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Àííîòàöèÿ

The operational and canonical de�nitions of an energy-momentum tensor are

considered as well as the tensor and nontensor conservation laws. It is shown that

the canonical energy-momentum tensor contradicts experiments and the operational

de�nition, the Belinfante-Rozenfelf procedure worsens the situation, and the nontensor

�conservation laws� is senseless. A de�nition of the 4-momentum of a system demands

a translator, as an integration of vectors is senseless. The mass of a liquid sphere is

calculated. It is shown, that, according to the standard energy-momentum pseudotensor,

mass-energy of a gravitational �eld is positive. This contradicts the idea of negative

gravitational energy and discredits the pseudotensor. And what is more, integral

4-pseudovectors are senseless in general, as reference frames for their components

are not determined even for coordinates, which are Galilean at in�nity

Ðàññìîòðåíû îïåðàöèîííîå è êàíîíè÷åñêîå îïðåäåëåíèå òåíçîðà ýíåðãèè-

èìïóëüñà, à òàê æå òåíçîðíûé è íåòåíçîðíûé çàêîíû ñîõðàíåíèÿ. Ïîêàçàíî, ÷òî

êàíîíè÷åñêèé òåíçîð ýíåðãèè-èìïóëüñà ïðîòèâîðå÷èò ýêñïåðèìåíòó è îïåðàöè-

îííîìó îïðåäåëåíèþ, ïðîöåäóðà Áåëèíôàíòå-Ðîçåíôåëüäà óõóäøàåò ñèòóàöèþ,

à íåòåíçîðíûé "çàêîí ñîõðàíåíèÿ"áåññìûñëåíåí. Îïðåäåëåíèå (ñîõðàíÿþùåãî-

ñÿ) 4-èìïóëüñà ñèñòåìû òðåáóåò òðàíñëÿòîðà, ïîñêîëüêó èíòåãðèðîâàíèå êîì-

ïîíåíòîâ âåêòîðîâ ñàìèõ ïî ñåáå áåññìûñëåííî. Âû÷èñëåíà ìàññà øàðà èç æèä-

êîñòè. Ïîêàçàíî, ÷òî, ñîãëàñíî ñòàíäàðòíîìó ïñåâäîòåíçîðó ýíåðãèè-èìïóëüñà,

ìàññà-ýíåðãèÿ ãðàâèòàöèîííîãî ïîëÿ ïîëîæèòåëüíà, ÷òî ïðîòèâîðå÷èò èäåå îò-

ðèöàòåëüíîé ãðàâèòàöèîííîé ýíåðãèè è äèñêðåäèòèðóåò ïñåâäîòåíçîð ýíåðãèè-

èìïóëüñà. Áîëüøå òîãî, èíòåãðàëüíûé 4-ïñåâäîâåêòîð âîîáùå áåññìûñëåí, òàê

êàê äëÿ åãî êîìïîíåíòîâ íå îïðåäåëåí ðåïåð äàæå ïðè êîîðäèíàòàõ, ãàëèëååâûõ

íà áåñêîíå÷íîñòè.

PACS: 04.02.-q, 02.40.-k

Some of notations

Indices: i, j, . . . = t, x, y, z or t, r, θ, ϕ; α, β, . . . = x, y, z or r, θ, ϕ.
(Standard) pseudotensor of Einstein-Eddington-Tolman: H i

∧k = H i
k

√
g∧.
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Pseudotensor of Landau-Lifshitz: hik∧∧ = hikg∧∧.
Mass-energy of a body with its gravitation �eld, according to the pseudotensor: J .
Mass-energy of a body, i.e. the modulus of its 4-momentum: P .
Pressure in the interior of a massive ball: p.

1 Introduction

Åñëè ÷àñòèöû èëè òåëà ïðèòÿãèâàþòñÿ äðóã ê äðóãó ñèëàìè êàêîãî-òî ðåàëüíîãî ïîëÿ
è ñîåäèíÿþòñÿ, òî ìàññà ñîåäèíåíèÿ îêàçûâàåòñÿ ìåíüøå, ÷åì ñóììà ìàññ èñõîäíûõ
òåë. Ýòî íàçûâàåòñÿ (îòðèöàòåëüíûé) äåôåêò ìàññû. Ñàìûé ïðîñòîé ïðèìåð äàåò
ýëåêòðîñòàòèêà. Ïðîòîí è ýëåêòðîí, íàõîäÿùèåñÿ äàëåêî äðóã îò äðóãà, ïðèòÿãèâà-
þòñÿ äðóã ê äðóãó ýëåêòðè÷åñêèìè ñèëàìè. Ïðè ýòîì ìàññà-ýíåðãèÿ èõ ñîáñòâåííûõ
ïîëåé ñîñòàâëÿåò ÷àñòü èõ ìàññ. Äðóãóþ ÷àñòü ñîñòàâëÿåò âåùåñòâî ïðîòîíà è ýëåê-
òðîíà (åñëè òàêîâîå ñóùåñòâóåò). Â ïðîöåññå ñîåäèíåíèÿ ïðîòîíà è ýëåêòðîíà â íåé-
òðàëüíûé àòîì âîäîðîäà ÷àñòü ïîëÿ ýëèìèíèðóåò âñëåäñòâèå èíòåðôåðåíöèè, à ñîîò-
âåòñòâóþùàÿ ýíåðãèè ïðåâðàùàåòñÿ â êèíåòè÷åñêóþ ýíåðãèþ ýòèõ ÷àñòèö. Ïîýòîìó â
ïðîöåññå ñáëèæåíèÿ ñîõðàíÿåòñÿ ïîëíàÿ ìàññà ñèñòåìû. Ïðîñòî ÷àñòü ýíåðãèè ïîëÿ
ïðåâðàùàåòñÿ â êèíåòè÷åñêóþ ýíåðãèþ ÷àñòèö. Îäíàêî íà çàêëþ÷èòåëüíîì ýòàïå,
ïðè âîçíèêíîâåíèè àòîìà, ÷àñòü êèíåòè÷åñêîé ýíåðãèè óõîäèò â ïðîñòðàíñòâî â âèäå
èçëó÷åíèÿ. Â ðåçóëüòàòå ìàññà àòîìà âîäîðîäà îêàçûâàåòñÿ ìåíüøå, ÷åì ñóììà ìàññ
ñâîáîäíûõ ïðîòîíà è ýëåêòðîíà íà 13,6 ýÂ. Íî ìàññà ñèñòåìû, àòîì + èçëó÷åíèå,
ñîõðàíÿåòñÿ.

Ïðè ãðàâèòàöèîííîì ïðèòÿæåíèè ñèòóàöèÿ èíàÿ. Ðàññìîòðèì âìåñòî óäàëåííûõ
ïðîòîíà è ýëåêòðîíà (ïûëåâîå) îáëàêî, îêðóæåííîå ñîáñòâåííûì ãðàâèòàöèîííûì
ïîëåì. Â ïðîöåññå ñæàòèÿ, êàê è â ñëó÷àå ýëåêòðîñòàòèêè, ÷àñòèöû îáëàêà ïðèîá-
ðåòàþò êèíåòè÷åñêóþ ýíåðãèþ. Îò ýòîãî ìàññà-ýíåðãèÿ îáëàêà óâåëè÷èâàåòñÿ (ïî-
ëîæèòåëüíûé äåôåêò ìàññû). Íî ãðàâèòàöèîííîå ïîëå îáëàêà ïðè ýòîì íå òîëüêî
íå ýëèìèíèðóåò, à, íàáîðîò, óñèëèâàåòñÿ, ðàñïðîñòðàíÿÿñü íà îñâîáîæäåííóþ îáëà-
êîì òåððèòîðèþ. À ìàññà ñèñòåìû, îáëàêî + ãðàâèòàöèîííîå ïîëå, ñîõðàíÿåòñÿ ïî
òåîðåìå Áèðêãîôà è îñòàåòñÿ ðàâíîé øâàðöøèëüäîâñêîìó ïàðàìåòðó m. Ïîýòîìó
ãðàâèòàöèîííîìó ïîëþ ïðèõîäèòñÿ ïðèïèñûâàòü îòðèöàòåëüíóþ ìàññó-ýíåðãèþ.

Äëÿ ó÷åòà ýòîé îòðèöàòåëüíîé ãðàâèòàöèîííîé ýíåðãèè èñïîëüçóåòñÿ ñòàíäàðò-
íûé ïñåâäîòåíçîð ãðàâèòàöèîííîãî ïîëÿ âìåñòå ñ íàõîäÿùèìñÿ â íåì âåùåñòâîì,
H i
∧k = T i∧k + ti∧k. [1, (89.3)]. Îí ðàâåí ñóììå òåíçîðà ýíåðãèè-èìïóëüñà âåùåñòâà è

ïñåâäîòåíçîðà ãðàâèòàöèîííîãî ïîëÿ. Ïîñëåäíèé, ñîãëàñíî ñóùåñòâóþùåìó ìíåíèþ,
è îáåñïå÷èâàåò îòðèöàòåëüíûé âêëàä, ïîñêîëüêó óòâåðæäàåòñÿ, ÷òî ìàññà-ýíåðãèÿ
òåëà âìåñòå ñ åãî ãðàâèòàöèîííûì ïîëåì ðàâíà m. Ýòî âûðàæàåòñÿ ôîðìóëîé [1,
91,92,97]

Jt =
∫

(T t∧t + tt∧t)dV
∧
t = m.

Â íàñòîÿùåé ñòàòüå ìû ïîêàçûâàåì, ÷òî òàêîé âûâîä îøèáî÷åí. Â äåéñòâèòåëüíîñòè,
ïñåâäîòåíçîð ãðàâèòàöèîííîãî ïîëÿ ti∧k äàåò ïîëîæèòåëüíûé âêëàä â ýòîò èíòåãðàë.
È ýòî ïîëíîñòüþ äèñêðåäèòèðóåò èäåþ ïñåâäîòåíçîðà ãðàâèòàöèîííîãî ïîëÿ. Âåëè-
÷èíà Jt íå ÿâëÿåòñÿ íè ìàññîé, íè äàæå âðåìåííîé êîìïîíåíòîé 4-èìïóëüñà ÷åãî áû
òî íè áûëî, ïîñêîëüêó îíà ïîëó÷åíà èíòåãðèðîâàíèåì êîìïîíåíòû dJt = H i

∧tdV
∧
i
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èíôèíèòåçèìàëüíîãî 4-èìïóëüñà, à íå åãî ìîäóëÿ dJ . Îäíàêî íà÷èíàåì ìû ñòàòüþ ñ
îïðåäåëåíèÿ òåíçîðà ýíåðãèè-èìïóëüñà ìàòåðèè è ðàññìîòðåíèÿ ïðîáëåì, ñâÿçàííûõ
ñ åãî èíòåãðèðîâàíèåì.

2 The operational de�nition

of an energy-momentum tensor

Â íàñòîÿùåå âðåìÿ ïàðàëëåëüíî ñóùåñòâóþò äâà ðàçëè÷íûõ îïðåäåëåíèÿ òåíçîðà
ýíåðãèè-èìïóëüñà ìàòåðèè. Ñ îäíîé ñòîðîíû, ñóùåñòâóåò ëîêàëüíîå îïåðàöèîííîå
îïðåäåëåíèå òåíçîðà ýíåðãèè-èìïóëüñà ìàòåðèè T ik∧ òàêîãî òèïà [2]:
Òðåõìåðíûé èíôèíèòåçèìàëüíûé ýëåìåíò ñðåäû dV ñîäåðæèò èëè ïðîïóñêàåò ÷åðåç

ñåáÿ èíôèíèòåçèìàëüíûé 4-èìïóëüñ

dP i = T ik∧ dV
∧
k . (2.1)

Ïîÿñíèì ýòî îïðåäåëåíèå. ¾Òåíçîð ýíåðãèè-èìïóëüñà¿ â äåéñòâèòåëüíîñòè ÿâëÿåòñÿ

òåíçîðíîé ïëîòíîñòüþ (íî ìû áóäåì äëÿ ïðîñòîòû íàçûâàòü åãî òåíçîðîì). Äëÿ íà-
ïèñàíèÿ ïëîòíîñòåé ìû íå ïîëüçóåìñÿ ãîòè÷åñêèì øðèôòîì, êàê ýòî îáû÷íî äåëàåò-
ñÿ, ñì., íàïðèìåð [3, 96]. Âìåñòî ýòîãî ìû îòìå÷àåì ïëîòíîñòè çíàêîì 'wedge' ∧. Òàêîå
îáîçíà÷åíèå èñïîëüçîâàë È.À. Êóíèí [4] ïðè ïåðåâîäå íà ðóññêèé ÿçûê ìîíîãðàôèè
[5]. Îäíàêî â îòëè÷èå îò [4], ìû ñòàâèì çíàê ∧ íà óðîâíå íèæíèõ èëè âåðõíèõ èíäåê-
ñîâ äëÿ ïëîòíîñòåé âåñà +1 èëè -1, ñîîòâåòñòâåííî. Ñèìâîëû Ëåâè-×èâèòû îáîçíà-
÷àþòñÿ ε∧ijkl, ε

ijkl
∧ , à ýëåìåíò îáúåìà èëè ýëåìåíòàðíàÿ ïëîùàäêà ñ âíåøíåé îðèåíòà-

öèåé, êîòîðûå ÿâëÿþòñÿ ïëîòíîñòÿìè âåñà -1 , îáîçíà÷àþòñÿ â ïðîñòðàíñòâå-âðåìåíè
dV ∧k èëè da∧ik, ñîîòâåòñòâåííî; êîðåíü èç îïðåäåëèòåëÿ ìåòðè÷åñêîãî òåíçîðà îáîçíà-
÷àåòñÿ

√
g∧. Íàïðèìåð, ïðè èñïîëüçîâàíèè ñôåðè÷åñêèõ êîîðäèíàò,

√
g∧ = r2 sin θ;

íåïîäâèæíûé 3-îáúåì èìååò êîìïîíåíòû

dV ∧t = dV rθϕε∧trθϕ = drdθdϕ, dV ∧r = dV ∧θ = dV ∧ϕ = 0, or
dVt = dV ∧t

√
g∧ = drdθdϕr2 sin θ;

ýëåìåíò ñôåðè÷åñêîé ïîâåðõíîñòè èìååò êîìïîíåíòû

da∧tr = daθϕε∧trθϕ = dθdϕ, or
datr = da∧tr

√
g∧ = dθdϕr2 sin θ;

òîò æå ýëåìåíò ïîâåðõíîñòè, ðàçâåðíóòûé âî âðåìåíè, ÿâëÿåòñÿ 3-îáúåìîì ñ êîìïî-
íåíòàìè

dV ∧r = dV tθϕε∧trθϕ = dtdθdϕ, dV ∧t = dV ∧θ = dV ∧ϕ = 0.

Êîìïîíåòû 4-èìïóëüñà â íåïîäâèæíîì îáúåìå ðàâíû

dP i = T it∧ dV
∧
t = T it∧ drdθdϕ = T it

√
g∧drdθdϕ,

à 4-èìïóëüñ, ïðîøåäøèé çà dt ÷åðåç ïëîùàäêó da∧tr èìååò êîìïîíåíòû
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dP i = T ir∧ dV
∧
r = T ir∧ dtdθdϕ.

Ñàì îïðåäåëèòåëü ìåòðè÷åñêîãî òåíçîðà ÿâëÿåòñÿ ñêàëÿðíîé ïëîòíîñòüþ âåñà +2 :
g∧∧. Âàæíî îòìåòèòü, ÷òî îïðåäåëåíèå (2.1) äà¼ò ëèøü êîîðäèíàòíóþ êîìïîíåíòó
dP i. Ôèçè÷åñêàÿ êîìïîíåíòà ïîëó÷àåòñÿ ïðè ó÷åòå ñîîòâåòñòâóþùåãî ìåòðè÷åñêîãî
êîýôôèöèåíòà: dP î = dP i√gii. Íàïðèìåð, ìàññà ðàâíà dP t̂ = dP t√gtt.

Îïåðàöèîííîå îïðåäåëåíèå òåíçîðà ýíåðãèè-èìïóëüñà èñïîëüçóåò, íàïðèìåð, Synge
[6] (ñîõðàíåíû îáîçíà÷åíèÿ àâòîðà):
�We borrow from the statistical model the interpretation of the energy tensor in terms of
�uxes, and we make the following statement:

(�ux of 4-momentum across a polarized 3-target dSj) = T ijdSj�.

Ðàøåâñêèé [7] ïèøåò:
�Äîïóñòèì, ÷òî íàñ èíòåðåñóåò îáùàÿ êàðòèíà ðàñïðåäåëåíèÿ è äâèæåíèÿ ýíåðãèè è
èìïóëüñà â ïðîñòðàíñòâå è âðåìåíè. Äëÿ åå îïèñàíèÿ ìû äîëæíû ïîñòðîèòü â ÷åòû-
ðåõìåðíîì ïðîñòðàíñòâå ñîáûòèé ñîîòâåòñòâóþùèì îáðàçîì ïîäîáðàííûé äâàæäû
êîíòðàâàðèàíòíûé ñèììåòðè÷åñêèé òåíçîð T ik - òåíçîð ýíåðãèè-èìïóëüñà�.

Ëîêàëüíóþ èíòåðïðåòàöèþ òåíçîðà ýíåðãèè-èìïóëüñà ïîääåðæèâàþò (èíîãäà) Ëàí-
äàó è Ëèôøèö [3, 96]:
�If the tensor Tik is zero at some world point, then this is the case for any reference system,
so that we may say that at this point there is no matter or electromagnetic �eld�.

Ëîêàëüíîå îïðåäåëåíèå òåíçîðà ýíåðãèè-èìïóëüñà äàåò îäíîçíà÷íî çíà÷åíèå èí-
ôèíèòåçèìàëüíîãî 4-èìïóëüñà (2.1), êîòîðûì îáëàäàåò ýëåìåíò dV ∧k , è ýòà âåëè÷èíà
íàáëþäàåòñÿ ýêñïåðèìåíòàëüíî. Íàïðèìåð, â ñëó÷àå ýëåêòðîìàãíèòíîãî ïîëÿ, èíôè-
íèòåçèìàëüíàÿ ïëîùàäêà da∧β , ïîãëîùàþùàÿ ýëåêòðîìàãíèòíîå èçëó÷åíèå, òî åñòü
�÷åðíàÿ ïëîùàäêà�, âíå âñÿêîãî ñîìíåíèÿ, ïðèíèìàåò ìîùíîñòü dI, ñèëó äàâëåíèÿ
ñâåòà dF i è èìïóëüñ dP i, ñîãëàñíî ôîðìóëàì:

dI = T tβ∧ da
∧
β , dFα = Tαβ∧ da∧β , dPα = Tαβ∧ da∧βdt. (2.2)

Here
Tαβ∧ = gαγ(−FγiF βi

∧ + δβγFijF
ij
∧ /4), (2.3)

åñòü ìàêñâåëëîâñêèé òåíçîð íàïðÿæåíèé, êîòîðûé ÿâëÿåòñÿ ïðîñòðàíñòâåííîé ÷à-
ñòüþ òåíçîðà ýíåðãèè-èìïóëüñà ýëåêòðîäèíàìèêè (Ìàêñâåëëà)

T ik∧ = gij(−FjlF kl
∧ + δkjFlmF

im
∧ /4), (2.4)

à T tβ∧ åñòü âåêòîð Ïîéíòèíãà.
Äîáàâëåíèå ëþáûõ ÷ëåíîâ ê òåíçîðó ýíåðãèè-èìïóëüñà Ìàêñâåëëà ïðèâåäåò ê

íàðóøåíèþ ñîâïàäåíèÿ ðàñ÷åòíîãî ðåçóëüòàòà ñ ðåçóëüòàòîì ýêñïåðèìåíòà. À ïîòîìó
òàêîå äîáàâëåíèå íåäîïóñòèìî. Ìû óæå îáðàùàëè íà ýòî âíèìàíèå [8].

Ïðè íåîáõîäèìîñòè îïðåäåëèòü 4-èìïóëüñ P i ìàêðîñêîïè÷åñêîãî òåëà èëè åãî ÷à-
ñòè èëè, ñêàæåì, ýëåêòðîìàãíèòíîãî ïîëÿ â ðåçîíàòîðå ïðèõîäèòñÿ èíòåãðèðîâàòü
ýëåìåíòû (2.1) ïî âñåìó îáúåìó.

P i =
∫
dP i =

∫
T ik∧ dV

∧
k . (2.5)
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Ýòî èíòåãðèðîâàíèå íå ïðåäñòàâëÿåò ïðîáëåì â äåêàðòîâûõ êîîðäèíàòàõ. Îäíàêî
ïðè èñïîëüçîâàíèè êðèâîëèíåéíûõ êîîðäèíàò êîìïîíåíòû èíòåãðàëà (2.5) íå îáðà-
çóþò ãåîìåòðè÷åñêóþ âåëè÷èíó (âåêòîð) ïî äâóì ïðè÷èíàì:
1) Ôîðìóëà (2.5) ïðåäïîëàãàåò àðèôìåòè÷åñêîå ñëîæåíèå êîìïîíåíòîâ âåêòîðîâ dP i,
ïðèíàäëåæàùèõ ðàçëè÷íûì òî÷êàì ïðîñòðàíñòâà, â êîòîðûõ êîîðäèíàòíûå ðåïåðû
ìîãóò áûòü íå ïàðàëëåëüíû. Ïîýòîìó íå ñóùåñòâóåò ðåïåðà, ê êîòîðîìó ìîãëè áû
îòíîñèòüñÿ êîìïîíåíòû èíòåãðàëà P i.
2) Ïðè çàìåíå êîîðäèíàò xi = f i(ya) íå ñóùåñòâóåò çàêîíà ïðåîáðàçîâàíèÿ êîì-
ïîíåíòîâ P i â êîìïîíåíòû P a.
Ââèäó ýòîãî, èíòåãðàë (2.5), âîîáùå ãîâîðÿ, áåññìûñëåíåí ïðè èñïîëüçîâàíèè êðèâî-
ëèíåéíûõ êîîðäèíàò. Ìû áóäåì íàçûâàòü òàêèå âåëè÷èíû ïñåâäîâåêòîðàìè.

Äëÿ òîãî ÷òîáû èíòåãðèðîâàíèå â êðèâîëèíåéíûõ êîîðäèíàòàõ èìåëî ãåîìåòðè-
÷åñêèé ñìûñë, íåèçáåæíî èñïîëüçîâàíèå äâóõòî÷å÷íîé òåíçîðíîé ôóíêöèè, íàçûâàå-
ìîé òðàíñëÿòîðîì, Ψi′

i (x′, x) [8, 9, 10]. Ñ ïîìîùüþ òàêîãî òðàíñëÿòîðà ïåðåä èíòåãðè-
ðîâàíèåì îñóùåñòâëÿåòñÿ ïåðåíîñ ýëåìåíòàðíûõ âåêòîðîâ dP i = T ik∧ dV

∧
k â íåêîòîðóþ

îáùóþ òî÷êó x′, dP i′(x′) = Ψi′
i (x′, x)dP i(x), ãäå è ïðîèçâîäèòñÿ èíòåãðèðîâàíèå

P i′(x′) =
∫

Ψi′

i T
ik
∧ dV

∧
k . (2.6)

Èíòåãðèðîâàíèå (2.6) ïðåäñòàâëÿåò ñîáîé èíòåãðèðîâàíèå ýëåìåíòîâ Ψi′
i (x′, x)T ik∧ dV

∧
k ,

ñêàëÿðíûõ â òî÷êàõ x, è êðèâîëèíåéíûå êîîðäèíàòû íå âûçûâàþò ïðîáëåì.
Åñëè âûïîëíèòü èíòåãðèðîâàíèå (2.6) ïî çàìêíóòîé òðåõìåðíîé ãèïåðïîâåðõíî-

ñòè, äâàæäû ïåðåñåêàþùåé ìèðîâóþ òðóáêè èçîëèðîâàííîãî òåëà â ïðîñòðàíñòâå-
âðåìåíè, è ýòî èíòåãðèðîâàíèå äàåò íîëü,∮

Ψi′

i T
ik
∧ dV

∧
k = 0, (2.7)

òî âîçíèêàåò êîâàðèàíòíûé çàêîí ñîõðàíåíèÿ. Ïðåîáðàçóåì èíòåãðàë (2.7) ê èíòåãðà-
ëó ïî 4-îáúåìó Ω, îõâà÷åííîìó çàìêíóòîé ãèïåðïîâåðõíîñòüþ V = ∂Ω, ïî òåîðåìå
Ãàóññà (êîòîðàÿ, êîíå÷íî, ïðåäïîëàãàåò ÷àñòíîå äèôôåðåíöèðîâàíèå)

0 =
∮
∂Ω

Ψi′

i T
ik
∧ dV

∧
k =

∮
Ω
∂k(Ψ

i′

i T
ik
∧ )dΩ∧. (2.8)

Ïîëó÷åííîå âûðàæåíèå (2.8) óäàåòñÿ óïðîñòèòü, ïîòîìó ÷òî ÷àñòíàÿ ïðîèçâîäíàÿ ∂k
â òî÷êå x îò âåêòîðíîé ïëîòíîñòè Ψi′

i T
ik
∧ â òî÷êå x ðàâíà êîâàðèàíòíîé ïðîèçâîäíîé:

∂k(Ψ
i′
i T

ik
∧ ) = ∇k(Ψ

i′
i T

ik
∧ ). Òàê ÷òî

0 =
∮

Ω
∂k(Ψ

i′

i T
ik
∧ )dΩ∧ =

∮
Ω
∇k(Ψ

i′

i T
ik
∧ )dΩ∧

=
∮

Ω
∇kΨ

i′

i T
ik
∧ dΩ∧ +

∮
Ω

Ψi′

i ∇kT
ik
∧ dΩ∧. (2.9)

Ðàçóìíî âû÷èñëÿòü èìïóëüñ òåëà, ñ÷èòàÿ òðàíñëÿòîð Ψi′
i (x′, x) òðàíñëÿòîðîì ïàðàë-

ëåëüíîãî ïåðåíîñà. Â ýòîì ñëó÷àå, ïîñêîëüêó êîâàðèàíòíàÿ ïðîèçâîäíàÿ ∇k òîæå
îñíîâàíà íà ïàðàëëåëüíîì ïåðåíîñå, äëÿ ïëîñêîãî ïðîñòðàíñòâà áóäåò

∇kΨ
i′

i = 0, (2.10)
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è èç (2.9) ìû ïîëó÷àåì ëîêàëüíûé êîâàðèàíòíûé çàêîí ñîõðàíåíèÿ

∇kT
ik
∧ = 0, (2.11)

êîòîðûé îáåñïå÷èâàåò ñîõðàíåíèå ìàêðîñêîïè÷åñêîãî èìïóëüñà P i′(x′) èçîëèðîâàí-
íîãî òåëà ïðè âû÷èñëåíèè åãî â ôèêñèðîâàííîé ìèðîâîé òî÷êå. Åñëè ìèðîâàÿ òî÷êà
x′ íàõîäèòñÿ íà ãèïåðïîâåðõíîñòè èíòåãðèðîâàíèÿ èíòåãðàëà (2.6) è äâèãàåòñÿ âìå-
ñòå ñ íåé, òî âåêòîð P i′(x′) áóäåò ïåðåíîñèòüñÿ ïàðàëëåëüíî. Â ýòîì è çàêëþ÷àåòñÿ
êîâàðèàíòíûé çàêîí ñîõðàíåíèÿ ìàêðîñêîïè÷åñêîé âåëè÷èíû P i′(x′).

Âàæíî, îäíàêî, ÷òî åñëè ðàññìàòðèâàåìîå òåëî íå èçîëèðîâàíî, èëè ðàññìàòðè-
âàåòñÿ íåêàÿ ñðåäà, èñïûòûâàþùàÿ âíåøíåå âîçäåéñòâèå, òî çàêîí ñîõðàíåíèÿ (2.11)
íàðóøàåòñÿ. Â ýòîì ñëó÷àå òåíçîð ýíåðãèè-èìïóëüñà ñðåäû òàêîâ, ÷òî

∇kT
ik
∧ = f i∧, (2.12)

ãäå f i∧ åñòü ïëîòíîñòü 4-ñèëû, äåéñòâóþùåé íà ðàññìàòðèâàåìóþ ñðåäó ñî ñòîðîíû
äðóãîé ñðåäû èëè ïîëÿ. Ýòî ìîæåò áûòü ñèëà Ëîðåíöà, ñèëà ñâåòîâîãî äàâëåíèÿ,
ãðàâèòàöèîííàÿ ñèëà (íå ãåîìåòðèçîâàííàÿ ïî Ýéíøòåéíó). Íàïðèìåð, äëÿ òåíçîðà
Ìàêñâåëëà ýëåêòðîìàãíèòíîãî ïîëÿ, âçàèìîäåéñòâóþùåãî ñ ýëåêòðè÷åñêèìè çàðÿäà-
ìè è òîêàìè, áóäåò:

∇kT
ik
∧ = −gijFjlji∧. (2.13)

Êîâàðèàíòíàÿ ïðîèçâîäíàÿ îò òðàíñëÿòîðà ïàðàëëåëüíîãî ïåðåíîñà ðàâíà íóëþ
(2.10) â ïëîñêîì ïðîñòðàíñòâå, ãäå ýòîò òðàíñëÿòîð íå çàâèñèò îò ïóòè. Äåéñòâè-
òåëüíî, ïóñòü â òî÷êå x′ çàäàí íåêèé êîâåêòîð fi′ . Òîãäà òðàíñëÿòîð Ψi′

i èíäóöèðóåò
â îêðåñòíîñòè òî÷êè x êîâåêòîðíîå ïîëå Ψi′

i (x′, x+ ξ)fi′ , êîòîðîå, îäíàêî, ìîæíî ïî-
ëó÷èòü òåì æå ïàðàëëåëüíûì ïåðåíîñîì êîâåêòîðà Ψi′

i (x′, x)fi′ èç òî÷êè x â òî÷êè
x+ ξ:

Ψi′

i (x′, x+ ξ)fi′ = Ψj
i (x, x+ ξ)Ψi′

j (x′, x)fi′ . (2.14)

Ïîýòîìó ýòî ïîëå, Ψi′
i (x′, x+ ξ)fi′ , îêàçûâàåòñÿ êîâàðèàíòíî ïîñòîÿííûì, ÷òî è äîêà-

çûâàåò (2.10). À âîò ïðè íàëè÷èè êðèâèçíû ïðîñòðàíñòâà-âðåìåíè ïîëå Ψi′
i (x′, x+ξ)fi′

íå áóäåò êîâàðèàíòíî ïîñòîÿííûì â îêðåñòíîñòè òî÷êè x, ∇kΨ
i′
i 6= 0, ïîòîìó ÷òî îíî

áóäåò îòëè÷àòüñÿ îò ïðàâîé ÷àñòè ðàâåíñòâà (2.14). Â ýòîì ñëó÷àå ëîêàëüíûé çàêîí
ñîõðàíåíèÿ íå îáåñïå÷èâàåò ñîõðàíåíèå ìàêðîñêîïè÷åñêîãî èìïóëüñà èçîëèðîâàííîãî
òåëà âî âðåìåíè. Èçìåíåíèå âåëè÷èíû P i′ , ïðèëîæåííîé â òî÷êå x′, äà¼ò âûðàæåíèå∫

Ω
∇kΨ

i′

i T
ik
∧ dΩ∧

. Ïðèìåð ðîæäåíèÿ âåùåñòâà â èñêðèâëåííîì ïðîñòðàíñòâå-âðåìåíè áûë ïðèâåäåí â
[11].

3 Canonical de�nition

of an energy-momentum tensor

Îäíîâðåìåííî ñ îïåðàöèîíàëüíûì îïðåäåëåíèåì ñóùåñòâóåò ôîðìàëüíîå îïðåäåëå-
íèå òåíçîðà ýíåðãèè-èìïóëüñà ìàòåðèè êàê áåçäèâåðãåíòíîé äâóçíà÷êîâîé òåíçîðíîé
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ïëîòíîñòè (ïðè÷åì èìååòñÿ â âèäó ÷àñòíàÿ, à íå êîâàðèàíòíàÿ äèâåðãåíöèÿ). Ñ öå-
ëüþ ïîëó÷åíèÿ òàêîé ïëîòíîñòè çàïèñûâàåòñÿ ãðàäèåíò ëàãðàíæèàíà ìàòåðèè [3]:

∂iΛ∧ =
∂Λ∧
∂q

∂iq +
∂Λ∧
∂(∂kq)

∂i∂kq

= ∂k
∂Λ∧
∂(∂kq)

∂iq +
∂Λ∧
∂(∂kq)

∂i∂kq = ∂k

(
∂Λ∧
∂(∂kq)

∂iq

)
, (3.1)

ïðè èñïîëüçîâàíèè â íåì ïðîèçâîäíîé èç óðàâíåíèé Ýéëåðà-Ëàãðàíæà,

∂Λ∧
∂q

= ∂k
∂Λ∧
∂(∂kq)

. (3.2)

Ïîñëå ýòîãî âñå ïåðåíîñèòñÿ â îäíó ñòîðîíó ðàâåíñòâà (3.1) è îáíàðóæèâàåòñÿ, ÷òî

∂k T
c

k
∧i = 0, (3.3)

ãäå âåëè÷èíà T
c

k
∧i íàçâàíà êàíîíè÷åñêèì òåíçîðîì ýíåðãèè-èìïóëüñà:

T
c

k
∧i =

∂Λ∧
∂(∂kq)

∂iq − δki Λ∧. (3.4)

Îäíàêî ñàìà öåëü âûçûâàåò íåäîóìåíèå. Ìàòåðèÿ ñ áåçäèâåðãåíòíûì òåíçîðîì
ýíåðãèè-èìïóëüñà íåíàáëþäàåìà, ïîòîìó ÷òî äëÿ íàáëþäåíèÿ íóæíî âçàèìîäåéñòâèå
ñ íàáëþäàòåëåì, à ïðè íàëè÷èè âçàèìîäåéñòâèÿ äèâåðãåíöèÿ òåíçîðà ýíåðãèè-èìïóëüñà
íå ðàâíà íóëþ (2.12)!

Ñðàâíåíèå êàíîíè÷åñêîãî òåíçîðà ýíåðãèè-èìïóëüñà (3.4) ñ îïåðàöèîííûì òåí-
çîðîì ðàçäåëà 2 ïóòåì èñïîëüçîâàíèÿ åãî â óðàâíåíèÿõ òèïà (2.1) çàòðóäíèòåëüíî,
ïîòîìó ÷òî íå ÿñåí ëàãðàíæèàí óïðóãîãî âåùåñòâà, èìåþùåãî ìåõàíè÷åñêèå íàïðÿ-
æåíèÿ. Íàñêîëüêî èçâåñòíî, íèêòî ýòèì íå çàíèìàëñÿ. Ïîïóëÿðåí êàíîíè÷åñêèé òåí-
çîð ýíåðãèè-èìïóëüñà ýëåêòðîäèíàìèêè,

T
c

ik
∧ =

∂Λ∧
∂(∂kAj)

∂iAj − gikΛ∧ = gij(−∂jAiF ki
∧ + δkjFlmF

lm
∧ /4), (3.5)

ïîëó÷àåìûé ñ èñïîëüçîâàíèåì ëàãðàíæèàíà ñâîáîäíîãî ýëåêòðîìàãíèòíîãî ïîëÿ

Λ∧ = −FijF ij
∧ /4. (3.6)

Îäíàêî òåíçîð (3.5) ôèçè÷åñêè àáñóðäåí â êà÷åñòâå òåíçîðà ýíåðãèè-èìïóëüñà: îí íå
ñèììåòðè÷åí, îí äàåò îòðèöàòåëüíóþ ïëîòíîñòü ýíåðãèè â îäíîðîäíîì ýëåêòðè÷å-
ñêîì ïîëå Ex = E [12],

T
c

tt = FxtF
xt/2 = −E2/2, (3.7)

îí íèêàê íå ïîõîæ íà ýêñïåðèìåíòàëüíî îáîñíîâàííûé òåíçîð Ìàêñâåëëà (2.4), è
äèâåðãåíöèÿ åãî, âîïðåêè ïðîâîçãëàøåííîé öåëè, íå ðàâíà íóëþ,

∂k T
c

ik
∧ = −gij∂jAljl∧, (3.8)
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è îòëè÷àåòñÿ îò äèâåðãåíöèè òåíçîðà Ìàêñâåëëà (2.13). Ýòî îòëè÷èå äèâåðãåíöèè
îçíà÷àåò, ÷òî äàæå íèêàêèå áåçäèâåðãåíòíûå äîáàâêè òèïà ∂lΨ

ikl, Ψikl = −Ψilk íå
ìîãóò ïðåâðàòèòü êàíîíè÷åñêèé òåíçîð (3.5) â òåíçîð Ìàêñâåëëà (2.4). È ýòî ïðèòîì,
÷òî íèêàêèå äîáàâêè ê èñòèííîìó òåíçîðó ýíåðãèè-èìïóëüñà íåäîïóñòèìû âîîáùå.

Òåì íå ìåíåå, çíàìåíèòàÿ ïðîöåäóðà Áåëèíôàíòå-Ðîçåíôåëüäà [13, 14] çàêëþ÷à-
åòñÿ èìåííî â äîáàâëåíèè âåëè÷èíû òàêîãî òèïà, ∂l(A

iF kl), ê êàíîíè÷åñêîìó òåíçîðó
ýíåðãèè-èìïóëüñà (3.5). Â ðåçóëüòàòå ïîëó÷àåòñÿ òåíçîð, êîòîðûé ìû íàçâàëè ñòàí-
äàðòíûì òåíçîðîì [15]:

T
st

ik
∧ = gij(−∂jAiF ki

∧ + δkjFlmF
lm
∧ /4) + ∂l(A

iF kl) = T ik∧ + Aijk∧. (3.9)

Ýòîò òåíçîð ïî-ïðåæíåìó íåñèììåòðè÷åí è åùå áîëåå íåëåï, ÷åì êàíîíè÷åñêèé òåí-
çîð, ïîñêîëüêó ÿâíî ñîäåðæèò ïëîòíîñòü òîêà jk∧, âåëè÷èíó, êîòîðàÿ ÿâëÿåòñÿ èíî-
ðîäíîé ê ýëåêòðîìàãíèòíîìó ïîëþ. Åñòåñòâåííî, íè êàíîíè÷åñêèé, íè ñòàíäàðòíûé
òåíçîð íèãäå íå èñïîëüçóþòñÿ â ïðàêòè÷åñêèõ ðàñ÷åòàõ.

Íå ïîëó÷èâ òåíçîðà Ìàêñâåëëà â ðàìêàõ êàíîíè÷åñêîãî ôîðìàëèçìà, íî æåëàÿ
ñïàñòè ïðåñòèæ ýòîãî ôîðìàëèçìà, ôèçèêè, óñòàìè Ôåéíìàíà [16], prefered to put on
sackcloth and ashes:

�We would like to say that we have not really `proved' the Poynting formulas. How do we
know that by juggling the terms around some more we couldn't �nd another formulas for
`u' and another formulas for `S'? The new S and the new u would be di�erent, but they
would still satisfy

E · j = −du/dt−∇ · S.

It's possible. There are, in fact, an in�nite number of di�erent possibilities for u and S,
and so far no one has thought of an experimental way to tell which one is right!�

Î÷åâèäíî, ÷òî ýòî âåñüìà ñòðàííîå çàÿâëåíèå ïîëíîñòüþ ïðîòèâîðå÷èò ðåàëü-
íîñòè (è ðàçäåëó 2 íàñòîÿùåé ñòàòüè), îäíàêî ïðåäñòàâëåíèå î íåîïðåäåëåííîñòè è
íåëîêàëèçóåìîñòè ýíåðãèè ïîëÿ ïðåïîäíîñèòñÿ âñåìè ó÷åáíèêàìè. Íàïðèìåð:

�Ëîêàëèçàöèÿ ïîòîêà ýíåðãèè ïðèâîäèò ê ïàðàäîêñàì� [17]

�Íåîáõîäèìî çàìåòèòü, ÷òî [êàíîíè÷åñêîå] îïðåäåëåíèå òåíçîðà ýíåðãèè-èìïóëüñà T ik

ïî ñóùåñòâó íå îäíîçíà÷íî� [3]

�It is clear from the de�nition that θµν is not, in general, symmetric. On the other hand,
neither is it unique, for we may add a term ∂λf

λµν � [18]

�Íàñ áóäóò èíòåðåñîâàòü ëèøü èíòåãðàëüíûå äèíàìè÷åñêèå âåëè÷èíû, ïîäîáíûå 4-
âåêòîðó ýíåðãèè-èìïóëüñà Pα . Ñòðóêòóðà òåíçîðà Tαβ , êîòîðûé â íàøåì èçëîæåíèè
íå ÿâëÿåòñÿ äàæå îäíîçíà÷íûì, ïðèîáðåòàåò ñàìîñòîÿòåëüíûé èíòåðåñ ëèøü â ïîñëå-
äîâàòåëüíîé òåîðèè, âêëþ÷àþùåé ó÷åò ãðàâèòàöèîííûõ ýôôåêòîâ� [19]

(Áîëåå ïîëíîå öèòèðîâàíèå êëàññèêîâ ïðèâåäåíî â [8]).
Çàêàí÷èâàÿ ýòîò ðàçäåë, ìû âñïîìíèëè âûñêàçûâàíèå Îòöà Åëü÷àíèíîâà. Íåñêîëü-

êî àäàïòèðîâàííîå, îíî çâó÷èò òàê:

�Â ñâåòå ëþáâè (êàíîíè÷åñêîãî ôîðìàëèçìà) ðàçóì ïðèíèìàåò âèäèìûå àáñóðäû âå-
ðû (â êàíîíè÷åñêèé ôîðìàëèçì)�.
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Êðîìå òîãî, â äàííîé ñòàòüå âàæíî îòìåòèòü, ÷òî, â ñâåòå èçëîæåííîãî, ãðàí-
äèîçíûå ïîñòðîåíèÿ, îñíîâàííûå íà íåêèõ ëàãðàíæèàíàõ ñ öåëüþ ðåøèòü ïðîáëåìó
ýíåðãèè â òåîðèè òÿãîòåíèÿ Ýéíøòåéíà (ñì., íàïðèìåð [20]), âûãëÿäÿò íå óáåäèòåëü-
íûìè.

4 Nontensor conservation law

Êàê áûëî îòìå÷åíî â ðàçäåëå 2, êîâàðèàíòíûé ëîêàëüíûé çàêîí ñîõðàíåíèÿ (2.11),

∇kT
ik
∧ = 0, (4.1)

â ëþáûõ êðèâîëèíåéíûõ êîîðäèíàòàõ ïëîñêîãî ïðîñòðàíñòâà-âðåìåíè îáåñïå÷èâàåò
ñîõðàíåíèå âî âðåìåíè ìàêðîñêîïè÷åñêîãî 4-âåêòîðà èìïóëüñà (2.6), ñîçäàâàåìîãî â
òî÷êå x′ ïðè èñïîëüçîâàíèè òðàíñëÿòîðà Ψi′

i , òî åñòü íåçàâèñèìîñòü åãî îò ïðîñòðàí-
ñòâåííî ïîäîáíîé ãèïåðïîâåðõíîñòè V :

P i′(x′) =
∫
V1

Ψi′

i T
ik
∧ dV

∧
k =

∫
V2

Ψi′

i T
ik
∧ dV

∧
k . (4.2)

(ãèïåðïîâåðõíîñòè V1, V2 èìåþò îáùóþ ãðàíèöó, íåêîòîðóþ çàìêíóòóþ ïîâåðõíîñòü).
Íåòåíçîðíûé çàêîí, èñïîëüçóþùèé ÷àñòíóþ äèâåðãåíöèþ òåíçîðà èëè íåòåíçîðà,

áåçðàçëè÷íî,
∂kT

ik = 0, (4.3)

îáåñïå÷èâàåò ñîõðàíåíèå âî âðåìåíè íåòåíçîðíîé èíòåãðàëüíîé âåëè÷èíû, ïñåâäî
âåêòîðà (2.5)

P i =
∫
T ikdV ,

k (4.4)

â ëþáîì ïðîñòðàíñòâå è â ëþáûõ êîîðäèíàòàõ. Äåéñòâèòåëüíî,∫
V2
T ikdVk −

∫
V1
T ikdVk =

∮
∂Ω
T ikdVk =

∫
Ω
∂kT

ikdΩ = 0,

P i =
∫
V1
T ikdVk =

∫
V2
T ikdVk, (4.5)

Îäíàêî â ýòîì ìàëî õîðîøåãî. Ìåæäó ôîðìóëàìè (4.2) è (4.5) èìååòñÿ ïðèíöèïè-
àëüíàÿ ðàçíèöà. Âåêòîð P i′(x′) (4.2) ïðèëîæåí ê êîíêðåòíîé òî÷êå x′, à ÷åòâåðêà
÷èñåë P i (4.4), (4.5) íå ÿâëÿåòñÿ ôóíêöèåé òî÷êè; ó ýòîé âåëè÷èíû íåò àðãóìåí-
òà; ðåçóëüòàò èíòåãðèðîâàíèÿ (2.5), (4.4) íå ïðèëîæåí íè ê êàêîé êîíêðåòíîé òî÷êå
ïðîñòðàíñòâà-âðåìåíè è ïîýòîìó ëèøåí ãåîìåòðè÷åñêîãî ñìûñëà, èáî íå èçâåñòåí
ðåïåð, ê êîòîðîìó îòíîñÿòñÿ êîìïîíåíòû P i, è íå ñóùåñòâóåò çàêîíà èõ ïðåîáðàçî-
âàíèÿ ïðè çàìåíå êîîðäèíàò. ×òîáû îùóòèòü áåññìûñëåííîñòü íåòåíçîðíûõ ôîðìóë
(4.3), (4.4) â êðèâîëèíåéíûõ êîîðäèíàòàõ, ðàññìîòðèì ïëîñêîñòü ñ ìåõàíè÷åñêèìè
íàïðÿæåíèÿìè. Ïóñòü òåíçîð íàïðÿæåíèé îòëè÷åí îò íóëÿ â ïðàâîé ïîëóïëîñêîñòè
è çàäàí â ïîëÿðíûõ êîîðäèíàòàõ r, ϕ ïðè −π/2 < ϕ < π/2 ôîðìóëàìè:

T rr∧ = r sinϕ, T rϕ∧ = Tϕr∧ = cosϕ, Tϕϕ∧ = 0. (4.8)
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Íåòåíçîðíûé çàêîí ñîõðàíåíèÿ (4.3) âûïîëíÿåòñÿ äëÿ ýòîãî òåíçîðà:

∂rT
rr
∧ + ∂ϕT

rϕ
∧ = sinϕ− sinϕ = 0, ∂rT

ϕr
∧ + ∂ϕT

ϕϕ
∧ = 0. (4.9)

Ñîîòâåòñòâåííî, íåòåíçîðíûé èíòåãðàë (4.4), ïîëó÷àåìûé èíòåãðèðîâàíèåì ïî îêðóæ-
íîñòè r = const, íå çàâèñèò îò ðàäèóñà îêðóæíîñòè,

F r =
∫
T rr∧ dl

∧
r =

∫ π/2

−π/2
r sinϕdϕ = 0, Fϕ =

∫
Tϕr∧ dl∧r =

∫ π/2

−π/2
cosϕdϕ = 2. (4.10)

Ýòè èíòåãðàëû ïðåòåíäóþò íà òî, ÷òî äàþò êîìïîíåíòû ñèëû F i, êîòîðàÿ äåéñòâóåò
íà äóãó ðàäèóñà r â ýòîé íàïðÿæåííîé ïîëóïëîñêîñòè, è íå çàâèñèò îò ðàäèóñà äóãè.
Îäíàêî ýòè êîìïîíåíòû íå îïðåäåëÿþò êàêîå-ëèáî íàïðàâëåíèå, èáî îíè íå ïðèëî-
æåíû ê êàêîé-òî êîíêðåòíîé òî÷êå, à âåêòîð ñ êîìïîíåíòîé Fϕ = 2 èìååò ðàçëè÷íîå
íàïðàâëåíèå â ïðîñòðàíñòâå, â çàâèñèìîñòè îò òî÷êè åãî ïðèëîæåíèÿ. Ïîýòîìó ïñåâ-
äî âåêòîðíûå èíòåãðàëû (4.10) áåññìûñëåííû.

Èòàê, íàøå ñðàâíåíèå êîâàðèàíòíîãî óñëîâèÿ (4.1) è íåòåíçîðíîãî óñëîâèÿ (4.3)
ïîêàçàëî áåññìûñëåííîñòü íåòåíçîðíîãî óñëîâèÿ. Îäíàêî â [3, 96], ê ñîæàëåíèþ,
óòâåðæäàåòñÿ ïðÿìî ïðîòèâîïîëîæíîå, ÷òî êîâàðèàíòíîå óðàâíåíèå (4.1) íå âëå÷åò
ñîõðàíåíèå ÷åãî áû òî íè áûëî, à íåòåíçîðíîå óðàâíåíèå òèïà (4.3) ñëåäóåò èñïîëü-
çîâàòü äëÿ îïðåäåëåíèÿ ñîõðàíÿþùåãîñÿ ïîëíîãî 4-èìïóëüñà ãðàâèòàöèîííîãî ïîëÿ
âìåñòå ñ íàõîäÿùåéñÿ â íåì ìàòåðèåé. Ïîýòîìó öåëüþ òåîðèè ñòàíîâèòñÿ ââåäåíèå
íåòåíçîðíîé êîíñòðóêöèè ñ íóëåâîé ÷àñòíîé äèâåðãåíöèåé âìåñòî òåíçîðà ýíåðãèè-
èìïóëüñà ñ íóëåâîé êîâàðèàíòíîé äèâåðãåíöèåé. Ìû ïðîñëåäóåì çà ðàññóæäåíèÿìè
[3, 96] â ðàçäåëàõ 6 è 7.

5 The mass of a sphere of perfect �uid

Êàê îòìå÷åíî âî Ââåäåíèè, âàæíî ïðàâèëüíî ïîäñ÷èòûâàòü ìàññó-ýíåðãèþ âåùå-
ñòâà âìåñòå ñ åãî ãðàâèòàöèîííûì ïîëåì. Ê ñîæàëåíèþ, îïðåäåëåíèå èíòåãðàëüíîãî
4-èìïóëüñà ìàêðîñêîïè÷åñêîãî òåëà â èñêðèâëåííîì ïðîñòðàíñòâå îáùåé òåîðèè îò-
íîñèòåëüíîñòè (ÎÒÎ), âîîáùå ãîâîðÿ, ïðîáëåìàòè÷íî. È, íà íàø âçãëÿä, âîâñå íå
îáÿçàòåëüíî ñóùåñòâóåò àäåêâàòíîå îïðåäåëåíèå ýòîé âåëè÷èíû. Íå âñå æåëàåìîå
ñóùåñòâóåò! Îäíàêî â îòäåëüíûõ ïðîñòûõ ñëó÷àÿõ òàêîå îïðåäåëåíèå âîçìîæíî ïðè
èñïîëüçîâàíèè òðàíñëÿòîðà è ôîðìóëû (2.6). Òàê, â ÷àñòíîñòè, ìîæíî îïðåäåëèòü
ìàññó ñôåðû èç èäåàëüíîé æèäêîñòè, ÷òî âàæíî äëÿ äàëüíåéøåãî.

Ðàññìîòðèì (âíóòðåííåå è âíåøíåå) ïðîñòðàíñòâî Øâàðöøèëüäà, êîòîðîå îïè-
ñûâàåò ñôåðó èç èäåàëüíîé æèäêîñòè. Âíóòðåííåå ïðîñòðàíñòâî çàâèñèò îò äâóõ
ïàðàìåòðîâ, R è r1, ïðè÷åì 0 ≤ r ≤ r1 ≤ R [1]:

ds2 =

3

2

√
1− r2

1

R2
− 1

2

√
1− r2

R2

2

dt2 − 1

1− r2

R2

dr2 − r2dθ2 − r2 sin2 θdϕ2, (5.1)

√
−g∧ =

√
−gttgrrr2 sin θ. (5.2)

Çäåñü R åñòü ðàäèóñ êðèâèçíû ïðîñòðàíñòâà, îïðåäåëÿåìûé ïîñòîÿííîé ïëîòíîñòüþ
æèäêîñòè ρ = 3/(8πR2), à r1 åñòü êîîðäèíàòà ïîâåðõíîñòè ñôåðû, ãäå è ïðîèñõîäèò
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ñøèâêà ñ âíåøíèì ïðîñòðàíñòâîì Øâàðöøèëüäà, êîòîðîå çàâèñèò îò îäíîãî ïàðà-
ìåòðà m = rg/2:

ds2 =
(

1− 2m

r

)
dt2 − 1

1− 2m
r

dr2 − r2dθ2 − r2 sin2 θdϕ2, (5.3)

Âèäíî, ÷òî ïðè ãëàäêîé ñøèâêå m = r3
1/2R

2.
Äëÿ ðàñ÷åòà ìàññû-ýíåðãèè æèäêîñòè íàøåé ñôåðû íàäî çíàòü òåíçîð ýíåðãèè-

èìïóëüñà æèäêîñòè, è âû÷èñëèòü åãî ìîæíî ÷åðåç òåíçîð Ýéíøòåéíà:

T ik = Gik/8π = (Rik − gikRlmglm/2)/8π. (5.4)

Ñôåðà íåïîäâèæíà, ïîýòîìó èç êîìïîíåíò T it òîëüêî êîìïîíåíòà T tt îòëè÷íà îò
íóëÿ. Êîìïîíåíòà T tt âû÷èñëåíà â [1]. Ïî ôîðìóëå [1, (96.7)], T

t
t = ρ = 3/(8πR2).

Åñëè ïðèìåíèòü íåòåíçîðíóþ ôîðìóëó (2.5), ïîëó÷èòñÿ êîìïîíåíòà èíòåãðàëüíî-
ãî ïñåâäîâåêòîðà

Pt =
∫
T tt
√
−g∧drdθdϕ =

∫ r1

0

3

8πR2

√
gtt
√
−grrr2dr4π. (5.5)

Ýòà âåëè÷èíà, êîíå÷íî, íå ÿâëÿåòñÿ ìàññîé ñôåðû óæå ïîòîìó, ÷òî ìàññà ÿâëÿåòñÿ
ìîäóëåì 4-âåêòîðà P . Ìîæíî ïîäóìàòü, ÷òî ìàññà ïîëó÷èòñÿ äåëåíèåì ýòîé âåëè-
÷èíû íà ìåòðè÷åñêèé êîýôôèöèåíò, P = Pt/

√
gtt. Îäíàêî íàïîìèíàåì, èíäåêñ t òóò

�ïñåâäî âåêòðîíûé�, òî åñòü ôèêòèâíûé, ïîñêîëüêó íå îïðåäåëåíî, â êàêîé òî÷êå îá-
ëàñòè èíòåãðèðîâàíèÿ ïðèëîæåí ïñåâäîâåêòîð Pt. À ýòî ñóùåñòâåííî, ïîòîìó ÷òî
√
gtt èçìåíÿåòñÿ â îáëàñòè èíòåãðèðîâàíèÿ îò (3

√
1− r2

1/R
2 − 1)/2 äî

√
1− r2

1/R
2.

Åñëè ïîëîæèòü äëÿ íàãëÿäíîñòè r1 = 2, R2 = 8, m = 1/2, òî
√
gtt èçìåíÿåòñÿ â ïðå-

äåëàõ 0.57 <
√
gtt < 0.71. Òàê ÷òî, âî-ïåðâûõ, êîìïîíåíòà ïñåâäîâåêòîðà Pt (5.5) íå

ïîìîãàåò íàéòè ìàññó, à, âî-âòîðûõ, îíà îêàçûâàåòñÿ çíà÷èòåëüíî ìåíüøå ìàññû P ,
Pt ≈ 0.64P äëÿ âûáðàííûõ çíà÷åíèé ïàðàìåòðîâ. È íåëåïî ïðèêëàäûâàòü Pt ê òî÷êå
íà áåñêîíå÷íîñòè, ãäå

√
gtt = 1.

Äëÿ ïîëó÷åíèÿ ïðàâèëüíîãî çíà÷åíèÿ ìàññû æèäêîñòè P âîñïîëüçóåìñÿ òåì, ÷òî
â äàííîì ñëó÷àå èíôèíèòåçèìàëüíûå âåêòîðû dP i âñå ïàðàëëåëüíû ìåæäó ñîáîé, à
ïîòîìó ìîæíî ñêëàäûâàòü èõ ìîäóëè, êîòîðûå íå èçìåíÿþòñÿ ïðè ïåðåíîñå òðàíñ-
ëÿòîðîì â åäèíóþ òî÷êó äëÿ ñóììèðîâàíèÿ. Ïîýòîìó ìîæíî áåñïðåïÿòñòâåííî èíòå-
ãðèðîâàòü èíôèíèòåçèìàëüíûå ìîäóëè dP = dPt/

√
gtt, è, âìåñòî (5.5), ìû ïîëó÷èì:

P =
∫
dPt/
√
gtt =

∫
T tt

√
−g∧√
gtt

drdθdϕ =
∫ r1

0
T tt
√
−grrr2dr4π =

∫ r1

0

3

2R

r2dr√
R2 − r2

. (5.6)

Èíòåãðèðîâàíèå äàåò:

P =
3R

4
(arcsin ξ − ξ

√
1− ξ2), ξ =

r1

R
. (5.7)

Îãðàíè÷èâøèñü äâóìÿ ÷ëåíàìè ðàçëîæåíèÿ ïî ξ â ôîðìóëå (5.7), ïîëó÷èì

P = m(1 +
3r2

1

10R2
+ . . .). (5.8)
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Ïðåâûøåíèå ìàññû ñôåðû P íàä øâàðöèëüäîâñêèì ïàðàìåòðîì m íàçâàíî â [3,
100] (ïîëîæèòåëüíûì) ãðàâèòàöèîííûì äåôåêòîì ìàññû. Ïñåâîòåíçîðó ãðàâèòàöèîí-
íîãî ïîëÿ, êîòîðûé ìû ðàññìàòðèâàåì â ñëåäóþùåì ðàçäåëå, ïðåäíàçíà÷åíî âíåñòè
îòðèöàòåëüíûé âêëàä â ïîëíóþ ìàññó ñèñòåìû: âåùåñòâî + ãðàâèòàöèîííîå ïîëå,
÷òîáû ñäåëàòü ýòó ïîëíóþ ìàññó ðàâíîé øâàðøèëüäîâñêîìó ïàðàìåòðó m.

Èíòåðåñíî, ÷òî èíòåãðèðîâàíèå ôîðìóëû (5.5) ïîêàçûâàåò, ÷òî âåëè÷èíà Pt íå
òîëüêî ìåíüøå, ÷åì ìàññà P , íî è ìåíüøå, ÷åì øâàðöøèëüäîâñêèé ïàðàìåòð m:

P = m(1− 3r2
1

10R2
+ . . .). (5.9)

6 The standard energy-momentum pseudotensor of the

gravitational �eld

Èäåÿ ñâÿçàòü ìàòåðèþ ñ ãåîìåòðèåé áûëà ðåàëèçîâàíà Ýéíøòåéíîì, êîãäà îí ïðèðàâ-
íÿë òåíçîð ýíåðãèè-èìïóëüñà ìàòåðèè, èìåþùèé íóëåâóþ êîâàðèàíòíóþ äèâåðãåí-
öèþ, åäèíñòâåííîìó ãåîìåòðè÷åñêîìó òåíçîðó (Ýéíøòåéíà) ñ íóëåâîé êîâàðèàíòíîé
äèâåðãåíöèåé:

T ik = Gik/8π = (Rik − gikRlmglm/2)/8π, ∇kT
ik
∧ = 0. ∇kG

ik
∧ = 0. (6.1)

Òàêèì îáðàçîì, áûëî ëèêâèäèðîâàíî (ãåîìåòðèçîâàíî) ãðàâèòàöèîííîå ïîëå. Â ðàì-
êàõ ÎÒÎ ðåøàþòñÿ âñå äèíàìè÷åñêèå çàäà÷è, îäíàêî, â ñâÿçè ñ ëèêâèäàöèåé ãðàâè-
òàöèîííîãî ïîëÿ, ñ ñàìîãî íà÷àëà âîçíèêëà ïðîáëåìà ýíåðãèè-èìïóëüñà (ëèêâèäè-
ðîâàííîãî) ãðàâèòàöèîííîãî ïîëÿ. Õîòÿ âñå îòäàâàëè ñåáå îò÷åò â òîì, ÷òî ïîíÿòèå
ýíåðãèè ÿâëÿåòñÿ íåêîòîðîé ðîñêîøüþ, áåç êîòîðîé ìîæíî îáîéòèñü ïðè ðåøåíèè
çàäà÷, òåì íå ìåíåå, õîòåëîñü ââåñòè �ýíåðãèþ ãðàâèòàöèîííîãî ïîëÿ�, è ââåñòè å¼
äëÿ òîãî, ÷òîáû ðàñïðîñòðàíèòü íà ãðàâèòàöèþ çàêîí ñîõðàíåíèÿ ïîëíîé ýíåðãèè.

Äëÿ ìàòåðèàëèçàöèè èäåè ýíåðãèè-èìïóëüñà ãðàâèòàöèîííîãî ïîëÿ è äëÿ îïðåäå-
ëåíèÿ ñîõðàíÿþùåãîñÿ ïîëíîãî 4-èìïóëüñà ãðàâèòàöèîííîãî ïîëÿ âìåñòå ñ íàõîäÿ-
ùåéñÿ â íåì ìàòåðèåé áûëà ïðåäëîæåíà íåòåíçîðíàÿ ïëîòíîñòü ñ íóëåâîé ÷àñòíîé

äèâåðãåíöèåé, â ñîîòâåòñòâèè ñ âåðîé â òî, ÷òî íåòåíçîðíîå óðàâíåíèå òèïà (4.3)
îáåñïå÷èâàåò ñîõðàíåíèå ÷åãî-òî. Ýòà ïëîòíîñòü, ìû îáîçíà÷àåì åå H i

∧k, ñîäåðæèò
ïðîèçâîäíûå ïåðâîãî è âòîðîãî ïîðÿäêîâ ìåòðè÷åñêîãî òåíçîðà èñïîëüçóåìîé ñèñòå-
ìû êîîðäèíàò. Â [1, (89.3)] îíà ïðèâåäåíà â âèäå ÷àñòíîé äèâåðãåíöèè (íî íå îò
àíòèñèììåòðè÷íîé âåëè÷èíû, êàê ýòî îáû÷íî áûâàåò). Ýòà ïëîòíîñòü íàçûâàåòñÿ
ïñåâäîòåíçîðîì ýíåðãèè-èìïóëüñà ìàòåðèè âìåñòå ñ ãðàâèòàöèîííûì ïîëåì:

H i
∧k = ∂lH

il
∧k = ∂l[g

im
∧ (Γlkm − δl(kΓm) − δikgmn∧ (Γlmn − δlmΓn)/2]/8π, Γm = Γnmn. (6.2)

×àñòíàÿ äèâåðãåíöèÿ ïñåâäîòåíîðà H i
∧k óäèâèòåëüíûì îáðàçîì ðàâíà íóëþ â ëþáîé

ñèñòåìå êîîðäèíàò:
∂iH

i
∧k = 0. (6.3)

Ðàâåíñòâî íóëþ êîâàðèàíòíîé äèâåðãåíöèè òåíçîðà â ëþáîé ñèñòåìå êîîðäèíàò
íå óäèâèòåëüíî. Îäíàêî çäåñü íóëåâàÿ ÷àñòíàÿ äèâåðãåíöèÿ ïñåâäîòåíçîðà ñîõðàíÿ-
åòñÿ ïðè çàìåíå êîîðäèíàò çà ñ÷åò òîãî, ÷òî èçìåíÿåòñÿ ãåîìåòðè÷åñêîå ñîäåðæàíèå
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ñàìîãî ïñåâäîòåíçîðà â òîì ñìûñëå, ÷òî èçìåíÿåòñÿ çíà÷åíèå ñâåðòêè H i
∧kV

∧
i V

k ñ
ôèêñèðîâàííûìè âåêòîðàìè. Â ñëó÷àå òåíçîðà, ÷åé ãåîìåòðè÷åñêèé ñìûñë ôèêñè-
ðîâàí, ÷àñòíàÿ áåçäèâåðãåíòíîñòü îáû÷íî íàðóøàåòñÿ ïðè çàìåíå êîîðäèíàò.

Åäèíñòâåííîñòü áåçäèâåðãåíòíîãî ïñåâäîòåíçîðà (6.2), âèäèìî, íå èññëåäîâàëàñü,
è, ïî-âèäèìîìó, íåò ñâåäåíèé î ïñåâäîòåíçîðå ñ äâóìÿ âåðõíèìè èíäåêñàìè, H ij

∧ ,
∂jH

ij
∧ = 0.
Ïñåâäîòåíçîð (6.2) íàçûâàåòñÿ ïñåâäîòåíçîðîì ýíåðãèè-èìïóëüñà ìàòåðèè âìåñòå

ñ ãðàâèòàöèîííûì ïîëåì ïîòîìó, ÷òî, åñëè èñïîëüçóåìàÿ ñèñòåìà êîîðäèíàò îêàçûâà-
åòñÿ ëîêàëüíî ãàëèëååâîé â íåêîòîðîé òî÷êå ïðîñòðàíñòâà-âðåìåíè, òî ïñåâäîòåíçîð
(6.2) ñîâïàäàåò â ýòîé òî÷êå ñ òåíçîðîì Ýéíøòåéíà, è, ñîîòâåòñòâåííî, ñ òåíçîðîì
ýíåðãèè-èìïóëüñà ìàòåðèè, íàõîäÿùåéñÿ â ýòîé òî÷êå: H i

∧k
∼= Gi

∧k/8π = T i∧k. (Ìû
îáîçíà÷àåì çíàêîì ïðèáëèæåííîãî ðàâåíñòâà ∼= ðàâåíñòâà, ñïðàâåäëèâûå â öåíòðå
ëîêàëüíî ãàëèëååâîé ñèñòåìû êîîðäèíàò). Â îñòàëüíûõ òî÷êàõ ïñåâäîòåíçîð îòëè-
÷àåòñÿ îò òåíçîðà ýíåðãèè-èìïóëüñà ìàòåðèè. Ðàçíèöà íàçûâàåòñÿ ïñåâäîòåíçîðîì

ãðàâèòàöèîííîãî ïîëÿ ti∧k. Òàê ÷òî ïñåâäîòåíçîð (6.2) ïðåäñòàâëÿåò ñîáîé ñóììó òåí-
çîðà ýíåðãèè-èìïóëüñà ìàòåðèè è ïñåâäîòåíçîðà ýíåðãèè-èìïóëüñà ãðàâèòàöèîííîãî
ïîëÿ: H i

∧k = (T i∧ + ti∧)
√
−g∧.

Ìàòåðèàëèçàöèÿ èäåè ýíåðãèè-èìïóëüñà ãðàâèòàöèîííîãî ïîëÿ, îñóùåñòâëåííàÿ
ñ ïîìîùüþ ïñåâäîòåíçîðà HI

∧k, çàêëþ÷àåòñÿ â ñëåäóþùåì îïðåäåëåíèè:

4-èìïóëüñ ìàòåðèè âìåñòå ñ ãðàâèòàöèîííûì ïîëåì äàåòñÿ èíòåãðàëîì [1, (88.4)]

Jk =
∫
V
H i
k

√
−g∧dV ∧i =

∫
V

(T ik + tik)
√
−g∧dV ∧i (6.4)

ïðè èíòåãðèðîâàíèè ïî ãèïåðïîâåðõíîñòè V , âêëþ÷àþùåé â ñåáÿ âñ¼ òð¼õìåðíîå
ïðîñòðàíñòâî, è êîìïîíåíòû ýòîãî èíòåãðàëà èìåþò îäèíàêîâûå çíà÷åíèÿ äëÿ äâóõ
ãèïåðïîâåðõíîñòåé V1 è V2, îïèðàþùèõñÿ íà îáùóþ ãðàíèöó â âèäå çàìêíóòîé äâó-
ìåðíîé ïîâåðõíîñòè, â ñèëó (6.3). Òî åñòü

Jk =
∫
V1
H i
kdVi =

∫
V2
H i
kdVi, (6.5)

êàê è â (4.5).

Åñòåñòâåííî, èíòåãðàë (6.4) âûçûâàåò êðèòèêó, âûñêàçàííóþ â ðàçäåëå 4: ÷åòâåð-
êà ÷èñåë Jk (6.4) íå ïðèëîæåíà íè ê êàêîé êîíêðåòíîé òî÷êå ïðîñòðàíñòâà-âðåìåíè
è ïîýòîìó ëèøåíà ãåîìåòðè÷åñêîãî ñìûñëà, èáî íå èçâåñòåí ðåïåð, ê êîòîðîìó îòíî-
ñÿòñÿ êîìïîíåíòû Jk.

Íî îñòàâèì â ñòîðîíå ôàòàëüíûå ïðåòåíçèè, ñâÿçàííûå ñ îòñóòñòâèåì ðåïåðà,
ïîääåðæèâàþùåãî êîìïîíåíòû Jk. Ïîñìîòðèì, êàê íà ïðàêòèêå èñïîëüçóåòñÿ ïñåâ-
äîòåíçîð (6.2) â ïðîñòåéøåì ñëó÷àå, ðàçîáðàííîì â ðàçäåëå 4, òî åñòü ïðè ïîäñ÷åòå
ìàññû ìàòåðèè øàðà âìåñòå ñ åãî ãðàâèòàöèîííûì ïîëåì.

Â [1, (92.4),(97.2)] ïðèâåäåíà ÿâíàÿ ôîðìà ïñåâäîòåíçîðà ãðàâèòàöèîííîãî ïîëÿ,

ttt = 3p, (6.6)

ãäå p îáîçíà÷àåò äàâëåíèå âíóòðè øàðà. Ýòîò ïñåâäîòåíçîð ãðàâèòàöèîííîãî ïîëÿ
èñïîëüçóåòñÿ â ôîðìóëå (6.4) â ñèñòåìå êîîðäèíàò ñ èçîòðîïíîé ìåòðèêîé

ds2 = eνdt2 − eµ(dx2 + dy2 + dz2), (6.7)
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è ïîñëå âû÷èñëåíèé â [1, 97] ïðèâîäèòñÿ ðåçóëüòàò:

Jt =
∫

(T tt + 3p)
√
−g∧dxdydz = Pt +

∫
3p
√
−g∧dxdydz = m. (6.8)

Ýòîò ðåçóëüòàò ïîíÿòåí: ïñåâäîêîìïîíåíòà Pt ìåíüøå m, êàê áûëî îòìå÷åíî â ðàç-
äåëå 5; ïñåäîòåíçîð ãðàâèòàöèîííîãî ïîëÿ ïðèíîñèò ïîëîæèòåëüíóþ äîáàâêó; â ðå-
çóëüòàòå ñóììà ðàâíà m.

Îäíàêî ïñåâäîêîìïîíåíòû Jt, Pt íå ïðåäñòàâëÿþò ìàññû. Äåéñòâèòåëüíàÿ ìàññà
ìàòåðèè øàðà âìåñòå ñ åãî ãðàâèòàöèîííûì ïîëåì â êîíòåêñòå èñïîëüçîâàíèÿ ïñåâ-
äîòåíçîðà ãðàâèòàöèîííîãî ïîëÿ äàåòñÿ ôîðìóëîé òèïà (5.6)

J =
∫
H t
t

√
−g∧√
gtt

dxdydz =
∫

(T tt +3p)

√
−g∧√
gtt

dxdydz = P+
∫

3p

√
−g∧√
gtt

dxdydz > m. (6.9)

Ýòà ìàññà ñóùåñòâåííî áîëüøå, ÷åì m, ïîñêîëüêó óæå ìàññà îäíîé ìàòåðèè P > m.
Ïîëîæèòåëüíûé âêëàä ïñåâäîòåíçîðà ãðàâèòàöèîííîãî ïîëÿ, îçíà÷àåò ïîëíûé êðàõ
âñåé êîíñòðóêöèè, ïîòîìó ÷òî ïñåâäîòåíçîðó íàçíà÷åíî âíåñòè îòðèöàòåëüíûé âêëàä,
ñîîòâåòñòâóþùèé îòðèöàòåëüíîé ãðàâèòàöèîííîé ìàññå-ýíåðãèè.

Îäíîâðåìåííî îêàçûâàåòñÿ ñêîìïðîìåòèðîâàí ãàìèëüòîíîâ ïîäõîä ê ðåøåíèþ
ïðîáëåìû ýíåðãèè â òåîðèè òÿãîòåíèÿ Ýéíøòåéíà, îñíîâàííûé íà íåêèõ ëàãðàí-
æèàíàõ, è óïîìÿíóòûé â êîíöå ðàçäåëà 3. Èáî â [20] êîíñòàòèðóåòñÿ "ñîâïàäåíèå
ðåçóëüòàòîâ ãàìèëüòîíîâà ïîäõîäà è ïîäõîäà, îñíîâàííîãî íà èñïîëüçîâàíèè ïñåâäî-
òåíçîðà ýíåðãèè-èìïóëüñà ê îïðåäåëåíèþ ïîëíîé ýíåðãèè â àñèìïòîòè÷åñêè ïëîñêîì
ïðîñòðàíñòâå-âðåìåíè".

7 The Landau-Lifshitz pseudotensor of the gravitational

�eld

Ëàíäàó è Ëèôøèö [3, 96] íàøëè ãîðàçäî áîëåå ïðîñòóþ êîíñòðóêöèþ ïñåâäîòåíçî-
ðà, ÷åì (6.2), ê òîìó æå ïðåäñòàâëåííóþ â âèäå äèâåðãåíöèè îò àíòèñèììåòðè÷íîé
âåëè÷èíû, ÷òî àâòîìàòè÷åñêè îáåñïå÷èâàåò íóëåâóþ ÷àñòíóþ äèâåðãåíöèþ,

hik∧∧ = ∂lh
ikl
∧∧ = ∂2

lm(−g∧∧gi[kgl]m)/8π, (7.1)

∂kh
ik
∧∧ = 0. (7.2)

Ê ñîæàëåíèþ, ïñåâäîòåíçîð (7.1) ÿâëÿåòñÿ ïëîòíîñòüþ âåñà +2, òàê ÷òî â òî÷êàõ
ïðîñòðàíñòâà-âðåìåíè, ãäå èñïîëüçóåìàÿ ñèñòåìà êîîðäèíàò äåëàåòñÿ ëîêàëüíî ãàëè-
ëååâîé, ýòîò ïñåâäîòåíçîð ñîâïàäàåò ñ òåíçîðíîé ïëîòíîñòüþ Ýéíøòåéíà ñ òî÷íîñòüþ
äî ìíîæèòåëÿ

√
−g∧:

hik∧∧
∼=
√
−g∧Gik

∧ /8π = −g∧∧(Rik − gikR/2)/8π = −g∧∧T ik. (7.3)

Ðàçóìååòñÿ, â äðóãèõ òî÷êàõ ïðîñòðàíñòâà-âðåìåíè ïñåâäîòåíçîð hik∧∧ îòëè÷àåòñÿ
îò òåíçîðà −g∧∧T ik. Ðàçíèöà íàçûâàåòñÿ ïñåâäîòåíçîðîì ãðàâèòàöèîííîãî ïîëÿ tik.
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Òàê ÷òî ïñåâäîòåíçîð (7.1) ðàññìàòðèâàåòñÿ êàê ñóììà òåíçîðà ýíåðãèè-èìïóëüñà
ìàòåðèè è ïñåâäîòåíçîðà ÝÈ ãðàâèòàöèîííîãî ïîëÿ:

hik∧∧ = −g∧∧(T ik + tik), tik ∼= 0. (7.4)

Èíòåãðèðîâàíèå ïñåâäîòåíçîðà (7.1) ïî ãèïåðïîâåðõíîñòè V , âêëþ÷àþùåé â ñåáÿ
âñ¼ òð¼õìåðíîå ïðîñòðàíñòâî,

J i∧ =
∫
hik∧∧dV

∧
k , (7.5)

ïî îïðåäåëåíèþ, ïðåäñòàâëÿåò ìàññó-ýíåðãèþ ìàòåðèè âìåñòå ñ ãðàâèòàöèîííûì ïî-
ëåì. Â îòëè÷èå îò (6.4), èíòåãðàë (7.5) ÿâëÿåòñÿ âåêòîðíîé ïëîòíîñòüþ. Âû÷èñëåíèå
ìàññû-ýíåðãèè äëÿ ñôåðû èç æèäêîñòè ñ èñïîëüçîâàíèåì (7.1), ïî-âèäèìîìó, íå ïðî-
èçâîäèëîñü.

Ïðè îòñóòñòâèè ãðàâèòàöèîííîãî ïîëÿ â ãàëèëååâûõ êîîðäèíàòàõ hik∧∧ = 0 âñþäó
(òàê æå, êàê è H i

∧k = 0). Ýòî, â ÷àñòíîñòè, îçíà÷àåò, ÷òî èíòåãðàë (7.5) ðàâåí íóëþ â
ñîîòâåòñòâèè ñ òåì, ÷òî â ïëîñêîì ïðîñòðàíñòâå-âðåìåíè ìàòåðèÿ è ãðàâèòàöèîííîå
ïîëå îòñóòñòâóþò. Îäíàêî â [3, 96] ïðî èíòåãðàë (7.5),

J i∧ =
∫

(−g∧∧)(T ik + tik)dV ∧k , (7.6)

ñêàçàíî, ÷òî îí â ïëîñêîì ïðîñòðàíñòâå íå ðàâåí íóëþ, à ïåðåõîäèò â
∫
T ikdVk, ò.å.

â 4-èìïóëüñ ìàòåðèè áåç ãðàâèòàöèîííîãî ïîëÿ. Ýòî ïðîòèâîðå÷èå âîçíèêëî ââèäó
äâóñìûñëåííîñòè îáîçíà÷åíèé. Â ôîðìóëå [3, (96,7)] ïîäðàçóìåâàåòñÿ, ÷òî

T ik = (Rik − gikR/2)/8π, (7.7)

à â äðóãèõ ìåñòàõ, ïî-âèäèìîìó, T ik íå ñâÿçàí ñ êðèâèçíîé ïðîñòðàíñòâà.
Íåòåíçîðíûé èíòåãðàë (7.5) âûçûâàåò òå æå âîçðàæåíèÿ, ÷òî è èíòåãðàë (6.4).

Îíè ñâÿçàíû ñ îòñóòñòâèåì ðåïåðà, ïîääåðæèâàþùåãî êîìïîíåíòû èíòåãðàëà J i∧.
Íåëåïî ïðèêëàäûâàòü J i∧ ê òî÷êå íà áåñêîíå÷íîñòè, ãäå

√
gtt = 1. Ïîñêîëüêó ðåïåð

êîìïîíåíòîâ (7.5) íå îïðåäåëåí, ýòîò ¾ñîõðàíÿþùèéñÿ¿ èíòåãðàë áåññìûñëåíåí.

8 Conclusion

Ïñåâäîòåíçîð ýíåðãèè-èìïóëüñà íå ðåøàåò ïðîáëåìó ãðàâèòàöèîííîé ýíåðãèè â ñèëó
äâóõ ïðè÷èí:
1) Ïñåâäîòåíçîð íå èìååò ôèçè÷åñêîãî ñìûñëà èç-çà íåòåíçîðíîñòè åãî îïðåäåëåíèÿ.
Èñïîëüçîâàíèå àñèìïòîòè÷åñêè ïëîñêîãî îêðóæåíèÿ íå ñíèìàåò ýòîò ôàòàëüíûé äè-
àãíîç.
2) Ïðèïèñûâàåìûé ïñåâäîòåíçîðó ôèçè÷åñêèé ñìûñë � îøèáî÷åí, ïîñêîëüêó, ñîãëàñ-
íî ïñåâäîòåíçîðó, íàïðèìåð, ýíåðãèÿ ãðàâèòàöèîííîãî ïîëÿ ìàññèâíîãî øàðà ïîëî-
æèòåëüíà.

Âîçìîæíî, ïîíÿòèå ìàññû-ýíåðãèè ãðàâèòàöèîííîãî ïîëÿ íå àäåêâàòíî ïðèðîäå
òàê æå, êàê è ñàìî ïîíÿòèå ãðàâèòàöèîííîãî ïîëÿ, êîòîðîå, ñîãëàñíî ÎÒÎ Ýéíøòåé-
íà, çàìåíåíî èñêðèâëåííûì ïðîñòðàíñòâîì-âðåìåíåì. Îòìå÷åíî, ÷òî ìàññà-ýíåðãèÿ
ìàòåðèàëüíûõ ñèñòåì è ïîëåé ìîæåò ïîäñ÷èòûâàòüñÿ â èñêðèâëåííîì ïðîñòðàíñòâå
ïðè èñïîëüçîâàíèè òðàíñëÿòîðîâ.
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