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�It is the spirit that quickeneth; the �esh pro�teth nothing: the words that I speak unto you, they are spirit, and they are life.� - John 6:63.

ABSTRACT. I derive a integral representation for the Barnes G-function among other things.

1. INTRODUCTION

In complex analysis, the K-function is de�ned by

K(z):=(2�)

�z+1

2

exp

[
(

z

2

)

+

+

0

z�1

ln(t!)dt

]

.

This function has a simple and fascinating closed form
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Another expression for K-function, derived from the Victor S. Adamchik work [1], is given by the

polygamma function of negative order:
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Thus, I prove the following integral representations for Barnes G-function:
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In addition, I propose the in�nite series:
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2. THE BARNES G-FUNCTION

Theorem 2.1. For 0< z<1, then
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where G(z) denotes the Barnes G-function, �(z) denotes the gamma function and �

(�n)

(z) denotes the

polygamma function of negative order.

Proof. In [2, page 3], I encounter the following power series involving the Riemann zeta function:
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valid for #z#<1 and þ denotes the Euler-Mascheroni constant.

On the other hand, in [3, page 1], I prove the integral representation
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therefrom, replace k by k+1 in (2.3)
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Taking the right hand side of (2.4) in the left hand side of (2.2), I obtain
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On the other hand, the Barnes G-function satis�es the functional equation

G(z+1)=�(z)G(z), (2.6)

provided for z��.

From (2.5) and (2.6), I �nd the desired result. ¡

Corollary 2.2. For 0< z<1, then
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where G(z) denotes the Barnes G-function, �(z) denotes the gamma function, log (z) denotes the natural

logarithm function.

Proof. I know the in�nite sum representation for the digamma function [4]:
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From the right hand side of the Theorem 2.1 and (2.8), it follows that
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From (2.1) and (2.9), it follows that
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which is the desired result. ¡

Theorem 2.3. For 0< z<1, then
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where G(z) denotes the Barnes G-function, �(z) denotes the gamma function, log (z) denotes the natural

logarithm function.

Proof. In [5, p.18, (55), Theorem 5.1], I have the in�nite series representation for the digamma function
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valid for u>0.

From (2.11) and the right hand side of the Theorem 2.1, I obtain

+

0

1

[�(zx+1)�x

2

�(zx

2

+1)]xdx

=

+

0

1

x�(zx+1)dx�

+

0

1

x

3

�(zx

2

+1)dx

=

�

n=0

�

1

n+1

�

k=0

n

(�1)

k

(

n

k

)
+

0

1

x log(zx+k+1)dx

�

�

n=0

�

1

n+1

�

k=0

n

(�1)

k

(

n

k

)
+

0

1

x

3

log(zx

2

+k+1)dx

=

�

n=0

�

1

n+1

�

k=0

n

(�1)

k

(

n

k

)

[

+

0

1

x log(zx+k+1)dx�

+

0

1

x

3

log(zx

2

+k+1)dx

]

=

�

n=0

�

1

n+1

�

k=0

n

(�1)

k

(

n

k

)

[

z(2k� z+2)�2(k� z+1)(k+ z+1)log(k+ z+1)+2(k+1)

2

log(k+1)

8z

2

]

=

�

n=0

�

1

n+1

�

k=0

n

(�1)

k

(

n

k

)

[

2k� z+2

8z

+

1

8z

2

log

{

(k+1)

2(k+1)

2

(k+ z+1)

2[(k+1)

2

�z

2

]

}
]

.

(2.12)

3



From Theorem 2.1 and (2.12), I �nd the desired result. ¡
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3. APPENDIX

Corollary 3.1. For 0< z<1, then
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where G(z) denotes the Barnes G-function, �(z) denotes the gamma function, log (z) denotes the natural

logarithm function.

Proof. The exponentiation of both members of (2.10) give me the desired result. ¡

Theorem 3.2. For 0< z<1, then
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where log(z) denotes the natural logarithm, G(z) denotes the Barnes G-function, sinh(z) denotes the sine

hyperbolic function, cosh(z) denotes the cosine hyperbolic function and coth(z) denotes the cotangent

hyperbolic function.

Proof. The following integral representation is due originally by Kinkelin [6] and Choi and Srivistava [7]:
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In the Treatise on the Integral Calculus [8, p. 273], the author Joseph Edward give the integral repre-

sentation for cotangent function as follows
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provided for 0< t<1.

Multiply (3.4) by t, integrate from 0 at z with respect to t and encounter
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which is the desired result. ¡

5


	1. Introduction
	2. The Barnes G-function 
	3. Appendix

