɠɈ̠

�ˡş(ąǝ�nʻƳƚ̨Åș�ƱȇÃIʟƱȇ)¾?ƝɦſǊȺ̀ÏȲ

ūʶÅɈĕ̄	ƑȪǑƭʆĉ�ʑɈ̵̚sĕ�Ť�Ÿș�ʻƳƚ̨ʻƳƩ

Ņ)ƾʟ˦Č̠�ʆĉŃ$Ƃƪ˓!ĝ！ÙʯʻƳ[Ű¾?̰̟ȁˤǇN̄ͅ

ʑ�ʆĉɈŃ$Ƃƪ˓!，Š	 

3.6 ɁĉʻƳɥɜ�Ɨ 

ͱkɢĔǑƭ̵̚�Ɉ�ͅʁɼ；̝Ŏ	ğ Eq. 22 ěMʩ(x, y, z)ȁ�͔

ĝ¾Š 

   (65) 

D = v
2

2
t1

ρmv
2

∂M
∂t

−i ⋅ E
!
⋅M

i ! ∂M
∂t

= − !
2

2m
e−M ΔM−T 2(M)⎡⎣ ⎤⎦ + E ⋅M

∇R(M,k)
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͆/̠�ʆĉɈʟ˦ČƩŅÁ͔ʆĉʫ�ͅɈĕ͖；Ⱥł�HÏ Eq. 65 ŻǱ

ǻʯƾH˚Á͔ƂƪʋƫÙĉ ��œ�Ùʯğ=；Á÷_Ɉ Eq. 65 (?

ł���̇¾Š 

   (66) 

/ƾǑƭ̵̚�Ɉ�ͅʁɼ©¾；ɦ!ą�ŗŎ 

   (67) 

s� !˚Rȿͅ	 

ʣÂ�ǜ Eq. 45 Ï 3.5 �? Eq. 63 !"Ɉ˨ˮ¾?Š�ø��ʷåěŢĠ

ʆĉʫ̲ňɈŘÐ<ƫͅ�¾；ɦ!ą�ěŅrʋ 

   (68) 

s�t1 = 1 s	̣͂?Ɂĉãǽ¬ĉ�Ɉŵŗ!îǑ¯ʭ(?sč¬ĉ!¯ʭ¾

?Š�ÃǣɈʛˮ)ǘǛŋ；̝Ŏ	Ɂĉãǽ¬ĉ�ɈŀæɁ�ʷ 

   (69) 

s� = –1.602 177 33(49) ´ 10–10 C !ɁĉɁˆ, !ɓɶɁė

ȸ	 !Ɂĉãǽ¬ĉ�ſõɈŀæ¤Ṣ̂ ͂̀ȿ Bohr ¤Ŝ© 	

͆/� Eq. 46 ɐÃɈȼɀ、ƸɄ® t1ÃƸğ Eq. 69 =n Eq. 68¾?Š�Ǡ�

¡í VvʆĉʫɈŀæ̲ň ɈûĠãƫͅ�Ɉ；̝Ŏ! 

   (70) 

s� !ʉʗʛǛĽƫ, !Ɂĉ̄ͅ,c !l̲	̣�ŀæ̲ň!

Vv�͜ʆĉƫƥ¸ɈĽƫ	ãɁĉŐƪ¡ívʖŻɁĉǹOɈŢĠʆĉƫ!

ğsÏ Eq. 70 �̇=n Eq. 47 ł͚?ŢĠʆĉ̲ňûĠ?²ʶǁå�ʆĉ

ƫɎęň¾ŠɁĉƬOɈɐěÆͅûĠŽɁĉŐƪ¡ívɈŭOȈ�ƫûĠ 

1
k

1
k

1
k
⋅∇R(M,k)⎡

⎣
⎢

⎤

⎦
⎥

k=1

∞

∑ = e−M ⋅∇M

p→−i !e−ϕ ∇ϕ = i !∇e−ϕ

ϕ

V 2

2
t1 = E
!

E =
eg
2

4π ε0 r

eg ε0 =
107

4π c2
F ⋅m−1

r r =
4πε0!

2

meeg
2

V

V =
2eg

2

4π ε0 r !
=α c

2me
!

α =
eg
2

4πε0!c
me

me
µ
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   (71) 

s� ̣ ƾ!+\Ǳ�Ãȱȼͅƫͅ%͐Ɉ¸ƒſ6ȾɈͅʓĶ

ō	?�ɢĔ+ãɁ�å�ɁĉƬOɈɾBȈ�ƫ；̝Ŏ(Eq. 71 �ŕ� Ȉ�

ƫûĠ Ɉ(ɮ©!̣͂Ɉ�ĈȈ�ƫ)	Ḷ͂łǏʭˏ̄ͅęňěȈ�ƫ

Ɉ̃ȷÙsɐ̘/Ɂ�å̃ȷ¾?ŧɄ	 

a˯ʻɀɁĉɈ Hamilton ͅ¾；ɦ! 

   (72) 

s�s! Pauli ʁɼ,p!Ɂĉ�ͅ	ãøɥå (A!Ɂɚͅ�)ɈR

ȿ�H ¾ ! 

   (73) 

ąǝ A�p̾�sěƻ� 

   (74) 

ʚ̟�̨õȼɁĉ̸̓ɥɜ�øɥåɈɐ1Rȿͧ(Eq. 74 ¿Wɽ�ͧ)ÏɁ

ĉʻƳͧ(Eq. 74 ¿Wɽ.ͧ)ĸŻ��ɪ	Ƙ�ǘ¦ȴɞɴɁĉʻƳͧ	 

͆/ĕͳȏ�ɈɁĉʻƳɥɜ!øɥåě¬ĉƬOɈRȿ	ÙʯɁĉƬO

Ȉ�ƫạ̃͂ǚǊŸ$	͆/ 3.5 ˁɈ˨ˮEq. 71 ©!ɁĉƬOÞǊɈ��͜

Ƹ͐¸ ɈɐěȈ�ƫ	Ùʯs½ã Eq. 67 ɈʻȩƐƫͧ�Ⱥʯł�· Hamilton

ʁĉÑRȿ,ãøɥå B ̘œƸsěɁĉ�ͅ；ȺɈɐěˮƩŅ)¾?ŧɄ	

Ùʯ9Ǌ ¦ȴŘÐ Eq. 67 �ɈʻȩƐƫͧ	ąǝğɁĉǹOã¬ĉǤø

Ɉ�ĹɒRŀɏå�˸Ȉ�ƫ½ěOʋɈĕ̽ñͅǊ̃ȷ	°ɀ/sãʻȩƐ

ƫMʩ©；Ⱥʟ˦ČƩŅʯʟ˦ČƩŅƴrƴɵĠʆĉMʩÙʯ̣�ĕ

ƫȈ�ƫ¾?¹���̇；ɦ(��)ƬOʆĉ/ƾ¾ȿĕƫ ；ɦ,°

ÙɁĉɈȲ�ʛǛ(˟ 3.7 ˁ�ěɁĉʛǛǭëɈȶŷ)sƂƪ̊�űĄ�ę

MA,e = !e ⋅
2αme

3
2

ρm,0 !

!e = 1m
−2 ⋅s

−1
2

ψ 1

H = (σ ⋅ p)2

2me
B = ∇× A

H =
σ ⋅ p + eg A( )⎡
⎣

⎤
⎦
2

2me

H =
p + eg A( )2
2me

+ i
2me

σ ⋅ p + eg A( )× p + eg A( )⎡
⎣

⎤
⎦

MA,e

MA,e
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ňǨňɈŶĽ；Ⱥɐ´ÙʯŤ!̂ƫ ǭûĠɈ̂_ ƾǉÂ̫Ɉ

̭ƍ	ƓǲEq. 74 �¿Wɽ.ͧ¾ ! 

   (75) 

ÙʯǑƭƙĝɈɁĉʻƳɥɜ；̝Ŏ! 

   (76) 

s� ¾?̰̟ Eq. 71 ˦ʁ	ąǝSȿ̘Ń͒ɶ͐Ɉŀǣͅęň

Ƹ s� ! Bohr ɥĉ	LŖS

ȿǇû_ąäȻ̡͕Ɉŀǣͅęň(�äȻ�Ɉĕͳ_RěǻƿȩŅ˸S

ȿ̣�_L˸_ɈtOŗŎɎ�ƴȇ，¶̣͂½ʷa˯ = 7.537 648 754 

4 ́  10–28 kg·m–3)Ƹħ¾?Š� 	Ùʯ´̟ǘ̢¾?

ǥƓäȻ̡͕ɈɁĉʻƳɥɜ´ƙ˸õɈŀǣͅęň	 

ĠĠɁĉʷú6ȾąǲĵûɈʻƳɥɜƾA¢��¾Ū˪Ɉ-ŵ	̣ ͂ƙ

ȏ˸Ⱥ̀ŅƾčſãƬ�¬ĉ¡íɈŢĠʶǁʆĉqÃʻƳ̠�ĝ！tO̠�

ʗˁ̢̰̟͢ Eq. 40 ̤�ǳʭĚ	̣͂�wcǇȗnɈƗɴ	 

3.7 î/ǭëɈƙȏ 

ãǑƭ̵̚�Ďē�Ɉͷȋ�ŅƾIʟȼˮ˧!Ɉ��ǚŢĠɈ”Ȧč

Ņ˸tǊ�ĔɈŽ̘ŇûɈOɮ½ƾęňɐě̘û	lĉɈ̄ͅõ/Ǡ�ʑ�

Ùʯƴȇ̴̬�-Aˢɂ(Event Horizon)	Lł�ƾſǊȱ̄̾ƴȇ̬ʸʼġ

ŏ�Rȿ¾?̴̬�ǘł˚Źɛ�(ąǝȄǊȱ̄I̯̣�[Űƿȩƾ�¾ʷ

˚Źɛ�Ɉ)	ÙʯǠ2ͷȋ͂ͦŽ˭̢Ǌ¼���ɂȽʼǊęň̘ûɈȾ

ÎOŽsǛŻɈƭƺɧH	̣2ͷȋ�ɈƭƺȾÎO(ąǝċã)ɒż@Ž˭

ħgż@ãäȻ�ɒüɶ�Ɉ0�ǣȚȖ�ɅǙ�ƴŸ$č@Ƚʼ̢¾?̰̟

̄ͅǇNʑ�Ɉʆĉȱ̤̄˓̰[	 

ǥƓǑƭǭëƙȏøīɶ͐Ņ˸¾?ƑȪ˓Ƽ͖͐�ůƼʋ͐�Ƽʋ͐�

Ƽʋʫ(Ú)͐����!ɶƹɲň�ÃɈƼ͖ɶ͐	̣2ɶ͐�Ɉȱ̄̉ǘ̉

ɱˎɏʼ̝��Ĕɲň̦lĉ̾ƴȇŗŻ<ʯlʕƴȇIơ̟®	ǇŃ͒

ɈøīĎēɶ͐ƾ7ʅɎ�ƕƜɈɁɥȈƗȏƇǒſƴȇE²Ɉͫí	Lƴˮą

MA,e −MA,e

i eg
2me

σ ⋅( p × A+ A× p) =
i eg
2me

σ ⋅(−i !eMA,e ∇× A)

=
eg !
2me

eMA,e σ ⋅B

µg =
eg !
2me

eMA,e

eMA,e

ρm,0 = 2×10
−28 kg ⋅m−3 µg ≈1.004 38µB µB =

eg !
2me

ρm,E
µg ≈1.001159 652 2 µB



 45 

Pŏ�Rȿ̾¾?ãs�Iơ	 

ąǝ˧!ʱʋɲň̘NɈƼʋʫ��ƾù�Ďē(̣2ĎēɈŭOVȩ¾?

ɒR��ǇûɈĎē)̻#ˠȏs�Ǡ�ĎēčğH<Ǡ��˵Ⱦǉʘ̆

ÆǴ3	Ǵ3ÅɈĎēÏǴ3ÅɈůƼʅKǉÅ)Hˊµǵĩ	ąǝù�Ďē

(ù̓Ďē)͐Đoƴʱʋ�¾ʷ�Ⱥŀ˓Ďē,L˃ƑȪǑƭ̵̣̚2Ď

ē͐Ņ˸ċãʱʋ	ǲƸč@%͐ŤȩÙɐ1ŘÐËěɯȳ�Ĺ	Ùʯŀ˓

ĎēƾƴȇċãɈ½ʷ�ȺěɯĎē	 

̣͂ł�˧!ċãĎēûȭȥɈŵŗ(ąǝĔ˝˧!ċã©ƾˠȏƴɵĠ

ʆĉãƴɵûɶ͐Ɉŵŗ)	Ďē̇Ȟ/��ƴɵĠȦɈˠȦƾ¢�）˵Ɉ	Ń

$ɐěˮǊsʻ̑ɈSȿǗA�Ņ˸ƴ͘ƙŃ	ąȰͩ�ČƈäȻŽý͓ŖR

̄Ȧ˦ʁŏ�Lč@Ǒ̑łͤƴɵĠȦ	ý͓ã�Ư̙ĞÏƂƪs"Oğǘ

)HʺʵLȄǊ7˧!ý͓̇Ȟ/��ƴɵĠȦ	ÙʯƑȪ�̨ù̓ĎēɈ

ˠȦż@ſãɈĎē)Ņ˸ƌǊʅK/ůƼɈȾÎÌǎ	ż@ſʷˠȏ�ɈĎ

ēã�ƯƂƪ(̣¾ʷƾüO͐Ʈ�6ȾɈ¬Ù)ŽʺʵLǇûɈĎēŭOɈ

ȱ̄�Hƥ¸ŭOȬ)�H¸ 	ãǑƭ̵̚�ʅKĎē�ǽǾ ňǻɾǬ

Ŧ)ƾ¢�ėƻȼˤɈ	 

ělĉʛǛɈ˯ŷ�̣ ͂˧!lĉƾɀ�2ǻlĉʷͅʲ͡OǇN̄ͅʑ�

Ɉ(k ͔)ʆĉǛŻ	͆/�̨˨ˮ̣2ǇN̄ͅʑ�ʆĉɈŀæ̠�̲ňû

ĠƾĔ_č@¾ŗŻ�ÃʻƳÌǎɈʛǛ(S1 or S2)Fig. 11 ©；ɦ+�ɫ�Ã

ʻƳÌǎ(ͬȸ)ɈlĉʛǛ 

 

Figure 11 | �ɫ�ÃͬȸlĉʛǛɦŸà	�ÃƱÆɈļʃÿǪá；ɦɐ1ê

ɏƱÆɈƳ̔ 

ƑȪǑƭ̵̞̚ ͅǠõlĉʷͅ͵NɈǡ{©!˸õ k ͔ʆĉęňûĠŽ

¦MƸ͐v̰̟˸õɈ k ͔ʆĉƫɎùġ	Ùʯ< Fig. 11 ɈǭëʛǛ©¾ɒ

�ͬȸÏʷͅŻǱǻ	ɀ/ k ͔ʆĉ̲ňûĠɐÃŖč@ŗŻ�ÃûĠɈ S1 
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or S2 ʛǛƸHĝ！˸ʛǛɈʻƳÌǎ�ÃÙʯ�Ⱥ�ÃͬȸɈlĉ	Lƴˮ

ąPƿȩ k ͔ʆĉʫɈŭO̠˓̲ňƾ�ĔɈ(!ʆĉ̠�̲ňɈ ]Ž�%

ŻǱǻ)	ÙʯĩʂʆĉtǊ̄ͅč@ŗŻɈ�ÃͬȸɈlĉVȩZƏ�！

Ɉ̠�̲ň	k ͔ʆĉǑ̑łͤȆɏʕ̠�ł�č@Ɉ̠˓̲ň̟̈l̲L

č@ɈʫO˓!ªƾl̲	Ùʯ¾?ƈč@ɈʫOɒŻǇûʆĉ(©lĉ)

lĉɈ̲ň!l̲	̣ ǣɒŝlĉƵ�HŘÐlĉͬȸR!ĎēʺʵɈȏͅĲt

)�HŘÐğl̲R!˸ʑ�ʆĉ̲ň=；Ɉcȇ	ȩʯ<Ń$ɐěˮˣňɒ

�ÃͬȸɈlĉʷͅ�ÃsěƸɶƃǆɲň)�ÃÙʯͬȸŽʷͅ͵Ɉlĉ

ɀ/lĉʻ̑ʷͅåɈŘÐ̠�Hź�Ȧ,ƑǑƭ̵̚)¾Š�ɐÃɈʛˮ	L

ƾɀ/ʻ̑ʷͅýĠ̣�ŘÐŢ&sŢ¾ŧɄ�˦	 

ě/ĎēŢȈʶǁ̙ĞɈȼˤ�̣ �ʶǁ̙Ğ©!Ǒƭſ̨Ɉʶǁŏ�å�

ŢĠʆĉ6ȾɈ¾ȏʲ͡O	ƑȪǑƭˠȦŏ�ʶǁƴõ�ã½ƾã�ÃɈ

Ƽ͖ɶ͐sɱɅɲň�Ã	 

Ǒƭ˧!�?ý�ǬŦǊŤ˝ØŕLŅtǊ�ÃɈvȔ	ąǝğ?ýŖŻ

�ʞěƸɶ�̻#č¾?ƑȪ?�Ʊȇȼˤ�?ý©!ɀ͜Ǔ̠�ɈŢĠʆĉ

ʖŻɈŏ�ʶǁå	ǉŃ͒ɶ͐�Ɉ?ý©!ǉʒʈɈʞěƸɶ�Ã<Įrʋ

üO̡͕Ɉ?ý¾�Ãɲňä̡K!ʞěƸɶ	ąäȻ̡͕Ɉ?ý¾̡K!ʞě

Ƹɶ,ý̡͓͕Ɉ?ý°ƾ¼�ɲňɈ̡KʞěƸɶ	LäȻ̡͕?ýɈ̡Kɲ

ňN/ý̡͓͕Ùs̢·ý̡͓͕?ýɈŘÐ	 

�ǜǑƭſʝƱɲ(Eq. 40)�ɈʻȩƐƫͧŖǠõ�ͅęň̝�ƴɵû()

©̲ňęňƴɵûŽ̄ͅęňƴɵûŽ.ʮɉƴɵû)ƸǲõɈƂƪ̲ȸ©

!ƴɵĠ	ąǝǠõɈ̲ň v ƾƴɵû�˸õɈʷͅęňƾɢĔ_ƸǲõɈ̄

ͅęň Ť!ƴɵĠʯ�ƾǻ Ǉ͵͔ɈƴɵĠǲƸ�ͅęň  ©!ƴ

ɵĠ)ħȄǊ�ͅʲ͡ɈǬŦÙʯ̣ɫŵzƾȄŸ$Ɉ	LąǝǠȭͅę

ňǻ̘û©Xs̄ͅ�Ĺ�Ƙ̡ Eq. 43 ƚ̨Ɉŵŗ˸õɈƂƪ)Hǚsʤ

źã7ʅ¾ŹɛɈƸ͐Ĩňv˸õɈ�Ĺ)ƾɐěɳĔɈ	˸ʛˮ� Eq. 43

ƚ̨ɈŵŗqÃˤ́+Ďē��ɳĔʆĉ�ɈŗŻǓ�	Ǌ+̣ǣɈŗŻǓ�

XH�Ⱥ�Ã̄ͅʑ�Ɉʆĉł�č@%͐ƾɾBɈ	͆/�ƭſ̨�Ã̄

ͅʑ�ʆĉ%͐ƴɐ1Rȿ�Ã̄ͅʑ�ʆĉ%͐̾ƾɾBɈ	ÙʯĎēt

Ǌ�ŗˡş¾?ȼˤĎēƾ���ûȾȱO�)Ǌ+ȼˮVƓ	 

ǑƭſʝƱɲ Eq. 40 Ï Eq. 64 �ɈŀͦȈ�ƫěƱÆƾǊ˝ȁɈ	̣�ŀ

1
π

ρm
1
v

ρmv
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ͦȈ�ƫƾ�ʢÆͅȈ�ƫɈʀ Ǳƾ̣�¬Ù�ʢ�ƫɈÓ�ūyĔ+Ǒ

ƭſ̨ɈŀͦȈ�ƫɈÓ�ū	ÙʯǑƭł�ƣƏȈ�ƫ M ãŀͦÁ�ƱÆ

̾ŅɾBɈˠȦ	ʯ�Ǳą�ƭſ̨ǑƭſʝȈ�ƫě�ĈǗA�Ȉ�ƫɈǭ

)ƾǊ˝ȁɈ	 

ě/ĕOʆĉ(ą̄ĉ�Ɂĉɾ)Ȉ�ƩŅɈȼˤ�ĕOʆĉɈǹO(ʶǁ

å)©!N̄ͅʑ�ʆĉỊ̏�ȈƾƑȪčɈˡşƂƪɈ,ĕOʆĉɀǹO6

ȾÙʯ̹šǹOƂƪɈɅę̩̓,ĕOʆĉɈƂƪ̲ȸ¾?ȼˤ!ǹOȈ�ƫ

Ƃƪˡş�Ƒs̄ͅ�̿Ɉ；ˠƂƪ̲ȸ	 

ě/Ɂĉ<¬ĉ�̴�̟ɲɈȼˤ�Ù!Ɂĉ!ÞĔ̄ͅʲ͡ňŖsƑȪ

ÞĔ̄ͅʑ�ʆĉ̴�Å(ǲƸɁĉȈ�ƫçị̈ ͂ſ˾ɈȈ�ƫçïƾƐʖ

Ż�̨ǹOɈ͵̲̠�ɈŢĠʆĉɈ·Ƅʲ͡)Ƀ�Ɉ̄̽ͅ�(¬ĉǤɾ)

Hɸ©̹ď¼�ɲňɈ Eq. 43 ƚ̨Ɉʲ͡ˡş,ʯě/s�ʻƳ6ȾɈƱÆʲ

͡ƩŅ̣(Ɂĉ̴�ȳŨ)ͤɳĔȳŨ	ɀ/ʨġ+ɁĉʻƳ(ě¬ĉǤ�ʻ

Ƴ́ƦɈ)ʍ¶¬ĉǤʻƳ́ƦɈʷͅ½ʷƪơ�ǘ<ʯěø；Ⱥ��Ĕɲ

ňɈɁåRȿ	 

ěɁĉʛǛɈȶŷ�Ǳą�ƭſ̨Ɂĉł�ƾ��Iʟ˧!Ɉ̄ͅ! 9.109 

389 7(54) ´ 10–31 kg ɈʆĉʯƾɀsǹO(ǻɁĉǇN̄ͅʑ�ʆĉ)Őƪ/

ɶ͐ǛŻ	Ⱥã�ǜʖŻsǹOɈʆĉ(a˯s! ͔ʆĉ)ɈʛǛ	ɁĉǹO

ʷ�ļǱɁɈ¬ĉǤ6ȾŔȨɈɐ1RȿǛŻčɈ ͔ʆĉ)Ťͨ!�2̂¦

ǚĉ	̂¦ǚĉƌǊǚĠɈ̄ͅª¾?6ȾąǲûɈ�ŤȩǊąÃ 3.5 ˁſ̨

ɈʻƳ�̲ʛǛ	sʻ̑R!��¦ȴɈʻƳ�̲ʛǛƴȇĕȺ̣ǣɈ(oÆÊ

ŏ)�ʷÙʯȶŷs!ù�ʻƳʛǛɈ÷ÂO	Fig. 12 ?ŀͦàɈƱŎĭɦ+

�ɫ¾ʷɈȻȳɸO÷ÂʛǛʅë	̣� ͔ʆĉ(÷ÂʛǛ)�ţ!��̄ͅ

ęňǚûɈʅKͷȋɈʛǛ(Fig. 12 �ɈˋˀŐƪȦ )søÝȻͦ�ʲ͡Ǌ

ʼġ�īą Fig. 12 �Ǯˀ̽�ſɦɈʻƳ�̲ʛǛ S	̣ 2 S�Ʊͦ˚ Êŏ,

¼�ƱͦÙ!ŜÆɈǇŢĠʆĉ( ͔ʆĉ)ȍ̴�̣2 Sɐ1%̢͐HƖ

Ʈ,s̗ÆŗŻɈÖȍǱĄ˚Ên 	ą�ſ̨Ɉ�ʐǓ�ĝ！ ͔ʆĉ¾Ż!

��ɳĔɈ÷ÂʛǛ	̣ ǣɈ÷ÂʛǛ¾�Ư<øɂť̲Ên ͔ʆĉ<ʯŗ

ŻŔûɈŏ�	Ù!ɐěˮƩŅ ͔ʆĉ<øɂÊƤɈ ͔ʆĉğ?͵ňȐʧ

(ʅKͷȋ)ɈŗŎʲ͡��̇、ƸŗŻɳĔɈÊnʛǛ( Ï ͔ʆĉ)	

L͍ǎǘɒ�Ư<øɂÊƤȱ̄Ťȩĝ！ ͔ʆĉʛǛ�ɳĔ	Ùʯ̣ǣ

ɈʛǛ<ǇûɈƸ͐Ĩň�ɒH�ƯȾŻ°�ƯıȝȒþLã��ȲĔ¡íɈ

ŭOƫͅZƏ�¸	 

k1
k1

k1
P1

P1

k2
P1 k1

k2
k1 k2

P1 k1
k1
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Figure 12 | ʖŻɁĉǹOɈ ͔ʆĉʛǛȶŷà	̣͂ȿŀͦàɦŸ�ʢȻȳ

ʛǛ	s�ļʃÿɈˋʕɦŸ ͔ʆĉɈ̩̓ļʃÿɈǮˀǪáȹɦŸ S

ʛǛ 

î/�̨ɁĉǹOǭë©¾ƙȏ×ûʅë�ɈRȿ¬ȼ�Ŕɐ1Rȿ�©

!ɐ1̍ɪ̡̘Ɉġƫʷͅʲ͡O%͐ʟ˦ČƩŅĮ/ŏ�RȿŗŎ	̣ ƾʷ

ͅʑ�ɈRȿ�(ą Fig. 4b �ƾğ��İÂłŽ�ŌƾɐŖÜ͠Ɉ)̣ǣɈ

Rȿ�Ŕûʯʅ ,Ɂɥ�!�Ʊæɀ�̨ɁĉǹOʛǛǛŻ,œɐ1Rȿ�

!½Ǌ�Ʊɀ�̨ɁĉǹOʛǛǛŻ,ŏ�!�ƱæƴɁĉǹOʛǛŽǹOʛ

Ǜ�̇RȿĮ̍ɪ̘̥Ɉʆĉ͡ÂO͐Ɉʟ˦ČƩŅ	 

ě/´ȱ̄Ɉȼˤ��ƭĸ̨ɐě/ƴɵĠɈ̠�ʆĉsſãɶ͐©!

ƴɵĠɶ͐ʆĉãɶ͐˃Ǌ˃ƴ	̣Ƹ̢¾?˧!ě/��ʆĉǊƴɵùɶ

̣͐ǣɈɶ͐ãʆĉ�̠�ğʆĉ��+�ɶ͐ƫɐɾɈĕO	ąǝğɶ͐

�ƴʆĉɈɶːɋĉR!ʭĚě̀ÃǣäƑȪ�̨Ʊȇƚ̨X�Ⱥ´ʆĉ�

Ɇȋ?²̂ʷͅɾȳz	ż@̣��ɂƾȱ̄ʲ͡Ɉ�ɂÙʯ´ȱ̄ɐě̘ġ	

̣ǣȼˤ´ȱ̄ƁƾĐƬÏʻȌɈ	 

ě/ͅĉʏʦɈȼˤ�ąǝ��ʆĉȳŨɐ1ʏʦč@%͐ŤȩHIơ[

Ű	Ǒƭğ�ÃʆĉƑȪ̤̄ͅ˓�ʑɈõȼƱŎŞĄäˤ́+̣ɫ̈̍Rȿ	

�%ʅK̢Ǌ�Wheeler Ŋ̧̭ƍĕͳ�Ɉ˷ōȺ̀ąǝƑȪǑƭƛUɈ̵

̚ǟǛȼˤ)�̋!�AɨɭɈ-ŵ	 

ƑȪǑƭƛUɈŪ̏̈ l̲̰[ƾ¾ʷĕȺɈ,ĐoĬˍŏ�ƾ�¾ʷɈ,

˳àğ7ʅ̒Ơ̠�sčƼOɈƼ͖Ʋ˓ƱŎƾȉĔ˝ɟ6Ɉʯ̀ȿ½I̯

k1
k2

e− x
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[ŰɈ�ɗɰ�ƱŎ�ƾÂȼɈ	 

ěǑƭſƙĝƱɲɈ˱B�Ù!Ɂɥɐ1RȿɾĮ/̲ňƱÆʲ͡§G�Ɉ

ŵŗRȿ�ǻ̘Ŕſ?IʟƱȇ̾ƾ<Ɂɥɐ1RȿɾƱͦɕƀ	ɐěˮ̰

̟ɾƩ¬ȼğMʩʲ͡§G�ɈŵŗɾB!̲ňʲ͡§G�ɈŵŗÅȿ/õȼ

đˠɈŵŗ	ȩʯǑƭɈƱɲǇrȉMʩʲ͡§G�Ɉŵŗ	ż@ɈƱɲ̰̟

ğ̲ňʲ͡§G�ɈŵŗɾB!Mʩʲ͡§G�ɈŵŗÅ"˝õȼŢˠŵŗ	 

4. Conclusions 

Ǒƭ<ǉîǑɈÒČəɑ�µƙȡ���ƚ̨ʻȩ̠RˡşɈȱȼǭë	

ãǲîɠ�<ʟ˦Čˣňŋɸ+��ƚ̨̠�ʆĉʫŃ$Ƃƪ˓!ɈƫČǭë

łěs�Éø�åɈŗŎ̤˓+ʀ¦ͳ˰	Ǒƭĝ�ɈƱɲͱǯğɐěˮƩŅˤ

́!͜Ǔ̠�ʆĉɈʟ˦ČƩŅ˧!ʆĉ(̠�ƱÆŽMʩ)ʲ͡ɲň̉͵ħ

̉Ȓʰč@ãsčƱÆɈŀæ̲ň<ʯğŏ�Ïȵ$ɐěˮƩŅŞʻȩä˒Â

̤®(̰̟ȁˤƸ̭ƍȲĔǭûĠɈ�Ĉ�ƫĕȺ)̺m+%�ğŏ�ŏnͅ

ĉ�ČƸ�ȺɈ�¾̓Ǳ ͏ͭ	̤ �ǳ�ǜµȺ̣ 2͜Ǔ̠�ʆĉɈʟ˦Č

ƩŅ͚+¾?ĝ！ȱO͐ŏ�øč@̢¾?ʻµŗŻɳĔɈ�Ƃƪʆĉʫ̣

2ʆĉʫR!̘û̄ͅʑ�Ɉʆĉ̢¾?wÚʲŻǇû̄ͅʑ�Ɉʆĉ��ƴ

ˮż@ğÑ�̄ͅʑ�ʆĉŖcƴɵĠʆĉ)ƴˮż@ğù#źɈ̲ňŖcƴ

ɵû̲ňã7ʅ¾ȼˤɈ（Ývě/Ǒƭĝ�ɈƱɲ̾ƾɾƩɈ	�ƱͦǑ

ƭî/a˯ HYPO 1–3(ȱȼǭë)ƙĝ�ʚuɈ Schrödinger ƱɲɈŗŎ?²

ȵ$ɐěˮʛˮ̣ ̤�ǳʴĔ+Ǒƭẹ̌��ɂſRa˯ɈÂȼū,¼�Ʊͦ

ạ̃�a˯Ɉîɠ�ƙĝɈƱɲ°�É+ɳĔʆĉɈ6ȾǗAɾʛˮ̣ ´̟ǘ
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Appendix:

Supplementary Information
(Mathematica v12.1.1.0 code of TraditionalForm)

Part 1. The Square of the Norm of the Average Velocity is Proportional to the 
Number of Vectors

Definition: Particles with a higher mass level composed of k particles are called kth-order particles.
Then, the velocity of a kth-order particle is the velocity of the overall center of mass of the k particles, 
which is the average of the velocity vectors of all these particles.
Assumption: Each particle is moving at the same speed and in a random direction in space.
Thus, the projection of the velocity vector of a kth-order particle onto one of the three equivalent 
coordinate axes of the 3-dimensional Cartesian coordinate system is the mean value of the projection 
(onto the same axis) of the velocity vectors of the 1st-order particles forming the kth-order particle, 
which follow the same distribution; therefore, it approximately follows a normal distribution (central 
limit theorem).
There are three equivalent (approximate) normal distributions, one on each of the three axes, which are 
not completely independent. However, James Clerk Maxwell and Ludwig Boltzmann proved that these 
distribution can, in fact, be equivalently treated as completely independent. This is because randomly 
selecting a vector is equivalent to randomly determining a three-axis coordinate; moreover, the prob-
lem of the momentum transfer of gas molecules participating in random collisions is also equivalent to 
the problem discussed in this article.

First, the probability density of the norm of the 3-dimensional vectors formed by three normal distribu-
tion N(0, σ2) components that are independent on three coordinate axes is calculated.

In[!]:= Clear["Global`*"];
$= SimplifyPDFTransformedDistributionx2 + y2 + z2,

{x, y, z} * ProductDistribution[{NormalDistribution[0, σ2], 3}], x, Assumptions→σ2 > 0;

$1 = PDFTransformedDistribution x , x* ProbabilityDistribution[$, {x, 0, +∞}], x

Out[!]=

2

π
x2 ⅇ

-
x2

2 σ2
2

σ2
3

x > 0

0 True

Then, we find the probability density of the Maxwell distribution with scale parameter σ2:

In[!]:= $2 = PDF[MaxwellDistribution[σ2], x]

Out[!]=

2

π
x2 ⅇ

-
x2

2 σ2
2

σ2
3

x > 0

0 True

Therefore, these two probability densities are equal:

In[!]:= $1 -$2

Out[!]= 0

We verify the above conclusion (c is the speed of 1st-order particle; n is the number of vectors) (This 
code takes approximately 13 hours):
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We verify the above conclusion (c is the speed of 1st-order particle; n is the number of vectors) (This 
code takes approximately 13 hours):

In[!]:= c = 1;
n = 1000;
m = 3 000 000;
dd = {};
ProgressIndicator[Dynamic[i], {1, m}]
For[i = 1, i <m, i++,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]];
dd =AppendTo[dd, ℋℋ]];

$= SmoothKernelDistribution[dd, {"Adaptive", Automatic, Automatic}];

s1 = PlotPDF[$, x], PDFMaxwellDistribution
c

3
n , x,

{x, 0, 100 c}, PlotStyle→ {{Red, Thickness→ 0.0032}, {Blue, Thickness→ 0.0032}},
Frame→ {{True, False}, {True, False}}, FrameLabel→ {"Momentum", "Probability Density"},
FrameStyle→Directive[Black, Thickness→ 0.0017],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 14],
Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},

{Style["Theoretical", FontFamily→ "Arial", FontSize→ 14],
Style["Simulated", FontFamily→ "Arial", FontSize→ 14]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[0.6]]&)], Scaled[{0.732, 0.644}]]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S1.png",
s1, Background→None, ImageResolution→ 600];

Out[!]=

Out[!]=
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Figure S1. Probability density of the momentum norm formed by 1000 randomly moving particles 
with c = 1 (theoretical and simulated results).
Accordingly, the norm of the 3-dimensional vectors formed by three normal distribution N(0, σ2) 
components which are independent on three coordinate axes follows the Maxwell distribution with the 
scale parameter σ2.
Suppose that the standard deviation of the projection of the velocity of any one of the k equivalent 
particles forming a kth-order particle onto each equivalent coordinate axis is σ. Then, the standard 
deviation of the projection of the velocity of a kth-order particle onto each equivalent coordinate axis 

(i.e., the mean value of the projection of the velocity of 1st-order particle) is σ
k

, namely, the projec-

tion onto each coordinate axis (approximate) follows a normal distribution with a mean value of 0 and 

a standard deviation of σ
k

. As a result, the speed of kth-order particles follows the Maxwell distribu-

tion with scale parameter σ
k

.

Then, the average velocity of the kth-order particles is53



Accordingly, the norm of the 3-dimensional vectors formed by three normal distribution N(0, σ2) 
components which are independent on three coordinate axes follows the Maxwell distribution with the 
scale parameter σ2.
Suppose that the standard deviation of the projection of the velocity of any one of the k equivalent 
particles forming a kth-order particle onto each equivalent coordinate axis is σ. Then, the standard 
deviation of the projection of the velocity of a kth-order particle onto each equivalent coordinate axis 

(i.e., the mean value of the projection of the velocity of 1st-order particle) is σ
k

, namely, the projec-

tion onto each coordinate axis (approximate) follows a normal distribution with a mean value of 0 and 

a standard deviation of σ
k

. As a result, the speed of kth-order particles follows the Maxwell distribu-

tion with scale parameter σ
k

.

Then, the average velocity of the kth-order particles is

In[!]:= v =MeanMaxwellDistribution
σ

k


Out[!]=

2 2
π
σ

k

For the kth-order particles in different reference frames (Ru and R0) and with different standard 
deviations (σu and σ0), the ratio of their average velocity vu / v0 =

In[!]:=

2 2
π
σu

k


2 2
π
σ0

k

Out[!]=
σu

σ0

Therefore, the ratio of σu to σ0 is the ratio between the average speeds of particles of higher mass 
levels in Ru and R0.

For k1th- and  k2th-order particles, the ratio of their average velocity v1 / v2 =

In[!]:=

2 2
π
σ

k1


2 2
π
σ

k2

Out[!]=
k2

k1

And because:�m1 = μ k1 and m2 = μ k2, where μ is the scale factor or the  mass of 1st-order particle. 
v1 / v2 is also equal to

In[!]:= Simplify

m2
μ

m1
μ

, Assumptions→ μ > 0

Out[!]=
m2

m1

Therefore, the square of the average velocity of particles is directly proportional to the mass of parti-
cles or the number of 1st-order particles forming it.

Part 2. Special Relativistic Effects on Infinitesimal Particles
Correspondence:
The mixed distribution of "1and "2 is represented by )12;
The mixed distribution of "3and "4 is represented by )34;
The rest of the symbols are consistent with those in the main text.
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In[!]:= Clear["Global`*"];
$= TransformedDistribution[cCos[θ] Sin[ArcCos[η]],

{θ *UniformDistribution[{-π, π}], η *UniformDistribution[{-1, 1}]}];
$1 = TransformedDistributioncCos[θ] Sin[ArcCos[η]],

θ *UniformDistribution[{-π, π}], η *UniformDistribution
u

c
, 1;

$2 = TransformedDistributioncCos[θ] Sin[ArcCos[η]],

θ *UniformDistribution[{-π, π}], η *UniformDistribution-1,
u

c
;

$3 = TruncatedDistribution[{u, c}, UniformDistribution[{-c, c}]];
$4 = TruncatedDistribution[{-c, u}, UniformDistribution[{-c, c}]];
$34 =MixtureDistribution[{w, 1 - w}, {$3, $4}];
Simplify[Mean[$34], Assumptions→ 0 < u < c]

Out[!]=
1

2
(c (2w - 1) + u)

Let the mean value expression be
1

2
(c (2 w - 1) + u) = u, and then we find the weight w

In[!]:= Reduce
1

2
(c (2 w - 1) + u) ⩵ u, w

Out[!]= (u- 0 ∧ c- 0) ∨ c ≠ 0 ∧ w-
c + u

2 c

Then, the mixed distribution )12 consisting of "1 and "2 can be calculated in accordance with this 
weight w. The analytical form of )12 cannot be given by Mathematica.�Therefore, the standard devia-
tion of )12 is calculated directly (This code takes approximately 72 seconds).

In[!]:= w =
c + u

2 c
;

$12 =MixtureDistribution[{w, 1 - w}, {$1, $2}];
σu = Simplify[StandardDeviation[$12], Assumptions→ 0 < u < c]

Out[!]=
c2 - u2

3

The standard deviation of )34 is the same.

In[!]:= Simplify[StandardDeviation[$34], Assumptions→ 0 < u < c]

Out[!]=
c2 - u2

3

Then, the ratio between σu and the velocity components on the x-axis of the particles in R0 can be 
obtained.

In[!]:= Simplify[σu /StandardDeviation[$], Assumptions→ 0 < u < c]

Out[!]=
c2 - u2

c

The same factor can also be obtained by evaluating the ratio of the standard deviation of )34 to the 
standard deviation of the velocity components on the z-axis in R0.
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In[!]:= Simplify[StandardDeviation[$34]/StandardDeviation[UniformDistribution[{-c, c}]],
Assumptions→ 0 < u < c]

Out[!]=
c2 - u2

c

When c = 10 and u = 6, the distribution of )12 on x- or y-axes is like this (This code takes approxi-
mately 350 seconds):

In[!]:= c = 10;
u = 6;
data =RandomVariate[$12, 300 000 000];
$0 = SmoothKernelDistribution[data, {"Adaptive", Automatic, Automatic}];
s2 = Plot[PDF[$0, x], {x, -10, 10}, PlotRange→ Full, PlotStyle→ {Blue, Thickness→ 0.0032},

AxesLabel→ {HoldForm[Speed], HoldForm[Probability Density]},
AxesStyle→Directive[Black, Thickness→ 0.001],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 14]]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S2.png",
s2, Background→None, ImageResolution→ 600];

Out[!]=
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Figure S2. Simulated probability density of the mixed distribution )12 when c = 10 and u = 6.

Part 3. Position aggregation being dominant is equivalent to velocity direction 
aggregation being dominant

Suppose that the standard deviation of the projection of the velocity of the 1st-order particle swarm 
onto each equivalent coordinate axis is σ. Then, the Maxwell speed density function related to mass is 
as follows:

In[!]:= $=MaxwellDistribution
σ

k
;

PDF[$, x]

Out[!]=

2

π
k32 x2 ⅇ

-
k x2

2 σ2

σ3
x > 0

0 True

In the main text, Y is generally used to represent the magnitude of the momentum in a microdomain V. 
However, due to the characteristics of Mathematica, we replace Y with Y and substitute it with x in the 
above formula, namely,
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x =
Y

k
;

Then, the probability density of the magnitude of the momentum (Y) is

In[!]:= $= TransformedDistributionk x, x* ProbabilityDistribution

2
π
k3/2 x2 ⅇ-

k x2

2 σ2

σ3
, {x, -∞, ∞};

Simplify[PDF[$, Y], Assumptions→ k > 0]

Out[!]=

2
π
Y2 ⅇ-

Y2

2 k σ2

k32 σ3

Find the value of k at the maximum value of the above formula:

In[!]:= ReduceD

2
π
Y2 ⅇ-

Y2

2 k σ2

k3/2 σ3
, {k, 1} ⩵ 0, k

Out[!]= (k ≠ 0 ∧ σ ≠ 0 ∧ Y - 0) ∨ σ ≠ 0 ∧ Y ≠ 0 ∧ k -
Y2

3 σ2

And this formula is expanded by a Taylor series about the point k = Y 2

3 σ2  according to k.

In[!]:= Series

2
π
Y2 ⅇ-

Y2

2 k σ2

k3/2 σ3
, k,

Y2

3σ2
, 3

Out[!]=

3 6
π
Y2

ⅇ32 σ3  Y
2

σ2

32

-
81 3

2 π
σ k - Y2

3 σ2

2

2 ⅇ32 Y2  Y
2

σ2

32

+
81 6

π
σ3 k - Y2

3 σ2

3

ⅇ32 Y4  Y
2

σ2

32

+O k -
Y2

3 σ2

4

Therefore, this formula is a parabola with its opening facing downward about the point k = Y 2

3 σ2 , 

which is symmetric! This result shows that the two aggregation effects are equivalent about the point k 

= Y 2

3 σ2 .

Each mass level particle can be seen as being formed by particles of lower mass level. Regardless of 
how much mass aggregation or velocity direction aggregation the particles exhibit, it can be regarded 
as a slight one with a lower mass level. This is carried out step by step. Finally, the minimal deviation 
of the aggregation behavior of the position or velocity direction for infinitesimal particles can be 
achieved. The above results show that when the slightest aggregation behavior occurs, the difficulty of 
the two aggregation behaviors is equivalent. Therefore, the two aggregation behaviors can be replaced 
with each other for the statistical influence of the diffusion behavior on the infinitesimal particles. 
When the particles of higher mass level are investigated, their dynamic behaviors are affected by the 
dynamic behaviors of the lower-mass-level particles forming them (this is not contradictory to the 
viewpoint that each mass level particle can be treated equally, that is, when the behavior of particles of 
higher quality level is investigated, these particles can be regarded as free particles with a statistical 
effect, while the lower-mass-level particles forming them can be completely ignored. See Section 
3.3.5.4 of the main text for more details. When the number of particles of higher mass level is small 
and does not meet the statistical conditions, their dynamic behavior should be investigated according to 
the dynamic behaviors of the particles of lower mass level. When the number of particles of higher 
mass level is large enough, their dynamic behaviors can be investigated separately, that is, they are not 
affected by the dynamic behaviors of lower-mass-level particles, and they show the minimal deviation 
of the aggregation behavior. However, when there are artificial regulations, even if the number of 
particles of higher mass level is large enough, they will still be affected by the dynamic behavior of 
particles of lower mass level), thus following the dynamic behaviors of the lower-mass-level particles. 
Therefore, the two aggregation behaviors are equivalent to that of the higher mass-level-particles. In 
summary, the two aggregation effects are interchangeable for any mass level particles and thus affect 
the diffusion behavior as a single statistical effect of the aggregation behavior.
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Each mass level particle can be seen as being formed by particles of lower mass level. Regardless of 
how much mass aggregation or velocity direction aggregation the particles exhibit, it can be regarded 
as a slight one with a lower mass level. This is carried out step by step. Finally, the minimal deviation 
of the aggregation behavior of the position or velocity direction for infinitesimal particles can be 
achieved. The above results show that when the slightest aggregation behavior occurs, the difficulty of 
the two aggregation behaviors is equivalent. Therefore, the two aggregation behaviors can be replaced 
with each other for the statistical influence of the diffusion behavior on the infinitesimal particles. 
When the particles of higher mass level are investigated, their dynamic behaviors are affected by the 
dynamic behaviors of the lower-mass-level particles forming them (this is not contradictory to the 
viewpoint that each mass level particle can be treated equally, that is, when the behavior of particles of 
higher quality level is investigated, these particles can be regarded as free particles with a statistical 
effect, while the lower-mass-level particles forming them can be completely ignored. See Section 
3.3.5.4 of the main text for more details. When the number of particles of higher mass level is small 
and does not meet the statistical conditions, their dynamic behavior should be investigated according to 
the dynamic behaviors of the particles of lower mass level. When the number of particles of higher 
mass level is large enough, their dynamic behaviors can be investigated separately, that is, they are not 
affected by the dynamic behaviors of lower-mass-level particles, and they show the minimal deviation 
of the aggregation behavior. However, when there are artificial regulations, even if the number of 
particles of higher mass level is large enough, they will still be affected by the dynamic behavior of 
particles of lower mass level), thus following the dynamic behaviors of the lower-mass-level particles. 
Therefore, the two aggregation behaviors are equivalent to that of the higher mass-level-particles. In 
summary, the two aggregation effects are interchangeable for any mass level particles and thus affect 
the diffusion behavior as a single statistical effect of the aggregation behavior.

Part 4. The Norm of the Component Vector is Proportional to the Number of 
Vectors Forming It

When the total vector value of a specified vector swarm is determined, the mean norms between 
different component vectors should be proportional to the number forming them.�The following proves 
this viewpoint in detail.
It has been proven that the degree of slowdown on all three axes is the same in Part 2 of the Supplemen-
tary Information. Then, let ℳk being the norm of momentum of k particles observed from Ru, it 

follows Maxwell distribution with scale parameter 
k c2-u2

3  when observing from Ru. And when 

observing all of the moving particles in Ru from R0, all the randomly moving particles in Ru can be 
considered to have an additional velocity component u along the z-axis. Therefore, according to cosine 
theorem, the probability density of momentum norm formed by k particles in Ru observed in R0 can 
be expressed as (This code takes approximately 54 seconds):

In[!]:= Clear["Global`*"];

$= TransformedDistribution (k u)2 +ℳk2 - 2 k uℳkCos[ArcCos[η]] ,

ℳk *MaxwellDistribution
k c2 - u2

3
, η *UniformDistribution[{-1, 1}];

FullSimplify[PDF[$, x], Assumptions→ c > 0 ∧ 0 < u < c]

Out[!]=

3 x ⅇ
6 u x

c2-u2 -1 ⅇ
-
3 k u+x2

2 k c2-u2

k u 2 π c2 k-2 π k u2
k > 0 ∧ ((x > 0 ∧ k u > x) ∨ k u < x)

-
6 π c2 k-u x 5 u x-2 c2 k erf 6 x

c2 k-u x
+4 x ⅇ

6 x2

u x-c2 k c2 6 k+2-u 2 u+3 x-8 x (c-u) (c+u)

4 6 π k52 u ((c-u) (c+u))32
k u- x ∧ k > 0

The meaningful part (first branch) is selected to be verified. Note that the sampling with the replace-
ment method in the particle swarm with a mean speed of u can simulate all of the cases of the particle 
swarm with a mean speed of u. (The following code takes averagely 4.2 + 0.5 hours)
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In[!]:= c = 1;
n = 1 000 000;
ℋℋ = 0;
While[ℋℋ < 2700,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]]];

m = 1 000 000;
dd = {};
ProgressIndicator[Dynamic[ j], {1, m}]
For[ j = 1, j <m, j++,

ℋ0 =RandomChoice[ℋ , 0.3 n];
ℋℋ0 =Norm[Total /@ Transpose[ℋ0]];
dd =AppendTo[dd, ℋℋ0]];

$= SmoothKernelDistribution[dd, {"Adaptive", Automatic, Automatic}];
k = 0.3 n;

u =
ℋℋ

n
;

s3 = PlotPDF[$, x],
3 x ⅇ

6 u x

c2-u2 - 1 ⅇ
-
3 k u+x2

2 k c2-u2

k u 2 π c2 k - 2 π k u2
, {x, 0, 2500},

PlotStyle→ {{Red, Thickness→ 0.0032}, {Blue, Thickness→ 0.0032}},
Frame→ {{True, False}, {True, False}}, FrameLabel→ {"Momentum", "Probability Density"},
FrameStyle→Directive[Black, Thickness→ 0.0017],
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 14],
Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},

{Style["Theoretical", FontFamily→ "Arial", FontSize→ 14],
Style["Simulated", FontFamily→ "Arial", FontSize→ 14]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[0.6]]&)], Scaled[{0.756, 0.644}]]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S3.png",
s3, Background→None, ImageResolution→ 600];

Out[!]=
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Figure S3. Probability density of the momentum norm formed by 3 × 105 particles in Ru observed in 
R0 when c = 1 and u is a fixed value.

In view of the above conclusions, we find the mean value of this distribution (This code takes approxi-
mately 150 seconds).
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In[!]:= Y k = FullSimplify

MeanProbabilityDistribution
3 x ⅇ

6 u x

c2-u2 - 1 ⅇ
-
3 k u+x2

2 k c2-u2

k u 2 π c2 k - 2 π k u2
, {x, 0, +∞}, Assumptions→ c > u > 0 ∧ k > 0

Out[!]=

c2 + (3 k - 1) u2 erf
3

2
k u

k (c-u) (c+u)
+ 6

π
u ⅇ

3 k u2

2 u2-c2 k (c - u) (c + u)

3 u

We find the limit of the ratio of this mean value Y k and k when k approaches +∞.

SimplifyLimit
Y k

k
, k→+∞, Assumptions→ u > 0

Out[!]=
-u argc2 - u2 ≥ π
u True

The second brunch is meaningful. Therefore, when k is a large number, the norm of the mean value 
Y k is directly proportional to the number k forming Y k, namely  Y k = k ·u.

Eq. 21 in the main text determines the proportion of particle number distributed in various boxes 
partitioned by k, and these particles are distributed in each box of V with equal probability. That is, the 
particles are randomly extracted from the micro domain V to be distributed in each box. When the 
number of extractions is large enough, the norm of each component vector partitioned by k should be 
directly proportional to the number of particles according to the probability and the scale factor is u.
The unique expansion of scalar ℳ in the form of including power series is

ℳ = 
k=1

∞ ⅇ-ℳ ℳk

(k - 1) !

If the corresponding terms marked by k are directly proportional between the expansion of the norm 
@ℳA of vector ℳ and the expansion of the scalar ℳ representing the number of particles, or the num-
bers of particles are allowed to be proportional to the norms of vectors they form, the number ℳ of 
particles must be equal to the norm @ℳA of the vector ℳ  they form besides they are required to obey 
Poisson distribution. According to the above conclusion Y k = k ·u, the average speed u = 1 is needed 
in the system.

Next, we verify the standard deviations of this distribution in the three axes (This  code takes averagely 
291 seconds).
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In[!]:= c = 1;
n = 10 000 000;
ℋℋ = 0;
While[ℋℋ < 6600,

ℋ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ =Norm[Total /@ Transpose[ℋ]]];

ℋ0 =RandomChoice[ℋ , 0.3 n];
ℋℋx = StandardDeviation[Transpose[ℋ0][[1]]]
ℋℋy = StandardDeviation[Transpose[ℋ0][[2]]]
ℋℋz = StandardDeviation[Transpose[ℋ0][[3]]]

Out[!]= 0.57735

Out[!]= 0.577374

Out[!]= 0.577327

The standard deviation in theory is:

u =
ℋℋ

n
;

c2 - u2

3
Out[!]= 0.57735

This result also verifies that the conclusions in Part 2 and Part 3 are both correct.

Part 5. The 2-Dimensional Situation Under the Same Conditions
This code takes approximately 22 seconds.
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In[!]:= Clear["Global`*"];
Needs["NDSolve`FEM`"];

Ω= ImplicitRegion
16

10 000
≤ x2 + y2 ≤ 16, {x, y};

mesh = ToElementMeshΩ, MeshRefinementFunction→

Function{vertices, area}, area >
3

100 000

1

10
+ 80 Norm[Mean[vertices]] ;

uif =NDSolveValue
∂2u(x, y)

∂x2
+

∂2u(x, y)

∂ y2
-

∂u(x, y)

∂x

2

-
∂u(x, y)

∂ y

2

⩵ 0,

DirichletConditionu[x, y] ⩵ 1 + 2 ⅈ, x2 + y2⩵
16

10 000
,

DirichletConditionu[x, y] ⩵ 0, x2 + y2⩵ 16, u, {x, y} ∈mesh;

s4 = Plot3D(Abs[uif[x, y]])2, {x, y} ∈mesh, PlotRange→ {0, 5}, ColorFunction→ (Hue[0.65, #3]&),
MeshStyle→GrayLevel[0.4], BoundaryStyle→GrayLevel[0.4],
AxesLabel→ Style["x", 15, FontFamily→ "Arial", Black, Italic, Bold],

Style["y", 15, FontFamily→ "Arial", Black, Italic, Bold], Rotate"Density",
π

2
,

AxesStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 15],
BoxStyle→Directive[Black, Thickness→ 0.002], BoxRatios→Automatic, ViewPoint→ {15, -26, 16};

ImageResize[s4, 700]
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S4.png",

s4, Background→None, ImageResolution→ 600];

Out[!]=

Figure S4. Distribution of the mass density of a particle swarm meeting conditions ℳ(0, 0) = 1 + 2ⅈ ∧ 
(ℳ(x, y) = 0 ∧ x2 + y2 = 42).

It can be seen from Figure S4 that it is a circular symmetrical structure.

Part 6. Differences Between the Two Solving Methods (Schrödinger Equation 
and Eq. 40)
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Part 6. Differences Between the Two Solving Methods (Schrödinger Equation 
and Eq. 40)

This code takes approximately 45 hours.

In[!]:= Clear["Global`*"];

usol =DSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2, ψ, {x, t};

F[x_] := ⅇ-x; L = 20;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-2 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 40;

s5 = Plot3DAbs[usol[x, t]] - 102 Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {-0.002, 0.003}},
MeshStyle→GrayLevel[0.4], BoundaryStyle→GrayLevel[0.4],
AxesLabel→ Style["t ", 15, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 15, FontFamily→ "Arial", Black, Italic, Bold], Rotate"Deviation ",
π

2
,

AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{-0.002, -0.002, {0.012, 0}, Thickness→ 0.003}, {-0.001, -0.001, {0.012, 0}, Thickness→ 0.003},
{0, "0.000", {0.012, 0}, Thickness→ 0.003}, {0.001, 0.001, {0.012, 0}, Thickness→ 0.003},
{0.002, "0.002", {0.012, 0}, Thickness→ 0.003}, {0.003, "0.003", {0.012, 0}, Thickness→ 0.003}}},

LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 15], ViewPoint→ {1, -2, 2.1};

FindMaxValueAbs[usol[x, t]] - 102 Abs[vsol[x, t]], x > 0, t > 0, {x, t}, WorkingPrecision→ 34
Abs[usol[x, t]] /. Last

FindMaximumAbs[usol[x, t]] - 102 Abs[vsol[x, t]], x > 0, t > 0, {x, t}, WorkingPrecision→ 34

ImageResize[s5, 700]
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S5.png",

s5, Background→None, ImageResolution→ 600];
Out[!]= 0.01137609304650582034220637885507277

Out[!]=

Figure S5. Deviation of the contours computed by the Schrödinger equation and Eq. 40 with an initial 
wave function of 10-2 ⅇ-2 x2.
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Figure S5. Deviation of the contours computed by the Schrödinger equation and Eq. 40 with an initial 
wave function of 10-2 ⅇ-2 x2.

Part 7. Another Comparison When the Initial Wave Function Is 1.4 e-2 x2

This code takes approximately 3 hours.

In[!]:= Clear["Global`*"];
Off[NDSolveValue::eerr];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵
6

5
ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 22;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵
7

5
ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 26;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;

xsol =NDSolveⅈ D[χ[x, t], t] U -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plot3D
5

6
Abs[usol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,

PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", 22, FontFamily→ "Arial",

Black, Italic, Bold], Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["a", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G2 = Plot3D
5

7
Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,

PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}}, MeshStyle→GrayLevel[0.4],
BoundaryStyle→GrayLevel[0.4], AxesLabel→ {Style["t ", 22, FontFamily→ "Arial",

Black, Italic, Bold], Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["b", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G3 = Plot3D[Norm[Evaluate[{u[x, t], v[x, t]} /. xsol]], {t, 0, 1.6}, {x, -8, 8},
, , ,
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In[!]:=

PlotPoints→ 60, MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.23}},
MeshStyle→GrayLevel[0.4], BoundaryStyle→GrayLevel[0.4],
AxesLabel→ {Style["t ", 22, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 21], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["c", 22, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

G4 = Plot
5

6
Norm[usol[x, 1]],

5

7
Norm[vsol[x, 1]], Norm[Evaluate[{u[x, 1], v[x, 1]} /. xsol]], {x, -3.8, 3.8},

PlotStyle→ {{Red, Thickness→ 0.005}, {Blue, Thickness→ 0.005}, {Black, Thickness→ 0.005}},
PlotRange→ {{-3, 3}, {-0.02, 0.9}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0012], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22], PlotLegends→
Placed[LineLegend[{Directive[Red, Thickness[0.0036]], Directive[Blue, Thickness[0.0036]], ,

Directive[Black, Thickness[0.0036]]}, {"1.2", "1.4", "Dirac"}], {0.873, 0.72}];
s6 =GraphicsGrid[{{G1, G2}, {G3, G4}}, Alignment→ Bottom, ImageSize→ 700,

Epilog→ Text[Style["d", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.6053, 0.7776}]]];

ImageResize[s6, 1000]
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure S6.png",

s6, Background→None, ImageResolution→ 600];
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Out[!]=

Figure S6. Illustrations of the 1-dimensional time-dependent diffusion of the Gaussian wave packet 
ⅇ-2 x2  as obtained using various methods in natural units. a, Computation result of Eq. 40 when the 

initial condition is ℳ0(x, t) = 1.2 ⅇ-2 x2. The norm has been reduced (× 5
6 ) to facilitate the shape 

comparison. b, Computation result of Eq. 40 when the initial condition is ℳ0(x, t) = 1.4 ⅇ-2 x2. The 

norm has been reduced (× 5
7 ) to facilitate the shape comparison. c, Computation result of the Dirac 

equation. d, Comparison between them at t = 1.

Part 8. Angular Speed Distribution of Random Spin Particles
Clear["Global`*"];

X = TransformedDistribution
N1

N12 + N22 + N32
,

{N1, N2, N3} * ProductDistribution[{NormalDistribution[], 3}];

PDF[X, x]

Out[!]=

1
2

-1 ≤ x ≤ 1

0 True

The expression of @Ω'A in the main text is calculated as follows.
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In[!]:= X = c Sin[ArcCos[Θ]]Cos[Η];
Y = c Sin[ArcCos[Θ]] Sin[Η];
Z = 0;

FullSimplify X2 + Y2 + Z2 , Assumptions→ c > 0

Out[!]= c 1 - Θ2

NOTE: @ω'A(x) in the main text is substituted by ω' as the probability expression here.

In[!]:= ω ' = TransformedDistributionc 1 - Θ2 , Θ*UniformDistribution[{-1, 1}];
FullSimplify[PDF[ω ', x], Assumptions→ c > 0]

Out[!]=

x

c c2-x2
x > 0 ∧ c > x

0 True

NOTE: ωS,X (x) in the main text is substituted by ωsx here. Then, the probability density of X, which 

represents one of the three equivalent coordinates of the angular velocity ΩS contributed by the random 
vector VS, can be obtained:

In[!]:= ωsx = TransformedDistributionF1 F2,

F1* ProbabilityDistribution
1

2
, {x, -1, 1}, F2* ProbabilityDistribution

x

c c2 - x2
, {x, 0, c};

FullSimplify[PDF[ωsx, x], Assumptions→ c > 0]

Out[!]=

cos-1 x
c


2 c
x- 0 ∨ (x > 0 ∧ c > x)

2 sin-1 x
c
+π

4 c
c + x > 0 ∧ x < 0

NOTE: ωB,X (x,r) in the main text is substituted by ωbx here. Then, the probability density of the norm 
r of the radius r at which the starting point of the vector VB is located within the ball can be obtained:

ωbx = TransformedDistribution
1

r
x,

x* ProbabilityDistribution

ArcCos x
c


2 c
0 ≤ x < c

2 ArcSin x
c
+π

4 c
-c < x < 0

, {x, -c, c}, Assumptions→ r > 0 ∧ c > 0;

PDF[ωbx, x]

Out[!]=

r cos-1 r x
c


2 c
c + r x > 0 ∧ c - r x > 0 ∧ r x ≥ 0

r 2 sin-1 r x
c
+π

4 c
c + r x > 0 ∧ c - r x > 0 ∧ r x < 0

The distribution function of the contribution of VB to the equivalent coordinate ΩB,X  of ΩB is calcu-
lated as follows (NOTE: This is the result in Mathematica 11.2):
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CDFProbabilityDistribution

r ArcCos r x
c


2 c
0 ≤ x < c

r

r 2 ArcSin r x
c
+π

4 c
-
c
r
< x < 0

, x, -
c

r
,
c

r
, Assumptions→ r > 0 ∧ c > 0, x

1
2

c
r
- x > 0 ∧ x- 0

1 c
r
- x < 0 ∧ x ≥ 0

- c2-r2 x2 +r x cos-1 r x
c
+2 c

2 c
 c
r
- x- 0 ∧ x ≥ 0 ∨  c

r
- x ≥ 0 ∧ x > 0

2 c2-r2 x2 +2 r x sin-1 r x
c
+π r x

4 c
x < 0 ∧ c

r
- x > 0 ∧ c

r
+ x > 0

We remove the meaningless parts of the above function and integrate the function in the whole unit 
ball (NOTE: This is the result in Mathematica 11.2):

FullSimplify
0

1
4 π r2

2 c2-r2 x2 +2 r xArcSin r x
c
+π r x

4 c
-
c
r
< x < 0

- c2-r2 x2 +r xArcCos r x
c
+2 c

2 c
0 ≤ x < c

r

ⅆ r, Assumptions→ c > 0

- π2 c3

32 x3
c + x ≤ 0

128-3 π π c3

96 x3
c < x

π 3 c2 x (c-x) (c+x) +3 c4 3 sin-1 x
c
-4 tan-1 x

c2-x2
+24 x4 sec-1 c

x
+64 c x3-30 x3 (c-x) (c+x)

48 c x3
c ≥ x ∧ x ≥ 0

π 8 x4-3 c4 sin-1 x
c
+x (c-x) (c+x) 10 x2-c2+4 c4 tan-1 x

c2-x2
+4 π x4

16 c x3
True

We find the first derivative of the above result with respect to x (NOTE: This is the result in Mathemat-
ica 11.2):

FullSimplify

D

-
π2 c3

32 x3
x ≤ -c

(128-3 π) π c3

96 x3
x > c

π 3 c2 x (c-x) (c+x) +3 c4 3 ArcSin x
c
-4 ArcTan x

c2-x2
 +24 x4 ArcSec c

x
+64 c x3-30 x3 (c-x) (c+x)

48 c x3
0 < x ≤ c

π 8 x4-3 c4ArcSin x
c
+x (c-x) (c+x) 10 x2-c2+4 c4 ArcTan x

c2-x2
+4 π x4

16 c x3
-c < x < 0

, x

3 π2 c3

32 x4
c + x ≤ 0

π 3 π-128 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 tan-1 x

c2-x2
-3 sin-1 x

c
 +8 x4 sec-1 c

x


16 c x4
x > 0 ∧ c ≥ x

π x (c-x) (c+x) 3 c2+2 x2+9 c4+8 x4 sin-1 x
c
-12 c4 tan-1 x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0

We modify the above results to the form of a continuous function and integrate the function in the 
whole interval �-∞��∞ . 
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In[!]:= Integrate

3 π2 c3

32 x4
c + x ≤ 0

3 π2 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcTan x

c2-x2
-3 ArcSin x

c
 +8 x4 ArcSec c

x


16 c x4
x > 0 ∧ c ≥ x

π 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcTan x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0

,

{x, -∞, ∞}, Assumptions→ c > 0

Out[!]=
4 π

3

The above function is normalized according to the integration results (NOTE: This is the result in 
Mathematica 11.2):

FullSimplify
1
4 π
3

3 π2 c3

32 x4
c + x ≤ 0

3 π2 c3

32 x4
c < x

π -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcTan x

c2-x2
-3 ArcSin x

c
 +8 x4 ArcSec c

x


16 c x4
x > 0 ∧ c ≥ x

π 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcTan x

c2-x2
+4 π x4

16 c x4
c + x > 0 ∧ x < 0



9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 tan-1 x

c2-x2
-3 sin-1 x

c
 +8 x4 sec-1 c

x


64 c x4
x > 0 ∧ c ≥ x

3 9 c4+8 x4 sin-1 x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 tan-1 x

c2-x2
+4 π x4

64 c x4
c + x > 0 ∧ x < 0

In view of tan-1 x
c2-x2 = sin-1 x

c2-x2  and sec-1 c
x = cos-1 x

c , the probability density of the 

contribution of VB in the whole unit ball to an equivalent coordinate X of the angular velocity ΩB can 
be obtained by simplifying the above results (Note: ωB,X (x) in the main text is substituted by ωBx 
here) (NOTE: This is the result in Mathematica 11.2):

ωBx = FullSimplify

9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 -x (c-x) (c+x) 3 c2+2 x2+3 c4 4 ArcSin x
c
-3 ArcSin x

c
+8 x4 ArcCos x

c


64 c x4
x > 0 ∧ c ≥ x

3 9 c4+8 x4ArcSin x
c
+x (c-x) (c+x) 3 c2+2 x2-12 c4 ArcSin x

c
+4 π x4

64 c x4
c + x > 0 ∧ x < 0

, Assumptions→ c > 0

9 π c3

128 x4
c < x ∨ c + x ≤ 0

3 3 c4 sin-1 x
c
-x c2-x2 3 c2+2 x2+8 x4 cos-1 x

c


64 c x4
x > 0 ∧ c ≥ x

3 8 x4-3 c4 sin-1 x
c
+x c2-x2 3 c2+2 x2+4 π x4

64 c x4
c + x > 0 ∧ x < 0

Further more, when the radius of the ball is R, the above situation scales to 
ΩB,X (x)
R . Accordingly, the 

probability density of the contribution of the random vector V to the single equivalent coordinate X of 
angular velocity Ω is (Note: ωX (x) in the main text is substituted by ωx here) (NOTE: This is the result 
in Mathematica 11.2):
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Further more, when the radius of the ball is R, the above situation scales to 
ΩB,X (x)
R . Accordingly, the 

probability density of the contribution of the random vector V to the single equivalent coordinate X of 
angular velocity Ω is (Note: ωX (x) in the main text is substituted by ωx here) (NOTE: This is the result 
in Mathematica 11.2):

ωx = TransformedDistribution
x

R
,

x* ProbabilityDistribution

9 π c3

128 x4
x > c ∨ x ≤ -c

3 8 x4-3 c4ArcSin x
c
+x c2-x2 3 c2+2 x2+4 π x4

64 c x4
-c < x < 0

3 3 c4 ArcSin x
c
-x c2-x2 3 c2+2 x2+8 x4 ArcCos x

c


64 c x4
0 < x ≤ c

Indeterminate True

, {x, -∞, ∞},

Assumptions→ R > 0 ∧ c > 0;

FullSimplify[PDF[ωx, x]]
9 π c3

128 R3 x4
c < R x ∨ c + R x ≤ 0

3 R x c2-R2 x2 3 c2+2 R2 x2+8 R4 x4-3 c4 sin-1 R x
c
+4 π R4 x4

64 c R3 x4
c + R x > 0 ∧ R x < 0

3 -R x c2-R2 x2 3 c2+2 R2 x2+3 c4 sin-1 R x
c
+8 R4 x4 cos-1 R x

c


64 c R3 x4
R x > 0 ∧ c ≥ R x

Indeterminate True

The standard deviation of ωx is:

StandardDeviation[ωx]

2
3
c

R

This is the end of the whole proof.

Part 9. Figures Used in This Article
###### Figure1##############################################
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In[!]:= Clear["Global`*"];

aa =GraphicsRGBColor
178

255
,
252

255
,
61

255
, Rectangle[{0, 0}, {1, 1}],

RGBColor
178

255
,
252

255
,
61

255
, 0.5, Rectangle[{1, 0}, {2, 1}],

RGBColor
250

255
,
200

255
, 0, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0.7, 0.54}, {1.3, 0.54}}]},

RGBColor
250

255
,
200

255
, 0, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.3, 0.46}, {0.7, 0.46}}]},

RGBColor
178

255
,
252

255
,
61

255
, 0.5, Arrowheads[0.06],

{Thickness[0.006], Arrow[{{0, -1.3}, {1.2, -1.3}}]},

RGBColor
178

255
,
252

255
,
61

255
, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {0.8, -0.3}}]},

{Orange, {Thickness[0.002], DotDashed, Line[{{1, -0.05}, {1, 1.05}}]}},
{Orange, {Thickness[0.004], Dashed, Line[{{0.8, -0.3}, {2, -0.3}}]}},
{Orange, {Thickness[0.004], Dashed, Line[{{1.2, -1.3}, {2, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{1.2, -1.3}, {0.8, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {2, -0.3}}]}},
{Blue, Arrowheads[0.06], {Thickness[0.006], Arrow[{{0, -1.3}, {1, -0.8}}]}},
Text[Style["V", 24, FontFamily→ "Euclid Math One", White], {0.45, 0.5}],
Text[Style["A", 17, FontFamily→ "Arial", White], {0.513, 0.456}],
Text[Style["V", 24, FontFamily→ "Euclid Math One", White], {1.55, 0.5}],
Text[Style["B", 17, FontFamily→ "Arial", White], {1.616, 0.455}],
Text[Style["D", 24, FontFamily→ "Arial", Orange, Italic], {0.982, 0.63}],
Text[Style["A", 17, FontFamily→ "Arial", Orange], {1.063, 0.59}],
Text[Style["D", 24, FontFamily→ "Arial", Orange, Italic], {0.982, 0.38}],
Text[Style["B", 17, FontFamily→ "Arial", Orange], {1.065, 0.34}],
Text[Style["Φ", 24, FontFamily→ "Arial", Orange], {1.06, 1.08}],
Text[Style["O", 24, FontFamily→ "Arial", Orange], {0, -1.39}],

TextStyle"B", 24, FontFamily→ "Arial", RGBColor
178

255
,
252

255
,
61

255
, 0.5, {1.2, -1.39},

TextStyle"A", 24, FontFamily→ "Arial", RGBColor
178

255
,
252

255
,
61

255
, {0.7, -0.28},

Text[Style["C", 24, FontFamily→ "Arial", Orange], {2.02, -0.4}],
Text[Style["M", 24, FontFamily→ "Arial", Orange], {0.972, -0.93}],
Inset[Style["a", Black, Bold, FontFamily→ "Arial", FontSize→ 24], {0.034, 1.12}],
Inset[Style["b", Black, Bold, FontFamily→ "Arial", FontSize→ 24], {0.034, -0.2}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 1.png",
aa, Background→None, ImageResolution→ 600];

###### Figure1##############################################

###### Figure2##############################################
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In[!]:= Clear["Global`*"];
text =Graphics{Gray, Line[{{1, 0}, {1, 10}}], Line[{{2, 0}, {2, 10}}],

Line[{{3, 0}, {3, 10}}], Line[{{4, 0}, {4, 10}}], Line[{{5, 0}, {5, 10}}],
Line[{{6, 0}, {6, 10}}], Line[{{7, 0}, {7, 10}}], Line[{{8, 0}, {8, 10}}], Line[{{9, 0}, {9, 10}}],
Line[{{0, 1}, {10, 1}}], Line[{{0, 2}, {10, 2}}], Line[{{0, 3}, {10, 3}}], Line[{{0, 4}, {10, 4}}],
Line[{{0, 5}, {10, 5}}], Line[{{0, 6}, {10, 6}}], Line[{{0, 7}, {10, 7}}], Line[{{0, 8}, {10, 8}}],

Line[{{0, 9}, {10, 9}}], Orange, Rectangle[{6, 4}, {7, 5}]}, PlotRangePadding→
1

1000
;

bb = ShowPlot3D[Sin[x +Cos[y]], {x, -3, 3}, {y, -3, 3}, PlotPoints→ 60, MaxRecursion→ 3,
PlotStyle→ Texture[text], Mesh→None, Lighting→ "Neutral",
PlotLabels→ Placed[Style["dS", 14, FontFamily→ "Arial", Orange],

{0.9, -0.9}, Background→None], BoundaryStyle→None, Boxed→ False,
Axes→None, ViewPoint→ {1, -1.9, 1.4}], Graphics3D{Thickness[0.007], Black,

Arrow[{{0, 0, 0}, {-Evaluate[D[Sin[x +Cos[y]], x] /. {x→ 0.88, y→-0.3}],
-Evaluate[D[Sin[x +Cos[y]], y] /. {x→ 0.88, y→-0.3}], 1}} +

{{0.88, -0.3, Sin[0.88 +Cos[-0.3]]}, {0.88, -0.3, Sin[0.88 +Cos[-0.3]]}}]},
{Text[Style["N", 14, FontFamily→ "Arial", Bold, Italic, Black],

{-Evaluate[D[Sin[x +Cos[y]], x] /. {x→ 0.88, y→-0.3}],
-Evaluate[D[Sin[x +Cos[y]], y] /. {x→ 0.88, y→-0.3}], 1} +

{0.88, -0.3, Sin[0.88 +Cos[-0.3]]} + {0.02, 0.03, 0.23}]},
{Thickness[0.007], Blue, Arrow[{{0.88, -0.3, Sin[0.88 +Cos[-0.3]]}, {1.88, -0.5, 2}}]},
TextStyle"^", 14, FontFamily→ "Arial", Bold, Italic, Blue, {2.01, -0.5, 2.01},
{Text[Style["Σ", 14, FontFamily→ "Arial", Italic, Gray], {-2.14, -1.5, 0.7}]};

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png",
bb, Background→None, ImageResolution→ 600];

bfg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png"];

bfg = ImageTake[bfg, {290, 1870}, {110, 2920}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 2.png", bfg];

###### Figure2##############################################

###### Figure3##############################################

This code takes approximately 227 seconds.
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In[!]:= Clear["Global`*"];
Needs["NDSolve`FEM`"];

Ω= ImplicitRegion
16

10 000
≤ x2 + y2 + z2 ≤ 16, {x, y, z};

nr = 50; nφ = 50; nθ = 50;

coordinates = Flatten Table{r Sin[φ]Cos[θ], r Sin[φ] Sin[θ], r Cos[φ]}, r,
4

100
, 4, 4 -

4

100
(nr - 1),

φ,
1

10 000
, π -

1

10 000
, π -

2

10 000
(nφ - 1), {θ, 0, 2 π, 2 π/(nθ - 1)}, 2;

incidents = Flatten[Table[Block[{p1 = ( j - 1)*nr + i, p2 = j*nr + i, p3 = p2 + 1, p4 = p1 + 1, p5, p6, p7, p8},
{p5, p6, p7, p8} = {p1, p2, p3, p4} + k*nr*nφ;
{p1, p2, p3, p4} += (k - 1)*nr*nφ;
{p1, p2, p3, p4, p5, p6, p7, p8}], {i, 1, nr - 1}, { j, 1, nφ - 1}, {k, 1, nθ - 1}], 2];

mesh =
ToElementMesh["Coordinates"→ coordinates, "MeshElements"→ {HexahedronElement[incidents]}];

uif =NDSolveValue
∂2ℳ(x, y, z)

∂x2
+

∂2ℳ(x, y, z)

∂ y2
+

∂2ℳ(x, y, z)

∂ z2
-

∂ℳ(x, y, z)

∂x

2

-
∂ℳ(x, y, z)

∂ y

2

-

∂ℳ(x, y, z)

∂ z

2

⩵ 0, DirichletConditionℳ[x, y, z] ⩵ 1 + 2 ⅈ, x2 + y2 + z2⩵
16

10 000
,

DirichletConditionℳ[x, y, z] ⩵ 0, x2 + y2 + z2⩵ 16, ℳ, {x, y, z} ∈mesh;

G1 = SliceDensityPlot3D(Norm[uif[x, y, z]])2, "CenterPlanes", {x, -4, 4}, {y, -4, 4},
{z, -4, 4}, Boxed→ False, Axes→None, ColorFunction→ (Hue[0.65, #1]&),
BoundaryStyle→Directive[Thickness[0.001], Gray], PlotRange→ {0, 5}, PlotPoints→ 100,
Epilog→ Text[Style["a", 23, FontFamily→ "Arial", Bold, Black], {0.2478, 0.93}, {0.5, 4}];

G2 = Plot3D(Norm[uif[x, y, 0]])2, {x, -4, 4}, {y, -4, 4},
PlotRange→ {{-4.52, 4.52}, {-4.52, 4.52}, {-1.7, 5}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.001]], Directive[GrayLevel[0.4], Thickness[0.001]]},

BoundaryStyle→Directive[Thickness[0.001], Gray], Boxed→ False, Axes→None,
ColorFunction→ (Hue[0.65, #3]&), BoxRatios→Automatic, MeshStyle→Gray,
ImageSize→ {360, 360}, PlotPoints→ 30, ViewPoint→ {1.2, -2, 0.7},
Epilog→ Text[Style["b", 23, FontFamily→ "Arial", Bold, Black], {0.2478, 0.93}, {0.5, 4}];

G3 =DensityPlot(Norm[uif[x, y, 0]])2, {x, -4, 4}, {y, -4, 4}, PlotRange→ {{-7.2, 7.2}, {-7.2, 7.2}, {0, 5}},
ColorFunction→ (Hue[0.65, #1]&), Frame→ False, PlotPoints→ 180,
Epilog→ {Text[Style["c", 23, FontFamily→ "Arial", Bold, Black], {-3.75, 4.24}],

{Directive[Thickness[0.001], Gray], Circle[{0, 0}, 4]}};
G4 = Plot(Norm[uif[x, 0, 0]])2, {x, -4, 4}, PlotRange→ {{-7.3, 7.3}, {-0.95, 6}},

ColorFunction→ (Hue[0.65, #2]&), PlotPoints→ 180, PlotStyle→ {Thickness→ 0.0036},
Frame→ False, Axes→None, AspectRatio→Automatic;

G4 = ShowG4, Plot(Norm[uif[x, 0, 0]])2, {x, -4, 4}, PlotRange→ {{-7.3, 7.3}, {-0.95, 0.9}},
PlotStyle→Directive[GrayLevel[0.66], Thickness→ 0.0036, Dashed],
Frame→ False, Axes→None, AspectRatio→Automatic;

cc =GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings→ {-70, -70}, ImageSize→ 700,
Epilog→ Text[Style["d", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.6684, 0.3371}]]];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png",
cc, Background→None, ImageResolution→ 500];

cfg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png"];

cfg = ImageTake[cfg, {570, 4670}, {560, 4300}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 3.png", cfg];
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###### Figure3##############################################

###### Figure4##############################################

This code takes approximately 12 minutes.

In[!]:= Clear["Global`*"];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;
F[x_] := ⅇ-x;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;

wsol =NDSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2 , ψ(-L, t) ⩵ ψ(L, t),

ψ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 18;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;

xsol =NDSolveⅈ D[χ[x, t], t] U -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plot3D1013 Abs[usol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.0014]], Directive[GrayLevel[0.4], Thickness[0.0014]]},

BoundaryStyle→Directive[GrayLevel[0.4], Thickness[0.0014]],
AxesLabel→ {Style["t ", 20, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 20, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["a", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}];

G2 = Plot3D[Abs[vsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,
PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.0014]], Directive[GrayLevel[0.4], Thickness[0.0014]]},

BoundaryStyle→Directive[GrayLevel[0.4], Thickness[0.0014]],
AxesLabel→ {Style["t ", 20, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 20, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20], ViewPoint→ {1, -2, 2.1},

];
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In[!]:=

Epilog→ Text[Style["b", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];
G3 = Plot3D[Abs[wsol[x, t]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60, MaxRecursion→ 3,

PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.0014]], Directive[GrayLevel[0.4], Thickness[0.0014]]},

BoundaryStyle→Directive[GrayLevel[0.4], Thickness[0.0014]],
AxesLabel→ {Style["t ", 20, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 20, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["c", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

G4 = Plot3D[Norm[Evaluate[{u[x, t], v[x, t]} /. xsol]], {t, 0, 1.6}, {x, -8, 8}, PlotPoints→ 60,
MaxRecursion→ 3, PlotRange→ {{0, 1.6}, {-8, 8}, {0, 1.05}}, MeshStyle→
{Directive[GrayLevel[0.4], Thickness[0.0014]], Directive[GrayLevel[0.4], Thickness[0.0014]]},

BoundaryStyle→Directive[GrayLevel[0.4], Thickness[0.0014]],
AxesLabel→ {Style["t ", 20, FontFamily→ "Arial", Black, Italic, Bold],

Style["x", 20, FontFamily→ "Arial", Black, Italic, Bold], ""},
AxesStyle→Directive[Black, Thickness→ 0.002], BoxStyle→Directive[Black, Thickness→ 0.002],
Ticks→ {{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}}, {{-6, -6, {0.011, 0}, Thickness→ 0.003},
{-3, -3, {0.011, 0}, Thickness→ 0.003}, {0, 0, {0.011, 0}, Thickness→ 0.003},
{3, 3, {0.011, 0}, Thickness→ 0.003}, {6, 6, {0.011, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.5, 0.5, {0.012, 0}, Thickness→ 0.003}, {1, "1.0", {0.012, 0}, Thickness→ 0.003}}},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 20], ViewPoint→ {1, -2, 2.1},
Epilog→ Text[Style["d", 20, FontFamily→ "Arial", Bold, Black], {-0.09, 0.88}, {-1, 1}]];

dd =GraphicsGrid[{{G1, G2}, {G3, G4}}, Spacings→ {Scaled[-0.01], Scaled[-0.01]}, ImageSize→ 700];
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png",

dd, Background→None, ImageResolution→ 600];
dfg =

Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png"];

dfg = ImageTake[dfg, {220, 5009}, {120, 5620}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 4.png", dfg];

###### Figure4##############################################

###### Figure5##############################################

This code takes approximately 11 minutes.

Clear["Global`*"];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;
F[x_] := ⅇ-x;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;
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wsol =NDSolveValueⅈ
∂ψ(x, t)

∂ t
⩵-

1

2

∂2ψ(x, t)

∂x2
, ψ(x, 0) ⩵ ⅇ-2 x2 , ψ(-L, t) ⩵ ψ(L, t),

ψ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 18;
χ[x, t] = {u[x, t], v[x, t]};

σ3 =
1 0
0 -1

; σ1 =
0 1
1 0

;

xsol =NDSolveⅈ D[χ[x, t], t] U -σ1.χ(x, t) - ⅈ σ3.D[χ[x, t], x], u[x, 0] ⩵
2

2
ⅇ-2 x2 , v[x, 0] ⩵

2

2
ⅇ-2 x2 ,

u[L, t] ⩵ u[-L, t], v[L, t] ⩵ v[-L, t], {u, v}, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 14;

G1 = Plotⅇ-2 x2 , {x, -3.8, 3.8}, PlotStyle→ {Gray, Thickness→ 0.005, Dashed},
PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22],
Epilog→ Text[Style["t = 0.0", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

datau = Tablex, 1013 Norm[usol[x, 0.2]], {x, -4, 4};
fu =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.2]] ⅆx

-1
 x2 Norm[vsol[x, 0.2]] ⅆx , {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.2]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] ⅆx

-1


x2 Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]] ⅆx, {3, 2};

G2 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.2]], StringForm["σ = ``", σu], {0.7, 0.64}, {-0.21, 0.83},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.2]], StringForm["σ = ``", σv],
{0.7, 1.03}, {0.11, 1.01}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.2]], StringForm["σ = ``", σw], {0.7, 0.9}, {0.23, 0.84},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.2], v[x, 0.2]} /. xsol]],
StringForm["σ = ``", σx], {0.7, 0.77}, {0.42, 0.74}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None], {x, -3.8, 3.8},

PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005}, {Blue, Thickness→ 0.005},
{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}}, PlotRange→ {{-3, 3}, {-0.02, 1.1}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
Frame→ {{False, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

}, , ,
,
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Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

Epilog→ Text[Style["t = 0.2", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];
G2 = Show[G2, LabelStyle→ {FontFamily→ "Arial", 22, GrayLevel[0]}];
datau = Tablex, 1013 Norm[usol[x, 0.4]], {x, -4, 4};
fu =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.4]] ⅆx

-1
 x2 Norm[vsol[x, 0.4]] ⅆx , {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.4]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.4]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]] ⅆx

-1


x2 Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]] ⅆx, {3, 2};

G3 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.4]], StringForm["σ = ``", σu], {0.8, 0.54}, {-0.22, 0.7},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.4]], StringForm["σ = ``", σv],
{0.8, 0.93}, {0.157, 0.93}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.4]], StringForm["σ = ``", σw], {0.8, 0.67}, {0.23, 0.713},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.4], v[x, 0.4]} /. xsol]],
StringForm["σ = ``", σx], {0.8, 0.8}, {0.14, 0.756}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None],

{x, -3.8, 3.8}, PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}},

PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
Epilog→ Text[Style["t = 0.4", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

G3 = Show[G3, LabelStyle→ {FontFamily→ "Arial", 22, GrayLevel[0]}];
datau = Tablex, 1013 Norm[usol[x, 0.6]], {x, -4, 4};
fu =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σu =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fu ⅆx
-1
fu, {x, -∞, ∞}, {3, 2};

σv =NumberForm N
-10

10
N 

-10

10
Norm[vsol[x, 0.6]] ⅆx

-1
 x2 Norm[vsol[x, 0.6]] ⅆx , {3, 2};
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dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

dataw = Table[{x, Norm[wsol[x, 0.6]]}, {x, -4, 4}];
fw =NormalNonlinearModelFitdatau, a Expb x2, {a, b}, x;

σw =NumberFormStandardDeviationProbabilityDistribution
-∞

∞

fw ⅆx
-1
fw, {x, -∞, ∞}, {3, 2};

σx =NumberFormN
-10

10
N 

-10

10
Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]] ⅆx

-1


x2 Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]] ⅆx, {3, 2};

G4 = Plotⅇ-2 x2 , Callout1013 Norm[usol[x, 0.6]], StringForm["σ = ``", σu], {1.1, 0.49}, {0.79, 0.52},
CalloutStyle→ {Red, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Red},
Background→None, Callout[Norm[vsol[x, 0.6]], StringForm["σ = ``", σv],
{1.1, 0.88}, {0.157, 0.815}, CalloutStyle→ {Blue, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Blue}, Background→None],

Callout[Norm[wsol[x, 0.6]], StringForm["σ = ``", σw], {1.1, 0.62}, {0.79, 0.52},
CalloutStyle→ {Orange, None}, LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Orange},
Background→None], Callout[Norm[Evaluate[{u[x, 0.6], v[x, 0.6]} /. xsol]],
StringForm["σ = ``", σx], {1.1, 0.75}, {0.64, 0.69}, CalloutStyle→ {Green, None},
LabelStyle→ {FontFamily→ "Arial", FontSize→ 22, Green}, Background→None],

{x, -3.8, 3.8}, PlotStyle→ {{Gray, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005}},

PlotRange→ {{-3, 3}, {-0.02, 1.1}}, Frame→ {{False, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0016], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
Epilog→ Text[Style["t = 0.6", 22, FontFamily→ "Arial", Black, Bold], Scaled[{0.1, 0.96}]];

G4 = Show[G4, LabelStyle→ {FontFamily→ "Arial", 22, GrayLevel[0]}];
ee =GraphicsGrid{{G1, G2}, {G3, G4}}, ImageSize→ 800, Spacings→ {Scaled[-0.2], Scaled[0.16]},

Epilog→ InsetLineLegend{Directive[Red, Thickness[0.004]], Directive[Blue, Thickness[0.004]],
Directive[Orange, Thickness[0.004]], Directive[Green, Thickness[0.004]]},

Style"Eq. 401", FontFamily→ "Arial", FontSize→ 22, Style"Eq. 402", FontFamily→ "Arial",
FontSize→ 22, Style["Schrödinger", FontFamily→ "Arial", FontSize→ 22],

Style["Dirac", FontFamily→ "Arial", FontSize→ 22], LegendFunction→
(Framed[#, RoundingRadius→ 5, FrameStyle→GrayLevel[0.3]]&), Scaled[{0.5, 1.081}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png",
ee, Background→None, ImageResolution→ 600];

efg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png"];

efg = ImageTake[efg, {0, 4650}, {260, 6400}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 5.png", efg];

###### Figure5##############################################

###### Figure6##############################################

This code takes approximately 3 hours.
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Clear["Global`*"];
Off[NDSolveValue::eerr];
L = 20;
F[x_] := ⅇ-x;

usol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵ 10-13 ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 66;

vsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵ ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 20;

wsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

,

ℳ(x, 0) ⩵
6

5
ⅇ-2 x2 , ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 22;

xsol =NDSolveValueⅈ
∂ℳ(x, t)

∂ t
⩵-

1

2
F[ℳ(x, t)]

∂2ℳ(x, t)

∂x2
-

∂ℳ(x, t)

∂x

2

, ℳ(x, 0) ⩵
7

5
ⅇ-2 x2 ,

ℳ(-L, t) ⩵ℳ(L, t), ℳ, {x, -L, L}, {t, 0, 3}, WorkingPrecision→ 26;

G1 = Plot1013 Norm[usol[0, t]], Norm[vsol[0, t]], FindMaxValue[Norm[vsol[x, t]], {x, 0, 3}],

5

6
Norm[wsol[0, t]], FindMaxValue

5

6
Norm[wsol[x, t]], {x, 0, 3},

5

7
Norm[xsol[0, t]], FindMaxValue

5

7
Norm[xsol[x, t]], {x, 0, 3},

{t, 0, 3}, PlotStyle→ {{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005},
{Green, Thickness→ 0.005, Dashed}, {Blue, Thickness→ 0.005},
{Blue, Thickness→ 0.005, Dashed}, {Red, Thickness→ 0.005}, {Red, Thickness→ 0.005, Dashed}},

PlotRange→ {{0, 3}, {0, 1.23}}, Frame→ {{True, False}, {True, False}},
FrameStyle→Directive[Black, Thickness→ 0.002], FrameTicks→
{{{0, "0.0"}, {0.5, 0.5, {0.01, 0}, Thickness→ 0.003}, {1.0, "1.0", {0.01, 0}, Thickness→ 0.003},

{1.5, 1.5, {0.01, 0}, Thickness→ 0.003}, {2.0, "2.0", {0.01, 0}, Thickness→ 0.003},
{2.5, "2.5", {0.01, 0}, Thickness→ 0.003}, {3.0, "3.0", {0.01, 0}, Thickness→ 0.003}},

{{0, "0.0"}, {0.2, 0.2, {0.012, 0}, Thickness→ 0.003}, {0.4, "0.4", {0.012, 0}, Thickness→ 0.003},
{0.6, "0.6", {0.012, 0}, Thickness→ 0.003}, {0.8, "0.8", {0.012, 0}, Thickness→ 0.003},
{1.0, "1.0", {0.012, 0}, Thickness→ 0.003}, {1.2, "1.2", {0.012, 0}, Thickness→ 0.003}}},

FrameLabel→ {Style["t", 22, FontFamily→ "Arial", Black, Italic, Bold]},
LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22];

xv =NArgMax[Norm[vsol[0, t]], {t, 0.1, 0.5}];
xw =NArgMax[Norm[wsol[0, t]], {t, 0.1, 0.5}];
xx =NArgMax[Norm[xsol[0, t]], {t, 0.1, 0.5}];

G2 = Plot1013 Norm[usol[x, 0]], Norm[vsol[x, xv]],
5

6
Norm[wsol[x, xw]],

5

7
Norm[xsol[x, xx]],

{x, -3, 3}, PlotStyle→ {{Orange, Thickness→ 0.005}, {Green, Thickness→ 0.005},
{Blue, Thickness→ 0.005}, {Red, Thickness→ 0.005}}, PlotRange→ {{-3, 3}, {-0.02, 1.23}},

Frame→ {{False, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.002],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.0012], FrameTicks→
{{{-3, -3, {0.01, 0}, Thickness→ 0.003}, {-2, -2, {0.01, 0}, Thickness→ 0.003}, {-1, -1, {0.01, 0},

Thickness→ 0.003}, {0, 0, {0.01, 0}, Thickness→ 0.003}, {1, 1, {0.01, 0}, Thickness→ 0.003},
{2, 2, {0.01, 0}, Thickness→ 0.003}, {3, 3, {0.01, 0}, Thickness→ 0.003}}, {{0, 0}}},

FrameLabel→ {Style["x", 22, FontFamily→ "Arial", Black, Italic, Bold]},
;
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LabelStyle→Directive[Black, FontFamily→ "Arial", FontSize→ 22];

ff = LabeledGraphicsRow{G1, G2}, ImageSize→ 800, Spacings→ Scaled[0.15],
Epilog→ InsetLineLegend{Directive[Orange, Thickness[0.004]], Directive[Green, Thickness[0.004]],

Directive[Blue, Thickness[0.004]], Directive[Red, Thickness[0.004]]},
Style"10-13 ", FontFamily→ "Arial", FontSize→ 22,
Style["1.0 ", FontFamily→ "Arial", FontSize→ 22], Style["1.2 ", FontFamily→ "Arial",
FontSize→ 22], Style["1.4", FontFamily→ "Arial", FontSize→ 22],

LegendFunction→ (Framed[#, RoundingRadius→ 5, FrameStyle→GrayLevel[0.3]]&),
LegendLayout→ "Row", Scaled[{0.5, 0.8}],

Text[Style[" a b", 22, FontFamily→ "Arial", Bold, Black]],
{{Top, Left}},
Spacings→ {0, -0.3};

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png",
ff, Background→None, ImageResolution→ 600];

ffg =
Import[
"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png"];

ffg = ImageTake[ffg, {0, 2500}, {180, 6500}];
Export[

"/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 6.png", ffg];

###### Figure6##############################################

###### Figure7##############################################

Clear["Global`*"];
ℛ1 = Sphere[{0, 0, 0}, 1];
ℛS1 = Point[{0, 0, 0}];

ℛ2 = Sphere
1

2
, -

3

4
,
3

4
, 1;

A = Line
1

2
,

3

4
, 0, 

1

2
,

3

4
, 1;

pts1 = Solve[{x, y, z} ∈ ℛ1 ∧ {x, y, z} ∈ A, {x, y, z}];

ℛ3 =Arrow{0, 0, 0}, 
1

2
, -

3

4
, z /. Association[pts1];

{u, v, w} =Normalize{0, 0, 1}⨯
1

2
, -

3

4
, z /. Association[pts1];

θ =VectorAngle
1

2
, -

3

4
, z /. Association[pts1], {0, 0, 1};

M =

u2 + 1 - u2 cos(θ) u v (1 - cos(θ)) - w sin(θ) u w (1 - cos(θ)) + v sin(θ) 0

u v (1 - cos(θ)) + w sin(θ) v2 + 1 - v2 cos(θ) v w (1 - cos(θ)) - u sin(θ) 0

u w (1 - cos(θ)) - v sin(θ) v w (1 - cos(θ)) + u sin(θ) w2 + 1 - w2 cos(θ) 0
0 0 0 1

;

ℛ4 = ParametricPlot3D[Take[M.{r Cos[t], r Sin[t], 1, 1}, 3],
{r, 0, 1}, {t, 0, 2 Pi}, PlotStyle→ {Orange, Opacity[0.4]}, Mesh→None];

ℛ5 =Arrow
1

2
, -

3

4
, z /. Association[pts1], TakeM.-

1

2
,
1

4
, 1, 1, 3;

ℛS2 = Point
1

2
, -

3

4
, z /. Association[pts1];
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A = LineTakeM.-
1

2
,
1

4
, 1, 1, 3, TakeM.-

1

2
,
1

4
, 2, 1, 3;

pts2 = Solve[{x, y, z} ∈ ℛ2 ∧ {x, y, z} ∈ A, {x, y, z}];

ℛ6 = LineTakeM.-
1

2
,
1

4
, 1, 1, 3, {x, y, z} /. Association[pts2];

ℛ7 =Arrow
1

2
, -

3

4
, z /. Association[pts1], {x, y, z} /. Association[pts2];

ℛ8 = Point[{x, y, z} /. Association[pts2]];

ℛ9 = LineTakeM.-
1

2
,
1

4
,
20 + 5

20
, 1, 3, TakeM.-

1

2
+
1

10
,
1

4
-
1

20
,
20 + 5

20
, 1, 3;

ℛ10 = LineTakeM.-
1

2
+
1

10
,
1

4
-
1

20
, 1, 1, 3, TakeM.-

1

2
+
1

10
,
1

4
-
1

20
,
20 + 5

20
, 1, 3;

gg = ShowGraphics3D{Blue, Specularity[White, 30], Opacity[0.3], ℛ1},
{PointSize[Large], Blue, ℛS1}, {Orange, Specularity[White, 20], Opacity[0.3], ℛ2},
{PointSize[Large], Blue, ℛS2}, {Blue, Thickness[0.0085], ℛ3}, {Thickness[0.0085], Orange, ℛ5},
{Thickness[0.005], Dashed, Orange, ℛ6}, {Thickness[0.0085], Orange, ℛ7},
{PointSize[Large], Orange, ℛ8}, {Thickness[0.0085], Orange, ℛ9},
{Thickness[0.0085], Orange, ℛ10}, {Text[Style["S", 24, FontFamily→ "Arial", Blue], {0.14, 0, 0}]},

TextStyle["r", 24, FontFamily→ "Arial", Bold, Italic, Blue], TakeM.0.11, 0,
1

2
, 1, 3,

{Text[Style["S'", 24, FontFamily→ "Arial", Orange], Take[M.{0.14, 0, 1, 1}, 3]]},

TextStyle["D'", 24, FontFamily→ "Arial", Orange], TakeM.
1

2
, 0.22, 1, 1, 3,

TextStyle["v", 24, FontFamily→ "Arial", Bold, Italic, Orange],

TakeM.-
1

4
+ 0.12, 0, 1 +

3

4
, 1, 3, Text

Style["S", 13, FontFamily→ "Arial", Orange], TakeM.-
1

4
+ 0.196, 0, 0.98 +

3

4
, 1, 3,

TextStyle["ω'", 24, FontFamily→ "Arial", Bold, Orange], TakeM.-
1

4
, 0, 0.928, 1, 3,

ℛ4, Lighting→Automatic, Boxed→ False, ViewPoint→ {0, -∞, 0}
Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 7.png",

gg, Background→None, ImageResolution→ 600];

###### Figure7##############################################

###### Figure8##############################################
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Clear["Global`*"];
R = 3;
c = 1;

hh = Plot

9 π c3

128 R3 x4
x > c

R
∨ x ≤ -

c
R

3 8 R4 x4-3 c4 sin-1 R x
c
+R x (c-R x) (c+R x) 3 c2+2 R2 x2+4 π R4 x4

64 c R3 x4
-
c
R
< x < 0

9 c4 sin-1 R x
c
-3 R x (c-R x) (c+R x) 3 c2+2 R2 x2+24 R4 x4 cos-1 R x

c


64 c R3 x4
0 < x ≤ c

R

,

{x, -0.8 c, 0.8 c}, PlotStyle→ {Blue, Thickness→ 0.0032}, PlotRange→ {-0.8 c, 0.8 c}, 0,
2

c
,

Frame→ {{True, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.0017],
AxesStyle→Directive[GrayLevel[0.3], Thickness→ 0.001],
FrameTicks→ {{{-0.7, "", {0.008, 0}, Thickness→ 0.001}, {-0.6, "", {0.008, 0}, Thickness→ 0.001},

{-0.5, -0.5, {0.012, 0}, Thickness→ 0.001}, {-0.4, "", {0.01, 0}, Thickness→ 0.001},
{-0.3, "", {0.008, 0}, Thickness→ 0.001}, {-0.2, "", {0.008, 0}, Thickness→ 0.001},
{-0.1, "", {0.008, 0}, Thickness→ 0.001}, {0, "0.0", {0.012, 0}, Thickness→ 0.0011},
{0.1, "", {0.008, 0}, Thickness→ 0.001}, {0.2, "", {0.008, 0}, Thickness→ 0.001},
{0.3, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.008, 0}, Thickness→ 0.001},
{0.5, "0.5", {0.012, 0}, Thickness→ 0.001}, {0.6, "", {0.008, 0}, Thickness→ 0.001},
{0.7, "", {0.008, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001}},

{{0, "0.0"}, {0.1, "", {0.008, 0}, Thickness→ 0.001}, {0.2, "", {0.008, 0}, Thickness→ 0.001},
{0.3, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.008, 0}, Thickness→ 0.001},
{0.5, "0.5", {0.012, 0}, Thickness→ 0.001}, {0.6, "", {0.008, 0}, Thickness→ 0.001},
{0.7, "", {0.008, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001},
{0.9, "", {0.008, 0}, Thickness→ 0.001}, {1, "1.0", {0.012, 0}, Thickness→ 0.001},
{1.1, "", {0.008, 0}, Thickness→ 0.001}, {1.2, "", {0.008, 0}, Thickness→ 0.001},
{1.3, "", {0.008, 0}, Thickness→ 0.001}, {1.4, "", {0.008, 0}, Thickness→ 0.001},
{1.5, "1.5", {0.012, 0}, Thickness→ 0.001}, {1.6, "", {0.008, 0}, Thickness→ 0.001},
{1.7, "", {0.008, 0}, Thickness→ 0.001}, {1.8, "", {0.008, 0}, Thickness→ 0.001},
{1.9, "", {0.008, 0}, Thickness→ 0.001}, {2, "2.0", {0.012, 0}, Thickness→ 0.001}}},

FrameLabel→ {"ωX", "Probability Density"}, LabelStyle→
Directive[Black, FontFamily→ "Arial", FontSize→ 14]

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 8.png",
hh, Background→None, ImageResolution→ 600];

###### Figure8##############################################

###### Figure9##############################################

NOTE: This code takes approximately 17 hours.
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Clear["Global`*"];
m = 1 000 000;
n = 1000;
R = 3;
c = 100;
sl = {};
ProgressIndicator[Dynamic[ j], {1, m}]
For j = 1, j <m + 1, j++,

ℋ =RandomPoint[Ball[{0, 0, 0}, R], n];

Fori = 1, i < n + 1, i++, ℋ[[i]] =
ℋ[[i]]

ℋ[[i]][[1]]2 +ℋ[[i]][[2]]2 +ℋ[[i]][[3]]2
;

ℋθ =RandomPoint[Sphere[{0, 0, 0}, c], n];
ℋℋ = {0, 0, 0};
For[i = 1, i < n + 1, i++, ℋℋ =ℋℋ +ℋ[[i]]⨯ℋθ[[i]]];
Clear[ℋ , ℋθ];

sl =AppendTosl, Norm
1

n
ℋℋ;

$= SmoothKernelDistribution[sl, InterpolationPoints→ 100, MaxRecursion→ 3];

ii = PlotPDFMaxwellDistribution
c 2

3

R
 n , x, PDF[$, x],

{x, 0, 5.1}, PlotRange→ {{-0.1, 5.21}, {-0.023, 0.73}},
PlotStyle→ {{Blue, Thickness→ 0.0032}, {Red, Thickness→ 0.0032}},
Frame→ {{True, False}, {True, False}}, FrameStyle→Directive[Black, Thickness→ 0.0017],
FrameTicks→ {{{0, "0", {0.012, 0}, Thickness→ 0.001},

{0.2, "", {0.008, 0}, Thickness→ 0.001}, {0.4, "", {0.012, 0}, Thickness→ 0.001},
{0.6, "", {0.01, 0}, Thickness→ 0.001}, {0.8, "", {0.008, 0}, Thickness→ 0.001},
{1, "1", {0.012, 0}, Thickness→ 0.001}, {1.2, "", {0.008, 0}, Thickness→ 0.001},
{1.4, "", {0.008, 0}, Thickness→ 0.001}, {1.6, "", {0.008, 0}, Thickness→ 0.001},
{1.8, "", {0.008, 0}, Thickness→ 0.001}, {2, "2", {0.012, 0}, Thickness→ 0.001},
{2.2, "", {0.008, 0}, Thickness→ 0.001}, {2.4, "", {0.012, 0}, Thickness→ 0.001},
{2.6, "", {0.008, 0}, Thickness→ 0.001}, {2.8, "", {0.008, 0}, Thickness→ 0.001},
{3, "3", {0.012, 0}, Thickness→ 0.001}, {3.2, "", {0.008, 0}, Thickness→ 0.001},
{3.4, "", {0.008, 0}, Thickness→ 0.001}, {3.6, "", {0.008, 0}, Thickness→ 0.001},
{3.8, "", {0.008, 0}, Thickness→ 0.001}, {4, "4", {0.012, 0}, Thickness→ 0.001},
{4.2, "", {0.008, 0}, Thickness→ 0.001}, {4.4, "", {0.008, 0}, Thickness→ 0.001},
{4.6, "", {0.008, 0}, Thickness→ 0.001}, {4.8, "", {0.008, 0}, Thickness→ 0.001},
{5, "5", {0.012, 0}, Thickness→ 0.001}, {5.2, "", {0.008, 0}, Thickness→ 0.001}},

{{0, "0.0", {0.012, 0}, Thickness→ 0.001}, {0.1, "0.1", {0.012, 0}, Thickness→ 0.001},
{0.2, "0.2", {0.012, 0}, Thickness→ 0.001}, {0.3, "0.3", {0.012, 0}, Thickness→ 0.001},
{0.4, "0.4", {0.012, 0}, Thickness→ 0.001}, {0.5, "0.5", {0.012, 0}, Thickness→ 0.001},
{0.6, "0.6", {0.012, 0}, Thickness→ 0.001}, {0.7, "0.7", {0.012, 0}, Thickness→ 0.001}}},

FrameLabel→ {"@ωA", "Probability Density"}, LabelStyle→
Directive[Black, FontFamily→ "Arial", FontSize→ 14],

Epilog→ Inset[LineLegend[{Directive[Blue, Thickness[0.0032]], Directive[Red, Thickness[0.0032]]},
{Style["Theoretical", FontFamily→ "Arial", FontSize→ 14],
Style["Simulated", FontFamily→ "Arial", FontSize→ 14]}, LegendFunction→
(Framed[#, RoundingRadius→ 4, FrameStyle→GrayLevel[0.6]]&)], Scaled[{0.732, 0.644}]];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 9.png",
ii, Background→None, ImageResolution→ 600];

Out[!]=

###### Figure9##############################################
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###### Figure10##############################################

In[79]:= jj =Graphics[{{Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Arrowheads[{{.03, 1}}],
Arrow[{{-2, 0}, {-2, 0.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{2, 0}, {2, -0.3}}],
Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}],
Arrow[{{0, 2}, {0, -2}}], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],
Arrow[BezierCurve[{{-0.4, 2}, {-0.1, 0}, {-0.4, -2}}]],
Arrowheads[{{0.02, 0.2}, {0.02, .6}, {0.02, 1}}], Arrow[BezierCurve[{{0.4, 2}, {0.1, 0}, {0.4, -2}}]]},

{Directive[Thickness[0.004], Orange], Circle[{5, 0}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{3, 0}, {3, 0.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{7, 0}, {7, -0.3}}],
Blue, Thickness[0.001], Arrowheads[{{-0.02, 0}, {-0.02, .4}, {-0.02, 0.8}}],
Arrow[{{5, 2}, {5, -2}}], Arrowheads[{{-0.02, 0}, {-.02, .4}, {-0.02, 0.8}}],
Arrow[BezierCurve[{{4.6, 2}, {4.9, 0}, {4.6, -2}}]], Arrowheads[
{{-0.02, 0}, {-0.02, .4}, {-0.02, 0.8}}], Arrow[BezierCurve[{{5.4, 2}, {5.1, 0}, {5.4, -2}}]]},

{Directive[Thickness[0.004], Orange], Circle[{0, -5}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{2, -5}, {2, -5.3}}], Arrowheads[{{0.03, 1}}], Arrow[{{-2, -5}, {-2, -4.7}}],
Blue, Thickness[0.001], Arrowheads[{{-0.02, 0.1}, {0.02, 0.9}}],
Arrow[{{0, -3}, {0, -7}}], Arrowheads[{{-0.02, 0.12}, {0.02, 0.88}}],
Arrow[BezierCurve[{{-0.4, -3}, {-0.1, -5}, {-0.4, -7}}]],
Arrowheads[{{-0.02, 0.12}, {0.02, 0.88}}], Arrow[BezierCurve[{{0.4, -3}, {0.1, -5}, {0.4, -7}}]]},

{Directive[Thickness[0.004], Orange], Circle[{5, -5}, {2, 1}], Arrowheads[{{0.03, 1}}],
Arrow[{{3, -5}, {3, -4.7}}], Arrowheads[{{0.03, 1}}], Arrow[{{7, -5}, {7, -5.3}}], Blue,
Thickness[0.001], Arrowheads[{{0.02, 0.13}, {-0.02, 0.87}}], Arrow[{{5, -3}, {5, -7}}],
Arrowheads[{{0.02, 0.15}, {-0.02, 0.85}}], Arrow[BezierCurve[{{4.6, -3}, {4.9, -5}, {4.6, -7}}]],
Arrowheads[{{0.02, 0.15}, {-0.02, 0.85}}], Arrow[BezierCurve[{{5.4, -3}, {5.1, -5}, {5.4, -7}}]]},

Inset[Style["a", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {-2, 2}],
Inset[Style["b", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {3, 2}],
Inset[Style["c", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {-2, -3}],
Inset[Style["d", Black, Bold, FontFamily→ "Arial", FontSize→ 20], {3, -3}]}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 10.png",
jj, Background→None, ImageResolution→ 600];

###### Figure10##############################################

###### Figure11##############################################

In[!]:= kk =Graphics

Directive[Thickness[0.004], Orange], Circle[{0, 0}, {2, 1}], Directive[Thickness[0.004], Orange],
Circle[{2.2, 0}, {1, 2}], Directive[Thickness[0.004], Orange], Circle[{4.4, 0}, {2, 1}],
Directive[Thickness[0.004], Orange], Circle[{6.6, 0}, {1, 2}], Directive[Thickness[0.004], Orange],

Circle[{8.8, 0}, {2, 1}], Directive[Thickness[0.004], Orange], Circle{-1, 4.6}, 1,
1

2
,

Directive[Thickness[0.004], Orange], Circle{0.1, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange],

Circle{1.2, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange], Circle{2.3, 4.6}, 

1

2
, 1,

Directive[Thickness[0.004], Orange], Circle{3.4, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange],

Circle{4.5, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange], Circle{5.6, 4.6}, 1,

1

2
,

Directive[Thickness[0.004], Orange], Circle{6.7, 4.6}, 
1

2
, 1, Directive[Thickness[0.004], Orange],

Circle{7.8, 4.6}, 1,
1

2
, Directive[Thickness[0.004], Orange], Circle{8.9, 4.6}, 

1

2
, 1,

, , ,
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In[!]:=

Directive[Thickness[0.004], Orange], Circle{10, 4.6}, 1,
1

2
, Directive[Thickness[0.003], Black],

Arrowheads[Large], Arrow[{{1.8, 2.5}, {7.1, 2.5}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0.4, 1}, {0.6, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{0, -1}, {-0.3, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{1.2, 0.2}, {1.2, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{3.2, -0.2}, {3.2, -0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.8, 1}, {5, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{4.4, -1}, {4.1, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{5.6, 0.2}, {5.6, 0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{7.6, -0.2}, {7.6, -0.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{9.2, 1}, {9.4, 1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Large], Arrow[{{8.8, -1}, {8.5, -1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-0.9, 5.1}, {-0.65, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-1, 4.1}, {-1.23, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{-0.4, 4.7}, {-0.4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{0.6, 4.7}, {0.6, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.3, 5.1}, {1.55, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.2, 4.1}, {0.97, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{1.8, 4.7}, {1.8, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{2.8, 4.7}, {2.8, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.5, 5.1}, {3.75, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{3.4, 4.1}, {3.17, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{4, 4.7}, {4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5, 4.7}, {5, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.7, 5.1}, {5.95, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{5.6, 4.1}, {5.37, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{6.2, 4.7}, {6.2, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.2, 4.7}, {7.2, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.9, 5.1}, {8.15, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{7.8, 4.1}, {7.57, 4.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{8.4, 4.7}, {8.4, 4.9}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{9.4, 4.7}, {9.4, 4.4}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10.1, 5.1}, {10.35, 5.1}}], Directive[Thickness[0.004], Orange],
Arrowheads[Medium], Arrow[{{10, 4.1}, {9.77, 4.1}}], Directive[Thickness[0.002], Blue, Dashed],
Line[{{-2.2, -1.2}, {-2.2, 1.2}, {2.2, 1.2}, {2.2, -1.2}, {-2.2, -1.2}}],
Directive[Thickness[0.002], Blue, Dashed], Line[{{-2.1, 4}, {-2.1, 5.2}, {0.1, 5.2}, {0.1, 4}, {-2.1, 4}}],
Inset[Style["Direction of light", Black, FontFamily→ "Arial", FontSize→ 16], {4.1, 2.9}],
Inset[Style["f1", Blue, FontFamily→ "Arial", FontSize→ 16], {-0.9, 3.54}],
Inset[Style["f2", Blue, FontFamily→ "Arial", FontSize→ 16], {0, 1.7}];

Export["/Users/gotall/Library/Mobile Documents/com~apple~CloudDocs/SPaper/Figures/Figure 11.png",
kk, Background→None, ImageResolution→ 600];

###### Figure11##############################################

###### Figure12##############################################

NOTE: This code takes approximately 23 seconds.

In[87]:= Needs["NDSolve`FEM`"];

Ω= ImplicitRegion
1

10 000
≤ x2 + y2 ≤ 16, {x, y};

mesh = ToElementMeshΩ, MeshRefinementFunction→

Function{vertices, area}, area >
3

100 000

1

10
+ 80 Norm[Mean[vertices]] ;
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In[87]:=

uif =NDSolveValueⅇ-u(x,y)
∂2u(x, y)

∂x2
+

∂2u(x, y)

∂ y2
-

∂u(x, y)

∂x

2

-
∂u(x, y)

∂ y

2

⩵ 0,

DirichletConditionu[x, y] ⩵ 1 + 2 ⅈ, x2 + y2⩵
1

10 000
,

DirichletConditionu[x, y] ⩵ 0, x2 + y2⩵ 16, u, {x, y} ∈mesh;

ll =DensityPlot(Norm[uif[x, y]])2, {x, -4, 4}, {y, -4, 4}, PlotRange→ {{-6.2, 7.4}, {-6.2, 6.2}, {0, 5}},
ColorFunction→ (Hue[0.65, 3*#1]&), Frame→ False, AspectRatio→Automatic, PlotPoints→ 80,
Epilog→ {Directive[Thickness[0.0028], GrayLevel[0.5], Dashed], Circle[{0, 0}, 4]},

{PointSize[0.01], Blue, Point[{0, 0}]}, {Directive[Thickness[0.004], Orange],
Circle[{0, 4}, {1.4, 0.7}], Arrowheads[{{0.03, 1}}], Arrow[{{-1.4, 4}, {-1.39, 4.3}}],
Arrowheads[{{0.03, 1}}], Arrow[{{1.4, 4}, {1.39, 3.7}}], Blue, Thickness[0.001],
Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[{{0, 6}, {0, 2}}], Arrowheads[
{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[{{-1, 6}, {-0.4, 4}, {-0.5, 2}}]],

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], Arrow[BezierCurve[{{1, 6}, {0.4, 4}, {0.5, 2}}]]},

Directive[Thickness[0.004], Orange], RotateCircle
cos π

4
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4
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π

4
,
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Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

Arrow
cos π
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4
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4
 cos π

4


.{0, 6},
cos π

4
 -sin π

4


sin π
4
 cos π

4


.{0, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve
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4
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4
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4
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4
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4
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4
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4
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4
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4
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4


.{-0.5, 2},

Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}], ArrowBezierCurve
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4
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4
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4


sin π
4
 cos π

4
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4
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4
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 cos π

4


.{0.5, 2},

Directive[Thickness[0.004], Orange], RotateCircle
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{0, 4}, {1.4, 0.7},
π

2
,

Arrowheads[{{0.03, 1}}], Arrow
cos π

2
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2


sin π
2
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2
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2
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2
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2
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Arrowheads[{{0.03, 1}}], Arrow
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2
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2
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2
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2
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2


sin π
2
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2


.{1.39, 3.7},

Blue, Thickness[0.001], Arrowheads[{{0.02, 0.2}, {0.02, 0.6}, {0.02, 1}}],

Arrow
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,
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In[87]:=


cos π

2
 -sin π

2


sin π
2
 cos π

2


.{-1, 6},
cos π

2
 -sin π

2


sin π
2
 cos π

2


.{-0.4, 4},
cos π

2
 -sin π

2
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