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|.Introduction.

1.1.Main results.

Let us remind that accordingly to naive set theory, any definable collection is a set.
Let R be the set of all sets that are not members of themselves. If R qualifies as a
member of itself, it would contradict its own definition as a set containing all sets that
are not members of themselves. On the other hand, if such a set is not a member of
itself, it would qualify as a member of itself by the same definition. This contradiction is
Russell's paradox. In 1908, two ways of avoiding the paradox were proposed,
Russell's type theory and Zermelo set theory, the first constructed axiomatic set
theory. Zermelo’s axioms went well beyond Frege’s axioms of extensionality and
unlimited set abstraction, and evolved into the now-canonical Zermelo—Fraenkel set
theory ZFC."But how do we know that ZFC is a consistent theory, free of
contradictions? The short answer is that we don't; it is a matter of faith (or of
skepticism)"— E.Nelson wrote in his paper [1]. However, it is deemed unlikely that
even ZFC, which is significantly stronger than ZFC harbors an unsuspected
contradiction; it is widely believed that if ZFC and ZFC, were inconsistent, that fact
would have been uncovered by now. This much is certain —ZFC and ZFC, is immune
to the classic paradoxes of naive set theory: Russell's paradox, the Burali-Forti
paradox, and Cantor’s paradox.

Remark 1.1.1.Note that in this paper we view (i) the first order set theory ZFC under
the

canonical first order semantics (ii) the second order set theory ZFC, under the
Henkin



semantics [2],[3],[4],[5],[6].

Remark 1.1.2.Second-order logic essantially differs from the usual first-order
predicate

calculus in that it has variables and quantifiers not only for individuals but also for
subsets

of the universe and variables for n-ary relations as well [2],[6].The deductive calculus

DED, of second order logic is based on rules and axioms which guarantee that the

quantifiers range at least over definable subsets [6]. As to the semantics, there

are two tipes of models: (i) Suppose U is an ordinary first-order structure and

S is a set of subsets of the domain A of U. The main idea is that the set-variables

range over S,i.e. (U,S) = IXDP(X) < 3S(S € S)[(U,S) = ®©(9)].

We call (U, S) a Henkin model, if (U, S) satisfies the axioms of DED, and

truth in (U, S) is preserved by the rules of DED,. We call this semantics

of second-order logic the Henkin semantics and second-order logic with the

Henkin semantics the Henkin second-order logic. There is a special class of

Henkin models, namely those (U, S) where S is the set of all subsets of A.

We call these full models. We call this semantics of second-order logic the full

semantics and second-order logic with the full semantics the full second-order logic.

Remark 1.1.3.We emphasize that the following facts are the main features of

second-order logic:

1.The Completeness Theorem: A sentence is provable in DED; if and only if it
holds in

all Henkin models [2],[6].

2.The Lowenheim-Skolem Theorem: A sentence with an infinite Henkin model has

a
countable Henkin model.

3.The Compactness Theorem: A set of sentences, every finite subset of

which has a Henkin model, has itself a Henkin model.

4.The Incompleteness Theorem: Neither DED, nor any other effectively

given deductive calculus is complete for full models, that is, there are

always sentences which are true in all full models but which are unprovable.

5.Failure of the Compactness Theorem for full models.

6.Failure of the Lowenheim-Skolem Theorem for full models.

7.There is a finite second-order axiom system 7, such that the semiring

N of natural numbers is the only full model (up to isomorphism) of Z,.

8. There is a finite second-order axiom system RCF, such that the field

R of real numbers is the only (up to isomorphism) full model of RCF.

Remark 1.1.4.For let second-order ZFC be, as usual, the theory that results
obtained

from ZFC when the axiom schema of replacement is replaced by its second-order

universal closure,i.e.



VX[Func(X) = VYuavvr[r e v < 3s(s € UA (s,r) € X)]], (1.1.1)

where X is a second-order variable, and where Func(X) abbreviates " X is a
functional
relation",see [7].

Designation 1.1.1. We will denote (i) by ZFC%* set theory ZFC, with the Henkin

semantics, (i) by ZFC5® set theory ZFCHS + EIMfszHS and (iii) by ZFCq set theory

ZFC + 3IMEC, where M{!' is a standard model of the theory Th.

Axiom IM?FC [8]. There is a set M?"C and a binary relation e = M#F¢ x M#F¢ which

makes M4 ¢ a model for ZFC.

Remark 1.1.3.(i)\We emphasize that it is well known that axiom IM?C a single
statement

in ZFC see [8],Ch.ll,section 7.We denote this statement throught all this paper by
symbol Con(ZFC;M?F¢).The completness theorem says that IM?*¢ < Con(ZFC).

(i) Obviously there exists a single statement in ZFCH* such that
IMZFC* = Con(ZFCHS).

We denote this statement throught all this paper by symbol Con (ZFCZHS; MZFC?S> and
there

exists a single statement IMZ" in Z. We denote this statement throught all this
paper by

symbol Con(Z}5; M%").

Axiom IMZ°.[8].There is a set MZ° such that if R is
{xy)x e yAx € MFC Ay € MEC}

then M4C is a model for ZFC under the relation R.

Definition 1.1.1.[8].The model M and MSZtZHSis called a standard model since the
relation < used is merely the standard e- relation.

Remark 1.1.4.[8].Note that axiom IMZC doesn’t imply axiom IMZC.

Remark 1.1.6.Note that in order to deduce: (i) ~Con(ZFC%®) from Con(ZFC%¥),

and (ii) ~Con(ZFC) from Con(ZFC), by using Gddel encoding, one needs something
more

than the consistency of ZFC*, e.g., that ZFCY® has an omega-model MczoFcsz oran

standard model MftFCZHS i.e., a model in which the integers are the standard integers.To

put it another way, why should we believe a statement just because there’s a
ZFCs-proof of it? It's clear that if ZFCY® is inconsistent, then we won’t believe
ZFCHs-proofs. What'’s slightly more subtle is that the mere consistency of ZFC, isn’t
quite enough to get us to believe arithmetical theorems of ZFCH*; we must also
believe that these arithmetical theorems are asserting something about the standard
naturals. It is "conceivable" that ZFCY® might be consistent but that the only

nonstandard models Mﬁ';cgs it has are those in which the integers are nonstandard, in
which case we might not "believe" an arithmetical statement such as "ZFC!" is



inconsistent" even if there is a ZFCHs-proof of it.
2.Derivation of the inconsistent definable set in set theory
ZFCS® and in set theory ZFCy.

2.1.Derivation of the inconsistent definable set in set
theory ZFC5".

We assume now that Con (ZzHS; Mft?s).

Designation 2.1.1.Let I'x be the collection of the all 1-place open wff of the set
theory

ZFCS*,

Definition 2.1.1.Let ¥, (X), ¥, (X) be 1-place open wff's of the set theory ﬂ:?s.

(i) We define now the equivalence relation (- ~x +) < I'x x I'x by
¥ (X) ~ Pa(X) < YX[P1(X) < P2(X)] (2.1.1)

(ii) A subset AL® of T'(X) such that ¥ (X) ~ ¥,(X) holds for all ¥;(X) and ¥,(X) in
A(X),
and never for ¥, (X) in A(X) and ¥, (X) outside A(X), is called an equivalence class
of
'(X).
(iii)The collection of all possible equivalence classes of I'(X) by ~, denoted I'(X)/ ~x
Ix/ ~x 2 {{YX)][P(X) € T(X)}. (2.1.2)

(iv) For any W¥(X) € I'(X) let [¥(X)] £ {D(X) € T'(X)|¥(X) ~ ®(X)} denote the

equivalence class to which W(X) belongs. All elements of I'(X) equivalent to each
other

are also elements of the same equivalence class.

Definition 2.1.2.[9].Let Th be any theory in the recursive language £ > £pa,Where
Lpa

is a language of Peano arithmetic.We say that a number-theoretic relation
R(X1,...,Xn) Of

n arguments is expressible in Th if and only if there is a wff ﬁ(xl,...,xn) of Th with the
free
variables xi,...,x, such that,for any natural numbers k;,...,k,, the following hold:

(i) If R(k1,....kn) is true, then -, R(K1, ..., Kn).

(i) If R(k1,...,kn) is false, then —.ﬁ(Rl,...,Rn).

Designation 2.1.2.(i) Let gzrcis(u) be a Godel number of given an expression u of
ZFCHs

the set theory ZFC,® 2 ZFCHSs + IM%



(i) Let Fr5s(y,v) be the relation : y is the Gédel number of a wff of the set
theoryZFC5®
that contains free occurrences of the variable X with Gédel number v [8]-[9].

(iii) Note that the relation Fris(y,v) is expressible in ZFC,"® by a wif @(y, V)
(iv) Note that for any y,v € N by definition of the relation Fri®(y,v) follows that

Frif(y,v) < 3IPO[ (0 (PX) = ¥) A (G (X) =v) ], (2.1.3)
where ¥(X) is a unique wff of ZFC," which contains free occurrences of the variable
X
with Godel number v.We denote a unique wff ¥(X) defined by using equivalence
(1.2.3)
by symbol ¥y, (X),i.e.

FriE(y,v) < 305,00 (0 (Pya (0) = Y) A (0 () = V) ], (2.1.4)

(v) Let pt(y,v,v) be a Godel number of the following wff:

AX[P(X) AY = X],where
Ozects (P(X)) = Y, 07zt (X) = v, 9z (Y) = vi.

(vi) Let Przecis(2) be a predicate asserting provability in ZFC5®, which defined by

formula
(2.6) in section 2, see Remark 2.2 and Designation 2.3,(see also [9]-[10]).

Definition 2.1.3. Let I'Y® be the countable collection of the all 1-place open wff's of

the set theoryZTCZI * that contains free occurrences of the variable X.

Definition 2.1.4. Let Ozects(X) = v. Let I''*s be a set of the all Godel numbers of the

1-place open wff’s of the set theoryZF_CzHs that contains free occurrences of the
variable X

with Godel number v, i.e.

T = {y e N(y,v) € Fri®(y,v)}, (2.1.5)
or in the following equivalent form:

vy N)[y €T, = (y e N) A@(y,v)].

Remark 2.1.1.Note that from the axiom of separation it follows directly that '} is a
set

in the sense of the set theory ﬁ?s.
Definition 2.1.5.(i)We define now the equivalence relation (- ~x ) < T'¥® x '{® by
F1(X) ~x ¥2(X) = (VX[Y1(X) = Y2(X)]) (2.1.6)
(ii) A subcollection AES of T¥® such that W1 (X) ~x ¥»(X) holds for all ¥;(X) and
¥, (X) in
AL, and never for W1 (X) in A and W, (X) outside AL®, is an equivalence class of



s,
(iii) For any W(X) e T§¢ let [¥(X)],s 2 {@(X) € TIE¥(X) ~x ®(X)} denote the
equivalence class to which W(X) belongs. All elements of I'® equivalent to each
other
are also elements of the same equivalence class.
(iv) The collection of all possible equivalence classes of I'i{® by ~x, denoted I'}{s/ ~x

T/ ~x 2 ([P0 ]| P(X) € TEe} (2.1.7)
Definition 2.1.6.(i)We define now the equivalence relation (- ~, ) < T} x Tt in

the
sense of the set theory ZFC5® by

yi ~v Y2 & (VX[¥y v (X) & Fyu(X)]) (2.1.8)

Note that from the axiom of separation it follows directly that the equivalence relation

(+ ~y ) is arelation in the sense of the set theory ZF_CzHS.

(i) A subset A of Tt such that y, ~, y, holds for all y; and y; in AY,and never for
Yi1n

AYS and y, outside A, is an equivalence class of T},

(i) Forany y € T't* let [y],,, = {z € T'{*ly ~, z} denote the equivalence class to
which y

belongs. All elements of I’ equivalent to each other are also elements of the same

equivalence class.

(iv)The collection of all possible equivalence classes of I'* by ~,, denoted I's/ ~,

LU/~ 2 4[ylply € T} (2.1.9)
Remark 2.1.2. Note that from the axiom of separation it follows directly that 'S/ ~,
isa
set in the sense of the set theory ZFC»".
Definition 2.1.7.Let 35 be the countable collection of the all sets definable by
1-place
open wff of the set theory ZFCy", i.e.

VY{Y € 3 = FYXO[[(PX) ]y € TR ~x YA BEXPX)AY = X]]1F. (2.1.10)
Definition 2.1.8.We rewrite now (2.1.10) in the following equivalent form
VY{Y € 3% = FPXO[([YX) ]y € T ~x YA Y = X)), (2.1.11)
where the countable collection T’/ ~x is defined by
VP(X){[P(X)] € T ~x <= [([P(X)] € T/ ~x ) AFIXPX) ]} (2.1.12)
Definition 2.1.9. Let R}* be the countable collection of the all sets such that
UYX(X € IP)[X € R = X ¢ X]. (2.1.13)

Remark 2.1.3. Note that RS € 3 since R4® is a collection definable by 1-place



open wff
P(Z,3) 2 VXX e I)[X e Z = X ¢ X].

From (2.1.13) one obtains

R € RES = RYs ¢ R (2.1.14)
But (2.1.14) gives a contradiction
(RE € MES) A (RES ¢ RES). (2.1.15)

However contradiction (2.1.15) it is not a contradiction inside ZFC5® for the reason
that
the countable collection 34 is not a set in the sense of the set theory ZF_CZ'S.

In order to obtain a contradiction inside ZF_CZHS we introduce the following
definitions.

Definition 2.1.10.We define now the countable set I';"/ ~, by
—
Vy{[y]HS el ~, = (Y] € rHs/ ~, ) AFr(y,v) A [EI!X‘Py,V(X)]}. (2.1.16)

Remark 2.1.4. Note that from the axiom of separation it follows directly that I'}/ is a
set in the sense of the set theory ZFCy".
Definition 2.1.11.We define now the countable set 33" by formula

vY{Y e 33" < [ ([y] e T/ ~ ) A (G (X) = v) AY =X} (2.1.17)
Note that from the axiom schema of replacement (1.1.1) it follows directly that 33"
is a
set in the sense of the set theory ZFCy".
Definition 2.1.12.We define now the countable set %3 by formula
VXX € 33X e R <= X ¢ X]. (2.1.18)
Note that from the axiom schema of separation it follows directly that 9R3M is a set in
the
sense of the set theory ZFC5".

Remark 2.1.5.Note that ;" e 33 since )3 is a definable by the following
formula

PHZ) 2 VX(X e 31X e Z = X ¢ X]. (2.1.19)

Theorem 2.1.1.Set theory ZFC5" is inconsistent.
Proof. From (2.1.18) and Remark 2.1.5 we obtain R3M € N3 <= R3S ¢ R3S from
which immediately one obtains a contradiction (R3™ € R3H) A (R3S ¢ R3HS).

2.2 .Derivation of the inconsistent definable set in set



theory ZFCs.

Designation 2.2.1.(i) Let gzrc,(u) be a Godel number of given an expression u of
the set theory ZFCy 2 ZFC + IMEC.
(i) Let Frs(y,Vv) be the relation : y is the Godel number of a wif of the set
theoryZFCy
that contains free occurrences of the variable X with Gédel number v [9].

(iii) Note that the relation Fr(y,V) is expressible in ZFCg by a wif ﬁst(y, V)
(iv) Note that for any y,v € N by definition of the relation Fr«(y,v) follows that

Fra(y,V) = 3PO[Gzrca(F)) = ¥) A (Gzrca(X) = V)], (2.2.1)
where Y(X) is a unique wff of ZFCg which contains free occurrences of the variable
X
with Gédel number v.We denote a unique wff ¥(X) defined by using equivalence
(2.2.1)
by symbol ¥y, (X),i.e.

Fra(y,v) & 31y, (0[@zrca(Fya(X)) = ¥) A (Gzrca(X) = V)1, (2.2.2)
(v) Let o «(y,v,vi) be a Godel number of the following wff: IIX[W(X) A Y = X],where
gzrca (F(X)) =Y, 9zrca(X) = v, Gzrcy(Y) = v1.

(vi) Let Przrc,(2) be a predicate asserting provability in ZFCs, which defined by

formula
(2.6) in section 2, see Remark 2.2 and Designation 2.3,(see also [8]-[9]).

Definition 2.2.1. Let I'§{ be the countable collection of the all 1-place open wff's of

the set theory ZFCg that contains free occurrences of the variable X.

Definition 2.2.2. Let gzrc,(X) = v.Let T'$! be a set of the all Godel numbers of the

1-place open wff's of the set theory ZFCy that contains free occurrences of the
variable X

with Godel number v, i.e.

I =4y € Ny, v) € Fra(y,V)}, (2.2.3)
or in the following equivalent form:

W e Ny e I¥ = (v e N) AFra(v) |

Remark 2.2.1.Note that from the axiom of separation it follows directly that I'$t is a
set

in the sense of the set theory ZFCs.

Definition 2.2.3.(i))\We define now the equivalence relation (- ~x ) c I'§{f x I'§ by

Fi(X) ~x ¥2(X) = (VX[T1(X) = F2(X)]) (2.2.4)

(i) A subcollection AY of ' such that ¥ (X) ~x ¥, (X) holds for all ¥;(X) and ¥,(X)
in



A$, and never for ¥, (X) in A§f and W, (X) outside A%, is an equivalence class of
rs.
(iii) For any W(X) € T let [¥(X)] £ {@(X) € T{¥(X) ~x ®(X)} denote the
equivalence
class to which W(X) belongs. All elements of I'§{ equivalent to each other are also
elements of the same equivalence class.
(iv) The collection of all possible equivalence classes of I'§{ by ~x, denoted I'§{/ ~x

IS/ ~x = {[¥X)]L¥X) € T (2.2.5)
Definition 2.2.4.(i)We define now the equivalence relation (- ~, ) < TS x 'St in the
sense of the set theory ZFC by
yi ~v Y2 = (VX[Fy,,(X) = ¥y, (X)]) (2.2.6)

Note that from the axiom of separation it follows directly that the equivalence relation

(+ ~y ) is arelation in the sense of the set theory ZFCs.

(i) A subset ASt of I'St such thaty; ~, y, holds for all y; and y; in A$t,and never for y,
in

ASt and y, outside A$, is an equivalence class of 'St

(i) Forany y e T}t let [y],, = {z € T'}!ly ~, z} denote the equivalence class to which y

belongs. All elements of I'$! equivalent to each other are also elements of the same
equivalence class.
(iv)The collection of all possible equivalence classes of T'$t by ~,, denoted T'S!/ ~,
O o~ 2 {[ylqly € T3 (2.2.7)
Remark 2.2.2. Note that from the axiom of separation it follows directly that I'S!/ ~,
isa
set in the sense of the set theory ZFCy.
Definition 2.2.5.Let 3 be the countable collection of the all sets definable by
1-place
open wff of the set theory ZFCy, i.e.
VYLY € 3g = IYX)([PX) ]y € TR/ ~x )AIXPX)AY =X} (2.2.8)
Definition 2.2.6.We rewrite now (2.2.8) in the following equivalent form
VY{Y € Jg <= IYX)[([PX) g € T ~x ) A (Y = X)]}, (2.2.9)
where the countable collection I'3®'/ ~x is defined by
VYX){[PX) ]y € T ~x = [([(PX)] € TX/ ~x ) AIIXPX)]}  (2.2.10)
Definition 2.2.7. Let Ry be the countable collection of the all sets such that
VX(X € Fg)[X € Rt = X ¢ X]. (2.2.11)

Remark 2.2.3. Note that Rt € I since R is a collection definable by 1-place open
wiff



Y(Z,3s) 2 VXX € 3y)[X e Z = X ¢ X].
From (2.2.11) and Remark 2.2.3 one obtains directly

iRst S ERst = ERst & SRst. (22 12)
But (2.2.12) immediately gives a contradiction
(mst S mst) /\ (mst g mst). (22 13)

However contradiction (2.2.13) it is not a true contradiction inside ZFCy for the
reason

that the countable collection I is not a set in the sense of the set theory ZFCy.

In order to obtain a true contradiction inside ZFC we introduce the following
definitions.

Definition 2.2.8.We define now the countable set I'}*/ ~, by formula

Vy{[y]st €T ~, & (Y], € T ~ ) A Fra(y,v) A [H!X‘Py’V(X)]}. (2.2.14)

Remark 2.2.4. Note that from the axiom of separation it follows directly that I';%/ ~,
is a

set in the sense of the set theory ZFCy;.

Definition 2.2.9.We define now the countable set 3% by formula

VYLY € Si o Y[yl € T3 ~ ) A (@zrca(X) = v) AY = XI}. (2.2.15)

Note that from the axiom schema of replacement it follows directly that 3¢ is a set in
the
sense of the set theory ZFCy;.
Definition 2.2.10.We define now the countable set R by formula
VX(X € 35X € R & X ¢ X]. (2.2.16)

Note that from the axiom schema of separation it follows directly that R¢ is a set in
the
sense of the set theory ZFCy;.
Remark 2.2.5.Note that R € T since R is a definable by the following formula
Y*(Z) £ VX(X e 3H[XeZ <= X ¢ X]. (2.2.17)
Theorem 2.2.1.Set theory ZFCy is inconsistent.
Proof. From (2.2.17) and Remark 2.2.5 we obtain R € R < RE ¢ RE from

which
immediately one obtains a contradiction (R& € RE) A (R ¢ RE).

2.3.Derivation of the inconsistent definable set in
ZFCNst.

Definition 2.3.1.Let PA be a first order theory which contain usual postulates of
Peano



arithmetic [9] and recursive defining equations for every primitive recursive function
as

desired.So for any (n + 1)-place function f defined by primitive recursion over any
n-place

base function g and (n + 2)-place iteration function h there would be the defining

equations:

() f(0,y1,...,¥n) = gY1,...,¥Yn), (i) f(X+1,y1,...,¥n) = h(x,f(x,yl,...,yn),yl,;.,yn).

Designation 2.3.1.(i) Let MZ¢ be a nonstandard model of ZFC and let ME? be a
standard

model of PA.We assume now that M5A = MZEC and denote such nonstandard model
of the set theory ZFC by MZEC[PA]. (i) Let ZFCng be the theory

ZFCyst = ZFC + MEEC[PA].

Designation 2.3.2.(i) Let gzrc,, (U) be a Godel number of given an expression u of
the set theory ZFCys 2 ZFC + IMEEC[PA].
(i) Let Frnsi(y,v) be the relation : y is the Gddel number of a wff of the set theory
ZFCyst
that contains free occurrences of the variable X with Gédel number v [9].

(iii) Note that the relation Frys:(y, V) is expressible in ZFCyg by a wif ﬁNst(y,v)
(iv) Note that for any y,v € N by definition of the relation Fry(y,Vv) follows that

Frua(y,v) < 3¥00[@zrcw (F)) = ¥) A @zrcw (X) = 1)1, (2.3.1)
where Y(X) is a unique wff of ZFCg which contains free occurrences of the variable
X
with Gédel number v.We denote a unique wff ¥(X) defined by using equivalence
(2.3.1)
by symbol ¥y, (X),i.e.

Frus(y,v) < 3%y, 00[(@zrcu (e (X)) = ¥) A (Gzrc (X) = V)], (2.3.2)

(v) Let o nsi(y,v,v1) be a Godel number of the following wff:

AX[P(X) AY = X],where
9zrcy (F(X)) = Y, 9zrcy (X) = v, Ozrcw (Y) = V1.

(vi) Let Przec,,(z) be a predicate asserting provability in ZFCyg, which defined by

formula
(2.6) in section 2, see Remark 2.2 and Designation 2.3,(see also [9]-[10]).

Definition 2.3.2. Let I'{* be the countable collection of the all 1-place open wff's of

the set theory ZFCys that contains free occurrences of the variable X.

Definition 2.3.3. Let gzrc, (X) = v.Let '™ be a set of the all Godel numbers of the

1-place open wff’s of the set theory ZFCys that contains free occurrences of the
variable X

with Godel number v, i.e.



IV =Ly € Ny, v) € Fr,(y,v)}, (2.3.3)
or in the following equivalent form:

Wy eN)|y e & (N AFr0Y |

Remark 2.3.1.Note that from the axiom of separation it follows directly that I'$t is a
set

in the sense of the set theory ZFCyst.

Definition 2.3.3.()We define now the equivalence relation (- ~x ) < ' x T} by

Pi(X) ~x ¥2X) = (VX[¥1(X) & Y20X)]) (2.3.4)

(ii) A subcollection A¥ of ' such that ¥ (X) ~x ¥, (X) holds for all ¥;(X) and ¥,(X)
in
A$, and never for ¥ (X) in A¥ and W, (X) outside A}, is an equivalence class
of I},
(iii) For any W(X) € IT'{ let [¥(X)] g 2 {P(X) € TP (X) ~x ©(X)} denote the
equivalence class to which ¥(X) belongs. All elements of I'§ equivalent to each
other
are also elements of the same equivalence class.
(iv) The collection of all possible equivalence classes of '} by ~x, denoted I'}{*!/ ~x

TR~ 2 {2001 P(X) € TN, (2.3.5)

Definition 2.3.4.(i)We define now the equivalence relation (- ~, ) < TNt x 't in
the
sense of the set theory ZFCys by

yi ~v Y2 = (VX[¥y(X) & Py, (X)]) (2.3.6)

Note that from the axiom of separation it follows directly that the equivalence relation

(+ ~y ) is arelation in the sense of the set theory ZFCyst.

(ii) A subset ANt of '\t such that y; ~, y, holds for all y; and y; in AN, and never for
y1in

ANt and y, outside A), is an equivalence class of I')*.

(iii) Forany y € T')* let [y] = {z € I')*'ly ~, z} denote the equivalence class to
which y

belongs. All elements of '\t equivalent to each other are also elements of the same

equivalence class.

(iv)The collection of all possible equivalence classes of I'\* by ~,, denoted I'}"/ ~,

NS ~, 2 {lyl\ly € TN (2.3.7)
Remark 2.3.2. Note that from the axiom of separation it follows directly that
st/ ~, isa
set in the sense of the set theory ZFCys:.
Definition 2.3.5.Let 3ns be the countable collection of the all sets definable by



1-place
open wff of the set theory ZFCyg, i.e.

VY{Y € 3nst = IYXO[[PK) Iy € TXY ~x )AFXPX)AY = X1} (2.3.8)
Definition 2.3.6.We rewrite now (2.3.8) in the following equivalent form
VY{Y € St = IPX)PXK) g € T ~x YA Y = X)], (2.3.9)
where the countable collection T/ ~x is defined by
VYX) YK € T ~x = [((PX)] g € T ~x ) AIXPX)]F  (2.3.10)

Definition 2.3.7. Let Rnst be the countable collection of the all sets such that

VX(X € 3Inst)[X € Rt = X ¢ X]. (2.3.11)
Remark 2.3.3.Note that Rnst € Inst Since Rt is a collection definable by 1-place
open
wff

W(Z,3nst) 2 VX(X € Snat)[X € Z = X ¢ X].
From (2.3.11) one obtains
Rist € Rst < Rinst € Rt (2.3.12)
But (2.3.12) gives a contradiction

(Rnst € Rnst) A (Rnst € Rist). (2.3.13)

However a contradiction (2.3.13) it is not a true contradiction inside ZFCys for the
reason

that the countable collection 3y is not a set in the sense of the set theory ZFCs.

In order to obtain a true contradiction inside ZFCys we introduce the following

definitions.

Definition 2.3.8.We define now the countable set T';"*'/ ~, by formula
Vy{[y]Nst T ~y = (Yl € T~y ) A Frna(y,V) A [H!X\PW(X)]}. (2.3.14)

Remark 2.3.4. Note that from the axiom of separation it follows directly that
Nt~ is

a set in the sense of the set theory ZFCy.

Definition 2.3.9.We define now the countable set 3§ by formula

VY{Y € 3ha = W([Ylng € TN ~v ) A(Gzrce(X) = V) AY = X]} (2.3.15)

Note that from the axiom schema of replacement it follows directly that 3¢ is a set in
the

sense of the set theory ZFCgt.

Definition 2.3.10.We define now the countable set R{ by formula



VX(X € 3i)[X € Riy <= X & X]. (2.3.16)

Note that from the axiom schema of separation it follows directly that Ry is a set in
the

sense of the set theory ZFCg.

Remark 2.3.5.Note that R{,; € I since Ry is a definable by the following formula

PH(Z) £ UX(X € Fig)[X € Z = X ¢ X]. (2.3.17)

Theorem 2.3.1.Set theory ZFCyg is inconsistent.
Proof. From (2.3.16) and Remark 2.3.5 we obtain Ry, € Ry <= Rl & R from
which one obtains a contradiction (Rys € Rist) A (Rt € Rist)-
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