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Abstract

Absorber theory published in 1945 and 1949 by Wheeler and Feyn-
man. In the electromagnetic field theory, W. J. Welch introduced the
reciprocity theorem in 1960. V.H. Rumsey mentioned a method to trans-
form the Lorentz reciprocity theorem to a new formula in 1963. In early
of 1987 Shuang-ren Zhao (this author) introduced the mutual energy the-
orem in frequency domain. In the end of 1987. Adrianus T. de Hoop
introduced the time-domain cross-correlation reciprocity theorem. All
these theories can be seen as a same theorem in different domain: Fourier
domain or in time domain. After 30 years silence on this topic, finally,
this author has introduced the mutual energy principle and self-energy
principle which updated the Maxwell’s electromagnetic field theory and
Schrédinger’s quantum mechanics. According to the theory of mutual
energy principle, the energy of all particles are transferred through the
mutual energy flows. The mutual energy flow are inner product of the re-
tarded wave and the advanced wave. The mutual energy flow satisfies the
mutual energy flow theorem. The retarded wave is the action the emitter
gives to the absorber. The advanced wave is the reaction the absorber
gives to the emitter. In this article this author will derive the Huygens
principle from the mutual energy flow theorem. The bra, ket and the unit
operator of the quantum mechanics will be applied to the inner space
defined on 2D surface instead of the 3D volume.
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law; Action; Reaction; Advanced wave; Photon; Electron; Wave and par-
ticle duality; Huygens Principle;

1 Introduction

1.1 Action at a distance and the absorber theory

The theory about advanced wave became most interesting work for this author.
This author noticed the absorber theory of Wheeler and Feynman[], [2]. The
absorber theory is based on the action-at-a-distance [111 13}, [6]. In the absorber
theory, any current source will send half retarded wave and half advanced wave.



For a source we only notice the source sends the retarded wave, we did not
notice it also sends the advanced wave. Some one will argue that if in the same
time the source sends the retarded wave, it also sends the advanced wave, the
source loss the energy from the retarded wave and acquire the energy from the
advanced wave, and hence, it doesn’t send any energy out. However we all
know that the source can send the energy out. This means the absorber theory
also has some thing which is not self-consistence. This is also the reason that
the absorber theory has not been widely accept. But any way the absorber
theory accept the advanced wave as a real wave instead of some virtual wave.
This author is inspired by this a lot. The transactional interpretation of John
Cramer has introduced the advance wave to the whole quantum mechanics [3] 4].
This author has accepted the advanced wave as a real wave instead of a virtual
wave. This all tell this author for sure the mutual energy theorem is a real
energy theorem. Stephenson offered a good tutorial about the advanced wave
[12].

1.2 The mutual energy theorems

W.J. Welch introduced a reciprocity theorem in arbitrary time-domain [I4] in
1960 (this will be referred as Welch’s reciprocity theorem in this article). In 1963
V.H. Rumsey mentioned a method to transform the Lorentz reciprocity theorem
to a new formula[l0], (this will be referred as Rumsey’s reciprocity theorem).
In early of 1987 Shuang-ren Zhao (this author) has introduced the concept of
mutual energy and the mutual energy theorem [7] (this will be referred as Zhao’s
mutual energy theorem). In the end of 1987 Adrianus T. de Hoop introduced
the time domain cross-correlation reciprocity theorem|5], (this will be referred
as Hoop’s reciprocity theorem). Welch’s reciprocity theorem is a special case of
the Hoop’s reciprocity theorem.

Assume there are two current sources J; and Js. J; is the current of a
transmitting antenna. Js is the current of a receiving antenna. The field of J;
is described as E; and H;. The field of the current Js is E5 and Hs. Assume
J 2 has a some distance with J;. Hoop’s reciprocity theorem can be written as,

_ /OO///Jl(t).Ez(t+r)dV: 7//E1(t).J2(t+7.)dV (1)
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if 7 =0, we have,
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This is Welch’s reciprocity theorem. The Fourier transform of Hoop’s reciprocity
theorem can be written as,
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Where “*” is the complex conjugate operator. In this article if the variable ¢
is applied in a formula, it is in time-domain. If w is applied, it is in Fourier
frequency domain. This is the Rumsey’s reciprocity theorem and is also Zhao’s
mutual energy theorem. Hence this 4 theorems can be seen as one theorem in
different domain: time-domain and Fourier domain.

Shuang-ren Zhao noticed this theorem is an energy theorem, hence the two
fields in the formula must all physic waves. The other author referred the theo-
rem as reciprocity theorem, as a reciprocity theorem, it can be a mathematical
theorem. One of the two fields can be virtual instead of real. If it is virtual even
it is advance wave, that can be easily accepted. If the two fields are all real as
the mutual energy theorem required, we must first accept the advanced wave.
The advanced wave are not obey the traditional causality consideration.

2 Mutual energy principle

2.1 Mutual energy principle

If there are N charges, the mutual energy principle can be widen to

—i f: /#(EixHj)-ﬁdl“dt

i=1i=1,i#j "o, T

&i///mm @

i=14=1,i#7_"
If it is two charges, the above formula becomes,
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The above formulas are referred as the mutual energy principle. The mutual
energy principle can be derived from Maxwell equations,
~J(eE)+VxH=J ©)
~VxE—2(uH)=0

Maxwell equations can also be derived from the Mutual energy principle.
However the mutual energy principle is not equivalent to the Maxwell equations.
Because the solution of the mutual energy principle require there must be two
wave solution which satisfy the Maxwell equations. The two waves one must
be retarded wave, another must be advanced wave. The two wave must be
synchronized. One wave satisfy Maxwell equations is not a solution of the
mutual energy principle, but it is a solution of the Maxwell equations.

Solution set Mazwell equations D Solutions set Mutual energy principle

One wave satisfy the Maxwell equation is a probability wave. That still not a
real physics wave. This author has introduced also the self-energy principle, that
principle says that there is a time-reversal waves which can cancel the energy
of the original waves [§]. The self-energy principle will role out some solution of
Maxwell equations, the solution with the retarded wave alone and the solution
with the advanced wave alone. This kind solution of Maxwell equation is not a
real physic solution. The retarded wave or the advance wave alone are canceled
by the corresponding time-reversal waves. After the cancellation the waves do
not carry any energy. The mutual energy flow is built from the retarded wave
and the advanced wave which doesn’t cancel. The energy is transferred by the
mutual energy flow. In the electromagnetic field theory, the mutual energy flow
is the photon. The photon’s energy is transferred by the mutual energy flow.
The mutual energy flow satisfied the mutual energy flow theorem which can be
derived from the mutual energy principle[8]. The following is the mutual energy

flow theorem,
— / // Eq(t) - J1(t)dVdt
t

t=—00
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T
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In the above formula, — [ [[[}, E2(t) - J1(t)dVdt is the the energy of the
source J(t) offers to the system, the system include a source Ji(t) and a
sink Jo(t).  [;i=_ [[fi, E1(t) - Jo(t)dVdt is the received energy by the sink
Jo(t). S12 = (F1(t) x Ha(t) + FEa(t) x Hy(t) is the energy flow intensity. Q =
ff-(E1(t) x Ha(t)+ Es(t) x Hy(t)) - 2dTis the energy flow go through the surface



I. Eenergy = [~ ff.(E1(t) x Hy(t) + Ex(t) x Hy(t)) - Adl'dt is the whole
energy go through the surface I Here I' is any surface between the volume
Vi and V4. Source Ji(t) is inside the volume V. The sink Jo(¢) is inside the
volume V5.

This theorem tell us, the source sends the retarded wave E; to the sink, cause
the current Js on the sink. The energy received by the sink is ftozo_oo fffw E (1)
Jo(t)dVdt. This energy is equal to the sucked energy on the source by the ad-
vanced wave produced by the current J of the sink, whichis — [~ [[f,, E2(t)-
J1(t)dVdt. The energy is transferred in the space through the mutual energy
flow Eenergy = [~ ___ ffr(E1(t) x Ha(t) + Ea(t) x Hy(t)) - ndTdt.

This concept has been widened to whole quantum mechanics. Hence all
particles are mutual energy flows.

The sink give a reaction force to the source, this force looks like the recoil
force to the emitter. The source will offers the sink an action force, this will looks
like the photon offers the sink some momentum. The action force is retarded
and the reaction force is advanced.

2.2 Inner product of electromagnetic fields

Shuang-ren Zhao has define the inner product for electromagnetic fields|[7]. As-
sume & = [Eq, Hq], & = [E2, H2| we have inner product,

(fl,Ez)zﬂ(El><H§+E;><H1)-ﬁdr (8)
r
I is closed surface. Shuang-ren find that this formula satisfy inner product 3
conditions|7],
(I) Conjugate symmetry:

(€1,82) = (§2,61)" 9)
(IT) Linearity:
(agy +b€71,&2) = a(§y,&2) +b(E71,&2) (10)
(ITI) Positive-definiteness:
(&€ >0 (11)
(€ =0=£=0 (12)
“=" means “can derive”,
= (J1,&)w = (£1,82) = (&1, L2)w, (13)
where
(J1, fg)vl = Eg(w) . Jl(w)dV (14)
I



(&1, J2)va // Eq(w (w)dV (15)

(&1,82) = (&,&)r = #(Edw) X Hy(w) + E5(w) x Hy(w)) -ndl  (16)
r

It is clear that the integral at Vi and Va Eq.(14][15) are also the inner product.
Whether or not Eq. is a inner product is not clear, but shuang-ren Zhao
has discovered that is a inner product. It is found that I" does not need to be
written, since it can be proved that I' can be taken at any surface between the
2 volumes: V7 and V5.

If we work in time-domain

(J1, &), /dt// Es(t) - J1(t)dV (17)

t=—00
(&1, J2)v. /dt// Eq(t)- J2(t)dV (18)
t=—00

(€1,&2) = (&1,&)r

/dtﬂEl ) x Hy(t) + Eo(t) x Hy(t)) - adl (19)

t=—00

2.3 Inner product of quantum mechanics

Shuang-ren Zhao found that the mutual energy flow theorem can be also written
as |7, [I5]
The mutual energy flow theorem is also suitable to quantum mechanics,
where the wave satisfies Schrédinger equation instead of Maxwell equations.
In quantum mechanics, the 3d volume inner product is defined as,

(W, 6) = / 5 (z) - dla)dV (20)

Assume a is the source, b is the sink. The particle’s energy intensity can be
written as,

Pab = \Ila\:[}z (21)

Where a is the source place, b is the sink place, the particle is the energy flow
from the source to the sink. Here the energy flow is also referred as mutual
energy flow.
The particle’s energy flow intensity can be written as,
h

= — (VU U} — U, VIS 22
Jab QW.(V ¥y V) (22)



The energy flow can be used to define the surface inner product as,

(\Ifb, \I’a)p = / #Jab -ndldt
—oo T

/# (VO T} — U, VT;) - hdldt (23)

In quantum mechanics the mutual energy flow theorem can be written as,

(U, Vo) = (Wp, Uo)r = (Vp, Vo) (24)

where a is the source and also the surface enclosed the a. b is the sink and also
the surface enclosed the sink. I'is any surface between a and b.

3 Huygens principle

3.1 Huygens sources

We have know that there is the Newton’s third law that says that the action
and the reaction are equal and are in opposite direction.

Eq(t) x Hy(t) - no=Eq(t) - Ha(t) x i = Eq(t) - Jn2(2) (25)

In the above we have defined the Huygens source,

B J}LQ(t) = Hg(t) X 7
727\ Kpalt) = 7 x Esft

~—

The inner product Eq(19) becomes,

(&1,&) = / dtﬂ Eq(t) - Jpa(t) + H(t) - Jpa(t))dl (28)

n-E1(t) x Hy(t) =0 x Ei(t) - Ha(t) = Kn1(t) - Ha(t) (29)
Eg(t) XHl(t)-’fL:EQ(t)'H1(t) Xﬁ:EQ(t)'Jhl (30)

The Huygens source is,



The inner product Eq becomes,

(§2,61) = /dtﬁlﬁ ) x Ho(t) + Ea(t) x Hq(t)) - ndl

t=—o0

/ dt# Ho(t) - K (t) + Bs(t) - Jy (£))dD (32)

In the above, we have choose £; as the retarded wave, £ as the advanced
wave.

(§2,61) = (§2,01) = (02,61) (33)

where,

(€2,01) = / dt# (Ha(t) - K (£) + Eo(t) - Jp1 (£))dl (34)

t=—o0

(61.0) = / dtﬂ Er(t) Jua(t) + H(t) - Tia())dT (35)
t=—0o0

From the above we can see the field £ and & can be replaced as the corre-
sponding Huygens sources o1 and os.

It should be clear that the only advantage we using Huygens source to replace
the original fields is Eq.(34[34) looks more like a inner product. It use the dot
product “-”. However, if we know Eq. is also a good inner product. We do
not need to convert the fields to the corresponding Huygens source. Here, we
need only to know to convert the field to its corresponding Huygens source is
possible.

3.2 Generalized Huygens principle

In the quantum mechanics there is the bra (¢| and the ket |£), which can be
used as the definition for the inner product, i.e.,

(€1162) = (&1l|€2) = (61,62)

/dt#El ) x Hy(t) + Eo(t) x Hy(t)) - adl (36)

t=—00

where
51 = [El,Hl] (37)

§2 = [Eg, H2] (38)
The mutual energy flow theorem Eq. can be written as,
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Figure 1: The source is inside the volume Vp, the sink is inside of the volume
V1. F is the surface of the volume Vg, I is the surface of the volume V;. B is
the surface between the source and the sink. .

(€rler) = (ERIEr) = (Erler) (39)

¢B is the field at B produced by the source at F. The subscript F is used

to express the final point or the place of the sink. The superscript B is the

place of the field. Here B is the surface between the I and F. I is the initial

source place. The mutual energy flow theorem and the mutual energy theorem
together can be rewritten as,

_ 7 ///J,(t)-Eg(t)dv

t=—oc0 Vj

= (¢rlel) = (EFIEr) = (ERllen)

- 7 // EL(t) - Jp(t)dV (40)

t=—oc0 Vg

The details, can be found in Figure [} In the above ¢F is field at F', which
is produced by the source I. £ is the field at F produced by the source at F.
(€r|€F) is the inner product at the surface F. (€Z|¢B) is a inner product at the
surface B. (¢L]¢;) is a inner product at the surface I. We use F to express the
surface of the volume V. I is the surface of the volume V;. B is any surface
between I and . We assume V7 is the source.

The above mutual energy flow theorem is also suitable to quantum mechan-
ics, Eq.(24) can be written as

e
i

source / sink




(Wp|Wq) = (WEIW7) = (W5 |W,) (41)

(Ue|we) is the inner produce on the surface c.(¥,| W) is the inner product
on the surface b (U7 |V, ) is the inner product on the surface a.

In the following discussion we only use electromagnetic field as example, the
result is also suitable to the quantum mechanics.

We have known that in quantum mechanics there is,

Z lgi) (qi| = 1 (42)

In our situation, our inner product is at the surface B. That is a integral on
the surface B and, hence, we can rewritten the above formula as,

> lei)eml =1 (13)

Substitute the above formula to the mutual energy flow theorem Eq.(40), the
mutual energy flow theorem can be written as,

(€rlely =Y (B leni) €ileP) = (ehler) (44)

K2

Considering the mutual energy flow theorem about the surface B and F we
have,

(EF1€Bi) = (€l = (€rIGEBIER:) (45)

In the above (£B|¢p;)is a inner product at the surface B. (£p|€5;) is a inner
product at F. The first equal sign is because the mutual energy flow theorem,
the inner product can be moved from the place of B to the place F'. In the second
equal sign, we have considered the definition of G%, hence, |¢£.) = GL|¢p)).
Where G% is the gain from |£p;)to |€5.). GE is a operator, or matrix. Hence,
we have,

(€rlér) = Z<5F|§£i><53i|513>

3

= Z<£F|G§|€Bi><53i|§IB>
- Z(ﬁp|Ggi|§Bi><£Bi|G?i‘§I>
= (ehler) (46)

The above formula actually has problem, G is still the gain operator, but
it actually is the gain operator from |{p;) to |€F). And hence can be written as

10



GE,. GL, actually is the matrix element. In the above, insert the unit operator
> 16Bi)(€mil =1,
AB =Y Alg)(¢|B
J

= A1 B!
7

= Z ArB] (47)
J

The two matrix AB after insert the unit operator become the matrix element
expression. Hence, Eq can be rewritten as,

(Erler) = Z<§F|Ggi|€Bi><€Bi‘G?i|fl> = (&rllen) (48)

?

This is the Huygens principle for the retarded wave. In the surface B, |£p;)
is the unit Huygens source, (£p;[6P") = (€5:i|GP|¢;) is the value of the Huy-

gens source, |£p;)(€pi||¢P)is the Huygens source. (£p|GE[¢p:)(€p:|EPT) is the
contribution of the Huygens source to the surface F. Y. ((p|GE|Ep:) (Ep:|EP) is
all contributions of the Huygens sources to the surface F'.

From the above Eq., we still have also,

Z |€Bi)(EBi| = 1 (49)

It should be noticed that, in Eq.(44]), the unit operator Eq. is inserted
to the inner product (¢Z|¢B). In Eq. to obtained the unit operator Eq.
we have to apply the mutual energy flow theorem (£8|¢5,) = (€r|¢5,).

In other side,

(€r| = (€r|TH| = (€r|I TR TE|
Where T% is the gain to the left vector (£r|, Hence,
(€pler) = (ErITETEIED)
Insert ). [€pi)(€pi| =1 to the above we obtain,

(EFlEr) =Y (€rITR ) (Enil T IEr)

(3

= Z<5F|T£"|£Bz»><sm\Téi|fz> = (¢plel)

This is the Huygens principle for the advanced wave.

11



3.3 Application of the Huygens principle to more surfaces

The received energy at the final point F is

(€rller)

Substitute the following 3 formulas

D lean(ail =1

Z I€5i)(€Bil =1

> leoiéoil =1

K2

to the above formula we have,
{€rler) = (€rlGTEr)
= (erGEGHGRGTED
= Y (€rIGEISor) (Eor| G51ER ) (Eni IGR 16 40) (il G 1)

kji

= (&rIGELIEck) €k IGSE1En;) (€8, |G R € ai) (€41l G €r)

kji

In the above, we have considered that,
& =Gré
where GI' is the gain from &; to £F, it is clear that we have,
GI = GEGRGEGT

There is also the similarly formula for the advanced wave.

4 Conclusion

The unit operator,

Z|%><Qz\ =1

(50)

(51)

(52)

(53)

(54)

(55)

is usually work on the 3D volume integral, now we have widened it to a series
of surface integral. The surface integral is 2D. In the surface integrals, the unit
operator is consist of two parts bra and ket. The bra part (¢ §i| is used to receive

the energy. The ket part [¢E,) is used to send the energy to next surface.

12



Z |€Bi)(EBi| =1 (56)

This is exactly Huygens principle tell us.

We also obtained the Huygens principle for the advanced wave, which have,
the right vector |¢5.) is used to receive the energy.

This article we have generalized the Huygens principle, hence, the Huygens
principle does not only work for the retarded wave, it also works for the advanced
wave. Originally, the unit operator originally only works on the inner space of 3D
integral, now it can work on any 2D surface between the source and the sink.
This Huygens principle has applied in the updated path integral: streamline
integral [9]. In this article we have further simplified the derivation of the
Huygens principle.

It is worth to mention that (1) the Huygens principle is applied to inner
product on the 2D surface. (2) To derive the Huygens principle, the mutual
energy flow theorem are applied two times. Hence the mutual energy flow
theorem are the basis of the Huygens principle. (3) The Huygens principle can
be applied both the retarded wave and the advanced wave. (4) Huygens principle
can be applied for the updated path integral which is streamline integral.
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