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Abstract 

In this paper, we have derived planar multilayer dyadic Green’s functions by 

Fourier expansion method and have checked its correctness by comparing results for 

reflected electric fields from dipole emissions near such structures available in 

previous literature. Furthermore, we show how these dyadic Green’s functions can be 

applied to calculate reflected fields from a dipole source with arbitrary orientations. 

We believe our formulation will be powerful in the modeling of molecular 

fluorescence near these structures. 
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1. Introduction 

Green’s function method plays an important role in many applications in 

mathematics and physics. This has become a useful technique for obtaining the 

solutions to a linear and inhomogeneous partial differential equation with some 

appropriate boundary conditions [1]. From a mathematical viewpoint, the Green 

function can be regarded as a kernel which converts a partial differential equation to 

an integral equation. In physical viewpoint, the Green function is closely related to 

the field produced by a point source, specifically determined by the boundary 

conditions of the problem [2]. Once we have the solutions for the Green’s function, 

we can easily obtain the solutions with arbitrary distribution of source. 

In Electrodynamics, starting from Maxwell’s equations, we obtain vector wave 

equations for both electric and magnetic fields. Let us focus on electric vector wave 
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equation, which corresponds to dyadic Green’s function partial differential equation 

but with a point source [2]. In addition, in general, we have the optical reciprocity 

property that dyadic Green’s function is symmetric in the source and observer 

coordinates unless there is asymmetry in the permittivity or permeability tensor [3-4]. 

With its application for certain specific geometry, the construction of dyadic Green’s 

function becomes an important topic and has been investigated in many literatures. 

There are two popular approaches to this: One is based on the expansion of the dyadic 

Green’s function in terms of eigenfunctions which can be obtained by solving the 

Sturm-Liouville problem, and then obtain its coefficients by matching the specific 

boundary conditions. The other is based on transforming the dyadic Green’s function 

partial differential equation to reciprocal space, and then obtain its coefficients by 

matching the specific boundary conditions. These two constructing methods each has 

its advantages and disadvantages. 

The former is “customized”, having obvious rules of how to construct the dyadic 

Green’s function but eigenfunctions are more complicated-computed—to solve 

Sturm-Liouville problem is challenging under complicated boundary conditions. To 

our knowledge, this fundamental theory has been adopted with details provided in 

Tai’s book [5] where multi-planar dyadic Green’s functions have been used to 

calculate the decay rates of molecules in a vicinity of an interface [6]. However, there 

are some explicit theoretical errors  in the calculation of the double mirror and have 

been corrected by extending and symmetrizing the solution forms [7]. Furthermore, 

how to construct the dyadic Green’s function for inhomogeneous media has also been 

introduced [8]. Moreover, some scientists have constructed the dyadic Green’s 

functions with many different boundary shapes such as planar multilayers [9-10], 

concentric spheres [11] and concentric ellipses [12], furthermore extending the 

concentric spheres to the eccentric spheres [13] and the cluster spheres [14] according 

to the addition theory. By the way, with anisotropic media of some specific forms of 

both permittivity and permeability (e.g. uniaxial [15] and gyrotropic media [16]), the 

dyadic Green’s function has been constructed previously in the literature. 

The latter is “intuitive”, convenient to include some physical effects such as 

anisotropic and nonlocal effect of materials but less customized. To our knowledge, 

dyadic Green’s function by Fourier expansion method for a single interface has been 

constructed and then used to study optical scattering in the presence of surface 

roughness [17] and furthermore applied to study corrugated films [18]. Moreover, the 

decay rate of molecules in the vicinity of corrugated films has been calculated as well 

[19]. In addition, multi-planar dyadic Green’s functions by Fourier expansion method 

has also been developed [20]. Some scientists try to add nonlocal optical effect to 

dyadic Green’s function by Fourier expansion method for a single interface [21-22] 
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which can be reduced to the local case [17]. Above all, with anisotropic media of 

some specific forms of both permittivity and permeability like gyrotropic media, the 

multi-planar dyadic Green’s functions by Fourier expansion method has also been 

discussed [23]. 

Once the dyadic Green’s function is constructed, we can obtain electromagnetic 

fields in a straightforward way. However, for more complicated boundary shapes, like 

a combination of all boundaries of nanoparticles and multi-planar layers, constructing 

dyadic Green’s function to obtain electromagnetic field has become difficult. One way 

to solve this problem is using the so-called Lippmann-Schwinger equation in which 

we apply both the “unperturbed” dyadic Green’s function and the “unperturbed” 

incident field to obtain the total (unperturbed + perturbed) field everywhere. In our 

previous works, we make a lot of effort to construct more effective and accuracy 

theoretical models to fit the experimental data obtained by scanning electron 

microscopy (SEM), and then determine the critical features to the distribution of 

nanoparticles on a substrate [24-26]. 

Here, in this paper, we will re-construct the multi-planar Green’s functions by 

Fourier expansion method, writing down all explicit analytic forms in each case with 

arbitrary locations of both the source and the field. So in the following context, we can 

easily check if computational reflected electric fields are correct “analytically”— not 

just numerically such as Ref. [20]. 

2. Green’s function representation by Fourier expansion method 

In the beginning, according to Fourier expansion in both real ( ρ ρ ) and 

reciprocal space ( nk ), we have: 
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,        (1) 

where  , G r r  is in real space and  ,n z zg  is in reciprocal space, respectively. 

Also, both are in dyadic forms and in general, both satisfy the reciprocal properties 

that are    , , G r r G r r  and    , ,n nz z z z g g . 

Next, the second-order differential wave equation for dyadic Green’s function 

 , G r r  satisfies: 

 2k     G G I r r ,           (2) 

where k  is the wavenumber of the medium. In component forms of Eq. (2), we 
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have: 
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where the vector identity  2 2k     G G G G  is used. For obviously, 

we rewrite Eq. (3) in matrix form as follows: 

 

2 2 2

2 2 2

2 2 2

1 0 0

0 1 0

0 0 1

x x y x z xx xy xz

y x y y z yx yy yz

z x z y z zx zy zz

k G G G

k G G G

k G G G


          
                 

             

r r , 

                (4) 

Hence we obtain the explicit form of real space wave equation to the dyadic Green’s 

function  , G r r . However, in our goal, we need to obtain the explicit form of 

reciprocal space wave equation to the dyadic Green’s function  ,n z zg . By the same 

method of the expansion of dyadic Green’s function, we expand the delta function as: 
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.        (5) 

Hence we substitute Eq. (1), Eq. (5) into Eq. (4) and obtain the following explicit 

matrix form of reciprocal space wave equation to the dyadic Green’s function 

 ,n z zg : 

 

2 2 2

2 2 2

2 2

1 0 0

0 1 0

0 0 1

ny z nx ny nx z nxx nxy nxz

nx ny nx z ny z nyx nyy nyz

nx z ny z n nzx nzy nzz

k k k k ik g g g

k k k k ik g g g z z

ik ik k k g g g


        
               

         

, 

                (6) 

where 2 2 2
n nx nyk k k  . 
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In convenience, we rotate the coordinate to the new coordinate and then make 

the vector  , ,0nx nyk k  to  ,0,0nk , we have the following relation: 

cos sin 0 cos sin

sin cos 0 sin cos 0

0 0 1 0 0 0 0

n n nx nx n nx n ny n

n n ny n ny n nx n ny

k k k k k

k k k k

   
   

        
                     
        
        

S ,  (7) 

where cosnx n nk k  , sinny n nk k   and nS  is called a rotation matrix from an old 

coordinate to a new coordinate (Note that 1 T
n n
 S S ). We may construct the relation of 

Green tensor based on old and new coordinates and have the following relation: 
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a S a a S a

b S b b S b b b S

ab S a b S

B S B S B S BS

.         (8) 

Hence in the new frame, Eq. (6) deduces to the following simply form: 
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, (9) 

where 1
n n n n

g S g S . 

3. Boundary conditions of components of the Green’s function ng  

In the beginning, according to Eq. (9), we have: 
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for components nyxg  and nyzg , 
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for components nxyg  and nzyg , 

   2 2 2
z n nyyk k g z z       ,          (12) 
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for component nyyg , 
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for components nxxg  and nzxg  and 
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for components nxzg  and nzzg . 

Next we determine the boundary conditions of ng . Starting from Maxwell’s 

equations, we have the following relation for electric field and dyadic Green’s 

function [2,5,11]: 
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.       (16) 

According to continuity of ||E , ||H , D  and B  at the boundary, we have: 

(i) xE  continuity   , , ,xG x y z    continuity   , , ,nxg x y z    continuity. 

(ii) yE  continuity   , , ,yG x y z    continuity   , , ,nyg x y z    continuity. 

(iii) zD  continuity     , , ,zG x y z  r continuity   , , ,nzg x y z    

continuity. 

(iv) xH continuity   , , ,y z z yG G x y z      continuity    

, , ,ny nz z nyik g g x y z      continuity. 

(v) yH continuity   , , ,z x x zG G x y z      continuity   

, , ,z nx nx nzg ik g x y z      continuity. 

(vi) zB continuity  , , ,x y y xG G x y z      continuity   

, , ,nx ny ny nxk g k g x y z     continuity. 
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Use the relation 1
n n n n

g S g S , we have: 

 2 2
2

1
nxx nx nxx nx ny nxy nx ny nyx ny nyy

n

g k g k k g k k g k g
k

    .      (17) 

Since nxxg , nxyg , nyxg  and nyyg  are continuous at the boundary, then we conclude 

that nxxg  is continuous at the boundary. Next we calculate the derivation of nxxg : 

   2 2

nynx
z nxx nx z nxx ny z nyx nx z nxy ny z nyy

n n

kk
g k g k g k g k g

k k
         .    (18) 

According to Eq. (6), we have: 

 2 2 0nx z nxx ny z nyx n nzxik g ik g k k g       ,        (19) 

 2 2 0nx z nxy ny z nyy n nzyik g ik g k k g       ,        (20) 

Eq. (18) becomes: 
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where 
2
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2

2 2 2 2
2n n nq k k k

c

    . Since nzxg  and nzyg  are 

continuous at the boundary, then we conclude that 
2 nxx
n

d
g

q dz


  is continuous at the 

boundary. Next the component nyyg  is: 
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2
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n
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k

    .      (22) 

Since nxxg , nxyg , nyxg  and nyyg  are continuous at the boundary, then we conclude 

that nyyg  is continuous at the boundary. Next we calculate the derivation of nyyg : 
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where we use Eq. (19) and Eq. (20). Since z nxx nx nzxg ik g  , z nyy ny nzyg ik g  , nzxg  

and nzyg  are continuous at the boundary, then we conclude that z nyyg   is 

continuous at the boundary. Next the component nxzg  is: 

 1
nxz nx nxz ny nyz

n

g k g k g
k

  .           (24) 

Since nxzg  and nyzg  are continuous at the boundary, then we conclude that nxzg  is 

continuous at the boundary. Next we calculate the derivation of nxzg : 
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.    (25) 

Since nzzg  is continuous at the boundary, then we conclude that 
2 z nxz
n

g
q


   is 

continuous at the boundary. 

In summary, we have the following boundary conditions for , ,nxx nyy nxzg g g    as 

follows [17]: 

<1> For nxxg : nxx nxxb b
g g

 
   and 

2 2z nxx z nxx
n nb b

g g
q q

 

 

    ,    (26) 
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<2> For nyyg : nyy nyyb b
g g

 
   and z nyy z nyyb b

g g
 

    ,     (27) 

<3> For nxzg : nxz nxzb b
g g

 
   and 

2 2z nxz z nxz
n nb b

g g
q q

 

 

    .    (28) 

When the boundary conditions are constructed, we can obtain explicit forms of nxxg , 

nyyg  and nxzg . Then nzxg  and nzzg  are obtained by using Eq. (13) and Eq. (14). 

In the following contexts, we will give all cases to construct the explicit form of 

the dyadic Green’s function  ,n z zg : 

4. The representation of how to obtain explicit forms of each 

component of the Green’s function ng  

4-1. Consider the substrate effect: 

a

s
0z z

z

 

Fig. 1 The geometry of considering the substrate effect 

In the beginning, we consider the substrate effect as shown in Fig. 1. The 

boundary is only one which is at 0z z . The dielectric function above and below 

0z z  are a  and s , respectively. According to the following well-known 

solutions of two simple differential equations [1,5,11]: 
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2
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z

e
g z z g
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      ,         (29) 

     2 2 1
sgn

2
i z z

z zg z z g z z e            .      (30) 

Now we get ready enough to solve the explicit form of each component of ng . For 

the component nxzg , starting from Eq. (14), we have: 
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Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z   (without loss of generality, we may set 0 0z  ), the 

corresponding different equation in both regions 0z   and 0z   are: 
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where 
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  . The solution of Eq. (32) is: 
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where , 22
n

nxz s
s

ik
S

k
  . In order to match the boundary conditions of nxzg  as discuss in 

Eq. (28): 

0 0nxz nxzg g
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0 0
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    ,        (34) 

we have the following simulated equations: 
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nsq z

nxz sA S e B  ,             (35) 
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ns ns na

q zs na s na
nxz s

a ns a ns

A q S z z e B q
q q q

A S q e B
q q q

S e B A
q q q

q q
S e B A

q q

  

  

  

 
 

 









      

    

    

  

.    (36) 

Combine Eq. (35) and Eq. (36), we obtain: 
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where //
sa s na a ns
n

s na a ns

q q
R
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q
T

q q


 




 and we have // // 1sa sa
n nT R  . 

Then, 

 
, / /

, , / /
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 ,     (38) 

Second we consider 0z  , the corresponding different equation in both regions 

0z   and 0z   are: 
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.         (39) 

Furthermore, the solutions of Eq. (39) are: 

 , sgn , 0

, 0
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nxz q z

S z z e Ae z
g
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 ,       (40) 

where , 22
n

nxz a
a

ik
S

k
  . In order to match the boundary conditions of nxzg  as discuss 

in Eq. (34), we have the following simulated equations: 

,
naq z

nxz aS e A B   ,            (41) 

and 
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Combine Eq. (41) and Eq. (42), we obtain: 
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Next we discuss the component nyyg , starting from Eq. (12), we have: 
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.          (45) 

Again, we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z  , the corresponding different equation in both regions 0z   

and 0z   are: 
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Furthermore, the solutions of Eq. (46) are: 
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where ,
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S
q

 . In order to match the boundary conditions of nyyg  as discuss in 

Eq. (27): 

, ,0 0n yy n yyg g
 
   and , ,0 0z n yy z n yyg g

 
    ,        (48) 

we have the following simulated equations: 

,
nsq z

nyy sA S e B  ,             (49) 
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Combine Eq. (49) and Eq. (50), we obtain: 

, ,

,

, ,

, , , ,

1 1

ns ns

ns

ns ns

ns ns ns ns

q z q zns ns
nyy s nyy s

na na

q zns ns
nyy s

na na

q z q z sans na
nyy s nyy s n

ns na

q z q z q z qns na
nyy s nyy s nyy s nyy s

ns na

q q
S e B S e B

q q

q q
B S e

q q

q q
B S e S e R

q q

q q
A S e B S e S e S e

q q

 



 


  

  

   
       

   


  



     

 ,

2
nsz q z sans

nyy s n
ns na

q
S e T

q q
 




,

                (51) 

where sa ns na
n

ns na

q q
R

q q





 and 

2sa ns
n

ns na

q
T

q q  
 and we have 1sa sa

n nT R   . Then, 

,

, ,

, 0

, 0

ns na

ns ns ns

q z q zsa
nyy s n

nyy q z z q z q zsa
nyy s nyy s n

S T e e z
g

S e S R e e z

 


  


  
 

 .        (52) 

Second we consider 0z  , the corresponding different equation in both regions 

0z   and 0z   are: 

   

 

2 2

2 2

, 0

0, 0

z na nyy

z ns nyy

q g z z z

q g z

      


   




,          (53) 

Furthermore, the solutions of Eq. (53) are: 

, , 0

, 0

na na

ns

q z z q z
nyy a

nyy q z

S e Ae z
g

Be z

     


 ,         (54) 

where ,

1

2nyy a
na

S
q

 . In order to match the boundary conditions of nyyg  as discuss in 

Eq. (48), we have the following simulated equations: 

,
naq z

nyy aS e A B   ,             (55) 

and 
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,

,

,

na

na

na

q z z
nyy a z na ns

q z
nyy a na na ns

q zna na
nyy a

ns ns

S e q A q B

S q e q A q B

q q
B S e A

q q

 





  

  

  

.          (56) 

Combine Eq. (55) and Eq. (56), we obtain: 

, ,

,

, ,

, , ,

1 1

na na

na

na na

na na na

q z q zna na
nyy a nyy a

ns ns

q zna na
nyy a

ns ns

q z q z asna ns
nyy a nyy a n

na ns

q z q z q z na ns
nyy a nyy a nyy a

na ns

ny

q q
S e A S e A

q q

q q
A S e

q q

q q
A S e S e R

q q

q q
B S e A S e S e

q q

S

  



  


    

  

   
      

   


  



    



 , ,

2
na naq z q z asna

y a nyy a n
na ns

q
e S e T

q q
  




,     (57) 

where as na ns
n

na ns

q q
R

q q





 and 

2as na
n

na ns

q
T

q q  
. Then, 

, ,

,

, 0

, 0

na na na

na ns

q z z q z q zas
nyy a nyy a n

nyy q z q zas
nyy a n

S e S R e e z
g

S T e e z

   





   


 .       (58) 

Next we discuss the component nxxg , starting from Eq. (13), we have: 

   

   
 

   

2 2 2 2 2

2 2 2

2 2 2 2 2 2

2 2 2 2 2

2
2 2

2

0

z n nxx n n z nzx

n z nxx n n z nzx

z n nxx n z nxx n

z nxx n nxx n

n
z n nxx

k q g ik q g q z z

k g ik q g

k q g k g q z z

k g k q g q z z

q
q g z z

k









      


    
      

    

    

 

 

 

 



.       (59) 

Again, we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z  , the corresponding different equation in both regions 0z   

and 0z   are: 

 

   

2 2

2
2 2

2

0, 0

, 0

z na nxx

ns
z ns nxx

s

q g z

q
q g z z z

k


    



    





.         (60) 

Furthermore, the solutions of Eq. (60) are: 
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,

, 0

, 0

na

ns ns

q z

nxx q z z q z
nxx s

Ae z
g

S e Be z



 

  
 

 ,          (61) 

where , 22
ns

nxx s
s

q
S

k
  . In order to match the boundary conditions of nxxg  as discuss in 

Eq. (26): 

0 0nxx nxxg g
 
   and 

2 2

0 0

a s
z nxx z nxx

na ns

g g
q q

 

 

    ,       (62) 

we have the following simulated equations: 

,
nsq z

nxx sA S e B  ,             (63) 

and 

 ,2 2 2

,

,

ns

ns

ns

q za s s
na nxx s ns ns

na ns ns

q za s s
nxx s

na ns ns

q zs na s na
nxx s

a ns a ns

q A S q e q B
q q q

A S e B
q q q

q q
A S e B

q q

  

  

 
 







   

  

  

.        (64) 

Combine Eq. (63) and Eq. (64), we obtain: 

, ,

,

, , //

, , ,

1 1

ns ns

ns

ns ns

ns ns ns

q z q zs na s na
nxx s nxx s

a ns a ns

q zs na s na
nxx s

a ns a ns

q z q z sas na a ns
nxx s nxx s n

s na a ns

q z q z q z
nxx s nxx s nxx s

q q
S e B S e B

q q

q q
B S e

q q

q q
B S e S e R

q q

A S e B S e S e

 
 

 
 

 
 



 



 

  

  

   
      

   


  


    

, , / /

2
ns ns

s na a ns

s na a ns

q z q z sas na
nxx s nxx s n

a ns s na

q q

q q

q
S e S e T

q q


 


 

 




 


.     (65) 

Then, 

, //

, , //

, 0

, 0

ns na

ns ns ns

q z q zsa
nxx s n

nxx q z z q z q zsa
nxx s nxx s n

S T e e z
g

S e S R e e z

 

  

  
 

 .        (66) 

Second we consider 0z  , the corresponding different equation in both regions 

0z   and 0z   are: 
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2
2 2

2

2 2

, 0

0, 0

na
z na nxx

a

z ns nxx

q
q g z z z

k

q g z




    

    





.         (67) 

Furthermore, the solutions of Eq. (67) are: 

, , 0

, 0

na na

ns

q z z q z
nxx a

nxx q z

S e Ae z
g

Be z

     


 ,         (68) 

where , 22
na

nxx a
a

q
S

k
  . In order to match the boundary conditions of nxxg  as discuss 

in Eq. (62), we have the following simulated equations: 

,
naq z

nxx aS e A B   ,             (69) 

and 

, 2 2 2

,

,

na

na

na

q z za a s
nxx a z na ns

na na ns

q za a s
nxx a

na na ns

q za ns a ns
nxx a

s na s na

S e q A q B
q q q

S e A B
q q q

q q
B S e A

q q

  

  

 
 

 





  

  

  

.        (70) 

Combine Eq. (69) and Eq. (70), we obtain: 

, ,

,

, , / /

, , ,

1 1

na na

na

na na

na na

q z q za ns a ns
nxx a nxx a

s na s na

q za ns a ns
nxx a

s na s na

q z q z asa ns s na
nxx a nxx a n

a ns s na

q z q z
nxx a nxx a nxx a

q q
S e A S e A

q q

q q
A S e

q q

q q
A S e S e R

q q

B S e A S e S

 
 

 
 

 
 

  



  

  

  

   
      

   


  


    

, , / /

2

na

na na

q z a ns s na

a ns s na

q z q z asa ns
nxx a nxx a n

s na a ns

q q
e

q q

q
S e S e T

q q

 
 


 



  




 


.     (71) 

Then, 

, , / /

, / /

, 0

, 0

na na na

na ns

q z z q z q zas
nxx a nxx a n

nxx q z q zas
nxx a n

S e S R e e z
g

S T e e z

   



   


 .       (72) 

Next we discuss the component nzxg , starting from Eq. (13), we have: 
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 2 2

2

2

0

0

n z nxx n nzx

n z nxx n nzx

n
nzx z nxx

n

ik g k k g

ik g q g

ik
g g

q

    

   

   

 

 

 

,          (73) 

and then we obtain the explicit form of nzxg  immediately. Again, we will consider 

the relative position between the field ( z ) and the source ( z ). First we consider 

0z  , the corresponding different equation in both regions 0z   and 0z   are: 

 

, / /2

, , / /2 2

, //2

,2 2

, 0

, 0

, 0

sgn

ns na

ns ns ns

ns na

ns

q z q zsan
nxx s n z

na
nzx

q z z q z q zsan n
nxx s z nxx s n z

ns ns

q z q zsan
nxx s n na

na

q z zn n
nxx s ns n

ns ns

ik
S T e e z

q
g

ik ik
S e S R e e z

q q

ik
S T e q e z

q

ik ik
S z z q e S

q q

 

  

 

 

    
    





     



 

, / /

, / /

, , / /

, 0

, 0

sgn , 0

ns ns

ns na

ns ns ns

q z q zsa
xx s n ns

q z q zsan
nxx s n

na

q z z q z q zsan n
nxx s nxx s n

ns ns

R e q e z

ik
S T e e z

q

ik ik
S z z e S R e e z

q q



 

  




 

  
   


.  (74) 

Second we consider 0z  , the corresponding different equation in both regions 

0z   and 0z   are: 

   

, , / /2 2

, //2

, , / /2 2

, 0

, 0

sgn , 0

na na na

na ns

na na na

q z z q z q zasn n
nxx a z nxx a n z

na na
nzx

q z q zasn
nxx a n z

ns

q z z q z q zasn n
nxx a na nxx a n na

na na

n

ik ik
S e S R e e z

q q
g

ik
S T e e z

q

ik ik
S z z q e S R e q e z

q q

ik

q

   



   

     
   


       






 

, / /2

, , / /

, / /

, 0

sgn , 0

, 0

na ns

na na na

na ns

q z q zas
nxx a n ns

ns

q z z q z q zasn n
nxx a nxx a n

na na

q z q zasn
nxx a n

ns

S T e q e z

ik ik
S z z e S R e e z

q q

ik
S T e e z

q



   






 

    
  


. (75) 

Finally, we discuss the component nzzg , starting from Eq. (14), we have: 
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2 2

2

2 2

1 1

n z nxz n nzz

n z nxz n nzz

nzz n z nxz
n n

ik g k k g z z

ik g q g z z

g z z ik g
q q







     

    

    

 

 

 

.         (76) 

Hence we obtain the explicit form of nzzg  immediately. Again, we will consider the 

relative position between the field ( z ) and the source ( z ). First we consider 0z  , 

the corresponding different equation in both regions 0z   and 0z   are: 

   

 

, / /2

, , / /2 2 2

, //

,2 2

, 0

1
sgn , 0

, 0

1
sgn

ns na

ns ns ns

ns na

q z q zsan
nxz s n z

na
nzz

q z z q z q zsan n
nxz s z nxz s n z

ns ns ns

q z q zsan
nxz s n

na

n
nxz s z

ns ns

ik
S T e e z

q
g

ik ik
z z S z z e S R e e z

q q q

ik
S T e e z

q

ik
z z S z

q q





 

  

 

    
          




   



  , / / , 0ns ns nsq z z q z q zsan
nxz s n

ns

ik
z e S R e e z

q
  




     

. 

                (77) 

Furthermore, we use the following identity: 

     

     

 

sgn sgn sgn

2 sgn sgn

2

ns ns ns

ns ns

ns ns

q z z q z z q z z

q z z q z z
ns

q z z q z z
ns

d d d
z z e z z e z z e

dz dz dz

z z e z z z z q e

z z e q e





       

    

    

          

         
  

.  (78) 

Eq. (77) becomes: 

   

 

, / /

, , / /2 2

, //

,2 2

, 0

1
2 , 0

, 0

1 2

ns na

ns ns ns ns

ns na

q z q zsan
nxz s n

na
nzz

q z z q z z q z q zsan n
nxz s ns nxz s n

ns ns ns

q z q zsan
nxz s n

na

n
nxz s

ns ns

ik
S T e e z

q
g

ik ik
z z S z z e q e S R e e z

q q q

ik
S T e e z

q

ik
z z S z

q q

 

 

 

     

 

  
         




  



 

 

, , / /

, / /

, , / /2

, 0

, 0

1
, 0

ns ns ns

ns na

ns ns ns

q z z q z q zsan n
nxz s nxz s n

ns ns

q z q zsan
nxz s n

na

q z z q z q zsan n
nxz s nxz s n

s ns ns

ik ik
z S e S R e e z

q q

ik
S T e e z

q

ik ik
z z S e S R e e z

k q q


  

 

  




    

  
     


.

                (79) 

Second we consider 0z  , the corresponding different equation in both regions 
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0z   and 0z   are: 

   

   

, , / /2 2 2

, //2

, , / /2 2

1
sgn , 0

, 0

1
2

na na na

na ns

na

q z z q z q zasn n
nxz a z nxz a n z

na na na
nzz

q z q zasn
nxz a n z

ns

q z zn n
nxz a na nxz a n

na na na

ik ik
z z S z z e S R e e z

q q q
g

ik
S T e e z

q

ik ik
z z S z z q e S R

q q q



 

   



 

            
  


       




 

, / /

, , / /2

, //

, 0

, 0

1
, 0

, 0

na na

na ns

na na na

na ns

q z q zas

q z q zasn
nxz a n

ns

q z z q z q zasn n
nxz a nxz a n

a na na

q z q zasn
nxz a n

ns

e e z

ik
S T e e z

q

ik ik
z z S e S R e e z

k q q

ik
S T e e z

q



 



   



 

 

      
 


. 

                (80) 

4-2. Consider the film over the substrate 

Next we consider the film over the substrate and the geometry is shown in Fig. 2. 

The boundaries are at both 0z z  and 1z z . The dielectric function above 1z z  

is a  and below 0z z  is s , respectively. The dielectric function of the film is 

f . 

a

f
1z z

z

0z z
s

 

Fig. 2 The geometry of considering the film over the substrate 

For the component nxzg , starting from Eq. (14) or Eq. (31), we have: 

   2 2
2
n

z n nxz z

ik
q g z z

k
       .          (81) 

Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z   (without loss of generality, we may set 0 0z  ), the 
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corresponding different equation in regions 1z z , 10 z z   and 0z   are: 

 
 

   

2 2
1

2 2
1

2 2
2

0,

0,0

, 0

z na nxz

z nf nxz

n
z ns nxz z

s

q g z z

q g z z

ik
q g z z z

k


    

     



      








.        (82) 

Furthermore, the solutions of Eq. (82) are: 

 

1

1

,

,

,0

sgn , 0

na

nf nf

ns ns

q z

q z q z
nxz

q z z q z
nxz s

Ae z z

g Be Ce z z

S z z e De z





 

 
   
   

 ,       (83) 

where , 22
n

nxz s
s

ik
S

k
  . In order to match the boundary conditions of nxzg  as discuss in 

Eq. (28): 

1 1

1 1

2 2

2 20 0
00

,

,

fa
nxz nxz z nxz z nxzz z

na nfz z

f s
nxz nxz z nxz z nxz

nf ns

g g g g
q q

g g g g
q q



 

 

 

 



   





   


   

   

,       (84) 

we have the following simulated equations: 

1 11

,

nf nfna

ns

q z q zq z

q z
nxz s

Ae Be Ce

B C S e D





  


  
,           (85) 

and 

 

 

1 11

,

nf nfna

ns

q z q zfq za

na nf

f q zs s
nxz s

nf ns ns

Ae Be Ce
q q

B C S e D
q q q



  






  


    


.         (86) 

Furthermore, we obtain: 

   1 1 1 1

1

1 1

1 11 1

2

2 2
//

/ /

nf nf nf nf

nf

nf nf

nf nfna na

q z q z q z q zfa

na nf

q zf fa a

na nf na nf

q z q zf na a nf fa
n

f na a nf

q z q zq z q zfa
n

Be Ce Be Ce
q q

B Ce
q q q q

q q
B Ce R e C

q q

A R e e C e e C



  

 
 

 



 



   

   
          

   


  


  

,       (87) 
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and 

 
1

1

2

// ,

2

// ,1

nf ns

nf ns

q z q zfa
n nxz s

q z q zfa
n nxz s

R e C C S e D

D R e C S e

 

 

  

   
.         (88) 

Furthermore, we get the following form to solve the coefficient C : 

   1 1

1

2 2
// , / / ,

2
// ,

,

1 1

2

2

nf nfns ns

nf ns

ns

q z q zf q z q zfa fas s
n nxz s n nxz s

nf ns ns

q zf f q zfas s s
n nxz s

nf ns nf ns ns

q zs
nxz s

ns

f ns s nf

nf

R e C S e R e C S e
q q q

R e C S e
q q q q q

S e
q

C
q q

q

  

   



 

  

 



       

    
                 


 


1 1

1

,

2 2
// / /

/ / ,
2

/ / //

2

1

1

ns

nf nf

ns

nf

s nf q z
nxz s

f ns s nf

q z q zf ns s nf f ns s nffa fa
n n

ns nf ns f ns s nf

q zsf
n nxz s

q zfs fa
n n

q
S e

q q
q q q q

R e R e
q q q q q

T S e

R R e


 

   
 



 









 

 





. (89) 

Hence we can get the other three coefficients as the following forms: 

1

1

1

2
2 // // ,

/ / 2
// / /1

nfns

nf

nf

q zq zfa sf
q zfa n n nxz s

n q zfs fa
n n

R T S e e
B R e C

R R e




 


,        (90) 

1 1

1 11 1 1

1

//
/ / , / / 2

// / /1

nf nf

nf nfna na ns na

nf

q z q zfa
q z q zq z q z q z q zfa sf n

n nxz s n q zfs fa
n n

R e e
A R e e C e e C S T e e

R R e


 




  


,   (91) 

   1

1

1

1

1

2
// / / ,2

// , ,2

// / /

2

// / /
, 2

// / /

1
1

1

1

1

nf ns

nf ns ns

nf

nf

ns

nf

q z q zfa sf
n n nxz sq z q z q zfa

n nxz s nxz sq zfs fa
n n

q zfa sf
q z n n

nxz s q zfs fa
n n

R e T S e
D R e C S e S e

R R e

R e T
S e

R R e

 
  









    



 




.  (92) 

Hence we solve the coefficients in Eq. (83) completely. Next we consider 10 z z  , 

the corresponding different equation in regions 1z z , 10 z z   and 0z   are: 

 
   

 

2 2
1

2 2
12

2 2

0,

,0

0, 0

z na nxz

n
z nf nxz z

f

z ns nxz

q g z z

ik
q g z z z z

k

q g z



    

        

    







.       (93) 

Furthermore, the solutions of Eq. (93) are: 



22 
 

 
1

, 1

,

sgn ,0

, 0

na

nf nf nf

ns

q z

q z z q z q z
nxz nxz f

q z

Ae z z

g S z z e Be Ce z z

De z



  

 


     




 ,     (94) 

where , 22
n

nxz f
f

ik
S

k
  . In order to match the boundary conditions of nxzg  as discuss 

in Eq. (84), we have the following simulated equations: 

1 1 11
,

,

nf nf nf nfna

nf

q z q z q z q zq z
nxz f

q z
nxz f

Ae S e e Be Ce

S e B C D

 



   


   
,        (95) 

and 

 

 

1 1 11
,

,

nf nf nf nfna

nf

q z q z q z q zf fq za
nxz f

na nf nf

q zf f s
nxz f

nf nf ns

Ae S e e Be Ce
q q q

S e B C D
q q q

 

  

  




    


    


.    (96) 

Furthermore, we obtain: 

   1 1 1 1 1 1

1 1

, ,

2 2

,

nf nf nf nf nf nf nf nf

nf nf nf

q z q z q z q z q z q z q z q zf fa
nxz f nxz f

na nf nf

q z q z q zf f fa a a
nxz f

na nf na nf na nf

a nf f na

a n

S e e Be Ce S e e Be Ce
q q q

B e C S e e
q q q q q q

q q
B

q

 

    

 


    

 

      

     
                

     


   1 1

1 1

1 1 11 1 1

1 1

2 2

,

2 2

// // ,

,

, / / ,

nf nf nf

nf nf nf

nf nf nf nfna na na

nf nfna

q z q z q za nf f na
nxz f

f f na a nf f na

q z q z q zfa fa
n n nxz f

q z q z q z q zq z q z q z
nxz f

q z q zq z fa
nxz f n nxz f

q q
e C S e e

q q q

R e C R S e e

A S e e e Be e Ce e

S e e e R S e

 
  

 

 

 

 




 

 

   

 

   
1 1 11 1 1

1 11 1

1 11 1

//

/ / ,

/ / , / /

1

nf nf nf nfna na na

nf nf nfna na

nf nf nfna na

q z q z q z q zq z q z q zfa
n

q z q z q zq z q zfa
n nxz f

q z q z q zq z q zfa fa
n nxz f n

e e R e e C e e C

R S e e e e e C

T S e e e T e e C

  

 

 

 

  

 

 

,                (97) 

and 

 1 12 2
, , / / , / /1nf nf nf nf nfq z q z q z q z q zfa fa

nxz f nxz f n nxz f nD S e B C S e R S e e R e C
              . (98) 

Furthermore, we get the following form to solve the coefficient C : 
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1 1

1 1

1

2 2

, // / / ,

2 2

, // , / /

2
//

1

nf nf nf nf

nf nf nf nf

nf

q z q z q z q zf f fa fa
nxz f n n nxz f

nf nf

q z q z q z q zfa fas
nxz f n nxz f n

ns

q zf ffas s
n

nf ns nf ns

S e R e C R S e e C
q q

S e R S e e R e C
q

R e
q q q q

 



  

   

   



   

      

    
               

 

 

1

1

1

1

2
// ,

2

// , 2

//

2

//

1
1

nf nf nf

nf nf nf

nf nf nf

nf

q z q z q zf fas
n nxz f

nf ns

q z q z q zf ns s nf fa
n nxz f q z q z q zfa

f ns s nf n

q z nf ns s nf fa
n

f ns s nf

C e R e e S
q q

q q
e R e e S

q q R e e e
C

Rq q
R e

q q

 

 
 

 
 

  

  

  



 
    
 

 
     

  
   

1 / / ,2

// / /
nf

fs
n nxz fq zfs fa

n

R S
R e

.

                (99) 

Hence we can get the other three coefficients as the following forms: 

1 1

1

1 1

1

2 2
// // ,

2
2 2//

// / / , / / ,2
// / /

/ /
, / / 2

// / /

1

1

nf nf nf

nf nf nf

nf nf nf

nf

nf nf

n

q z q z q zfa fa
n n nxz f

q z q z q zfa
q z q z q zfa fs fan

n n nxz f n nxz fq zfs fa
n n

q z q zfs
fa n

nxz f n qfs fa
n n

B R e C R S e e

R e e e
R e R S R S e e

R R e

e R e
S R

R R e

 

  
 



 



 


 







1

1

2 nf

f

q z

z e

,    (100) 

1 11 1

1

1 11 1

1

// , / /

2
//

/ / , / / / / ,2
// / /

/ /
, / /

1

nf nf nfna na

nf nf nf

nf nf nfna na

nf

nf nf

q z q z q zq z q zfa fa
n nxz f n

q z q z q zfa
q z q z q zq z q zfa fa fsn

n nxz f n n nxz fq zfs fa
n n

q z q z f
fa n

nxz f n

A T S e e e T e e C

R e e e
T S e e e T e e R S

R R e

e e R
S T

 

  
 



 

 


 




 1 1

12

// //1
nf na

nf

s
q z q z

q zfs fa
n n

e e
R R e




,  (101) 

 
 

1 1

1

1 1

1

2 2
, // , / /

2
2 2//

, / / , / / / / ,2
// //

,

1

1
1

1

nf nf nf nf

nf nf nf

nf nf nf nf

nf

nf

q z q z q z q zfa fa
nxz f n nxz f n

q z q z q zfa
q z q z q z q zfa fa fsn

nxz f n nxz f n n nxz fq zfs fa
n n

q z

nxz f

D S e R S e e R e C

R e e e
S e R S e e R e R S

R R e

e R
S

   

  
   





    


    



 


   1

1

1

1

2
// // / /

2
// //

2
//

, / / 2
// / /

1

1

1

nf nf

nf

nf nf nf

nf

q z q zfs fa fs
n n n

q zfs fa
n n

q z q z q zfa
fs n

nxz f n q zfs fa
n n

R e e R

R R e

R e e e
S T

R R e

 



  



 








. 

                (102) 

Hence we solve the coefficients in Eq. (95) completely. Next we consider 1z z  , the 

corresponding different equation in regions 1z z , 10 z z   and 0z   are: 
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2 2
12

2 2
1

2 2

,

0,0

0, 0

n
z na nxz z

a

z nf nxz

z ns nxz

ik
q g z z z z

k

q g z z

q g z

       

     

    







.        (103) 

Furthermore, the solutions of Eq. (103) are: 

 , 1

1

sgn ,

,0

, 0

na na

nf nf

ns

q z z q z
nxz a

q z q z
nxz

q z

S z z e Ae z z

g Be Ce z z

De z

  



   


    




 ,       (104) 

where , 22
n

nxz a
a

ik
S

k
  . In order to match the boundary conditions of nxzg  as discuss 

in Eq. (84), we have the following simulated equations: 

1 11 1
,

nf nfna na na q z q zq z q z q z
nxz aS e e Ae Be Ce

B C D

    


 
,       (105) 

and 

 

 

1 1 1 1
,

na na na na nafq z q z q z q z q za a
nxz a

na na nf

f s

nf ns

S e e Ae Be Ce
q q q

B C D
q q

 

 

  
   


  


.     (106) 

Furthermore, we obtain: 

   1 11 1 1 1

1 11 1

, ,

,

2

nf nfna na na na na na

nf nfna na na

q z q z fq z q z q z q z q z q za a
nxz a nxz a

na na nf

q z q zf f q z q z q za a a
nxz a

na nf na nf na

f na a nf

a nf

S e e S e e Be Ce Be Ce
q q q

B Ce e S e e e
q q q q q

q q
B

q

 

   

 
 

   

  

     

   
           

   


 


1 11 1

1 11 1

1 11 1 1

,

// / / ,

2
,

2
// // ,

2
nf nfna na na

nf nfna na na

nf nfna na na na

na

q z q za nfq z q z q z
nxz a

f na a nf f na

q z q zq z q z q zfa af
n n nxz a

q z q zq z q z q z q z
nxz a

q zfa af
n n nxz a

q
Ce e S e e e

q q q

R e e C T S e e e

A Be e Ce e S e e

R C T S e e


 

  

  

 






 

   

 

 
11 1 1

1 1 1

2
,

2
// , / /

nfna na na na

nf na na na

q zq z q z q z q z
nxz a

q z q z q z q zfa fa
n nxz a n

Ce e S e e

R e e C S e e R

 

 

 

  

, 

                (107) 

and 
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 1 11 1
// / / ,1nf nfna na naq z q zq z q z q zfa af

n n nxz aD B C R e e C T S e e e       .     (108) 

Furthermore, we get the following form to solve the coefficient C : 

 1 11 1

1 11 1

11

// / / ,

/ / / / ,

/ /

nf nfna na na

nf nfna na na

nfna

q z q zf q z q z q zfa af
n n nxz a

nf

q z q zq z q z q zfa afs
n n nxz a

ns

q zf f fq zfas s
n

nf ns nf ns

R e e C C T S e e e
q

R e e C C T S e e e
q

R e e C
q q q q q





   

  

  



 

    

    
                

11

11

1

11

// ,

/ / ,

/ / / / ,

/ /

nfna na

nfna na

nfna na

nfna

q zq z q zafs
n nxz a

nf ns

q zf q z q zafs
n nxz a q zq z q zfs af

nf ns n n nxz a

q zf fq zfas s
n

nf ns nf ns

T S e e e
q

T S e e e
q q R T S e e e

C

R e e
q q q q



 

  








 
  

 

 
      

   
        

   

1

11
// / /1 nfna

q zq zfs fa
n nR R e e

. 

                (109) 

Hence we can get the other three coefficients as the following forms: 

1 11 1

1 11

11

11

// / / ,

2
// // / / , / / ,

/ / ,

/ / / / / /1 1

nf nfna na na

nf nfna na na

nfna na

nfna

q z q zq z q z q zfa af
n n nxz a

q z q zq z q z q zfa fs af af
q zq z q zn n n nxz a af n nxz a

n nxz aq zq zfs fa fs
n n n

B R e e C T S e e e

R R T S e e T S e e e
T S e e e

R R e e R

  

   




 

 
  

  11
//

nfna q zq zfa
nR e e

, 

                (110) 

 

 

1 1 1

11

1 1 1

11

11

2
// , / /

2// // ,
/ / , / /

/ / / /

/ /
,

1

nf na na na

nfna na

nf na na na

nfna

nfna na

q z q z q z q zfa fa
n nxz a n

q zq z q zfs af
q z q z q z q zn n nxz a fa fa

n nxz a nq zq zfs fa
n n

q zq z q zfs
n

nxz a

A R e e C S e e R

R T S e e e
R e e S e e R

R R e e

R e e e R
S

 


 





  


  






11 1

11

22 2
// // / / / /

/ / / /1

nfna na na na

nfna

q zq z q z q z q zfa fs af fa
n n n n

q zq zfs fa
n n

R T e e e e e R

R R e e

  



 


,  (111) 

 

 

1 11 1

11

1 11 1

11

// / / ,

/ / // ,
/ / / / ,

/ / / /

/ / //
,

1

1
1

nf nfna na na

nfna na

nf nfna na na

nfna

q z q zq z q z q zfa af
n n nxz a

q zq z q zfs af
q z q zq z q z q zn n nxz a fa af

n n nxz aq zq zfs fa
n n

fs a
n n

nxz a

D R e e C T S e e e

R T S e e e
R e e T S e e e

R R e e

T T
S

  


  



  


  






11

11
// / /1

nfna na

nfna

q zq z q zf

q zq zfs fa
n n

e e e

R R e e





.  (112) 

Hence we solve the coefficients in Eq. (104) completely. Next we discuss the 

component nyyg , starting from Eq. (12) or Eq. (45), we have: 

   2 2
z n nyyq g z z      .           (113) 
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Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z  , the corresponding different equation in regions 1z z , 

10 z z   and 0z   are: 

 
 

   

2 2
1

2 2
1

2 2

0,

0,0

, 0

z na nyy

z nf nyy

z ns nyy

q g z z

q g z z

q g z z z

    
     


     







.          (114) 

Furthermore, the solutions of Eq. (114) are: 

1

1

,

,

,0

, 0

na

nf nf

ns ns

q z

q z q z
nyy

q z z q z
nyy s

Ae z z

g Be Ce z z

S e De z





 

 
   
  

 ,          (115) 

where ,

1

2nyy s
ns

S
q

 . In order to match the boundary conditions of nyyg  as discuss in 

Eq. (27): 

1 1 1 1

0 0 0 0

,

,

nyy nyy z nyy z nyyz z z z

nyy nyy z nyy z nyy

g g g g

g g g g

   

   

    


   

   

   
,         (116) 

we have the following simulated equations: 

1 11

,

nf nfna

ns

q z q zq z

q z
nyy s

Ae Be Ce

B C S e D





  


  
,           (117) 

and 

1 11

,

nf nfna

ns

q z q zq z
na nf nf

q z
nf nf nyy s ns ns

q Ae q Be q Ce

q B q C S e q q D





  


   
.         (118) 

Furthermore, we obtain: 

 
   

 

1 1 1 1

1

1 1

1 1 1 11 1 1 1

1 1

2

2 2

1

nf nf nf nf

nf

nf nf

nf nf nf nfna na na na

nf na

q z q z q z q z

na nf nf

q z

na nf nf na

q z q znf na fa
n

na nf

q z q z q z q zq z q z q z q zfa
n

q z q zfa
n

q Be Ce q Be q Ce

q q B q q Ce

q q
B Ce R e C

q q

A Be e Ce e R Ce e Ce e

R e e C T

 



 


  





   

   


  



    

   1 1nf naq z q zfa
n e e C


,    (119) 

and 
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1

1

2

,

2
,1

nf ns

nf ns

q z q zfa
n nyy s

q z q zfa
n nyy s

R e C C S e D

D R e C S e

 


 


  

   
.         (120) 

Furthermore, we get the following form to solve the coefficient C : 

 
   

   

1 1

1

1

2 2
, ,

2
,

,
,

2

1

2

2
2

nf nfns ns

nf ns

ns

ns

nf

q z q zq z q zfa fa
nf n nf nyy s ns ns n nyy s

q z q zfa
nf ns n nf ns nyy s ns

qns
nyy sq z

ns nyy s nf ns
q zfa

nf ns n nf ns

q R e C q C S e q q R e C S e

q q R e q q C S e q

q
S e

q S e q q
C

q q R e q q

  
 

 








       
       


 

  
   1

1

2

,
2

1

1

nf

ns

nf

z

q znf ns fa
n

nf ns

q zsf
n nyy s

q zfs fa
n n

q q
R e

q q

T S e

R R e








 









.  (121) 

Hence we can get the other three coefficients as the following forms: 

1

1

1

2
2 ,

21

nfns

nf

nf

q zq zfa sf
q z n n nyy sfa

n q zfs fa
n n

R T S e e
B R e C

R R e


  

 
 

 


,        (122) 

1 1

1 1

1

,
21

nfns na

nf na

nf

q zq z q zfa sf
q z n n nyy sq zfa

n q zfs fa
n n

T T S e e e
A T e e C

R R e


  

 
 

 


,       (123) 

   1

1

1

1 1 1

1

2
,2

, ,2

2 2 2

,2

1
1

1

1 1

1 1

nfns

nf ns ns

nf

nf nf nf

ns

nf

q zq zsf fa
n nyy s nq z q z q zfa

n nyy s nyy sq zfs fa
n n

q z q z q zsf fa sf fs fa fa sf
q zn n n n n n n

nyy sq zfs fa
n n

T S e R e
D R e C S e S e

R R e

T R e T R R e R e T
S e

R R e R


   

 
 

  
      


 


    



    
 

  1 ,2
ns

nf

q z
nyy sq zfs fa

n n

S e
R e




 

. (124) 

Hence we solve the coefficients in Eq. (115) completely. Next we consider 10 z z  , 

the corresponding different equation in regions 1z z , 10 z z   and 0z   are: 

 
   

 

2 2
1

2 2
1

2 2

0,

,0

0, 0

z na nyy

z nf nyy

z ns nyy

q g z z

q g z z z z

q g z



    
       


   







.         (125) 

Furthermore, the solutions of Eq. (125) are: 

1

, 1

,

,0

, 0

na

nf nf nf

ns

q z

q z z q z q z
nyy nyy f

q z

Ae z z

g S e Be Ce z z

De z



  

 


    




 ,       (126) 

where ,

1

2nyy f
nf

S
q

 . In order to match the boundary conditions of nyyg  as discuss in 
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Eq. (116), we have the following simulated equations: 

1 1 11
,

,

nf nf nf nfna

nf

q z q z q z q zq z
nyy f

q z
nyy f

Ae S e e Be Ce

S e B C D

  



   


  
,        (127) 

and 

1 1 11
,

,

nf nf nf nfna

nf

q z q z q z q zq z
na nyy f nf nf nf

q z
nyy f nf nf nf ns

q Ae S e e q q Be q Ce

S e q q B q C q D

  



    


  
.     (128) 

Furthermore, we obtain: 

 
     

1 1 1 1 1 1

1 1

1

, ,

2 2
,

2 2
,

nf nf nf nf nf nf nf nf

nf nf nf

nf nf nf

q z q z q z q z q z q z q z q z
na nyy f nyy f nf nf nf

q z q z q z
na nf nf na nf na nyy f

q z q z qnf na nf na
nyy f

na nf na nf

q S e e Be Ce S e e q q Be q Ce

q q B q q Ce q q S e e

q q q q
B Ce S e e

q q q q

    

 

 

      

     

 
  

 

 

1

1 1

1 1 11 1 1

1 1 1 1 11 1 1

2 2
,

,

2 2
, ,

nf nf nf

nf nf nf nfna na na

nf nf nf nf nf nf nfna na na

z

q z q z q zfa fa
n n nyy f

q z q z q z q zq z q z q z
nyy f

q z q z q z q z q z q z q zq z q z q zfa fa
nyy f n n nyy f

fa
n

R Ce R S e e

A S e e e Be e Ce e

S e e e R Ce R S e e e e Ce e

T

 
 

  

    
 



 

   

   

 1 11 1
,

nf nf nfna na
q z q z q zq z q zfa

n nyy fCe e T S e e e
 



 

,                (129) 

and 

 
1 1

1 1

2 2

, ,

2 2
, ,1

nf nf nf nf

nf nf nf nf

q z q z q z q zfa fa
nyy f n n nyy f

q z q z q z q zfa fa
n nyy f n nyy f

D S e R Ce R S e e C

R e C S e R S e e

   
 

   
 

   

   
.      (130) 

Furthermore, we get the following form to solve the coefficient C : 

 
 

       

1 1

1 1

1

2 2
, ,

2 2
, ,

2
,

1

nf nf nf nf

nf nf nf nf

nf nf

q z q z q z q zfa fa
nyy f nf nf n n nyy f nf

q z q z q z q zfa fa
ns n nyy f n nyy f

q z q z qfa fa
nf ns n nf ns nyy f nf ns nf ns n

S e q q R Ce R S e e q C

q R e C S e R S e e

q q R e q q C S q q e q q R e

   
 

   
 

 
 

  

     
          

   
   

1

1

1

1

1

2

2

,2

2

,21

nf nf

nf nf nf

nf

nf nf nf

nf

z q z

q z q z q zfa
nf ns nf ns n

nyy fq zfa
nf ns n nf ns

q z q z q zfa
fs n

n nyy fq zfs fa
n n

e

q q e q q R e e
C S

q q R e q q

e R e e
R S

R R e

 

  





  


 
 

 
 

   
 

  






.                (131) 

Hence we can get the other three coefficients as the following forms: 
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1

1 1

1

1

1

2
2 2

, ,2

2
, 2

1

1

nf nf nf

nf nf nf

nf

nf nf

nf

nf

q z q z q zfa
q z q z q zfa fs fan

n n nyy f n nyy fq zfs fa
n n

q z q zfs
q z fa n

nyy f n q zfs fa
n n

e R e e
B R R S e R e S e

R R e

R e e
S e R

R R e

  
 

  
 

 
 

 
 


 








,   (132) 

1

1 11 1

1

1 1

1

2

, ,2

, 2

1

1

nf nf nf

nf nf nfna na

nf

nf nf

nf na

nf

q z q z q zfa
q z q z q zq z q zfa fs fan

n n nyy f n nyy fq zfs fa
n n

q z q zfs
q z q z fa n

nyy f n q zfs fa
n n

e R e e
A T R S e e T e S e e

R R e

R e e
S e e T

R R e

  
 

  
 

 
 

 
 


 








,  (133) 

 
1

1 1

1

1 1 1

2
2 2

, , ,2

2 2 2

1
1

1

nf nf nf

nf nf nf nf

nf

nf nf nf nf nf nf

q z q z q zfa
q z q z q z q zfa fs fan

n n nyy f nyy f nyy f nq zfs fa
n n

q z q z q z q z q z q zfa fs fs fs fa fs fa
n n n n n n n

e R e e
D R e R S S e S R e e

R R e

R R e T e T R e e R R e e

  
   

  
 

      
      


   



  


 12 nfq zfs fa
n nR R e
 

. 

                (134) 

Hence we solve the coefficients in Eq. (126) completely. Next we consider 1z z  , 

the corresponding different equation in regions 1z z , 10 z z   and 0z   are: 

   

 
 

2 2
1

2 2
1

2 2

,

0,0

0, 0

z na nyy

z nf nyy

z ns nyy

q g z z z z

q g z z

q g z

      
     


   







.          (135) 

Furthermore, the solutions of Eq. (135) are: 

, 1

1

,

,0

, 0

na na

nf nf

ns

q z z q z
nyy a

q z q z
nyy

q z

S e Ae z z

g Be Ce z z

De z

  



  


    




 ,         (136) 

where ,

1

2nyy a
na

S
q

 . In order to match the boundary conditions of nyyg  as discuss in 

Eq. (116), we have the following simulated equations: 

1 11 1
,

nf nfna na na q z q zq z q z q z
nyy aS e e Ae Be Ce

B C D

    


 
,        (137) 

and 

1 11 1
,

nf nfna na na q z q zq z q z q z
nyy a na na nf nf

nf nf ns

S e q e q Ae q Be q Ce

q B q C q D

    


 
.     (138) 

Furthermore, we obtain: 
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1 1 1 11 1

1 11

1 1

, ,

2

,

2

,

2

2

nf nf nf nfna na na na

nf nfna na

nf na na

q z q z q z q zq z q z q z q z
nyy a na na nyy a nf nf

q z q zq z q z
nf na nf na na nyy a

q znf na q z q zna
nyy a

nf na nf na

S e q e q Be Ce S e e q Be q Ce

q q B q q e C q S e e e

q q q
B e C S e e e

q q q q

   

 

 

    

    


  

 

 

1

1 11

1 1 1 11 1 1 1

1 1 1

2

,

2 2
, ,

2
,

nf

nf nfna na

nf nf nf nfna na na na na na

nf na na na

q z

q z q zq z q zfa af
n n nyy a

q z q z q z q zq z q z q z q z q z q zfa af
n n nyy a nyy a

q z q z q z q zfa fa
n n nyy a

R e C T S e e e

A R e C T S e e e e e Ce e S e e

T e e C R S e e



 
 

    
 

 
 

 

    

 

,

                (139) 

and 

 1 112
,1nf nfna naq z q zq z q zfa af

n n nyy aD B C R e C T S e e e 
      .     (140) 

Furthermore, we get the following form to solve the coefficient C : 

 
 

     

1 11

1 11

1 11

2
,

2
,

2
,

1

nf nfna na

nf nfna na

nf nfna na

q z q zq z q zfa af
nf n n nyy a nf

q z q zq z q zfa af
ns n n nyy a

q z q zq z q zfa af
nf ns n nf ns nf ns n nyy a

nf ns

nf n

q R e C T S e e e q C

q R e C T S e e e

q q R e q q C q q T S e e e

q q

q q
C

 
 

 
 

 
 

 

    
        




 

11

11

1
1

,
,

2
2 11

nfna na

nfna na

nf
nf

q zq z q zaf
q zn nyy a q z q zfs af

s n n nyy a
q zfs fa

q znf ns fa n n
n

nf ns

T S e e e
R T S e e e

q q R R eR e
q q


 

 


  



 


. (141) 

Hence we can get the other three coefficients as the following forms: 

11

1 11

1

11

1

2 ,
,2

,
2

1

1

nfna na

nf nfna na

nf

nfna na

nf

q zq z q zfs af
q z q zn n nyy a q z q zfa af

n n nyy aq zfs fa
n n

q zq z q zaf
n nyy a

q zfs fa
n n

R T S e e e
B R e T S e e e

R R e

T S e e e

R R e


   

 
 





 

 





,   (142) 

 

11

1 1 1

1

11 1

, 2
,2

22 2
, ,

2

1

1

nfna na

nf na na na

nf

nfna na na na

n

q zq z q zfs af
q z n n nyy aq z q z q zfa fa

n n nyy aq zfs fa
n n

q zq z q z q z q zfs fa af fa fa fa
n n n n n nyy a n nyy a

qfs fa
n n

R T S e e e
A T e e R S e e

R R e

R T T R R S e e e R S e e

R R e


   

 
 

  
     


 

 


 




 
1

11 1

1

22 2
, ,

21

f

nfna na na na

nf

z

q zq z q z q z q zfs fa af fa
n n n nyy a n nyy a

q zfs fa
n n

R T R S e e e R S e e

R R e

  
   


 

 




,   (143) 
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11

1 11

1

11

1

2 ,
,2

,
2

1
1

1

nfna na

nf nfna na

nf

nfna na

nf

q zq z q zfs af
q z q zn n nyy a q z q zfa af

n n nyy aq zfs fa
n n

q zq z q zaf fs
n n nyy a

q zfs fa
n n

R T S e e e
D R e T S e e e

R R e

T T S e e e

R R e


   

 
 


 


 

  





.  (144) 

Hence we solve the coefficients in Eq. (136) completely. Next we discuss the 

component nxxg , starting from Eq. (13) or Eq. (59), we have: 

   
2

2 2
2
n

z n nxx

q
q g z z

k
     .           (145) 

Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z  , the corresponding different equation in regions 1z z , 

10 z z   and 0z   are: 

 
 

   

2 2
1

2 2
1

2
2 2

2

0,

0,0

, 0

z na nxx

z nf nxx

ns
z ns nxx

s

q g z z

q g z z

q
q g z z z

k


    

     



    








.         (146) 

Furthermore, the solutions of Eq. (146) are: 

1

1

,

,

,0

, 0

na

nf nf

ns ns

q z

q z q z
nxx

q z z q z
nxx s

Ae z z

g Be Ce z z

S e De z





 

 
   


 

 ,          (147) 

where , 22
ns

nxx s
s

q
S

k
  . In order to match the boundary conditions of nxxg  as discuss in 

Eq. (26): 

1 1 1 12 2

2 20 0 0 0

,

,

fa
nxx nxx z nxx z nxxz z z z

na nf

f s
nxx nxx z nxx z nxx

nf ns

g g g g
q q

g g g g
q q



 

   

   


   



    


   

   

,       (148) 

we have the following simulated equations: 

1 11

,

nf nfna

ns

q z q zq z

q z
nxx s

Ae Be Ce

B C S e D





  


  
,           (149) 

and 
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1 11

,

nf nfna

ns

q z q zf fq za

na nf nf

f f q zs s
nxx s

nf nf ns ns

Ae Be Ce
q q q

B C S e D
q q q q

 

   






  


    


.        (150) 

Furthermore, we obtain: 

 

 

1 1 1 1

1

1 1

1 11 1

2

2 2
//

/ / / / 1

nf nf nf nf

nf

nf nf

nf nfna na

q z q z q z q zf fa

na nf nf

q zf fa a

nf na nf na

q z q zf na a nf fa
n

f na a nf

q z q z qq z q zfa fa
n n

Be Ce Be Ce
q q q

B Ce
q q q q

q q
B Ce R Ce

q q

A R Ce e Ce e R Ce

 

  

 
 

 



 

  

   

   
         

   


  


     1 11 1
//

nf nfna na
z q zq z q zfa

ne T Ce e

, (151) 

and 

 12
// ,1nf nsq z q zfa

n nxx sD R e C S e    .          (152) 

Furthermore, we get the following form to solve the coefficient C : 

 1 1

1

2 2
// , / / ,

2
// ,

,

1

2

2

nf nfns ns

nf ns

ns

q z q zf f q z q zfa fas s
n nxx s n nxx s

nf nf ns ns

q zf f q zfas s s
n nxx s

nf ns nf ns ns

s nf q z
nxx s

f ns s nf

R Ce C S e R e C S e
q q q q

R e C S e
q q q q q

q
S e

q q
C

   

   


 

  

 



       

    
                


 

1

1

/ / ,
2

2 // //
/ /

1
1

ns

nf

nf

q zsf
n nxx s

q zfs fa
q z n nf ns s nf fa

n
f ns s nf

T S e

R R eq q
R e

q q

 
 







  

    

. (153) 

Hence we can get the other three coefficients as the following forms: 

1

1

2
// // ,

2
// //1

nfns

nf

q zq zfa sf
n n nxx s

q zfs fa
n n

R T S e e
B

R R e






,           (154) 

1 1

1

// // ,
2

// / /1

nfns na

nf

q zq z q zfa sf
n n nxx s

q zfs fa
n n

T T S e e e
A

R R e






,          (155) 

 1 1

1 1

2 2
// / / , / / , / / ,

,2 2
// // / / / /

1

1 1

nf ns nfns ns

ns

nf nf

q z q zfa sf q zq z q zfa fs
n n nxx s q z n nxx s n nxx s

nxx sq z q zfs fa fs fa
n n n n

R e T S e R S e e R S e
D S e

R R e R R e

   


 

 
  

 
. (156) 

Hence we solve the coefficients in Eq. (147) completely. Next we consider 10 z z  , 
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the corresponding different equation in regions 1z z , 10 z z   and 0z   are: 

 

   

 

2 2
1

2
2 2

12

2 2

0,

,0

0, 0

z na nxx

nf
z nf nxx

f

z ns nxx

q g z z

q
q g z z z z

k

q g z



    



     

    







.        (157) 

Furthermore, the solutions of Eq. (157) are: 

1

, 1

,

,0

, 0

na

nf nf nf

ns

q z

q z z q z q z
nxx nxx f

q z

Ae z z

g S e Be Ce z z

De z



  

 


    




 ,       (158) 

where , 22
nf

nxx f
f

q
S

k
  . In order to match the boundary conditions of nxxg  as discuss 

in Eq. (148), we have the following simulated equations: 

1 1 11
,

,

nf nf nf nfna

nf

q z q z q z q zq z
nxx f

q z
nxx f

Ae S e e Be Ce

S e B C D

  



   


  
,        (159) 

and 

1 1 11
,

,

nf nf nf nfna

nf

q z q z q z q zf f fq za
nxx f

na nf nf nf

q zf f f s
nxx f

nf nf nf ns

Ae S e e Be Ce
q q q q

S e B C D
q q q q

  

   

  




    


   


.    (160) 

Furthermore, we obtain: 

 1 1 1 1 1 1

1 1

, ,

2 2

,

nf nf nf nf nf nf nf nf

nf nf nf

q z q z q z q z q z q z q z q zf f fa
nxx f nxx f

na nf nf nf

q z q z q zf f fa a a
nxx f

nf na nf na nf na

f na a nf

S e e Be Ce S e e Be Ce
q q q q

B Ce S e e
q q q q q q

q q
B

  

    

 


    

 

      

     
               

     


 

 

1 1

1 1

1 1 1 1 11 1

2 2

,

2 2

// // ,

2 2

, // / / ,

nf nf nf

nf nf nf

nf nf nf nf nf nf nfna na n

q z q z q zf na a nf
nxx f

f na a nf f na a nf

q z q z q zfa fa
n n nxx f

q z q z q z q z q z q z q zq z q z qfa fa
nxx f n n nxx f

q q
Ce S e e

q q q q

R Ce R S e e

A S e e e R Ce R S e e e e Ce e

 
  

 

 

    




 

 

     1

1 11 1
// / / ,

a

nf nf nfna na

z

q z q z q zq z q zfa fa
n n nxx fT Ce e T S e e e

  

,                (161) 

and 
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 1 12 2
// , / / ,1nf nf nf nfq z q z q z q zfa fa

n nxx f n nxx fD R e C S e R S e e
       .     (162) 

Furthermore, we get the following form to solve the coefficient C : 

 

1 1

1 1

1

2 2

, // / / ,

2 2
// , / / ,

2

//

1

nf nf nf nf

nf nf nf nf

nf

q z q z q z q zf f ffa fa
nxx f n n nxx f

nf nf nf

q z q z q z q zfa fas
n nxx f n nxx f

ns

q zf f fas s
n

nf ns nf ns

S e R Ce R S e e C
q q q

R e C S e R S e e
q

R e
q q q q

  



  

   

   



    

     

   
         

   

1

1

1

2

, // ,

2

// , / / / / ,
2

// / /1

nf nf nf

nf nf nf

nf

q z q z q zf f fas s
nxx f n nxx f

nf ns nf ns

q z q z q zfs fs fa
n nxx f n n nxx f

q zfs fa
n n

C

S e R S e e
q q q q

R S e R R S e e
C

R R e

    

  




 
  
   

         
   


 



.    (163) 

Hence we can get the other three coefficients as the following forms: 

1

1 1

1

1 1

1

2
2 2// , / / / / ,

/ / / / ,2

/ / / /

2 2

// / / , / / ,
2

// / /

1

1

nf nf nf

nf nf nf

nf

nf nf nf nf

nf

q z q z q zfs fs fa
q z q z q zn nxx f n n nxx ffa fa

n n nxx fq zfs fa
n n

q z q z q z q zfa fs fa
n n nxx f n nxx f

q zfs fa
n n

R S e R R S e e
B R e R S e e

R R e

R R S e e R S e e

R R e

  
 



   




 








,  (164) 

1

1 11 1

1

1 11 1

2

// , / / / / ,
/ / / / ,2

/ / / /

/ / / / , / / ,

1

1

nf nf nf

nf nf nfna na

nf

nf nf nf nfna na

q z q z q zfs fs fa
q z q z q zn nxx f n n nxx f q z q zfa fa

n n nxx fq zfs fa
n n

q z q z q z q zq z q zfa fs fa
n n nxx f n nxx f

R S e R R S e e
A T e e T S e e e

R R e

T R S e e e T S e e e

  
 



   


 






 12

// //
nfq zfs fa

n nR R e

, 

                (165) 

 
1

1 1

1

1

2
2 2// , / / / / ,

/ / , / / ,2

// / /

2

// / / / /
, 2

// / /

1
1

1

nf nf nf

nf nf nf nf

nf

nf nf nf

nf

q z q z q zfs fs fa
q z q z q z q zn nxx f n n nxx ffa fa

n nxx f n nxx fq zfs fa
n n

q z q z q zfs fs fa
n n n

nxx f qfs fa
n n

R S e R R S e e
D R e S e R S e e

R R e

T e T R e e
S

R R e

  
   



  




   






 1z

.                (166) 

Hence we solve the coefficients in Eq. (158) completely. Next we consider 1z z  , 

the corresponding different equation in regions 1z z , 10 z z   and 0z   are: 
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2
2 2

12

2 2
1

2 2

,

0,0

0, 0

na
z na nxx

a

z nf nxx

z ns nxx

q
q g z z z z

k

q g z z

q g z




    

     
    







.         (167) 

Then the solutions of Eq. (167) are: 

, 1

1

,

,0

, 0

na na

nf nf

ns

q z z q z
nxx a

q z q z
nxx

q z

S e Ae z z

g Be Ce z z

De z

  



  


    




 ,         (168) 

where , 22
na

nxx a
a

q
S

k
  . In order to match the boundary conditions of nxxg  as discuss 

in Eq. (148), we have the following simulated equations: 

1 11 1
,

nf nfna na na q z q zq z q z q z
nxx aS e e Ae Be Ce

B C D

    


 
,        (169) 

and 

1 11 1
,

nf nfna na na q z q zf fq z q z q za a
nxx a

na na nf nf

f f s

nf nf ns

S e e Ae Be Ce
q q q q

B C D
q q q

  

  

 
  



  


.     (170) 

Furthermore, we obtain: 

 1 1 1 11 1

1 11

, ,

2
,

2

nf nf nf nfna na na na

nf nfna na

q z q z q z q zf fq z q z q z q za a
nxx a nxx a

na na nf nf

q z q zf f q z q za a a
nxx a

nf na nf na na

f na a nf

f na a n

S e e Be Ce S e e Be Ce
q q q q

B Ce S e e e
q q q q q

q q
B

q q

  

   

 
 

   

 

    

   
          

   


 


 

1 11

1 11

1 1 1 11 1 1

2

,

2

// / / ,

2 2
// / / , ,

2
nf nfna na

nf nfna na

nf nf nf nfna na na na na na

q z q za nf q z q z
nxx a

f f na a nf

q z q zq z q zfa af
n n nxx a

q z q z q z q zq z q z q z q z q z qfa af
n n nxx a nxx a

q
Ce S e e e

q q

R e C T S e e e

A R e C T S e e e e e Ce e S e e


 

 

 

    




 

     1

1 1 12
// / / ,

nf na na na

z

q z q z q z q zfa fa
n n nxx aT e e C R S e e  

,

                               (171) 

and 

 1 112
// // ,1nf nfna naq z q zq z q zfa af

n n nxx aD R e C T S e e e    .       (172) 
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Furthermore, we get the following form to solve the coefficient C : 

 

1 11

1 11

1

2

// // ,

2
// / / ,

2

//

1

nf nfna na

nf nfna na

nf

q z q zf fq z q zfa af
n n nxx a

nf nf

q z q zq z q zfa afs
n n nxx a

ns

q zf f ffas s s
n

nf ns nf ns nf ns

R e C T S e e e C
q q

R e C T S e e e
q

R e C
q q q q q q

 



    

 

 



   

    

    
                  

11

11

11

1
1

/ / ,

/ / ,
/ / / / ,

2
2 // //

/ /
11

nfna na

nfna na

nfna na

nf
nf

q zq z q zaf
n nxx a

q zf ns s nf q z q zaf
q zn nxx a q z q zfs af

f ns s nf n n nxx a
q zfs fa

q zf ns s nf fa n n
n

f ns s nf

T S e e e

q q
T S e e e

q q R T S e e e
C

q q R R eR e
q q

 
 

 
 









 
  
 




  
 


. 

                (173) 

Hence we can get the other three coefficients as the following forms: 

11

1 11

1

11

1

2 // // ,
/ / / / ,2

// / /

/ / ,
2

// / /

1

1

nfna na

nf nfna na

nf

nfna na

nf

q zq z q zfs af
q z q zq z q zfa n n nxx a af

n n nxx aq zfs fa
n n

q zq z q zaf
n nxx a

q zfs fa
n n

R T S e e e
B R e T S e e e

R R e

T S e e e

R R e


 







 





,   (174) 

1 1 1

11

1 1 1

1

1 1

2
// // ,

2// // ,
/ / / / ,2

// / /

2 2
// , / /

1

nf na na na

nfna na

nf na na na

nf

nf na na

q z q z q z q zfa fa
n n nxx a

q zq z q zfs af
q z q z q z q zfa n n nxx a fa

n n nxx aq zfs fa
n n

q z q z q zfs fa
n nxx a n n

A T e e C R S e e

R T S e e e
T e e R S e e

R R e

R S e e e R S

 


 



 

 

 





1

1

2
,

2
// //1

na na

nf

q z q z
xx a

q zfs fa
n n

e e

R R e





,    (175) 

 
11

1 11

1

11

1

2 // // ,
/ / / / ,2

// //

/ / / / ,
2

// //

1
1

1

nfna na

nf nfna na

nf

nfna na

nf

q zq z q zfs af
q z q zq z q zfa n n nxx a af

n n nxx aq zfs fa
n n

q zq z q zfs af
n n nxx a

q zfs fa
n n

R T S e e e
D R e T S e e e

R R e

T T S e e e

R R e


 







  





.  (176) 

Hence we solve the coefficients in Eq. (168) completely. Next we discuss the 

component nzxg , writing down the second equation of Eq. (13): 

2
n

nzx z nxx
n

ik
g g

q
    .             (177) 

Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z  , the corresponding different equation in regions 1z z , 

10 z z   and 0z   are: 
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12

12 2

,2 2

1

1

,

,

,0

, 0

,

,0

sgn

na

nf nf

ns ns

na

nf nf

ns

q zn
z

na

q z q zn n
z znzx

nf nf

q z z q zn n
nxx s z z

ns ns

q zn

na

q z q zn n

nf nf

q zn
nxx s

ns

ik
A e z z

q

ik ik
B e C e z zg

q q

ik ik
S e D e z

q q

ik
A e z z

q

ik ik
B e C e z z

q q

ik
S z z e

q





 







   

       


    




   





, 0nsz q zn

ns

ik
D e z

q










 


,       (178) 

where the coefficients A , B , C  and D  have already defined in Eq. (155), (154), 

(153), (156) as the following explicit forms: 

1 1

1

// // ,
2

// / /1

nfns na

nf

q zq z q zfa sf
n n nxx s

q zfs fa
n n

T T S e e e
A

R R e






,          (179) 

1

1

2
// // ,

2
// //1

nfns

nf

q zq zfa sf
n n nxx s

q zfs fa
n n

R T S e e
B

R R e






,           (180) 

1

// ,
2

/ / //1

ns

nf

q zsf
n nxx s

q zfs fa
n n

T S e
C

R R e






,            (181) 

1

1

2
// , / / ,

2
/ / //1

nfns ns

nf

q zq z q zfa fs
n nxx s n nxx s

q zfs fa
n n

R S e e R S e
D

R R e

 







.         (182) 

Next we consider 10 z z  , the corresponding different equation in regions 1z z , 

10 z z   and 0z   are: 
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12

, 12 2 2

2

1

,

,

,0

, 0

,

sgn ,0

na

nf nf nf

ns

na

nf nf nf

q zn
z

na

q z z q z q zn n n
nxx f z z znzx

nf nf nf

q zn
z

ns

q zn

na

q z z q z q zn n n
nxx f

nf nf nf

ik
A e z z

q

ik ik ik
S e B e C e z zg

q q q

ik
D e z

q

ik
A e z z

q

ik ik ik
S z z e B e C e z

q q q



  



  

  

        



  




   



1

, 0nsq zn

ns

z

ik
D e z

q




 



 


,   (183) 

where the coefficients A , B , C  and D  have already defined in Eq. (165), (164), 

(163), (166) as the following explicit forms: 

1 11 1

1

// / / , / / ,
2

// //1

nf nf nf nfna na

nf

q z q z q z q zq z q zfa fs fa
n n nxx f n nxx f

q zfs fa
n n

T R S e e e T S e e e
A

R R e

   







,     (184) 

1 1

1

2 2
// // , / / ,

2
// //1

nf nf nf nf

nf

q z q z q z q zfa fs fa
n n nxx f n nxx f

q zfs fa
n n

R R S e e R S e e
B

R R e

   







,       (185) 

1

1

2
// , / / / / ,

2
// / /1

nf nf nf

nf

q z q z q zfs fs fa
n nxx f n n nxx f

q zfs fa
n n

R S e R R S e e
C

R R e

  







,        (186) 

1

1

2
// // / /

, 2
/ / //1

nf nf nf

nf

q z q z q zfs fs fa
n n n

nxx f q zfs fa
n n

T e T R e e
D S

R R e

  







.         (187) 

Next we consider 1z z  , the corresponding different equation in regions 1z z , 

10 z z   and 0z   are: 
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, 12 2

12 2

2

, 1

,

,0

, 0

sgn ,

,0

na na

nf nf

ns

na na

nf nf

q z z q zn n
nxx a z z

na na

q z q zn n
z znzx

nf nf

q zn
z

ns

q z z q zn n
nxx a

na na

q z q zn n

nf nf

ik ik
S e A e z z

q q

ik ik
B e C e z zg

q q

ik
D e z

q

ik ik
S z z e A e z z

q q

ik ik
B e C e

q q

  



  



    

      



  


  

  



1

, 0nsq zn

ns

z z

ik
D e z

q




 



 


,      (188) 

where the coefficients A , B , C  and D  have already defined in Eq. (175), (174), 

(173), (176) as the following explicit forms: 

1 1 1

1

2 2 2
// , / / ,

2
// //1

nf na na na na

nf

q z q z q z q z q zfs fa
n nxx a n nxx a

q zfs fa
n n

R S e e e R S e e
A

R R e

   







,      (189) 

11

1

// ,
2

// //1

nfna na

nf

q zq z q zaf
n nxx a

q zfs fa
n n

T S e e e
B

R R e






,           (190) 

11

1

// / / ,
2

// / /1

nfna na

nf

q zq z q zfs af
n n nxx a

q zfs fa
n n

R T S e e e
C

R R e






,          (191) 

11

1

// / / ,
2

// //1

nfna na

nf

q zq z q zfs af
n n nxx a

q zfs fa
n n

T T S e e e
D

R R e






.          (192) 

Hence we obtain the explicit form of nzxg  directly. Next we discuss the component 

nzzg , writing down the second equation of Eq. (14): 

 2 2

1 n
nzz z nxz

n n

ik
g z z g

q q
      .          (193) 

Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z  , the corresponding different equation in regions 1z z , 

10 z z   and 0z   are: 
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12

12 2

,2 2 2

1

1

,

,0

1
sgn , 0

,

,0

1

na

nf nf

ns ns

na

nf nf

q zn
z

na

q z q zn n
z znzz

nf nf

q z z q zn n
nxz s z z

ns ns ns

q zn

na

q z q zn n

nf nf

ns

ik
A e z z

q

ik ik
B e C e z zg

q q

ik ik
z z S z z e D e z

q q q

ik
Ae z z

q

ik ik
Be Ce z z

q q

q







 





   

       



          



   



   

 

,2 2

1

1

,2

2 , 0

,

,0

1
, 0

ns ns ns

na

nf nf

ns ns

q z z q z z q zn n
nxz s ns

ns ns

q zn

na

q z q zn n

nf nf

q z z q zn n
nxz s

s ns ns

ik ik
z z S z z e q e De z

q q

ik
Ae z z

q

ik ik
Be Ce z z

q q

ik ik
z z S e De z

k q q

 



    





 









         
 

     



    


, (194) 

where we use the following equation: 

     sgn 2 2ns ns ns nsq z z q z z q z z q z z
ns ns

d
z z e z z e q e z z q e

dz
                      , 

                (195) 

where the coefficients A , B , C  and D  have already defined in Eq. (91), (90), 

(89), (92) as the following explicit forms: 

1 1

1

1

//
, / / 2

/ / //1

nf nf

ns na

nf

q z q zfa
q z q zsf n

nxz s n q zfs fa
n n

R e e
A S T e e

R R e










,         (196) 

1

1

2
// // ,

2
// //1

nfns

nf

q zq zfa sf
n n nxz s

q zfs fa
n n

R T S e e
B

R R e






,           (197) 

1

// ,
2

/ / //1

ns

nf

q zsf
n nxz s

q zfs fa
n n

T S e
C

R R e






,            (198) 

1

1

2

// / /
, 2

// / /

1

1

nf

ns

nf

q zfa sf
q z n n

nxz s q zfs fa
n n

R e T
D S e

R R e






 



.          (199) 

Next we consider 10 z z  , the corresponding different equation in regions 1z z , 

10 z z   and 0z   are: 
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12

, 12 2 2 2

2

1

,2 2

,

1
sgn ,0

, 0

,

1
2

na

nf nf nf

ns

na

nf

q zn
z

na

q z z q z q zn n n
nxz f z z znzz

nf nf nf nf

q zn
z

ns

q zn

na

q zn
nxz f

nf nf

ik
A e z z

q

ik ik ik
z z S z z e B e C e z zg

q q q q

ik
D e z

q

ik
Ae z z

q

ik
z z S z z e

q q



 



  



 

  

               



  




   



 

1

1

, 12

,0

, 0

,

1
,0

, 0

nf nf nf

ns

na

nf nf nf

ns

z q z z q z q zn n
nf

nf nf

q zn

ns

q zn

na

q z z q z q zn n n
nxz f

f nf nf nf

q zn

ns

ik ik
q e Be Ce z z

q q

ik
De z

q

ik
Ae z z

q

ik ik ik
z z S e Be Ce z z

k q q q

ik
De z

q



  



  




        



 

 

        



 


,                (200) 

where the coefficients A , B , C  and D  have already defined in Eq. (101), (100), 

(99), (102) as the following explicit forms: 

1 1

1

//
, / / 2

/ / //1

nf nf

nf na

nf

q z q z fs
q z q zfa n

nxz f n q zfs fa
n n

e e R
A S T e e

R R e

 








,        (201) 

1

1

2//
, / / 2

// //1

nf nf

nf

nf

q z q zfs
q zfa n

nxz f n q zfs fa
n n

e R e
B S R e

R R e

 








,         (202) 

1

1

2
//

// ,2
// //1

nf nf nf

nf

q z q z q zfa
fsn

n nxz fq zfs fa
n n

R e e e
C R S

R R e

  







,         (203) 

1

1

2
//

, / / 2
// / /1

nf nf nf

nf

q z q z q zfa
fs n

nxz f n q zfs fa
n n

R e e e
D S T

R R e

  







.         (204) 

Next we consider 1z z  , the corresponding different equation in regions 1z z , 

10 z z   and 0z   are: 
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, 12 2 2

12 2

2

,2 2

1
sgn ,

,0

, 0

1
2

na na

nf nf

ns

na na

q z z q zn n
nxz a z z

na na na

q z q zn n
z znzz

nf nf

q zn
z

ns

q z z q z zn
nxz a na

na na

ik ik
z z S z z e A e z z

q q q

ik ik
B e C e z zg

q q

ik
D e z

q

ik
z z S z z e q e

q q



 

  



    

           

      



  


      





 

1

1

, 12

1

,

,0

, 0

1
,

,0

, 0

na

nf nf

ns

na na

nf nf

ns

q zn

na

q z q zn n

nf nf

q zn

ns

q z z q zn n
nxz a

a na na

q z q zn n

nf nf

q zn

ns

ik
Ae z z

q

ik ik
Be Ce z z

q q

ik
De z

q

ik ik
z z S e Ae z z

k q q

ik ik
Be Ce z z

q q

ik
De z

q







  



  

   



 

     

    



 


, (205) 

where the coefficients A , B , C  and D  have already defined in Eq. (111), (110), 

(109), (112) as the following explicit forms: 

1 11 1 1

11

22 2
// // / / / / / /

,

/ / / /1

nf nfna na na na na na

nfna

q z q zq z q z q z q z q z q zfs fa fs af fa
n n n n n

nxz a q zq zfs fa
n n

R e e e R R T e e e e e R
A S

R R e e

     



  



, (206) 

11

11

// ,

/ / / /1

nfna na

nfna

q zq z q zaf
n nxz a

q zq zfs fa
n n

T S e e e
B

R R e e









,          (207) 

11

11

// // ,

/ / / /1

nfna na

nfna

q zq z q zfs af
n n nxz a

q zq zfs fa
n n

R T S e e e
C

R R e e









,          (208) 

11

11

// / /
,

// / /1

nfna na

nfna

q zq z q zfs af
n n

nxz a q zq zfs fa
n n

T T e e e
D S

R R e e









.          (209) 

Hence we obtain the explicit form of nzzg  directly. 

4-3. Consider the multi-planer films over the substrate 

To discuss the general case, we consider the multi-planer films over the substrate 

and the geometry is shown in Fig. 3. The boundaries are at 0z z  and 

, 0,1,2,...,jz z j N  . The dielectric function above Nz z  is a  and below 
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0z z  is s , respectively. The dielectric function of each film is , 1,2,...,
jf j N  . 

a

Nf

0z z

z

1z z

s
…
..

1f


2f


Nz z
…
..

2z z

 

Fig. 3 The geometry of considering the multi-planer films over the substrate 

For the component nxzg , starting from Eq. (81), we have: 

   2 2
2
n

z n nxz z

ik
q g z z

k
       .          (210) 

Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z   (without loss of generality, we may set 0 0z  ), the 

corresponding different equation in regions Nz z , 1 , , 1,...,2,1j jz z z j N N      

and 0z   are: 

 
 
   

2 2

2 2
1

2 2
2

0,

0, , 1,2,...,

, 0

j

z na nxz N

z nf nxz j j

n
z ns nxz z

s

q g z z

q g z z z j N

ik
q g z z z

k




    

      



      








.       (211) 

Furthermore, the solutions of Eq. (211) are: 
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1

,

,

, , 1,2,...,

sgn , 0

na

nf nfj j

ns ns

q z
N

q z q z

nxz j j j j

q z z q z
nxz s

Ae z z

g B e C e z z z j N

S z z e De z







 

 
    


  

 ,      (212) 

where , 22
n

nxz s
s

ik
S

k
  . In order to match the boundary conditions of nxzg  as discuss in 

Eq. (84): 

1

1

1

1

2 2

2 2

2 20 0
00

,

, , 1,2,..., 1

,

N N

N N

j j

j j

j j
j j

N

N

fa
nxz nxz z nxz z nxzz z

na nfz z

f f

nxz nxz z nxz z nxzz z
n nf

z z

f s
nxz nxz z nxz z nxz

nf ns

g g g g
q q

g g g g j N
q q

g g g g
q q



 

 

 

 





 

 

 



    


      




   


   

   

   

,   (213) 

we have the following simulated equations: 

1 1

1 1

1 1 ,

,

, , 1,2,..., 1

, 0

nf N nf Nna N N N

nf j nf j nf j nf jj j j j

ns

q z q zq z
N N N

q z q z q z q z

j j j j j
q z

nxz s

Ae B e C e z z

B e C e B e C e z z j N

B C S e D z

 



 

 


  

  



  
   






,   (214) 

and 

 

 

1 1 1

1

1

1

1 1

1 1 ,

,

, , 1,2,..., 1

, 0

nf N nf NNna N N N

N

nf j nf j nf j nf jj jj j j j

j j

ns

q z q zfq za
N N N

na nf

q z q z q z q zf f

j j j j j
nf nf

f q zs s
nxz s

nf ns ns

Ae B e C e z z
q q

B e C e B e C e z z j N
q q

B C S e D z
q q q



 

  

  





 

 




   



             

     


. 

                (215) 

Furthermore, we obtain: 

   
2

2 2

//

/ /

nf N nf N nf N nf NNN N N N

N

nf NN N N

N N

nf N nf NN N N N N

N N

nf NN N na N

q z q z q z q zfa
N N N N

na nf

q zf fa a
N N

nf na nf na

q z q zf na a nf f a
N N n N

f na a nf

q zf a q z
n N N

B e C e B e C e
q q

B C e
q q q q

q q
B C e R C e

q q

A R C e e C



  

 
 

 



 



   

   
         

   


  


   / /
nf N nf NN na N N N na N

q z q zq z f a q z
n Ne e T C e e

 

,    (216) 
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and 

1 1

1 1 1

1

1 1

1 1

, 1,2,..., 1

, 1,2,..., 1

nf j nf j nf j nf jj j j j

nf j nf j nf j nf jj jj j j j

j j

nf j nf jj j

nf j nfj jj

j j

q z q z q z q z

j j j j

q z q z q z q zf f

j j j j
nf nf

q z q z

q z qf f

nf nf

B e C e B e C e j N

B e C e B e C e j N
q q

e e

e e
q q

 

 

 

  



 

 

 

 





     

            





1 1

1 11 1

1 1

1

1

1

, 1,..., 1

nf j nf jj j

j nf j nf jj jj j j

j j

nf j nf j nfj j

nf j nf jj jj j

j j

q z q z

j j
z q z q zf f

j j

nf nf

q z q z q

j
q z q zf f

j
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B B
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C Ce e

q q

e e e
B

C e e
q q

 

 

 

  

 












   
      

        
         

   

 
  

    
    

 

1 1

1 11 1

1 1

1

1

1//

1

31 2// / / / / / / / / / / / /
1 1 2 1 2 1

131 2

, 1,..., 1

...

j nf jj j

nf j nf jj jj j

j j

z q z

j
q z q zf f

j

nf nf

j

j
j

N
N

N j
jN

e
B

Ce e
q q

B
j N

C

B BB B

C CC C

 

 

  

 















 
  
  

    
 

 
    

 
      

                  
       

1

// /// / / /
11 1211 12
// /// / / /
21 2221 22

1 2// // / / / / / / / /
1 1 1

1 2

// //
,11 ,12

//
,21

...

N

N

N N N

N N N

j j j N
j j j j j N

j j j N

j j

j j

B

C

B M B M CM M

C M B M CM M

B B B B

C C C C

M M

M M



 
  

 

 
 
 

    
          

       
                 

      





/ / / /
,11 ,12

// / / / /
,22 ,21 ,22

, 2,3,..., 1N j N j N

N j N j N

B M B M C
j N

C M B M C

    
             

,                (217) 

where we define a transfer matrix // , 1,..., 1j j N    as the following form: 
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1 1

1 11 1

1 1

1

//

2

nf j nf j nf j nf jj j j j

nf j nf j nf j nf jj j j jj j j j

j j j j

nf j nf jj j j

jj

nf j nf jjj j j

j

q z q z q z q z

q z q z q z q zf f f fj

nf nf nf nf

q z q zf

nfnf

q z q zff

nf

e e e e

e e e e
q q q q

e e
qq

e e
q

   





 

  

 

 

 

 

   
   

     
       

   

 


  
 


1 1

1 11 1

1 1

1 11 1

1 11 1

1 11
2

nf j nf jj j

nf j nf jj jj j

j j

nf j nf j nf j nf jj j j jj j j j

j j j jj j j j

j j jj j

q z q z

q z q zf f

nf nf

q z q z q z q zf nf f nf

f nf f nff nf f nf

f nf ff nf

e e

e e
q q

q q
e e e e

q qq q

q qq

 

 

  
 

 

  

 

  

  

 





  


 
 
    
  








1 1

1 1

1 1 1

1
1 1 1

/ /

/ / / /

1

nf j nf j nf j nf jj j j j j

j j j j

nf j nf j nf j nf jj j j j j j

j j nf j nf j nf j nf jj j j j j j

q z q z q z q znf

f nf f nf

q z q z q z q zf f

n
f f q z q z q z q zf f

n n

e e e e
q q

e e R e e

T R e e e e

 
 

 

  

   



  



 
 
 
 
 
  

 
 
 
  , 

                (218) 

1 1 1

1
1 1 1

// / /1 1
//// 11 12

// / /
1 1 21 22// //

1
nf j nf j nf j nf jj j j j j j

j j nf j nf j nf j nf jj j j j j j

q z q z q z q zf fN N
n

j f f q z q z q z q zf f
j j n n

e e R e e M M

M MT R e e e e

  

   

  
 


 

   
         

  , (219) 

and 

 
/ / / / / / / /

1 1 , 11 12 21 22 ,

2 2// // / / / /
11 // 21 // 12 22 ,

ns ns

nf N nf NN N N N ns

q z q z
nxz s N N N N nxz s

q z q zf a f a q z
n n N nxz s

D B C S e M B M C M B M C S e

M R e M R e M M C S e

 

  

       

    
.  (220) 

Furthermore, we get the following form to solve the coefficient NC : 
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1

1

1

1

2 2// // / / / /
11 // 12 21 // 22

2 2// // / / / /
, 11 // 21 // 12 22 ,

/ /
11 //

nf N nf NN N N N

nf N nf Nns N N N N ns
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q z q zf f a f a
n n N

nf

q z q zq z f a f a q zs s s
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S e M R e M R e M M C S e
q q q
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q q



  



 

  



  

      

 
   

 
   

 

1

1

1

1 1

1 1

1 1

2 2// / / / /
12 21 // 22

,

,

2 2// // / /
11 // 12 21 //

2

2

nf N nf NN N N
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nf N nN N N

q z q zf f as
n N

ns nf

q zs
nxz s
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s nf q z
nxz s

s nf f ns
N

q z qs nf f ns f a f a
n n
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M M R e M C
q q

S e
q

q
S e

q q
C

q q
M R e M M R e

q q






 

 
 







 

  
         

 




 


 
  

   
1

1

//
22

// ,

2 2// / / / / / /
/ / 11 // 12 21 // 22

f NN

ns

nf N nf NN N N N

z

q zsf
n nxz s

q z q zf a f asf
n n n

M

T S e

R M R e M M R e M



 






  

.                (221) 

Hence we can get the other three coefficients as the following forms: 

   
1

1

2
2 // // ,

/ / 2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN ns N

nf NN N

nf N nf NN N N N

q zf a q zsf
q zf a n n nxz s

N n N q z q zf a f asf
n n n

R T S e e
B R C e

R M R e M M R e M




 


 

  
, (222) 

   
1

1

// / / ,
/ / 2 2// // / / / /

/ / 11 // 12 21 // 22

nf NN ns N na N

nf NN N na N

nf N nf NN N N N

q zf a q z q zsf
q zf a q z n n nxz s

n N q z q zf a f asf
n n n

T T S e e e
A T C e e

R M R e M M R e M




 


 

  
, 

                (223) 

 
 

 
1

1

2 2// / / / / / /
11 // 21 // 12 22 ,

2 2// // / / / /
/ / , 11 // 21 // 12 22

2 2// / / / /
/ / 11 // 12 21 //

nf N nf NN N N N ns

nf N nf Nns N N N N

nf N nN N N

q z q zf a f a q z
n n N nxz s

q z q zq z f a f asf
n nxz s n n
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n n n

D M R e M R e M M C S e

T S e M R e M R e M M

R M R e M M R e

  

 

 

    

   


   
       

   
1 1 1 1 1 1

1

,/ /
22
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/ / / / 11 // / / / / 12 // 21 // / / 22

,2 2// / / / / //
/ / 11 // 12 21 // 22

1 1

ns

f NN

nf N nf NN N N N

ns

nf N nf NN N N N

q z
nxz sz

q z q zf a f asf sf sf sf sf sf
n n n n n n n n q

nxz sq z q zf a f asf
n n n

S e
M

T R M R e T R M T M R e T M
S e

R M R e M M R e M



 

 




      
 

  
z

.                (224) 

According to Eq. (217), the coefficients jB  and , 1,2,..., 1jC j N   are obtained 

and then we solve the coefficients in Eq. (212) completely. Next we consider Nz z  , 

the corresponding different equation in regions Nz z , 

1 , , 1,...,2,1j jz z z j N N      and 0z   are: 
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2 2
2

2 2
1

2 2

,

0, , 1,2,...,

0, 0

j

n
z na nxz z N

a

z nf nxz j j

z ns nxz

ik
q g z z z z

k

q g z z z j N

q g z





       

      

    







.       (225) 

Furthermore, the solutions of Eq. (225) are: 

 ,

1

sgn ,

, , 1,2,...,

, 0

na na

nf nfj j

ns

q z z q z
nxz a N

q z q z
nxz j j j j

q z

S z z e Ae z z

g B e C e z z z j N

De z

  





   
     




 ,      (226) 

where , 22
n

nxz a
a

ik
S

k
  . In order to match the boundary conditions of nxzg  as discuss 

in Eq. (213), we have the following simulated equations: 

1 1

,

1 1

1 1

,

, , 1,2,..., 1

, 0

nf N nf Nna na N na N N N

nf j nf j nf j nf jj j j j

q z q zq z q z q z
nxz a N N N

q z q z q z q z

j j j j j

S e e Ae B e C e z z

B e C e B e C e z z j N

B C D z

 

 

 

 

    

    



 

  


,   (227) 

and 

 

 

1 1 1

1

1

1

,

1 1

1 1

,

, , 1,2,..., 1

, 0

nf N nf NNna na N na N N N

N

nf j nf j nf j nf jj jj j j j

j j

q z q zfq z q z q za a
nxz a N N N

na na nf

q z q z q z q zf f

j j j j j
nf nf

f s

nf ns

S e e Ae B e C e z z
q q q

B e C e B e C e z z j N
q q

B C D z
q q

 

 

 

  



 

 

 


    



             

   


.  (228) 

Furthermore, we obtain: 

   , ,

2

,

2

nf N nf N nf N nf NNna na N N N na na N N N

N

nf N nf NN N N na na N N

N N

N

q z q z q z q zfq z q z q z q za a
nxz a N N nxz a N N

na na nf

q z q zf f q z q za a a
N N nxz a

nf na nf na na

f na
N

S e e B e C e S e e B e C e
q q q

B C e S e e e
q q q q q

q
B

 

   



   

 

     

   
          

   

  2

,

2

// , / /

2
,

//

2
nf N nf NN NN na na N N

N N N N

nf N nf NN N N na na N N

nf N nf NN na N N na N na na N

N

q z q za nf a nf q z q z
N nxz a

f na a nf f na a nf

q z q zf a af q z q z
n N nxz a n

q z q zq z q z q z q z
N N nxz a

f a
n N

q q
C e S e e e

q q q q

R C e S T e e e

A B e e C e e S e e

R C e

 
   

 

 

 




 

 

   

  2 2
, // ,

2
/ / / / ,

nf N nf N nf N nf NN N na na N N N na N N na N na na N

nf NN N na N N na na N

q z q z q z q zaf q z q z q z q z q z q z
nxz a n N nxz a

q zf a q z f a q z q z
n N n nxz a

S T e e e e e C e e S e e

T C e e R S e e

    

 

  

 

,                (229) 
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and 

 
 

/ / / / / / / /
1 1 11 12 21 22

2// //
11 // , / / 12

2// / /
21 // , / / 22

2// /
11 // 12

nf N nf NN N N na na N N

nf N nf NN N N na na N N

nf NN N

N N N N

q z q zf a af q z q z
n N nxz a n N

q z q zf a af q z q z
n N nxz a n N

q zf a
n

D B C M B M C M B M C

M R C e S T e e e M C

M R C e S T e e e M C

M R e M

 

 



     

  

  

  2/ // //
21 // 22

// //
11 , // 21 , / /

nf NN N

nf N nf NN na na N N N na na N N

q zf a
n N

q z q zaf q z q z af q z q z
nxz a n nxz a n

M R e M C

M S T e e e M S T e e e



   

 

 

.    (230) 

Furthermore, we get the following form to solve the coefficient NC : 

 1

1

1 1

1 1

2 2// // / / / /
11 // 12 21 // 22

// / /
, / / 11 , // 21

2// / / / /
11 // 12 21 /

nf N nf NN N N N

nf N nf NN na na N N N na na N N

nf NN N

q z q zf f a f a
n n N

nf

q z q zf faf q z q z af q z q z
nxz a n nxz a n

nf nf

q zf as
n n

ns

M R e M M R e M C
q

S T M e e e S T M e e e
q q

M R e M M R
q



 



 

   



  

 

   

 1 1

1 1

2 //
/ 22

// //
11 , // 21 , //

2 2// // / /
11 // 12 21 //

nf NN N

nf N nf NN na na N N N na na N N

nf N nfN N N

q zf a
N

q z q zaf q z q z af q z q zs s
nxz a n nxz a n

ns ns

q z qf ff a f as s
n n

ns nf ns nf

e M C

M S T e e e M S T e e e
q q

M R e M M R e
q q q q

 

  



   

 



 

   
          

   
 

 

1 1

1 1

1

//
22

// //
, / / 11 , // 21

// //
, / / / / 11 21

/

NN

nf N nf NN na na N N N na na N N

nf NN na na N N

z

N

q z q zf faf q z q z af q z q zs s
nxz a n nxz a n

ns nf ns nf

q zaf q z q zsf
nxz a n n

N

n

M C

S T M e e e S T M e e e
q q q q

S T R M M e e e
C

R

     



 
 

  
   

         
   


 

   1
2 2// // / / / /

/ 11 // 12 21 // 22
nf N nf NN N N N

q z q zf a f asf
n nM R e M M R e M

   

.                (231) 

Hence we can get the other three coefficients as the following forms: 

 
   

1

1

2

// , / /

/ / / /
2// , / / / / 11 21

, / /2 2// / / / / / /
/ / 11 // 12 21 // 22

nf N nf NN N N na na N N

nf NN N na na N N

nf NN

nf N nf NN N N N

q z q zf a af q z q z
N n N nxz a n

q zf a af q z q zsf
q zn nxz a n n af

nxz a nq z q zf a f asf
n n n

B R C e S T e e e

R S T R M M e e e
e S T

R M R e M M R e M

 




 

 


 

  

 
   

1

1

// / /
, / / / / 12 22

2 2// / / / / / /
/ / 11 // 12 21 // 22

nf NN na na N N

nf Nna na N N N

nf N nf NN N N N

q zq z q z

q zq z q z af sf
nxz a n n

q z q zf a f asf
n n n

e e e

S e e e T R M M

R M R e M M R e M





 

 


  

,                (232) 
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1

1

2
// // ,

22// / /
/ / / / , / / 11 21 2

// ,2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN N na N N na na N

nf NN N na na N N

N na

nf N nf NN N N N

q zf a q z f a q z q z
n N n nxz a

q zf a af q z q zsf
n n nxz a n f a q z

n nxz aq z q zf a f asf
n n n

A T C e e R S e e

T T S R M M e e e
R S e e

R M R e M M R e M

 




 

 


 

  

   
   

1 1

1

2// // / / / /
/ / 11 21 // // 12 222

, 2 2// // / / / /
/ / 11 // 12 21 // 22

na N

nf NN N

na na N

nf N nf NN N N N

q z

q z f asf sf
n n nq z q z

nxz a q z q zf a f asf
n n n

R M M e R R M M
S e e

R M R e M M R e M




 

  


  

, (233) 

 2 2// // / / / /
11 // 12 21 // 22

// //
11 , // 21 , / /

2 2// // / /
, / / 11 // 12 21 //

nf N nf NN N N N

nf N nf NN na na N N N na na N N

nf N nfN N N N N

q z q zf a f a
n n N

q z q zaf q z q z af q z q z
nxz a n nxz a n

q z qaf f a f a
nxz a n n n

D M R e M M R e M C

M S T e e e M S T e e e

S T M R e M M R e

 

   

 

   

 

 


  
   

1

1

// / / / /
22 // 11 21

2 2// // / / / /
/ / 11 // 12 21 // 22

// //
11 , // 21 , / /

, /

N nf Nna na N N

nf N nf NN N N N

nf N nf NN na na N N N na na N N

z q zq z q zsf
n

q z q zf a f asf
n n n

q z q zaf q z q z af q z q z
nxz a n nxz a n

nxz a n

M R M M e e e

R M R e M M R e M

M S T e e e M S T e e e

S T



 

   

 

  

 




 
   

1

1

// / / / / / /
/ / / 22 11 21 12

2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN na na N N

nf N nf NN N N N

q zaf q z q zf s
n

q z q zf a f asf
n n n

T M M M M e e e

R M R e M M R e M



 



  

.                (234) 

According to Eq. (217), the coefficients jB  and , 1,2,..., 1jC j N   are obtained 

and then we solve the coefficients in Eq. (226) completely. Next we consider the 

location of a point source is inside the film layer, that is 1 , 1,2,...,k kz z z k N    . 

Fixed the index k , the corresponding different equation in regions Nz z , 

1 , , 1,...,2,1j jz z z j N N      and 0z   are: 

 
   

 

2 2

2 2
12

2 2

0,

, , 1,2,...,

0, 0

j

k

z na nxz N

n
z nf nxz jk z j j

f

z ns nxz

q g z z

ik
q g z z z z z j N

k

q g z

  

    

         

    







.    (235) 

Furthermore, the solutions of Eq. (235) are: 

 , 1

,

sgn , , 1,2,...,

, 0

na

nf nfnf j jk

k

ns

q z
N

q z q zq z z
nxz nxz f jk j j j j

q z

Ae z z

g S z z e B e C e z z z j N

De z





 


 


      




 , 

                (236) 

where , 22k

k

n
nxz f

f

ik
S

k
  . Using the boundary conditions of nxzg  as shown in Eq. (213), 
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we have the following simulated equations: 

<1> If k N : 

1 1 1 1 11 1

1 1

,

, 1 1

1 1

1

, 1,2,..., 2

nf nf N nf N nf Nna N N N N N

N

nf nf N nf N nf N nf N nf NN N N N N N

N

nf j nf j nf j nf jj j j j

q z q z q z q zq z
nxz f N N

q z q z q z q z q z q z

nxz f N N N N

q z q z q z q z

j j j j

Ae S e e B e C e

S e e B e C e B e C e

B e C e B e C e j N

B

     

 

  

  
 

 

 

  

    

    

1C D








 

, (237) 

and 

 
1 1 1 1 11 1 1

1

,

, 1 1

nf nf N nf N nf NN Nna N N N N N

N

N N

nf nf N nf N nf N nf N nf NN N NN N N N N N

N

N N N

j

j

q z q z q z q zf fq za
nxz f N N

na nf nf

q z q z q z q z q z q zf f f
nxz f N N N N

nf nf nf

qf

j
nf

Ae S e e B e C e
q q q

S e e B e C e B e C e
q q q

B e
q

 

  



      



  

  
 

    

          

 

1 1 1

1

1

1

1 1

1 1

, 1,2,..., 2nf j nf j nf j nf jjj j j j

j

z q z q z q zf

j j j
nf

f ns

nf ns

C e B e C e j N
q

B C D
q q



 

  



 

 








            



 


.                (238) 

<2> If 1, 2,...,2k N N   : 

1 1

1 1 1 1 11 1

1 1 ,

, 1 1

nf N nf Nna N N N

nf k nf k nf nf k nf k nf kk k k k k k

k

nf nf k nf k nf k nf k nf kk k k k k k

k

nf j nj

q z q zq z
N N

q z q z q z q z q z q z

k k nxz f k k

q z q z q z q z q z q z

nxz f k k k k

q z q

j j

Ae B e C e

B e C e S e e B e C e

S e e B e C e B e C e

B e C e

 

     



  
 

  
 



 

   

    

 1 1

1 1

1 1

, 1,..., 1, 1,f j nf j nf jj j j
z q z q z

j jB e C e j N j k k

B C D

 

 







      


 

,  (239) 

and 

 
1 1 1

1

1 1

1 1 ,

,

nf N nf NNna N N N

N

nf k nf k nf nf k nf k nf kk k kk k k k k k

k

k k k

nf nf k nf kk kk k k

k

k k

q z q zfq za
N N

na nf

q z q z q z q z q z q zf f f
k k nxz f k k

nf nf nf

q z q z q zf f
nxz f k

nf nf

Ae B e C e
q q

B e C e S e e B e C e
q q q

S e e B e
q q



  

 

  



 



  
 



  

          

  

 

1 1 11 1 1

1

1 1 1

1

1

1

1 1

1 1

1 1

, 1,..., 1, 1,

nf k nf k nf kkk k k

k

nf j nf j nf j nf jj jj j j j

j j

q z q z q zf
k k k

nf

q z q z q z q zf f

j j j j
nf nf

f s

nf ns

C e B e C e
q

B e C e B e C e j N j k k
q q

B C D
q q
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.                (240) 

<3> If 1k  : 

1 1

1 1 1 1 12 2 1 1 1 1

1

1

1

1 1

2 2 , 1 1

, 1 1

, 2,..., 1

nf N nf Nna N N N

nf j nf j nf j nf jj j j j

nf nf nf nf nf nf

nf

q z q zq z
N N

q z q z q z q z

j j j j

q z q z q z q z q z q z

nxz f

q z

nxz f

Ae B e C e

B e C e B e C e j N

B e C e S e e B e C e

S e B C D

 



 

 

  



  

     


   


   

,    (241) 

and 

 
1 1 1

1

1 1 12 1 12 2 1 1

1

2 1 1

1 1

2 2 ,

, 2,..., 1

nf N nf NNna N N N

N

nf j nf j nf j nf jj jj j j j

j j

nf nf nf nf

q z q zfq za
N N

na nf

q z q z q z q zf f

j j j j
nf nf

q z q z q z q zf f f
nxz f

nf nf nf

Ae B e C e
q q

B e C e B e C e j N
q q

B e C e S e e B
q q q



 

  

  





 

 

 

  

          

     

 

1 11 1

1 11

1

1 1

1 1

, 1 1

nf nf

nf

q z q z

q zf f s
nxz f

nf nf ns

e C e

S e B C D
q q q

  












    



   


.   (242) 

Furthermore, we simplify these above equations and show as the following forms: 

<1> If k N : 

 

 

,

,

2

,

nf nf N nf N nf NN N N N

N

nf nf N nf N nf NN NN N N N

N

N N

nf N nfN N NN N

N

N N N

q z q z q z q za
nxz f N N

na

q z q z q z q zf f
nxz f N N

nf nf

q z qf f fa a a
N N nxz f

nf na nf na nf na

S e e B e C e
q

S e e B e C e
q q

B C e S e
q q q q q q



 

    

  

  



  

   

     
               

     

2

2 2

,

2 2

// / / ,

,

nf NN

nf N nf nf NN N N NN N N

N

N N N N

nf N nf nf NN N N N N

N

nf nf N nf NN N na N N na N

N

z q z

q z q z q zf na a nf f na a nf
N N nxz f

f na a nf f na a nf

q z q z q zf a f a
n N n nxz f

q z q z q zq z q z
nxz f N

e

q q q q
B C e S e e

q q q q

R C e R S e e

A S e e e B e e C

   
   



 

 

 

 
  

 

 

   

   , / / / /

, / / //

1 1

nf NN na N

nf nf N nf NN N N na N N N na N

N

nf nf N nf NN N N na N N N na N

N

q z q z
N

q z q z q zf a q z f a q z
nxz f n n N

q z q z q zf a q z f a q z
nxz f n n N

e e

S R e e e R C e e

S T e e e T C e e



  

  

   

 

, (243) 

and 
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1 1 1 1 11 1

1 1 1 1 11 1 1

1

, 1 1

, 1 1

nf nf N nf N nf N nf N nf NN N N N N N

N

nf nf N nf N nf N nf N nf NN N NN N N N N N

N

N N N

q z q z q z q z q z q z

nxz f N N N N

q z q z q z q z q z q zf f f
nxz f N N N N

nf nf nf

S e e B e C e B e C e

S e e B e C e B e C e
q q q

  

     

      



  
 

  
 

     

          

1 1

1

1 1

1

1 1//
1 ,

1

1 1//
1

1

1

2

nf N nf NN N

nf nf NN N

Nnf N nf N NN NN N

NN N

nfN N

NN

N

q z q z

q z q zN N
fq z q zN nxz ff f

N N
nfnf nf

q zf

nfnfN
N

N f

e e
B B

S e e
C C e e

qq q

e
qqB

C

 





 



 



 






 









   
                        

  

 
     

 

1 1

1

1 1

,

1 1//
1 ,

1

1 // //
1 1 ,

1

1

1

0

1

0

N nf NN

nf nf NN N

N N

nf N nf NN N N

N

N

nfN

N

N

q z

q z q z
f nxz f

q z q zf
nf

nf

q zN
N nxz f

N

N N
N N nxz f

N N

e

S e e

qe e
q

B
S e

C

B B
S

C C




 



 





 





 



 
  
  
  
     

 
   

          
     

        
    

nfN
q z

e


.                (244) 

Combining Eq. (244) with the transfer matrix method which is described in Eqs. 

(217)-(219), we obtain: 

11 // // / / / / / / / / / / / / / / / / / /
1 2 2 1 2 2 1 1 2 2 1 ,

11

// // / / / /
11 12 11 12

,// / / / / / /
21 22 21 22

1

0

1

0

nfN

N

q zN N
N N N N N nxz f

N N

N
nxz

N

B BB
S e

C CC

BM M M M
S

CM M M M


    



      
                  

      
      

       
     

/ / / / / /
11 12 11

,// / / / /
21 22 21

nfN

N

nfN

N

q z

f

q zN N
nxz f

N N

e

M B M C M
S e

M B M C M



   
       

,                (245) 

1// // / / / / / / / / / / / /
2 2 1 2 1 ,

1

// // / / / /
,11 ,12 ,11 ,12

// // / / / /
,21 ,22 ,21 ,22

1

0

1

0

nfN

N

q zj N N
j N j N N j N N nxz f

j N N

Nj j j j

Nj j j j

B B B
S e

C C C

BM M M M

CM M M M


    



       
                

     
     

             
,

/ / / / / /
,11 ,12 ,11

,// / / / /
,21 ,22 ,21

, 2,3,..., 2

nfN

N

nfN

N

q z

nxz f

q zj N j N j
nxz f

j N j N j

S e

M B M C M
S e j N

M B M C M









   
            

,                (246) 

and we obtain: 
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2 2// // / / / /
1 1 11 // 11 // , 12 11 ,

2 2// // / / / /
21 // 21 // , 22 21 ,

//
11 //

nf N nf nf N nfN N N N N N

N N

nf N nf nf N nfN N N N N N

N N

N

q z q z q z q zf a f a
n N n nxz f N nxz f

q z q z q z q zf a f a
n N n nxz f N nxz f

f a
n

D B C M R C e M R S e e M C M S e

M R C e M R S e e M C M S e

M R e

   

   



     

   

  2 2 2// // / / / /
12 21 // 22 11 // ,

2// // / /
11 , 21 // , 21 ,

nf N nf N nf nf NN N N N N N

N

nf nf nf N nfN N N N N

N N N

q z q z q z q zf a f a
n N n nxz f

q z q z q z q zf a
nxz f n nxz f nxz f

M M R e M C M R S e e

M S e M R S e e M S e

 

    

   

  

.                (247) 

Furthermore, we get the following form to solve the coefficient NC : 

   1

1

1 1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1 // 1

2 2// // / /
21 // 21 // , 22 21

nf N nf nf NN N N N N

N

f ns ns

nf ns ns

f f ns nf f ns sfns ns
n

ns nf ns nf ns nf f ns

q z q z q zf a f a
n N n nxz f N

B C D B C
q q q

q q
B C C B R B

q q q q q q

M R C e M R S e e M C M

  

    
 

 

   

    
                  

   

 
 

1

1 1

/ /
,

2 2// / / / / / /
/ / 11 // 11 // , 12 11 ,

2 2// // / / / /
21 // 22 // 11 // // 12

//
21 //

nfN

N

nf N nf nf N nfN N N N N N

N N

nf N nf NN N N N

N

q z

nxz f

q z q z q z q zf a f asf
n n N n nxz f N nxz f

q z q zf a f asf sf
n n n n N

f a
n

S e

R M R C e M R S e e M C M S e

M R e M R M R e R M C

M R S



   

 

   

   

  1

1

1

2 2// / /
, 21 , // 11 // ,

/ /
/ / 11 ,

2 2// // / /
/ / / / 11 // 21 21

,

nf nf N nf nf nf NN N N N N N

N N N

nfN

N

nf nf N nf nf N nfN N N N N N

N

q z q z q z q z q zf asf
nxz f nxz f n n nxz f

q zsf
n nxz f

q z q z q z q z qf a f asf
n n n

N nxz f

e e M S e R M R S e e

R M S e

R R M e e R M e e M e
C S

    



   

 



 
 

  

1

1 1

1

1

//
/ / 11

2 2// // / / / /
/ / 21 22 // // 11 // 12

2// //
/ / 11 21 //

, 2// // / /
/ / 21 22 // // 11

nfN N

nf N nf NN N N N

nf nf N nfN N N N

N nf NN N N

z q zsf
n

q z q zf a f asf sf
n n n n

q z q z q zf asf
n n

nxz f q zf a f asf
n n n

R M e

R M e M R R M e R M

R M M R e e e
S

R M e M R R M e

 

 

  

 


  

 


  1
2 //

/ / 12
nf NN

q z sf
nR M

.                (248) 

Hence we can get the other three coefficients as the following forms: 

  1

1 1

2 2// //
/ / , / / 11 21 // 2

// ,2 2// // / / / /
/ / 21 22 // // 11 // 12

2

// ,

nf nf N nf nf NN N N N N N

N nf nf NN N N

Nnf N nf NN N N N

nf NN N

N

q z q z q z q zf a f asf
n nxz f n n q z q zf a

N n nxz fq z q zf a f asf sf
n n n n

q zf a
n nxz f

R S R M M R e e e e
B R S e e

R M e M R R M e R M

R S e

   

 
 



 
 

  


   

 
1 1

1 1

// / / / / / /
21 // 11 22 // 12

2// // / / / /
/ / 21 // 11 22 // 12

nf nfN N

nf NN N

q z q zsf sf
n n

q zf a sf sf
n n n

M R M e M R M e

R M R M e M R M

 



  

  

,                (249) 

   1

1 1

2// //
/ / , / / 11 21 //

, / /2 2// // / / / /
/ / 21 22 // // 11 // 12

// ,

nf nf N nf nf NN N N N N N na N

N nf nf NN N N na N

Nnf N nf NN N N N

N

N

q z q z q z q zf a f a q zsf
n nxz f n n q z q zf a q z

nxz f nq z q zf a f asf sf
n n n n

f a
n nxz f

T S R M M R e e e e e
A S T e e e

R M e M R R M e R M

T S

   

 
 

 
 

  


   

 
1 1

1 1

// / / / / / /
21 // 11 22 // 12

2// // / / / /
/ / 21 // 11 22 // 12

nf nfN N

nf NN na N

nf NN N

q z q zsf sf
q z n nq z

q zf a sf sf
n n n

M R M e M R M e
e e

R M R M e M R M

 




  

  

,                (250) 
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 2 2 2// // // // //
11 // 12 21 // 22 11 // ,

2// // //
11 , 21 // , 21 ,

2//
11 //

,

nf N nf N nf nf NN N N N N N N

N

nf nf nf N nfN N N N N

N N N

nfN N

N

q z q z q z q zf a f a f a
n n N n nxz f

q z q z q z q zf a
nxz f n nxz f nxz f

qf a
n

nxz f

D M R e M M R e M C M R S e e

M S e M R S e e M S e

M R e
S

  

    



    

  


    1

1 1

2 2// // / / // / /
12 21 // 22 // 11 21 //

2 2// / / // //
// 21 22 // // 11 // 12

2// / /
11 // , 11

N nf N nf nf N nfN N N N N N

nf N nf NN N N N

nf nf NN N N

N

z q z q z q z q zf a f asf
n n n

q z q zf a f asf sf
n n n n

q z q zf a
n nxz f nx

M M R e M R M M R e e e

R M e M R R M e R M

M R S e e M S

   

 

 

    

  

 

   
1

1

2// //
, 21 // , 21 ,

2// // / / // / / / / / / / /
22 11 12 21 // 22 11 12 21

, // 2// //
/ / 21 22 // / /

nf nf nf N nfN N N N N

N N N

nf nf N nfN N N N

N nf NN N N

q z q z q z q zf a
z f n nxz f nxz f

q z q z q zf a
nsf

nxz f n q zf a f asf
n n n

e M R S e e M S e

M M M M R e e M M M M e
S T

R M e M R R

    

  



 

  


  1
2// / /

11 // 12
nf NN

q z sf
nM e R M

 

.                (251) 

Then we solve the coefficients in Eq. (236) completely. 

<2> If 2,3,..., 1k N   

   
2

2 2

//

/ /

nf N nf N nf N nf NNN N N N

N

nf NN N N

N N

nf N nf NN N N N N

N N

nf NN N na N

q z q z q z q zfa
N N N N

na nf

q zf fa a
N N

nf na nf na

q z q zf na a nf f a
N N n N

f na a nf

q zf a q z
n N N

B e C e B e C e
q q

B C e
q q q q

q q
B C e R C e

q q

A R C e e C



  

 
 

 



 



   

   
         

   


  


   / /
nf N nf NN na N N N na N

q z q zq z f a q z
n Ne e T C e e

 

,    (252) 

which is the same as Eq. (216) and 

1 1

1 1 1

1

1 1 ,

1 1 ,

//

nf k nf k nf nf k nf k nf kk k k k k k

k

nf k nf k nf nf k nf k nf kk k kk k k k k k

k

k k k

q z q z q z q z q z q z

k k nxz f k k

q z q z q z q z q z q zf f f
k k nxz f k k

nf nf nf

k
k

k

B e C e S e e B e C e

B e C e S e e B e C e
q q q

B B

C

  

 

  



  
 

  
 

    

            


 
   

 

1

1
,

1

1//

1

1

2

nf k nf kk k

nf nf kk k

knf k nf k kk kk k

kk k

nf k nf kk k k

kk

nf k nf kkk k k

k

q z q z

q z q zk
fq z q z nxz ff f

k
nfnf nf

q z q zf

nfnfk
k

q z q zk ff

nf

e e

S e e
C e e

qq q

e e
qqB

C
e e

q

 







 




 





   
             

  
 

 
            

 

,

1//
,

1

1

0

1

nf nf kk k

k k

k

nfk

k

q z q z
f nxz f

nf

q zk
k nxz f

k

S e e

q

B
S e

C

  





 
 
 
 
 

   
     

  

 

,                (253) 

and 
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1 1 1 1 11 1

1 1 1 1 11 1 1

1

, 1 1

, 1 1

nf nf k nf k nf k nf k nf kk k k k k k

k

nf nf k nf k nf k nf k nf kk k kk k k k k k

k

k k k

q z q z q z q z q z q z

nxz f k k k k

q z q z q z q z q z q zf f f
nxz f k k k k

nf nf nf

S e e B e C e B e C e

S e e B e C e B e C e
q q q

  

     

      



  
 

  
 

     

          

1 1

1

1 1

1

1 1//
1 ,

1

1 1//
1

1

1

2

nf k nf kk

nf nf kk k

knf k nf k kk kk k

kk k

nf kk k

kk

k

q z q z

q z q zk k
fq z q zk nxz ff f

k k
nfnf nf

q zf

nfnfk
k

k f

e e
B B

S e e
C C e e

qq q

e
qqB

C

 





 



 





 






 









   
                       

  

 
     

 

1 1

1

1 1

,

1 1//
1 ,

1

1 // / /
1 1 ,

1

1

1

0

1

0

nf k

nf nf kk k

k k

nf k nf kk k k

k

k

nfk

k

k

q z

q z q z
f nxz f

q z q zf
nf

nf

q zk
k nxz f

k

qk k
k k nxz f

k k

e

S e e

qe e
q

B
S e

C

B B
S e

C C








 





 





 



 
  
  
  
     

 
   

          
     

        
    

nfk
z

.                (254) 

Combining Eqs. (253)-(254) with the transfer matrix method which is described in 

Eqs. (217)-(219), we obtain: 

11 // // / / / / / / / / / / / / / / / / / /
1 2 2 1 2 2 1 1 2 2 1 ,

11

1// // / / / / / / / / / / / / / /
1 2 2 1 1 2 2 1 ,

1

1

0

0

1

nfk

k

k

q zk k
k k k k k nxz f

k k

k
k k k k k nxz f

k

B BB
S e

C CC

B
S e

C


    




   



      
                   

      
   

            
  

/ / / / / / / /
1 2 2 1 ,

// / / / / / // / / /
11, 1 12, 1 11, 1 12, 111 12

,// / / / / / // / / /
21, 1 22, 1 21, 1 22, 121 22

1

0

0 1

1 0

nf nfk k

k

nfk

k

q z q z

k k nxz f

q zN k k k k
nxz f

N k k k k

S e

B M M M MM M
S e

C M M M MM M

 
 

   

   

 
      

 
        

         
       

,

/ / / // / / /
12, 1 11, 111 12

, ,// / // / / /
22, 1 21, 121 22

nfk

k

nf nfk k

k k

q z

nxz f

q z q zk kN N
nxz f nxz f

k kN N

S e

M MM B M C
S e S e

M MM B M C



  

 


 
 

    
           

,                (255) 

1// // / / / / / / / / / / / /
2 2 1 2 1 ,

1

1// // / / / / / / / / / / / / / /
2 1 2 1 , 2

1

1

0

0

1

nfk

k

nfk

k

q zj k k
j k j k k j k k nxz f

j k k

q zk
j k k k j k k nxz f j k

k

B B B
S e

C C C

B
S e

C


    




    



       
                

     
   

             
  

/ /
1 ,

// / / / / / / / / / /
,11 ,12 ,11, 1 ,12, 1 ,11, 1 ,12, 1

,// / / / / / / / / / /
,21 ,22 ,21, 1 ,22, 1 ,21, 1 ,22, 1

1

0

0

1

nfk

k

nfk

k

q z

k nxz f

q zNj j j k j k j k j k
nxz f

Nj j j k j k j k j k

S e

BM M M M M M
S e

CM M M M M M




   

   

 
 
 

        
                   

,

/ / / / / / / /
,11 ,12 ,12, 1 ,11, 1

, ,/ / / / / / / /
,21 ,22 ,22, 1 ,21, 1

1

0

, 2,3,..., 1, 1

nfk

k

nf nfk k

k k

q z

nxz f

q z q zj N j N j k j k
nxz f nxz f

j N j N j k j k

S e

M B M C M M
S e S e j N j k

M B M C M M
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,                (256) 

1// // / /
, 1 ,

1

// / /
,11 ,12

,// / /
,21 ,22

// //
,11 ,12

//
,21 ,2

0 0

1 1

0

1

nf nfk k

k k

nfk

k

q z q zk k N
k nxz f k N nxz f

k k N

q zNk k
nxz f

Nk k

k N k N

k N k

B B B
S e S e

C C C

BM M
S e

CM M

M B M C

M B M

 






        
              

        
    

     
   




 ,/ /
2

0
, 2,3,..., 1,

1
nfk

k

q z

nxz f
N

S e j N j k
C

   
      
  

,   (257) 

// //
1 ,11 ,12// // / / / /

1 1 // / /
1 ,21 ,22

// //
,11 ,12

// //
,21 ,22

, 2,3,..., 1, 1

j j N Nj j
j j j N

j j N Nj j

j N j N

j N j N

B B B BM M

C C C CM M

M B M C
j N j k

M B M C


 



        
                        

 
       

,   (258) 

and we obtain: 

2 2// // / / / /
1 1 11 // 12 21 // 22

// // / / / /
12, 1 , 11, 1 , 22, 1 , 21, 1 ,

nf N nf NN N N N

nf nf nf nfk k k k

k k k k

q z q zf a f a
n N N n N N

q z q z q z q z

k nxz f k nxz f k nxz f k nxz f

D B C M R C e M C M R C e M C

M S e M S e M S e M S e

 

    
   

     

   
. (259) 

Furthermore, we get the following form to solve the coefficient NC : 

 

 

1

1

1

1

2// // / / / /
11 // 12 12, 1 , 11, 1 ,

2// // / / / /
21 // 22 22, 1 , 21, 1 ,

2//
11 //

nf N nf nfN N k k

k k

nf N nf nfN N k k

k k

nN

q z q z q zf f a
n N N k nxz f k nxz f

nf

q z q z q zf f a
n N N k nxz f k nxz f

nf

qf as
n N

ns

M R C e M C M S e M S e
q

M R C e M C M S e M S e
q

M R C e
q







  
 

  
 



  

   

  

 

 1

1

2// // / /
12 21 // 22

// // / / / /
12, 1 , 11, 1 , 22, 1 , 21, 1 ,

2// //
11 // 12

f N nf NN N N

nf nf nf nfk k k k

k k k k

nf NN N

z q zf a
N n N N

q z q z q z q zs
k nxz f k nxz f k nxz f k nxz f

ns

q zf f as s
n

ns nf

M C M R C e M C

M S e M S e M S e M S e
q

M R e M
q q q



 



    
   



  

   

 
     

 
 

   

1

1

1 1

1 1

2// //
21 // 22

// // / / / /
12, 1 11, 1 22, 1 21, 1 ,

,

nf NN N

nf nf nf nfk k k k

k

k

q zf f a
n N

ns nf

q z q z q z q zf fs s
k k k k nxz f

ns nf ns nf

s

ns

N nxz f

M R e M C
q

M e M e M e M e S
q q q q

q
C S



  





    
   

  
       

    
                 



 
   

 

1 1

1 1

1 1

1 1

// / / / / / /
12, 1 11, 1 22, 1 21, 1

2 2// // / / /
11 // 12 21 // 22

nf nf nf nfk k k k

nf N nf NN N N N

q z q z q z q zf fs
k k k k

nf ns nf

q z q zf ff a f as s
n n

ns nf ns nf

M e M e M e M e
q q q

M R e M M R e M
q q q q



  

    
   

 

   
         

   
   

          
   

 

   
   

1

1

/

/ / / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

, 2 2// / / / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

k nf N nf NN N N N

q z q z q z q zsf
n k k k k

nxz f q z q zf a f asf
n n n

R M e M e M e M e
S

R M R e M M R e M
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.                (260) 

Hence we can get the other three coefficients as the following forms: 

   
   

1

1

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 12

// , 2 2// // / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

nf NN N

k nf N nf NN N N N

q z q z q z q zsf
n k k k kq zf a

N n nxz f q z q zf a f asf
n n n

R M e M e M e M e
B R S e

R M R e M M R e M

    
   

 

  


  
,

                (261) 

   
   

1

1

/ / / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

// , 2 2// // / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

nf NN N na N

k nf N nf NN N N N

q z q z q z q zsf
n k k k kq zf a q z

n nxz f q z q zf a f asf
n n n

R M e M e M e M e
A T S e e

R M R e M M R e M

    
   

 

  


  

,                (262) 

 

 1

2 2// / / / / / /
11 // 12 21 // 22

// / / / / / /
12, 1 , 11, 1 , 22, 1 , 21, 1 ,

// / /
/ / 12, 1 11, 1

nf N nf NN N N N

nf nf nf nfk k k k

k k k k

nf nfk k

q z q zf a f a
n n N

q z q z q z q z

k nxz f k nxz f k nxz f k nxz f

q z q zsf
n k k

D M R e M M R e M C

M S e M S e M S e M S e

R M e M e

 

    
   

 
 

   

   

 


 
   

 
1

1

// / /
22, 1 21, 1 2//

11 // ,2 2// // / / / /
/ / 11 // 12 21 // 22

// // / / / /
/ / 12, 1 11, 1 22, 1 21, 1

nf nfk k

nf NN N

knf N nf NN N N N

nf nf nf nfk k k k

q z q z

k k q zf a
n nxz fq z q zf a f asf

n n n

q z q z q z qsf
n k k k k

M e M e
M R e S

R M R e M M R e M

R M e M e M e M e

 
  

 

    
   



  

  


 
   

   
 

1

1

1

//
12 ,2 2// // / / / /

/ / 11 // 12 21 // 22

// // / / / /
/ / 12, 1 11, 1 22, 1 21, 1

2// // / /
/ / 11 // 12 21 //

knf N nf NN N N N

nf nf nf nfk k k k

nf NN N N

z

nxz fq z q zf a f asf
n n n

q z q z q z q zsf
n k k k k

q zf a f asf
n n n

M S
R M R e M M R e M

R M e M e M e M e

R M R e M M R e

 

    
   



  

  


   
   

   
1

1

2//
21 // ,2 / /

22

// // / / / /
/ / 12, 1 11, 1 22, 1 21, 1 //

22 ,2 2// // / / / /
/ / 11 // 12 21 // 22

12,

nf NN N

knf NN

nf nf nf nfk k k k

knf N nf NN N N N

q zf a
n nxz fq z

q z q z q z q zsf
n k k k k

nxz fq z q zf a f asf
n n n

k

M R e S
M

R M e M e M e M e
M S

R M R e M M R e M

M





    
   

 





  


  

 / / / / / / / /
1 , 11, 1 , 22, 1 , 21, 1 ,

nf nf nf nfk k k k

k k k k

q z q z q z q z

nxz f k nxz f k nxz f k nxz fS e M S e M S e M S e
    

     .

                (263) 

Then we solve the coefficients in Eq. (236) completely. 

<3> If 1k   

   
2

2 2

//

/ /

nf N nf N nf N nf NNN N N N

N

nf NN N N

N N

nf N nf NN N N N N

N N

nf NN N na N

q z q z q z q zfa
N N N N

na nf

q zf fa a
N N

nf na nf na

q z q zf na a nf f a
N N n N

f na a nf

q zf a q z
n N N

B e C e B e C e
q q

B C e
q q q q

q q
B C e R C e

q q

A R C e e C



  

 
 

 



 



   

   
         

   


  


   / /
nf N nf NN na N N N na N

q z q zq z f a q z
n Ne e T C e e

 

,    (264) 

and 
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1 1 1 1 12 2 1 1 1 1

1

1 1 1 1 12 1 12 2 1 1 1 1

1

2 1 1

11

2 2 , 1 1

2 2 , 1 1

1 2//
1

1 2

nf nf nf nf nf nf

nf nf nf nf nf nf

nf

q z q z q z q z q z q z

nxz f

q z q z q z q z q z q zf f f
nxz f

nf nf nf

q z q

B e C e S e e B e C e

B e C e S e e B e C e
q q q

e e
B B

C C

  

  

  



    

            


   
      

   

11

11 1

11 1 11 11 1

11 1

1 11 1 1

11

1 1

1 111 1 1

1

1

1

,

2/ /
1 ,

2

1

1

2

nf

nf nf

nf nf

nf nf

n

nf nf

z

q z q z
fq z q z nxz ff f

nfnf nf

q z q zf

nf qnf
f nxz f

q z q zff
nf

nf

S e e
e e

qq q

e e
qqB

S e
C

qe e
q

 








 


 

   
   
         

 
  

                 
 

11 1

1

1

2//
1 ,

2

0

1

f nf

nf

z q z

q z

nxz f

e

B
S e

C

 

   
     

  

. (265) 

Combining Eq. (265) with the transfer matrix method which is described in Eqs. 

(217)-(219), we obtain: 

1 1

1 1

1

1

// / /
1 2// 11 12

1 , ,/ / / /
1 2 21 22

// / /
11 12

,// / /
21 22

0 0

1 1

0

1

nf nf

nf

q z q zN
nxz f nxz f

N

q zN N
nxz f

N N

BB B M M
S e S e

CC C M M

M B M C
S e

M B M C

 



          
             

         
   

       

,   (266) 

// // // / /
,11 ,12 ,11 ,11// //

1 // // / / / /
,21 ,22 ,21 ,22

, 2,..., 1j N Nj j j N j N
j N

j N Nj j j N j N

B B BM M M B M C
j N

C C CM M M B M C

        
                         

,                (267) 

and we obtain: 

 

1 1

1 1

1

1

1

1

2// //
, 1 1 , 11 // 12

2// / /
21 // 22 ,

2 2// // / / / /
11 // 12 21 // 22 , ,

nf Nnf nf N N

nf N nfN N

nf N nf N nfN N N N

q zq z q z f a
nxz f nxz f n N N

q z q zf a
n N N nxz f

q z q z q zf a f a
n n N nxz f nxz

D S e B C S e M R C e M C

M R C e M C S e

M R e M M R e M C S e S

   



  

       

  

      1

1

nfq z

f e


. (268) 

Furthermore, we get the following form to solve the coefficient NC : 
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   1 11 1

1 1

1 1

1 1 1 1

1

1 1 1

1

, 1 1 , 1 1

1 1 ,

2// // / /
11 // 12 21 /

//

1

nf nf

nf

nf NN N

q z q zf f s
nxz f nxz f

nf nf ns

q zf f fs s s
nxz f

ns nf ns nf ns nf

q zf a
n N N nsf

n

S e B C S e B C
q q q

B C S e
q q q q q q

M R C e M C M R
R

  

    

  





      

     
                

     

     
 

1 1

1 1

1 1 1 1 1

1 1

1 1 1

1

2 //
/ 22 , ,

2 2// // / / / /
11 // / / 12 // 21 // 22 , , / /

/ /
,

1

nf N nf nfN N

nf N nf N nf nfN N N N

nf nf

q z q z q zf a
N N nxz f nxz f

q z q z q z q zf a f asf sf sf
n n n n N nxz f nxz f n

q z q zsf
n

N nxz f

C e M C S e S e

M R R e M R M R e M C S e S R e

e R e
C S

M

  

   

 

  

     


 

1 1
2 2// / / / / / /

1 // / / 12 // 21 // 22
nf N nf NN N N N

q z q zf a f asf sf
n n n nR R e M R M R e M

   

.                (269) 

Hence we can get the other three coefficients as the following forms: 

1 1 1

1 1 1

2//
// , 2 2// / / / / / /

11 // / / 12 // 21 // 22

nf nf

nf NN N

nf N nf NN N N N

q z q zsf
q zf a n

N n nxz f q z q zf a f asf sf
n n n n

e R e
B R S e

M R R e M R M R e M

 


 




  
, (270) 

1 1 1

1 1 1

//
/ / , 2 2// // / / / /

11 // // 12 // 21 // 22

nf nf

nf NN N na N

nf N nf NN N N N

q z q zsf
q zf a q zn

n nxz f q z q zf a f asf sf
n n n n

e R e
A T S e e

M R R e M R M R e M

 


 




  
, 

                (271) 

 
  

1 1

1 1

1 1 1

1 1

2 2// // / / / /
11 // 12 21 // 22 , ,

2 2// // / / / /
11 // 12 21 // 22 //

, 2//
11 // //

nf N nf N nf nfN N N N

nf N nf N nf nfN N N N

nN

q z q z q z q zf a f a
n n N nxz f nxz f

q z q z q z q zf a f a sf
n n n

nxz f qf asf
n n

D M R e M M R e M C S e S e

M R e M M R e M e R e
S

M R R e

   

   



     

   


   

1 1

1 11

1 1

1

1 1

, ,2// / / / /
12 // 21 // 22

2 2// // / / / /
11 // 12 21 // 22

, // 2// / /
11 // // 12 //

nf nf

f N nf NN N N

nf N nf Nnf nfN N N N

nf NN N

q z q z

nxz f nxz fz q zf asf
n n

q z q zq z q zf a f a
n nf s

nxz f n q zf asf s
n n n

S e S e
M R M R e M

e M R e M e M R e M
S T

M R R e M R

 


  



 
  

  


 1
2// //

21 // 22
nf NN N

q zf af
nM R e M

 

.                (272) 

Then we solve the coefficients in Eq. (236) completely. Next we discuss the 

component nyyg , starting from Eq. (113), we have: 

   2 2
z n nyyq g z z      .           (273) 

Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z   (without loss of generality, we may set 0 0z  ), the 

corresponding different equation in regions Nz z , 1 , , 1,...,2,1j jz z z j N N      

and 0z   are: 
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2 2

2 2
1

2 2

0,

0, , 1,2,...,

, 0

j

z na nyy N

z nf nyy j j

z ns nyy

q g z z

q g z z z j N

q g z z z



    

      


     







.        (274) 

Furthermore, the solutions of Eq. (274) are: 

1

,

,

, , 1,2,...,

, 0

na

nf nfj j

ns ns

q z
N

q z q z

nyy j j j j

q z z q z
nyy s

Ae z z

g B e C e z z z j N

S e De z







 

 
    


 

 ,      (275) 

where ,

1

2nyy s
ns

S
q

 . In order to match the boundary conditions of nyyg  as discuss in 

Eq. (116): 

, , 0,1,...,
j j j j

nyy nyy z nyy z nyyz z z z
g g g g j N

   
        ,      (276) 

we have the following simulated equations: 

1 1

1 1

1 1 ,

,

, , 1,..., 1

, 0

nf N nf Nna N N N

nf j nf j nf j nf jj j j j

ns

q z q zq z
N N N

q z q z q z q z

j j j j j

q z
nyy s

Ae B e C e z z

B e C e B e C e z z j N

B C S e D z

 



 

 



   


     


   

,   (277) 

and 

1 1

1 1

1 1

1 1

1 1 ,

,

, , 1,..., 1

, 0

nf N nf Nna N N N

N N

nf j nf j nf j nf jj j j j

j j j j

ns

q z q zq z
na N nf N nf N

q z q z q z q z

j nf j nf j nf j nf j

q z
nf nf nyy s ns ns

q Ae B q e C q e z z

B q e C q e B q e C q e z z j N

B q C q S q e Dq z

 

 



 

 



   

     







   


. 

                (278) 

Furthermore, we obtain: 

 
    2

2 2

nf N nf N nf N nf NN N N N

N N

nf NN

N N

nf N nf NN N N N

N

nf N nf N nf NN N na N N na N N N na N

q z q z q z q z

na N N N nf N nf

q z

nf na N nf na N

q z q znf na f a
N N n N

nf na

q z q z q zf a q z q z f a q z
n N N n N

q B e C e B q e C q e

q q B q q C e

q q
B C e R C e

q q

A R C e e C e e T e e C

 



 


  
 

   

   


  



   

,    (279) 

and 
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1 1

1 1

1 1

1 1

1 1

, 1,..., 1

, 1,..., 1

nf j nf j nf j nf jj j j j

nf j nf j nf j nf jj j j j

j j j j

nf j nf jj j

nf j nf jj j

j j

q z q z q z q z

j j j j

q z q z q z q z

j nf j nf j nf j nf

q z q z

j

q z q z
jnf nf

B e C e B e C e j N

B q e C q e B q e C q e j N

e e B

Cq e q e

 

 

 

 

 

 

 





     


    
  
  

1 1

1 1

1 1

1 1

1

1 1

1

1

1

, 1,..., 1
nf j nf jj j

nf j nf jj j

j j

nf j nf j nf j nf jj j j j

nf j nf j nf j nfj j j j

j j j j

q z q z

j

q z q z
jnf nf

q z q z q z q z

j

q z q z q z q
j nf nf nf nf

e e B
j N

Cq e q e

e e e eB

C q e q e q e q e

 

 

 

 

 

 








 

 

              

            
1

1

1

1

1

1
31 2

1 1 2 1 2 1
131 2

11 1211 12

2121 22

, 1,..., 1

...

j

j

z
j

j

j
j

N
N N

N j
jN N

N N N

N N

B

C

B
j N

C

B B BB B

C C CC C

B M B M CM M

C M BM M










      




  

 

       
 

    
 

        
                    

         
   

   
  



22

1 2

1 1 1
1 2

,11 ,12 ,11 ,12

,21 ,22 ,21 ,22

...

, 2,3,..., 1

N

j j j N
j j j j j N

j j j N

Nj j j N j N

Nj j j N j N

M C

B B B B

C C C C

BM M M B M C
j N

CM M M B M C



      
  

 

   

   

 
  

       
                 

      
    

              

, 

                (280) 

where we define a transfer matrix , 1,..., 1j j N    as the following form: 

1 1

1 1

1 1

1 1

1

1

1
nf j nf j nf j nf jj j j j

nf j nf j nf j nf jj j j j

j j j j

nf j nf jj j nf j nf jj j

j

nf jjnf j nf jj j

jj

q z q z q z q z

j q z q z q z q z

nf nf nf nf

q z q z q z q z
nf

q zq z q z
nf nfnf

e e e e

q e q e q e q e

q e e e e

q e qq e e

 

 

 

 





 


 

  

   
    
       

  
 
   

1

1

1 11 1

1 11 1

1

1

2

2 2

2 2

1

nf jj

j

j

nf j nf j nf j nf jj j j jj j j j

j j

nf j nf j nf j nf jj j j jj j j j

j j

nf j nfj j

j j

q z

nf

q z q z q z q znf nf nf nf

nf nf

q z q z q z q znf nf nf nf

nf nf

q z q

f f
n

e

q

q q q q
e e e e

q q

q q q q
e e e e

q q

e e

T





  

  







  







 
 
 
 


  
 
 

    
 
 


1 1

1 1 1

j nf j nf jj j j j

nf j nf j nf j nf jj j j j j j

z q z q zf f

n

q z q z q z q zf f

n

R e e

R e e e e

 

  

 







 
 
 
 

,    (281) 
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1 1 1

1
1 1 1

1 1
11 12

1 1 21 22

1
nf j nf j nf j nf jj j j j j j

j j nf j nf j nf j nf jj j j j j j

q z q z q z q zf fN N
n

j f f q z q z q z q zf f
j j n n

e e R e e M M
T

M MT R e e e e

  

   

     


 
   

   
        

  ,  (282) 

and 

 
1 1 ,

2 2

11 12 21 22 ,

ns

nf N nf NN N N N ns

q z
nyy s

q z q zf a f a q z
n n N nyy s

D B C S e

D M R e M M R e M C S e



     
 

  

     
.  (283) 

Furthermore, we get the following form to solve the coefficient NC : 

 
 
 

1 1

1

1

1 1 ,

2 2

11 12 21 22 ,

2 2

11 12 21 22 ,

11

ns

nf N nf NN N N N ns

nf N nf NN N N N ns

N

q z
nf nf nyy s ns ns

q z q zf a f a q z
n n N nf N nyy s ns

q z q zf a f a q z
n n ns N nyy s ns

f a
ns nf n

B q C q S q e Dq

M R e M M R C e M q C S q e

M R e M M R e M q C S q e

q q M R



     
 

     
 




   

     

    

      

      

1

1 1

1

1

2 2

12 21 22 ,

,

2 2

11 12 21 22

,

2

11

2

2

nf N nf NN N N ns

ns

nf N nf NN N N N

ns

nf NN N

q z q zf a q z
ns nf n N ns nyy s

q z
ns nyy s

N q z q zf a f a
ns nf n ns nf n

q zsf
n nyy s

q zf asf
n n

e M q q M R e M C q S e

q S e
C

q q M R e M q q M R e M

T S e

R M R e

    




    
 





 

      

 
    


   2

12 21 22
nf NN N

q zf a
nM M R e M

  
 

.                (284) 

Hence we can get the other three coefficients as the following forms: 

   
1

1

2
2 ,

2 2

11 12 21 22

nf NN ns N

nf NN N

nf N nf NN N N N

q zf a q zsf
q z n n nyy sf a

N n N q z q zf a f asf
n n n

R T S e e
B R C e

R M R e M M R e M


  

     
  

 
  

, (285) 

   
1

1

,

2 2

11 12 21 22

nf NN ns N na N

nf NN N na N

nf N nf NN N N N

q zf a q z q zsf
q z n n nyy sf a q z

n N q z q zf a f asf
n n n

T T S e e e
A T e e C

R M R e M M R e M


  

     
  

 
  

, 

                (286) 

 
 

   
1

1

2 2

11 12 21 22 ,

2 2

11 12 21 22 ,

,2 2

11 12 21 22

nf N nf NN N N N ns

nf N nf NN N N N ns

ns

nf N nf NN N N N

q z q zf a f a q z
n n N nyy s

q z q zf a f a q zsf
n n n nyy s q

nyy sq z q zf a f asf
n n n

D M R e M M R e M C S e

M R e M M R e M T S e
S e

R M R e M M R e M

     
 

     
  

    
  

    

  
 

  

 
   

1 1

1

2

11 21 12 22

,2 2

11 12 21 22

nf NN N

ns

nf N nf NN N N N

z

q zf a sf sf
n n n q z

nyy sq z q zf a f asf
n n n

R M M R e M M R
S e

R M R e M M R e M



   
   

    
  

  


  

. (287) 

Hence we solve the coefficients in Eq. (275) completely. Next we consider Nz z  , 

the corresponding different equation in regions Nz z , 1 , 1,2,...,j jz z z j N     
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and 0z   are: 

   

 
 

2 2

2 2
1

2 2

,

0, , 1,2,...,

0, 0

j

z na nyy N

z nf nyy j j

z ns nyy

q g z z z z

q g z z z j N

q g z





      

      


   







.        (288) 

Furthermore, the solutions of Eq. (288) are: 

,

1

,

, , 1,2,...,

, 0

na na

nf nfj j

ns

q z z q z
nyy a N

q z q z
nyy j j j j

q z

S e Ae z z

g B e C e z z z j N

De z

  





  
     




 ,      (289) 

where ,

1

2nyy a
na

S
q

 . In order to match the boundary conditions of nyyg  as discuss in 

Eq. (276), we have the following simulated equations: 

1 1

,

1 1

1 1

,

, , 1,..., 1

, 0

nf N nf Nna na N na N N N

nf j nf j nf j nf jj j j j

q z q zq z q z q z
nyy a N N N

q z q z q z q z

j j j j j

S e e Ae B e C e z z

B e C e B e C e z z j N

B C D z

 

 

 

 

    

      


  

,   (290) 

and 

1 1

1 1

1 1

,

1 1

1 1

,

, , 1,..., 1

, 0

nf N nf Nna na N na N N

N N

nf j nf j nf j nf jj j j j

j j j j

q z q zq z q z q z
nyy a na na N nf N nf N

q z q z q z q z

j nf j nf j nf j nf j

nf nf ns

S q e e q Ae B q e C q e z z

B q e C q e B q e C q e z z j N

B q C q Dq z

 

 

 

 

 

   

 



   


 










. 

                (291) 

Furthermore, we obtain: 

 
   
, ,

2

,

2

2

2

nf N nf N nf N nf Nna na N N N na na N N N

N N

nf N nf NN na na N N

N N

nf NN N

N N

q z q z q z q zq z q z q z q z
nyy a na na N N nyy a N nf N nf

q z q zq z q z
nf na N nf na N nyy a na

q znf na na
N N

nf na nf

S q e e q B e C e S e e B q e C q e

q q B q q C e S q e e e

q q q
B C e

q q q q

   

 



    

    


  

  ,

2

,

2
,

2
,

nf Nna na N N

nf N nf NN N N na na N N

nf N nf NN na N N na N na na N

nf N nf NN N na N N na na N N

q zq z q z
nyy a

na

q z q zf a af q z q z
n N n nyy a

q z q zq z q z q z q z
N N nyy a

q z q zf a q z af q z q z q
n N n nyy a N

S e e e

R C e T S e e e

A B e e C e e S e e

R C e e T S e e C e e



 
 

 

 
 

 

   

   2
,

2
,

na N na na N

nf NN N na N N na na N

z q z q z
nyy a

q zf a q z f a q z q z
n N n nyy a

S e e

T C e e R S e e



 
 



 

,                (292) 

and 
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 2 2

1 1 11 12 21 22

11 , 21 ,

nf N nf NN N N N

nf N nf NN na na N N N na na N N

q z q zf a f a
n n N

q z q zaf q z q z af q z q z
n nyy a n nyy a

D B C M R e M M R e M C

M T S e e e M T S e e e

    
 

    
 

     

 
.   (293) 

Furthermore, we get the following form to solve the coefficient NC : 

 
   

 
 

1 1

1 1

1

1 1

1 1 1 1

1 1

1 1

2

21 22 21 ,

2

11 12 11 ,

nf N nf NN N N na na N N

nf N nfN N N na na N N

nf nf ns

ns nf ns nf

sf
n

q z q zf a af q z q z
n N n nyy a

q z q zf a af q z q zsf sf
n n N n n nyy a

B q C q B C q

q q B q q C

C R B

M R e M C M T S e e e

R M R e M C R M T S e e e



   
 

   
   

  

    

  

  

   

 

 

1

1

1

2 2

21 22 11 12

21 , 11 ,

, 21 11

N

nf N nf NN N N N

nf N nf NN na na N N N na na N N

nf NN na na N N

q z q zf a f asf
n n n N

q z q zaf q z q z af q z q zsf
n nyy a n n nyy a

q zaf q z q zsf
n nyy a n

N

M R e M R M R e M C

M T S e e e R M T S e e e

T S M R M e e e
C

M

    
  

    
  

 
 

     

  

 
 

 1
2 2

21 22 11 12
nf N nf NN N N N

q z q zf a f asf
n n nR e M R M R e M

    
    

.  (294) 

Hence we can get the other three coefficients as the following forms: 

 
 

 

1

1

1

2, 21 11

,2 2

21 22 11 12

, 22 12

nf NN N na na N N

nf N nf NN N na na N N

nf N nf NN N N N

N na na N

q zf a af q z q zsf
q z q zn n nyy a n af q z q z

N n nyy aq z q zf a f asf
n n n

qaf q z q zsf
nyy a n n

R T S M R M e e e
B e T S e e e

M R e M R M R e M

S T M R M e e e

 
    

    
  

 
 

 
 

  




 1
2 2

21 22 11 12

nf NN

nf N nf NN N N N

z

q z q zf a f asf
n n nM R e M R M R e M

    
    

,                (295) 

 
 

1

1

2
,

, 21 11 2
,2 2

21 22 11 12

nf NN N na N N na na N

nf NN N na na N N

nf NN na N N na n

nf N nf NN N N N

q zf a q z f a q z q z
n N n nyy a

q zf a af q z q zsf
q zn n nyy a n q z f a q z q

n nyy aq z q zf a f asf
n n n

A T C e e R S e e

T T S M R M e e e
e e R S e e

M R e M R M R e M

 
 

 
   

    
  

 

 
 

  

 
1 1

1

2 2
221 11 22 12

, 2 2

21 22 11 12

a N

nf N nf NN N N N

na na N

nf N nf NN N N N

z

q z q z f a f asf sf
q z q zn n n n

nyy a q z q zf a f asf
n n n

M e R M e R M R R M
S e e

M R e M R M R e M

    
   

    
  

  
 

  

,                (296) 
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2 2

11 12 21 22

11 , 21 ,

2 2

, 11 12 21 22 21

nf N nf NN N N N

nf N nf NN na na N N N na na N N

nf N nf NN N N N N

q z q zf a f a
n n N

q z q zaf q z q z af q z q z
n nyy a n nyy a

q z q zaf f a f a
n nyy a n n n

D M R e M M R e M C

M T S e e e M T S e e e

T S M R e M M R e M M R

    
 

    
 

     
   

   

 

    


 
 

  

1

1

1

11

2 2

21 22 11 12

11 , 21 ,

, 11 22 12 211

nf Nna na N N

nf N nf NN N N N

nf N nf NN na na N N N na na N N

N

q zq z q zsf

q z q zf a f asf
n n n

q z q zaf q z q z af q z q z
n nyy a n nyy a

af qsf
n nyy a n

M e e e

M R e M R M R e M

M T S e e e M T S e e e

T S R M M M M e



    
  

    
 

   
 

  

 

 


 1
2 2

21 22 11 12

nf Nna na N N

nf N nf NN N N N

q zz q z

q z q zf a f asf
n n n

e e

M R e M R M R e M



    
    

.                (297) 

According to Eq. (280), the coefficients jB  and , 1,2,..., 1jC j N   are obtained 

and then we solve the coefficients in Eq. (289) completely. Next we consider the 

location of a point source is inside the film layer, that is 1 , 1,2,...,k kz z z k N    . 

Fixed the index k , the corresponding different equation in regions Nz z , 

1 , , 1,...,2,1j jz z z j N N      and 0z   are: 

 
   

 

2 2

2 2
1

2 2

0,

, , 1,2,...,

0, 0

j

z na nyy N

z nf nyy jk j j

z ns nyy

q g z z

q g z z z z z j N

q g z

  

    

        


   







.     (298) 

Furthermore, the solutions of Eq. (298) are: 

, 1

,

, , 1,2,...,

, 0

na

nf nfnf j jk

k

ns

q z
N

q z q zq z z
nyy nyy f jk j j j j

q z

Ae z z

g S e B e C e z z z j N

De z





 


 


     




 ,   (299) 

where ,

1

2k

k

nyy f
nf

S
q

 . Using the boundary conditions of nyyg  as shown in Eq. (276), 

we have the following simulated equations: 

<1> If k N : 

1 1 1 1 11 1

1 1

,

, 1 1

1 1

1 1

, 1,..., 2

nf nf N nf N nf Nna N N N N N

N

nf nf N nf N nf N nf N nf NN N N N N N

N

nf j nf j nf j nf jj j j j

q z q z q z q zq z
nyy f N N

q z q z q z q z q z q z

nyy f N N N N

q z q z q z q z

j j j j

Ae S e e B e C e

S e e B e C e B e C e

B e C e B e C e j N

B C

     

 

  

  
 

 

 

  

   

    

 D










, (300) 

and 
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1 1 1 1 11 1

1

,

, 1 1

nf nf N nf N nf Nna N N N N N

N N N

nf nf N nf N nf N nf N nf NN N N N N N

N N N N

nf j nf jj j

j

q z q z q z q zq z
na nyy f nf nf N N

q z q z q z q z q z q z

nyy f nf nf N N nf N N

q z q z

nf j j n

q Ae S q e e q B e C e

S q e e q B e C e q B e C e

q B e C e q

     



  

  
 



    

         
   

 

1 1

1

1

1 1

1 1

, 1,..., 2nf j nf jj j

j

q z q z

f j j

nf ns

B e C e j N

q B C Dq

 





 







     
  

.                (301) 

<2> If 2,3,..., 1k N   

1 1

1 1 1 1 11 1

1 1 ,

, 1 1

nf N nf Nna N N N

nf k nf k nf nf k nf k nf kk k k k k k

k

nf nf k nf k nf k nf k nf kk k k k k k

k

nf j nfj

q z q zq z
N N

q z q z q z q z q z q z

k k nyy f k k

q z q z q z q z q z q z

nyy f k k k k

q z q

j j

Ae B e C e

B e C e S e e B e C e

S e e B e C e B e C e

B e C e

 

     



  
 

  
 



 

   

   

 1 1

1 1

1 1

, 1,..., 1, 1,j nf j nf jj j j
z q z q z

j jB e C e j N j k k

B C D

 

 







      


 

,  (302) 

and 

 
1 1

1

1 1 1

1

1 1 ,

,

nf N nf Nna N N N

N

nf k nf k nf nf k nf k nf kk k k k k k

k k k k

nf nf k nf k nf kk k k k

k k k k

q z q zq z
na nf N N

q z q z q z q z q z q z

nf k k nf nyy f nf k k

q z q z q z q z

nf nyy f nf k k nf

q Ae q B e C e

q B e C e q S e e q B e C e

q S e e q B e C e q

 



  





  
 

 

  

          
    

 

1 11 1

1 1

1

1

1 1

1 1

1 1

, 1,..., 1, 1,

nf k nf kk k

nf j nf j nf j nf jj j j j

j j

q z q z

k k

q z q z q z q z

nf j j nf j j

nf ns

B e C e

q B e C e q B e C e j N j k k

q B C q D

  

 




 

 

 





    
             
  

.

                (303) 

<3> If 1k   

1 1

1 1 1 1 12 2 1 1 1 1

1

1

1

1 1

2 2 , 1 1

, 1 1

, 2,..., 1

nf N nf Nna N N N

nf j nf j nf j nf jj j j j

nf nf nf nf nf nf

nf

q z q zq z
N N

q z q z q z q z

j j j j

q z q z q z q z q z q z

nyy f

q z

nyy f

Ae B e C e

B e C e B e C e j N

B e C e S e e B e C e

S e B C D

 



 

 

  



  

     


   


  

,    (304) 

and 
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1 1

1

1 1 1 1 12 2 1 1 1 1

2 1 1 1

1 1

2 2 , 1 1

, 2,..., 1

nf N nf Nna N N N

N

nf j nf j nf j nf jj j j j

j j

nf nf nf nf nf nf

q z q zq z
na nf N N

q z q z q z q z

nf j j nf j j

q z q z q z q z q z q z

nf nf nyy f nf

q Ae q B e C e

q B e C e q B e C e j N

q B e C e q S e e q B e C e

 





 

 

  

  

          
         

 1

1 1 1, 1 1
nfq z

nf nyy f nf nsq S e q B C q D










   

.  (305) 

Furthermore, we simplify these above equations and show as the following forms: 

<1> k N  

 
 

     

,

,

2 2

,

2

nf nf N nf N nf NN N N N

N

nf nf N nf N nf NN N N N

N N N

nf N nf nf NN N N

N N N N

nf NN NN

N

q z q z q z q z

na nyy f N N

q z q z q z q z

nyy f nf nf N N

q z q z q z

nf na N nf na N nf na nyy f

q znf na nf
N N

nf na

q S e e B e C e

S q e e q B e C e

q q B q q C e q q S e e

q q q
B C e

q q

  

  

 



  

   

     

 
  


2

,

2 2

,

,

,

nf nf NN N

N

N

nf N nf nf NN N N N N

N

nf nf N nf N nf NN N na N N na N N na N

N

nf N nf nf NN N na N N N N

N

q z q zna
nyy f

nf na

q z q z q zf a f a
n N n nyy f

q z q z q z q zq z q z q z
nyy f N N

q z q z q zf a q z f a q
n N n nyy f

q
S e e

q q

R C e R S e e

A S e e e B e e C e e

T C e e T S e e e

 

 
 

  

 
 



 

   

  na Nz

,  (306) 

and 

1 1 1 1 11 1

1 1 1 1 11 1

1

, 1 1

, 1 1

nf nf N nf N nf N nf N nf NN N N N N N

N

nf nf N nf N nf N nf N nf NN N N N N N

N N N N

q z q z q z q z q z q z

nyy f N N N N

q z q z q z q z q z q z

nyy f nf nf N N nf N N

N

N

S e e B e C e B e C e

S q e e q B e C e q B e C e

B

C

     

     



  
 

  
 

    


          

 
 



1 1

1

1 1

1 1

1

1

1 1
1 ,

1

1 1
1

1

1

1

2

nf N nf NN N

nf nf NN N

Nnf N nf NN N
N

N N

nf N nf NN N

N

nf N nf NN N
N N

q z q z

q z q zN
N nyy fq z q z

nfN nf nf

q z q z

nfN
N q z q z

N nf nf

e eB
S e e

qC q e q e

q e eB

C q q e e

 



 

 

 


 

 


 
 




                     

 
     

 
1

1
,

1 1
1 ,

1

1
1 1 ,

1

1

1

0

1

0

nf nf NN N

N

N

nfN

N

nfN

N

q z q z

nyy f
nf

q zN
N nyy f

N

q zN N
N N nyy f

N N

S e e
q

B
S e

C

B B
S e

C C



 




  
 



       
          

  
     

         
    

.                (307) 

Combining Eq. (307) with the transfer matrix method which is described in Eqs. 

(280)-(282), we obtain: 
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11
1 2 2 1 2 2 1 1 2 2 1 ,

11

11 12 11 12
,

21 22 21 22

11

1

0

1

0

nfN

N

nfN

N

q zN N
N N N N N nyy f

N N

q zN
nyy f

N

N

B BB
S e

C CC

BM M M M
S e

CM M M M

M B M

          
    



   


   



      
                   

      
      

       
     


 12 11

,

21 22 21

nfN

N

q zN
nyy f

N N

C M
S e

M B M C M

 


  

   
      

,                (308) 

1
2 2 1 2 1 ,

1

,11 ,12 ,11 ,12
,

,21 ,22 ,21 ,22

1

0

1

0

nfN

N

nfN

N

q zj N N
j N j N N j N N nyy f

j N N

qNj j j j
nyy f

Nj j j j

B B B
S e

C C C

BM M M M
S e

CM M M M

       
    



   


   

       
                 

     
      

               

,11 ,12 ,11
,

,21 ,22 ,21

, 2,3,..., 2nfN

N

z

q zj N j N j
nyy f

j N j N j

M B M C M
S e j N

M B M C M



  


  

   
            

,                (309) 

and we obtain: 

 2 2

1 1 11 12 21 22

2 2

11 , 11 , 21 , 21 ,

nf N nf NN N N N

nf nf N nf nf nf N nfN N N N N N N N

N N N N

q z q zf a f a
n n N

q z q z q z q z q z q zf a f a
n nyy f nyy f n nyy f nyy f

D B C M R e M M R e M C

M R S e e M S e M R S e e M S e

    
 

         
 

     

   

.                (310) 

Furthermore, we get the following form to solve the coefficient NC : 

   
   

 
 

1

1 1

1

1 1

1 1 1 1

1 1

1 1

2 2

21 22 21 , 21 ,

2

11 12 11 ,

nf N nf nf N nfN N N N N N

N N

nf N nfN N N N

N

nf ns

ns nf ns nf

sf
n

q z q z q z q zf a f a
n N n nyy f nyy f

q z q zf a f asf sf
n n N n n nyy f

q B C B C q

q q B q q C

C R B

M R e M C M R S e e M S e

R M R e M C R M R S e



      
 

  
   

  

    

  

   

     
 

 

1

1

2

11 ,

2 2

21 22 11 12

2 2

, 21 21 11 11

,

nf N nfN N

N

nf N nf NN N N N

nf nf N nf nf nf N nfN N N N N N N N

N

q z q z

nyy f

q z q zf a f asf
n n n N

q z q z q z q z q z q zf a f asf
nyy f n n n

nyy f

N

e M S e

M R e M R M R e M C

S M R e e M e R M R e e M e

S
C

 

    
  

         
  



     
      


 

 
 

1

1

2 2

21 21 11 11

2 2

21 22 11 12

nf nf N nf nf nf N nfN N N N N N N N

N

nf N nf NN N N N

q z q z q z q z q z q zf a f asf
n n n

q z q zf a f asf
n n n

M R e e M e R M R e e M e

M R e M R M R e M

         
  

    
  

    
  

.                (311) 

Hence we can get the other three coefficients as the following forms: 
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 1

1

2 2

,

2 2 2

, 21 21 11 11

2

21 22 11

nf N nf nf NN N N N N

N

nf N nf nf N nf nf nf N nfN N N N N N N N N N

N

nf NN N

q z q z q zf a f a
N n N n nyy f

q z q z q z q z q z q z q zf a f a f asf
n nyy f n n n

q zf a sf
n n n

B R e C R S e e

R e S M R e e M e R M R e e M e

M R e M R M R

 
 

          
   

  
 

 

     
   

 
1

1

2

12

2

,

2 21 11 22 12
, 2 2

21 22 11 12

nf NN N

nf nf NN N N

N

nf nf nf nfN N N N
nf NN N

N nf N nf NN N N N

q zf a

q z q zf a
n nyy f

q z q z q z q zsf
q zf a n

n nyy f q z q zf a f asf
n n n

e M

R S e e

M e R M e M e M e
R e S

M R e M R M R e M

 


 


       
 

     
  





   


  

,                (312) 

 1

,

2 2

, 21 21 11 11

2

21 22

nf N nf nf NN N na N N N N na N

N

nf nf N nf nf nf N nfN N N N N N N N

Nnf NN N na N

nf NN N

q z q z q zf a q z f a q z
n N n nyy f

q z q z q z q z q z q zf a f asf
nyy f n n nq zf a q z

n q zf a
n

A T e e C T S e e e

S M R e e M e R M R e e M e
T e e

M R e M

 
 

         
  

 


 

     
  1

1 1

1

2

11 12

,

21 11 22 12
, 2

21 22 11

nf NN N

nf nf NN N N na N

N

nf nf nf nfN N N N
nf NN N na N

N nf NN N N

q zf asf
n n

q z q zf a q z
n nyy f

q z q z q z q zsf sf
q zf a q z n n

n nyy f q zf a f asf
n n n

R M R e M

T S e e e

M e R M e e M R M e
T S e e

M R e M R M R e

  
 

 


       
  

    
  

 



   


   2

12
nf NN

q z
M 

,                (313) 

 

 
1

2 2

11 12 21 22

2 2

11 , 11 , 21 , 21 ,

12 21 11 22

,

nf N nf NN N N N

nf nf N nf nf nf N nfN N N N N N N N

N N N N

N

N

q z q zf a f a
n n N

q z q z q z q z q z q zf a f a
n nyy f nyy f n nyy f nyy f

f a
nf s

nyy f n

D M R e M M R e M C

M R S e e M S e M R S e e M S e

M M M M R e
S T

    
 

         
 

   




   

   


 

 
 1

2

2 2

21 22 11 12

nf nf N nfN N N

nf N nf NN N N N

q z q z q z

q z q zf a f asf
n n n

e e

M R e M R M R e M

  

    
  



  

.                (314) 

Hence we solve the coefficients in Eq. (299) completely. 

<2> If 2,3,..., 1k N   

   
    2

2 2

nf N nf N nf N nf NN N N N

N

nf NN

N N

nf N nf NN N N N

N

nf N nf N nf NN N na N N na N N N na N

q z q z q z q z

na N N nf N N

q z

nf na N nf na N

q z q znf na f a
N N n N

nf na

q z q z q zf a q z q z f a q z
n N N n N

q B e C e q B e C e

q q B q q C e

q q
B C e R C e

q q

A R C e e C e e T C e e

 



 


  
 

   

   


  



   

,    (315) 

and 
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1 1

1 1

1

1 1 ,

1 1 ,

1

1

nf k nf k nf nf k nf k nf kk k k k k k

k

nf k nf k nf nf k nf k nf kk k k k k k

k k k k

q z q z q z q z q z q z

k k nyy f k k

q z q z q z q z q z q z

nf k k nf nyy f nf k k

k k
k

k k

B e C e S e e B e C e

q B e C e q S e e q B e C e

B B

C C

 

 



  
 

  
 






    

          

   
 




  
   

1

,

1
,

1

1

1

11

2

nf k nf kk k

nf nf kk k

knf k nf kk k
k

k k

nf k nf kk k

k nf nf kk k

knf k nf kk k
kk k

q z q z

q z q z

nyy fq z q z
nfnf nf

q z q z

nf q z q zk
k nyy fq z q z

nfk nf nf

k
k

e e
S e e

qq e q e

q e eB
S e e

qC q q e e

B

C


 



 

 





   
        

                 

  ,
1

0

1
nfk

k

q z

nyy f
k

S e




   
   
  

, 

                (316) 

and 

1 1 1 1 11 1

1 1 1 1 11 1

1

, 1 1

, 1 1

nf nf k nf k nf k nf k nf kk k k k k k

k

nf nf k nf k nf k nf k nf kk k k k k k

k k k k

q z q z q z q z q z q z

nyy f k k k k

q z q z q z q z q z q z

nf nyy f nf k k nf k k

k

k

S e e B e C e B e C e

q S e e q B e C e q B e C e

B

C

     

     



  
 

  
 

    


          

 
 



1 1

1

1 1

1 1

1

1

1 1
1 ,

1

1 1
1

1

1

1

2

nf k nf kk k

nf nf kk k

knf k nf kk k
k

k k

nf k nf kk k

k

nf k nf kk k
k k

q z q z

q z q zk
k nyy fq z q z

nfk nf nf

q z q z

nfk
k q z q z

k nf nf

e eB
S e e

qC q e q e

q e eB

C q q e e

 



 

 

 


 

 


 
 




                     

 
       

1

1
,

1 1
1 ,

1

1
1 1 ,

1

1

1

0

1

0

nf nf kk k

k

k

nfk

k

nfk

k

q z q z

nyy f
nf

q zk
k nyy f

k

q zk k
k k nyy f

k k

S e e
q

B
S e

C

B B
S e

C C



 




  
 



       
   

       
  

     
         

    

.

                (317) 

Combining Eqs. (316)-(317) with the transfer matrix method which is described in 

Eqs. (280)-(282), we obtain: 

11
1 2 2 1 2 2 1 1 2 2 1 ,

11

1
1 2 2 1 1 2 2 1 , 1 2 2

1

1

0

0

1

nfk

k

nfk

k

q zk k
k k k k k nyy f

k k

q zk
k k k k k nyy f k

k

B BB
S e

C CC

B
S e

C

          
    



           
    



      
                   

      
   

                
  

1 ,

11, 1 12, 1 11, 1 12, 111 12
, ,

21, 1 22, 1 21, 1 22, 121 22

11 12

2

1

0

0 1

1 0

nfk

k

nf nfk k

k k

q z

k nyy f

q z q zN k k k k
nyy f nyy f

N k k k k

N N

S e

B M M M MM M
S e S e

C M M M MM M

M B M C

M




    
    

    
   

 

 
  

 
         

           
         


 12, 1 11, 1

, ,
22, 1 21, 11 22

nf nfk k

k k

q z q zk k
nyy f nyy f

k kN N

M M
S e S e

M MB M C

 
  

  
 

    
          

,                (318) 
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1
2 2 1 2 1 ,

1

1
2 1 2 1 , 2 1 ,

1

1

0

0 1

1 0

nfk

k

nfk

k

q zj k k
j k j k k j k k nyy f

j k k

q zk
j k k k j k k nyy f j k k nyy

k

B B B
S e

C C C

B
S e S

C

       
    



         
     



       
                 

     
     

                
    

,11 ,12 ,11, 1 ,12, 1 ,11, 1 ,12, 1
, ,

,21 ,22 ,21, 1 ,22, 1 ,21, 1 ,22, 1

,

0 1

1 0

nfk

k

nf nfk k

k k

q z

f

q z q zNj j j k j k j k j k
nyy f nyy f

Nj j j k j k j k j k

j

e

BM M M M M M
S e S e

CM M M M M M

M



     
    

     
   

          
                          

 11 ,12 ,12, 1 ,11, 1
, ,

,21 ,22 ,22, 1 ,21, 1

, 2,3,..., 1, 1nf nfk k

k k

q z q zN j N j k j k
nyy f nyy f

j N j N j k j k

B M C M M
S e S e j N j k

M B M C M M

   
  

   
 

     
                    

,                (319) 

1
, 1 ,

1

,11 ,12
,

,21 ,22

,11 ,12

,21 ,22

0 0

1 1

0

1

nf nfk k

k k

nfk

k

q z q zk k N
k nyy f k N nyy f

k k N

q zNk k
nyy f

Nk k

k N k N

k N k N

B B B
S e S e

C C C

BM M
S e

CM M

M B M C

M B M C

   




 


 

 

 

        
              

        
    

     
   

 
   

,

0
, 2,3,..., 1,

1
nfk

k

q z

nyy fS e j N j k
 

    
 

,   (320) 

1 ,11 ,12
1 1

1 ,21 ,22

,11 ,12

,21 ,22

, 2,3,..., 1, 1

j j N Nj j
j j j N

j j N Nj j

j N j N

j N j N

B B B BM M

C C C CM M

M B M C
j N j k

M B M C

 
   

   


 

 

        
                        

 
       

,   (321) 

and we obtain: 

2

1 1 11 12 12, 1 , 11, 1 ,

2

21 22 22, 1 , 21, 1 ,

2 2

11 12 21

nf N nf nfN N k k

k k

nf N nf nfN N k k

k k

nf N nN N N

q z q z q zf a
n N N k nyy f k nyy f

q z q z q zf a
n N N k nyy f k nyy f

q z qf a f a
n n

D B C M R e C M C M S e M S e

M R e C M C M S e M S e

M R e M M R e

     
  

     
  

   
 

     

   

   22 12, 1 , 11, 1 ,

22, 1 , 21, 1 ,

f N nf nfN k k

k k

nf nfk k

k k

z q z q z

N k nyy f k nyy f

q z q z

k nyy f k nyy f

M C M S e M S e

M S e M S e

   
 

  
 

  

 

,                (322) 

Furthermore, we get the following form to solve the coefficient NC : 
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1

1 1

1 1

1

1

1 1 1 1

1 1

1 1 1

2

21 22 22, 1 , 21, 1 ,

2

11 12 12, 1 ,

nf N nf nfN N k k

k k

nf NN N

nf ns

ns nf ns nf

ns nf sf
n

ns nf

q z q z q zf a
n N N k nyy f k nyy f

q zf asf
n n N N k nyy

q B C q B C

q q B q q C

q q
C B R B

q q

M R C e M C M S e M S e

R M R C e M C M S



     
  

  
  

  

    


    



   

    
 1 1

1 1

11, 1 ,

2 2

21 22 11 12

22, 1 , 21, 1 , 12, 1 , 11, 1 ,

nf nfk k

k k

nf N nf NN N N N

nf nf nf nfk k k

k k k k

q z q z

f k nyy f

q z q zf a f asf sf
n n n n N

q z q z q z qsf sf
k nyy f k nyy f n k nyy f n k nyy f

e M S e

M R e M R M R e R M C

M S e M S e R M S e R M S e

 


    
   

      
     



    

  

1 1

1 1

22, 1 21, 1 12, 1 11, 1
, 2 2

21 22 11 12

k

nf nf nf nfk k k k

k nf N nf NN N N N

z

q z q z q z q zsf sf
k k n k n k

N nyy f q z q zf a f asf sf
n n n n

M e M e R M e R M e
C S

M R e M R M R e R M



       
     

    
   

  
 

  

 

.                (323) 

Hence we can get the other three coefficients as the following forms: 

1 1

1 1

2

2 22, 1 21, 1 12, 1 11, 1
, 2 2

21 22 11 12

nf NN N

nf nf nf nfk k k k

nf NN N

k nf N nf NN N N N

q zf a
N n N

q z q z q z q zsf sf
q zf a k k n k n k

n nyy f q z q zf a f asf sf
n n n n

B R C e

M e M e R M e R M e
R e S

M R e M R M R e R M




       
      

     
   



  


  

, 

                (324) 

1 1

1 1

22, 1 21, 1 12, 1 11, 1
, 2 2

21 22 11 12

nf NN N na N

nf nf nf nfk k k k

nf NN N na N

k nf N nf NN N N N

q zf a q z
n N

q z q z q z q zsf sf
q zf a q z k k n k n k

n nyy f q z q zf a f asf sf
n n n n

A T e e C

M e M e R M e R M e
T e e S

M R e M R M R e R M




       
      

     
   



  


  

,

                (325) 

 

 1

2 2

11 12 21 22

12, 1 , 11, 1 , 22, 1 , 21, 1 ,

, 22, 1 21, 1 11

nf N nf NN N N N

nf nf nf nfk k k k

k k k k

nf nfk k

k

q z q zf a f a
n n N

q z q z q z q z

k nyy f k nyy f k nyy f k nyy f

q z q zf s
nyy f n k k n

D M R e M M R e M C

M S e M S e M S e M S e

S T M e M e M R

    
 

       
   

   
   

   

   




 

  
1 1

1

1

2

12

2 2

21 22 11 12

2

, 11, 1 12, 1 21 22

2 2

21 22 11

nf NN N

nf N nf NN N N N

nf nf nf Nk k N N

k

nf N nf NN N N N

q zf a

q z q zf a f asf sf
n n n n

q z q z q zf af s
nyy f n k k n

q z q zf a f asf
n n n

e M

M R e M R M R e R M

S T M e M e M R e M

M R e M R M R e R

 

    
   

     
   

   
  



  

 


   1
12

sf
n M 


. (326) 

Hence we solve the coefficients in Eq. (299) completely. 

<3> If 1k   
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    2

2 2

nf N nf N nf N nf NN N N N

N

nf NN

N N

nf N nf NN N N N

N

nf N nf N nf N nf NN na N N na N N N na N N

q z q z q z q z

na N N nf N N

q z

nf na N nf na N

q z q znf na f a
N N n N

nf na

q z q z q z q zq z q z f a q z q
N N n N N

q B e C e q B e C e

q q B q q C e

q q
B C e R C e

q q

A B e e C e e R C e e C e e

 



 


  


   

   


  



     na N

nf NN N na N

z

q zf a q z
n NT C e e




, (327) 

and 
1 1 1 1 12 2 1 1 1 1

1

1 1 1 1 12 2 1 1 1 1

2 1 1 1

1 11 1

1

2 2 , 1 1

2 2 , 1 1

1 2
1

1 2

nf nf nf nf nf nf

nf nf nf nf nf nf

nf nf

q z q z q z q z q z q z

nyy f

q z q z q z q z q z q z

nf nf nyy f nf

q z q z

nf

B e C e S e e B e C e

q B e C e q S e e q B e C e

e eB B

C C q e

  

  





    
            

   
      

   
11 1

11 11 1
1

1

1 11 1

1 11 1

11 11 1
11 1

1

1

1

,

2
1 ,

2

2
1 ,

2

1

11

2

0

1

nf nf

nf nf

nf nf

nf nf

nf nf

nf

q z q z

nyy fq z q z
nfnf

q z q z

nf q z q z

nyy fq z q z
nfnf nf

q

nyy f

S e e
qq e

q e eB
S e e

qC q q e e

B
S e

C



 



 
 



   
       

    
            

   
     

  

z

.  (328) 

Combining Eq. (328) with the transfer matrix method which is described in Eqs. 

(280)-(282), we obtain: 

1 1

1 1

1

1

1 2 11 12
1 , ,

1 2 21 22

11 12
,

21 22

0 0

1 1

0

1

nf nf

nf

q z q zN
nyy f nyy f

N

q zN N
nyy f

N N

BB B M M
S e S e

CC C M M

M B M C
S e

M B M C

 
 

 

 


 

         
             

         
   

       

,  (329) 

,11 ,12 ,11 ,11
1

,21 ,22 ,21 ,22

, 2,..., 1j N Nj j j N j N
j N

j N Nj j j N j N

B B BM M M B M C
T j N

C C CM M M B M C

   
 

    

        
                         

,                (330) 

and we obtain: 

 
1 1 1

1 1 1

1 1

1 1

, 1 1 11 12 21 22 , ,

2 2

11 12 21 22 , ,

nf nf nf

nf N nf N nf nfN N N N

q z q z q z

nyy f N N N N nyy f nyy f

q z q z q z q zf a f a
n n N nyy f nyy f

D S e B C M B M C M B M C S e S e

M R e M M R e M C S e S e

      

      
 

        

     

.                (331) 

Furthermore, we get the following form to solve the coefficient NC : 
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1 1

1 1 1 1

1

1 1 1 1

1 1 1 1 1 1

1 1

1 1

, 1 1 , 1 1

1 1 ,

1 1 , 1 ,

21

nf nf

nf

nf nf

N

q z q z

nf nyy f nf ns nyy f

q z

ns nf ns nf ns nf nyy f

q z q zns nf ns nf sf sf
nyy f n n nyy f

ns nf ns nf

f a
n

q S e q B C q S e B C

q q C q q B q q S e

q q q q
C B S e R B R S e

q q q q

M R e

  



  
 




    

      

 
      

 

  
 

1 1 1 1

1 1

1 1 1 1

1 1

1

2 2

22 , 11 12 ,

2 2

21 22 11 12 , ,

,

nf N nf Nnf nfN N N

nf N nf N nf nfN N N N

q z q zq z q zf asf sf
N N nyy f n n N n nyy f

q z q z q z q zf a f asf sf
n n n N nyy f n nyy f

q

N nyy f

C M C S e R M R e M C R S e

M R e M R M R e M C S e R S e

e
C S

     
  

      
   

     

       

 
 

1 1 1

1
2 2

21 22 11 12

nf nf

nf N nf NN N N N

z q zsf
n

q z q zf a f asf
n n n

R e

M R e M R M R e M

 


    
  



  

.                (332) 

Hence we can get the other three coefficients as the following forms: 

 
 

1 1 1

1 1

2

2

, 2 2

21 22 11 12

nf N nf nfN N

nf NN N

nf N nf NN N N N

q z q z q zf a sf
n nq zf a

N n N nyy f q z q zf a f asf
n n n

R e e R e
B R e C S

M R e M R M R e M

  
 

     
  


 

  
 

,                (333) 

 
 

1 1 1

1 1
, 2 2

21 22 11 12

nf N nf nfN N na N

nf NN N na N

nf N nf NN N N N

q z q z q zf a q z sf
n nq zf a q z

n N nyy f q z q zf a f asf
n n n

T e e e R e
A T e e C S

M R e M R M R e M

  
 

     
  


 

  
 

,                (334) 

 
   

1 1

1 1

1 1 1

1 1

2 2

11 12 21 22 , ,

2 2

11 12 21 22

, 2

21 22 11

nf N nf N nf nfN N N N

nf N nf N nf nfN N N N

nf NN N

q z q z q z q zf a f a
n n N nyy f nyy f

q z q z q z q zf a f a sf
n n n

nyy f q zf a sf
n n n

D M R e M M R e M C S e S e

M R e M M R e M e R e
S

M R e M R M R

      
 

      
  

  
 

     

   


   

   
 

1 1

1 1

1 1

1

1 1

2

12

, ,

2 2

11 12 21 22

, 2 2

21 22 11 12

nf NN N

nf nf

nf N nf Nnf nfN N N N

nf N nf NN N N N

q zf a

q z q z

nyy f nyy f

q z q zq z q zf a f a
n nf s

nyy f n q z q zf a f asf
n n n

e M

S e S e

e M R e M e M R e M
S T

M R e M R M R e M

 


 

     
 

     
  



 

  


  

. 

                (335) 

Hence we solve the coefficients in Eq. (299) completely. Next we discuss the 

component nxxg , starting from Eq. (145), we have: 

   
2

2 2
2
n

z n nxx

q
q g z z

k
     .           (336) 

Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z   (without loss of generality, we may set 0 0z  ), the 

corresponding different equation in regions Nz z , 1 , , 1,...,2,1j jz z z j N N      
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and 0z   are: 

 
 

   

2 2

2 2
1

2
2 2

2

0,

0, , 1,2,...,

, 0

j

z na nxx N

z nf nxx j j

ns
z ns nxx

s

q g z z

q g z z z j N

q
q g z z z

k





    

      

     







.        (337) 

Furthermore, the solutions of Eq. (337) are: 

1

,

,

, , 1,2,...,

, 0

na

nf nfj j

ns ns

q z
N

q z q z

nxx j j j j

q z z q z
nxx s

Ae z z

g B e C e z z z j N

S e De z







 

 
    


 

 ,      (338) 

where , 22
ns

nxx s
s

q
S

k
  . In order to match the boundary conditions of nxxg  as discuss in 

Eq. (148): 

1

1

1

1

2 2

2 2

2 20 0
00

,

, , 1,2,..., 1

,

N N

N N

j j

j j

j j
j j

N

N

fa
nxx nxx z nxx z nxxz z

na nfz z

f f

nxx nxx z nxx z nxxz z
n nf

z z

f s
nxx nxx z nxx z nxx

nf ns

g g g g
q q

g g g g j N
q q

g g g g
q q



 

 

 

 



 


 

 



    


      




   


   

   

   

,    (339) 

we have the following simulated equations: 

1 1

1 1

1 1 ,

,

, , 1,2,..., 1

, 0

nf N nf Nna N N N

nf j nf j nf j nf jj j j j

ns

q z q zq z
N N N

q z q z q z q z

j j j j j
q z

nxx s

Ae B e C e z z

B e C e B e C e z z j N

B C S e D z

 



 

 


  

  



  
   






,   (340) 

and 

 

 

1 1 1

1

1

1

1 1

1 1 ,

,

, , 1,2,..., 1

, 0

nf N nf NNna N N N

N

nf j nf j nf j nf jj jj j j j

j j

ns

q z q zfq za
N N N

na nf

q z q z q z q zf f

j j j j j
nf nf

f q zs s
nxx s

nf ns ns

Ae B e C e z z
q q

B e C e B e C e z z j N
q q

B C S e D z
q q q



 

  

  





 

 




   



             

     


. 

                (341) 

Furthermore, we obtain: 
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2

2 2

//

/ /

nf N nf N nf N nf NNN N N N

N

nf NN N N

N N

nf N nf NN N N N N

N N

nf NN N na N

q z q z q z q zfa
N N N N

na nf

q zf fa a
N N

nf na nf na

q z q zf na a nf f a
N N n N

f na a nf

q zf a q z
n N N

B e C e B e C e
q q

B C e
q q q q

q q
B C e R C e

q q

A R C e e C



  

 
 

 



 



   

   
         

   


  


   / /
nf N nf NN na N N N na N

q z q zq z f a q z
n Ne e T C e e

 

.    (342) 

Combining Eq. (342) with the transfer matrix method which is described in Eqs. 

(217)-(219), we obtain: 

1
31 2// / / / / / / / / / / / /

1 1 2 1 2 1
131 2

// /// / / /
11 1211 12
// /// / / /
21 2221 22

...
N

N N
N j

jN N

N N N

N N N

B B BB B

C C CC C

B M B M CM M

C M B M CM M






        
                   

         
    

          


,  (343) 

1 2// // / / / / / / / /
1 1 1

1 2

// // / / / /
,11 ,12 ,11 ,12

// // / / / /
,21 ,22 ,21 ,22

...

, 2,3,..., 1

j j j N
j j j j j N

j j j N

Nj j j N j N

Nj j j N j N

B B B B

C C C C

BM M M B M C
j N

CM M M B M C

 
  

 

       
                

      
    

              

.   (344) 

Furthermore, we obtain: 

// // / / / /
1 1 , 11 12 21 22 ,

2 2// // / / / /
11 // 12 21 // 22 ,

ns ns

nf N nf NN N N N ns

q z q z
nxx s N N N N nxx s

q z q zf a f a q z
n N N n N N nxx s

D B C S e M B M C M B M C S e

M R e C M C M R e C M C S e

 

  

       

    
.  (345) 

Then, we get the following form to solve the coefficient NC : 
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   1

1

1 1

1 1

1 1 1

1 1 1 1

1

1 1 , 1 1 ,

1 1 ,

1 1 ,

1

2

2

ns ns

ns

ns

f q z q zs s
nxx s nxx s

nf ns ns

f f q zs s s
nxx s

ns nf ns nf ns

s nf f ns s nf q z
nxx s

s nf f ns s nf f ns

s nf

B C S e B C S e
q q q

B C S e
q q q q q

q q q
B C S e

q q q q

q
C

  

   

  
   



 





     

   
           

   


   
 

  

 

1 1 1 1

1 1 1 1

1 1

1 , // 1 // ,

2 2// // / / / /
21 // 22 // 11 // 12 // ,

2/ /
21 //

2
ns ns

nf N nf NN N N N ns

nf NN N

f ns s nf q z q zsf sf
nxx s n n nxx s

s nf f ns s nf f ns

q z q zf a f a q zsf sf
n N N n n N n nxx s

q zf a
n

q q
B S e R B T S e

q q q q

M R e C M C R M R e M C T S e

M R e M

 
   

 

  




   

 

     

   

 

1 1

1

1

2// // / /
22 // 11 // 12 // ,

/ / ,

2 2// // / / / /
21 // 22 // 11 // 12

nf NN N ns

ns

nf N nf NN N N N

q zf a q zsf sf
n n N n nxx s

q zsf
n nxx s

N q z q zf a f asf
n n n

R M R e M C T S e

T S e
C

M R e M R M R e M

 



 

    

 
  

 

.                (346) 

Hence we can get the other three coefficients as the following forms: 

 
1

1

2
2 // // ,

/ / 2 2// // / / / /
21 // 22 // 11 // 12

nf NN ns N

nf NN N

nf N nf NN N N N

q zf a q zsf
q zf a n n nxx s

N n N q z q zf a f asf
n n n

R T S e e
B R C e

M R e M R M R e M




 
 

  
, (347) 

 
1

1

// / / ,
/ / 2 2// // / / / /

21 // 22 // 11 // 12

nf NN N na N ns

nf NN N na N

nf N nf NN N N N

q zf a q z q zsf
q zf a q z n n nxx s

n N q z q zf a f asf
n n n

T e e T S e
A T e e C

M R e M R M R e M

 


 
 

  
, (348) 

 1

1

2 2// // / / / /
11 // 12 21 // 22 ,

2 2// // / / / /
/ / , 11 // 12 21 // 22

2// // / /
21 // 22 // 11 //

nf N nf NN N N N ns

nf N nf Nns N N N N

nf NN N N

q z q zf a f a q z
n N N n N N nxx s

q z q zq z f a f asf
n nxx s n n

q zf a f asf
n n n

D M R e C M C M R e C M C S e

T S e M R e M M R e M

M R e M R M R

  

 



    

  


   
 
 

1

1

,2 //
12

2 2// // / / / /
11 // 12 // 21 // 22

, 2 2// // / / / /
21 // 22 // 11 // 12

ns

nf NN

nf N nf NN N N N

ns

nf N nf NN N N N

q z
nxx sq z

q z q zf a f asf
n n nq z

nxx s q z q zf a f asf
n n n

S e
e M

M R e M R M R e M
S e

M R e M R M R e M




 


 




  


  

. (349) 

Hence we solve the coefficients in Eq. (338) completely. Next we consider Nz z  , 

the corresponding different equation in regions Nz z , 

1 , , 1,...,2,1j jz z z j N N      and 0z   are: 
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2
2 2

2

2 2
1

2 2

,

0, , 1,2,...,

0, 0

j

na
z na nxx N

a

z nf nxx j j

z ns nxx

q
q g z z z z

k

q g z z z j N

q g z






    


      


   








.        (350) 

Furthermore, the solutions of Eq. (350) are: 

,

1

,

, , 1,2,...,

, 0

na na

nf nfj j

ns

q z z q z
nxx a N

q z q z
nxx j j j j

q z

S e Ae z z

g B e C e z z z j N

De z

  





  
     




 ,      (351) 

where , 22
na

nxx a
a

q
S

k
  . In order to match the boundary conditions of nxxg  as discuss 

in Eq. (338), we have the following simulated equations: 

1 1

,

1 1

1 1

,

, , 1,2,..., 1

, 0

nf N nf Nna na N na N N N

nf j nf j nf j nf jj j j j

q z q zq z q z q z
nxx a N N N

q z q z q z q z

j j j j j

S e e Ae B e C e z z

B e C e B e C e z z j N

B C D z

 

 

 

 

   

    



 

  


,   (352) 

and 

 

 

1 1 1

1

1

1

,

1 1

1 1

,

, , 1,2,..., 1

, 0

nf N nf NNna na N na N N N

N

nf j nf j nf j nf jj jj j j j

j j

q z q zfq z q z q za a
nxx a N N N

na na nf

q z q z q z q zf f

j j j j j
nf nf

f s

nf ns

S e e Ae B e C e z z
q q q

B e C e B e C e z z j N
q q

B C D z
q q

 

 

 

  



 

 

 


   



             

   


.  (353) 

Furthermore, we obtain: 
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, ,

2

,

2

nf N nf Nna na N N N na na N

nf N nf NN N N

N

nf N nf NN N N na na N N

N N

N

q z q zq z q z q z q za a
nxx a N N nxx a

na na

q z q zf
N N

nf

q z q zf f q z q za a a
N N nxx a

nf na nf na na

f na
N

S e e B e C e S e e
q q

B e C e
q

B C e S e e e
q q q q q

q
B

 



   



  



 

  

 

   
          

   


  2

,

2

// , / /

2
,

//

2
nf N nf NN NN na na N N

N N N N

nf N nf NN N N na na N N

nf N nf NN na N N na N na na N

N

q z q za nf a nf q z q z
N nxx a

f na a nf f na a nf

q z q zf a af q z q z
n N nxx a n

q z q zq z q z q z q z
N N nxx a

f a
n N

q q
C e S e e e

q q q q

R C e S T e e e

A B e e C e e S e e

R C e

 
   

 

 

 




 

 

   

  2 2
, / / ,

2
// // ,

nf N nf N nf N nf NN N na na N N N na N N na N na na N

nf NN N na N N na na N

q z q z q z q zaf q z q z q z q z q z q z
nxx a n N nxx a

q zf a q z af q z q z
n N n nxx a

S T e e e e e C e e S e e

T C e e R S e e

   

 

  

 

,                (354) 

and 

 
 

/ / / / / / / /
1 1 11 12 21 22

2// / /
11 // , / / 12

2// //
21 // , / / 22

2// /
11 // 12

nf N nf NN N N na na N N

nf N nf NN N N na na N N

nf NN N

N N N N

q z q zf a af q z q z
n N nxx a n N

q z q zf a af q z q z
n N nxx a n N

q zf a
n

D B C M B M C M B M C

M R C e S T e e e M C

M R C e S T e e e M C

M R e M

 

 



     

  

  

  2/ // //
21 // 22

// //
11 , / / 21 , //

nf NN N

nf N nf NN na na N N N na na N N

q zf a
n N

q z q zaf q z q z af q z q z
nxx a n nxx a n

M R e M C

M S T e e e M S T e e e



   

 

 

.    (355) 

Furthermore, we get the following form to solve the coefficient NC : 
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 1

1

1 1

1 1

2 2// // / / / /
11 // 12 21 // 22

// //
, / / 11 , / / 21

2// / / / /
11 // 12 21 /

nf N nf NN N N N

nf N nf NN na na N N N na na N N

nf NN N

q z q zf f a f a
n n N

nf

q z q zf faf q z q z af q z q z
nxx a n nxx a n

nf nf

q zf as
n n

ns

M R e M M R e M C
q

S T M e e e S T M e e e
q q

M R e M M R
q



 



 

   



  

 

   

 1 1

1 1

2 //
/ 22

// //
11 , // 21 , //

2 2// // / /
11 // 12 21 //

nf NN N

nf N nf NN na na N N N na na N N

nf N nfN N N

q zf a
N

q z q zaf q z q z af q z q zs s
nxx a n nxx a n

ns ns

q z qf ff a f as s
n n

ns nf ns nf

e M C

M S T e e e M S T e e e
q q

M R e M M R e
q q q q

 

  



   

 



 

   
          

   
 

 

1 1

1 1

1

//
22

// //
, / / 11 , // 21

// //
, / / / / 11 21

NN

nf N nf NN na na N N N na na N N

nf NN na na N N

z

N

q z q zf faf q z q z af q z q zs s
nxx a n nxx a n

ns nf ns nf

q zaf q z q zsf
nxx a n n

N

M C

S T M e e e S T M e e e
q q q q

S T R M M e e e
C

R

     



 
 

  
   

          
   


  

   1
2 2// // / / / /

/ / 11 // 12 21 // 22
nf N nf NN N N N

q z q zf a f asf
n n nM R e M M R e M

   

.                (356) 

Hence we can get the other three coefficients as the following forms: 

 
   

1

1

2

// , / /

/ / / /
2// , / / // 11 21

, //2 2// / / / / / /
/ / 11 // 12 21 // 22

nf N nf NN N N na na N N

nf NN N na na N N

nf NN

nf N nf NN N N N

q z q zf a af q z q z
N n N nxx a n

q zf a af q z q zsf
q zn nxx a n n a

nxx a nq z q zf a f asf
n n n

B R C e S T e e e

R S T R M M e e e
e S T

R M R e M M R e M

 




 

 


  

  

 
   

1

1

/ / / /
, / / // 12 22

2 2// / / / / / /
// 11 // 12 21 // 22

nf NN na na N N

nf Nna na N N N

nf N nf NN N N N

q zf q z q z

q zq z q z af sf
nxx a n n

q z q zf a f asf
n n n

e e e

S e e e T R M M

R M R e M M R e M





 




  

,                (357) 

 
   

1

1

2
// // ,

22// / /
/ / / / , / / 11 21

// ,2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN N na N N na na N

nf NN N na na N N

N na

nf N nf NN N N N

q zf a q z f a q z q z
n N n nxx a

q zf a af q z q zsf
n n nxx a n f a q z

n nxx aq z q zf a f asf
n n n

A T C e e R S e e

T T S R M M e e e
R S e e

R M R e M M R e M

 




 

 

 
 

  

   
   

1 1

1

2

2// // / / / /
/ / 11 21 // / / 12 222

, 2 2// // / / / /
/ / 11 // 12 21 // 22

na N

nf NN N

na na N

nf N nf NN N N N

q z

q z f asf sf
n n nq z q z

nxx a q z q zf a f asf
n n n

R M M e R R M M
S e e

R M R e M M R e M




 

  
 

  

, (358) 
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 2 2// / / / / / /
11 // 12 21 // 22

// / /
11 , / / 21 , //

2 2// // / /
, / / 11 // 12 21 //

nf N nf NN N N N

nf N nf NN na na N N N na na N N

nf N nfN N N N

q z q zf a f a
n n N

q z q zaf q z q z af q z q z
nxx a n nxx a n

q z qaf f a f a
nxx a n n n

D M R e M M R e M C

M S T e e e M S T e e e

S T M R e M M R e

 

   

 

   

 

  


  
   

1

1

// / / / /
22 // 11 21

2 2// / / / / / /
/ / 11 // 12 21 // 22

// / /
11 , / / 21 , //

, /

N nf NN na na N N

nf N nf NN N N N

nf N nf NN na na N N N na na N N

z q zq z q zsf
n

q z q zf a f asf
n n n

q z q zaf q z q z af q z q z
nxx a n nxx a n

nxx a n

M R M M e e e

R M R e M M R e M

M S T e e e M S T e e e

S T



 

   

 

  

 


 

   
1

1

// / / / / / /
/ / / 22 11 21 12

2 2// / / / / / /
/ / 11 // 12 21 // 22

nf NN na na N N

nf N nf NN N N N

q zaf q z q zf s
n

q z q zf a f asf
n n n

T M M M M e e e

R M R e M M R e M



 



  

.                (359) 

According to Eq. (343) and Eq. (344), the coefficients jB  and , 1,2,..., 1jC j N   

are obtained. Hence we solve the coefficients in Eq. (351) completely. Next we 

consider the location of a point source is inside the film layer, that is 

1 , 1,2,...,k kz z z k N    . Fixed the index k , the corresponding different equation 

in regions Nz z , 1 , , 1,...,2,1j jz z z j N N      and 0z   are: 

 

   

 

2 2

2
2 2

12

2 2

0,

, , 1,2,...,

0, 0

k

j

k

z na nxx N

nf
z nf nxx jk j j

f

z ns nxx

q g z z

q
q g z z z z z j N

k

q g z

  

    

       

    







.    (360) 

Furthermore, the solutions of Eq. (360) are: 

, 1

,

, , 1,2,...,

, 0

na

nf nfnf j jk

k

ns

q z
N

q z q zq z z
nxx nxx f jk j j j j

q z

Ae z z

g S e B e C e z z z j N

De z





 


 


     




 ,   (361) 

where , 22
k

k

k

nf
nxx f

f

q
S

k
  . In order to match the boundary conditions of nxxg  as we 

discuss in Eq. (339), we have the following simulated equations: 

<1> If k N : 

1 1 1 1 11 1

1 1

,

, 1 1

1 1

1

, 1,2,..., 2

nf nf N nf N nf Nna N N N N N

N

nf nf N nf N nf N nf N nf NN N N N N N

N

nf j nf j nf j nf jj j j j

q z q z q z q zq z
nxx f N N

q z q z q z q z q z q z

nxx f N N N N

q z q z q z q z

j j j j

Ae S e e B e C e

S e e B e C e B e C e

B e C e B e C e j N

B

     

 

  

  
 

 

 

  

   

    

 1C D










, (362) 
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and 

 
1 1 1 1 11 1 1

1

,

, 1 1

nf nf N nf N nf NN Nna N N N N N

N

N N

nf nf N nf N nf N nf N nf NN N NN N N N N N

N

N N N

nj

j

q z q z q z q zf fq za
nxx f N N

na nf nf

q z q z q z q z q z q zf f f
nxx f N N N N

nf nf nf

qf

j
nf

Ae S e e B e C e
q q q

S e e B e C e B e C e
q q q

B e
q

 

  



      



  

  
 

    

         

 

1 1 1

1

1

1

1 1

1 1

, 1,2,..., 2f j nf j nf j nf jjj j j j

j

z q z q z q zf

j j j
nf

f ns

nf ns

C e B e C e j N
q

B C D
q q



 

  



 

 








            



 


.                (363) 

<2> If 1, 2,...,2k N N   : 

1 1

1 1 1 1 11 1

1 1 ,

, 1 1

nf N nf Nna N N N

nf k nf k nf nf k nf k nf kk k k k k k

k

nf nf k nf k nf k nf k nf kk k k k k k

k

nf j nfj

q z q zq z
N N

q z q z q z q z q z q z

k k nxx f k k

q z q z q z q z q z q z

nxx f k k k k

q z q

j j

Ae B e C e

B e C e S e e B e C e

S e e B e C e B e C e

B e C e

 

     



  
 

  
 



 

   

   

 1 1

1 1

1 1

, 1,..., 1, 1,j nf j nf jj j j
z q z q z

j jB e C e j N j k k

B C D

 


 







      


 

,  (364) 

and 

 
1 1 1

1

1 1

1 1 ,

,

nf N nf NNna N N N

N

nf k nf k nf nf k nf k nf kk k kk k k k k k

k

k k k

nf nf k nf kk kk k k

k

k k

q z q zfq za
N N

na nf

q z q z q z q z q z q zf f f
k k nxx f k k

nf nf nf

q z q z q zf f
nxx f k

nf nf

Ae B e C e
q q

B e C e S e e B e C e
q q q

S e e B e C
q q



  

 

  



 



  
 



  

          

 

 

1 1 11 1 1

1

1 1 1

1

1

1

1 1

1 1

1 1

, 1,..., 1, 1,

nf k nf k nf kkk k k

k

nf j nf j nf j nf jj jj j j j

j j

q z q z q zf
k k k

nf

q z q z q z q zf f

j j j j
nf nf

f s

nf ns

e B e C e
q

B e C e B e C e j N j k k
q q

B C D
q q



 

 

    



  



 
 

 

 








         



             

  

.                (365) 

<3> If 1k  : 

1 1

1 1 1 1 12 2 1 1 1 1

1

1

1

1 1

2 2 , 1 1

, 1 1

, 2,..., 1

nf N nf Nna N N N

nf j nf j nf j nf jj j j j

nf nf nf nf nf nf

nf

q z q zq z
N N

q z q z q z q z

j j j j

q z q z q z q z q z q z

nxx f

q z

nxx f

Ae B e C e

B e C e B e C e j N

B e C e S e e B e C e

S e B C D

 



 

 

  



  

     


   


  

,    (366) 
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and 

 
1 1 1

1

1 1 12 1 12 2 1 1

1

2 1 1

1 1

2 2 ,

, 2,..., 1

nf N nf NNna N N N

N

nf j nf j nf j nf jj jj j j j

j j

nf nf nf nf

q z q zfq za
N N

na nf

q z q z q z q zf f

j j j j
nf nf

q z q z q z q zf f f
nxx f

nf nf nf

Ae B e C e
q q

B e C e B e C e j N
q q

B e C e S e e B
q q q



 

  

  





 

 

 

  

          

     

 

1 11 1

1 11

1

1 1

1 1

, 1 1

nf nf

nf

q z q z

q zf f s
nxx f

nf nf ns

e C e

S e B C D
q q q

  












    



  


.   (367) 

Furthermore, we simplify above these equations and show as the following forms: 

<1> If k N : 

 

 

,

,

2

,

nf nf N nf N nf NN N N N

N

nf nf N nf N nf NN NN N N N

N

N N

nf N nfN N NN N

N

N N N

q z q z q z q za
nxx f N N

na

q z q z q z q zf f
nxx f N N

nf nf

q z qf f fa a a
N N nxx f

nf na nf na nf na

S e e B e C e
q

S e e B e C e
q q

B C e S e
q q q q q q



 

    

  

  



  

   

     
               

     

2

2 2

,

2 2

// / / ,

,

nf NN

nf N nf nf NN N N NN N N

N

N N N N

nf N nf nf NN N N N N

N

nf nf N nf NN N na N N na N

N

z q z

q z q z q zf na a nf f na a nf
N N nxx f

f na a nf f na a nf

q z q z q zf a f a
n N n nxx f

q z q z q zq z q z
nxx f N

e

q q q q
B C e S e e

q q q q

R C e R S e e

A S e e e B e e C

   
   



 

 

 

 
  

 

 

   

   , / / / /

, / / / /

1 1

nf NN na N

nf nf N nf NN N N na N N N na N

N

nf nf N nf NN N N na N N N na N

N

q z q z
N

q z q z q zf a q z f a q z
nxx f n n N

q z q z q zf a q z f a q z
nxx f n n N

e e

S R e e e R C e e

S T e e e T C e e



  

  

   

 

, (368) 

and 
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1 1 1 1 11 1

1 1 1 1 11 1 1

1

, 1 1

, 1 1

nf nf N nf N nf N nf N nf NN N N N N N

N

nf nf N nf N nf N nf N nf NN N NN N N N N N

N

N N N

q z q z q z q z q z q z

nxx f N N N N

q z q z q z q z q z q zf f f
nxx f N N N N

nf nf nf

S e e B e C e B e C e

S e e B e C e B e C e
q q q

  

     

      



  
 

  
 

    

          

1 1

1

1 1

1

1 1//
1 ,

1

1 1//
1

1

1

2

nf N nf NN N

nf nf NN N

Nnf N nf N NN NN N

NN N

nf NN N

NN

N

q z q z

q z q zN N
fq z q zN nxx ff f

N N
nfnf nf

q zf

nfnfN
N

N f

e e
B B

S e e
C C e e

qq q

e
qqB

C

 





 



 





 






 







   
                        

  

 
     

 

1 1

1

1 1

,

1 1//
1 ,

1

1 // / /
1 1 ,

1

1

1

0

1

0

nf NN

nf nf NN N

N N

nf N nf NN N N

N

N

nfN

N

N

q z

q z q z
f nxx f

q z q zf
nf

nf

q zN
N nxx f

N

N N
N N nxx f

N N

e

S e e

qe e
q

B
S e

C

B B
S e

C C








 





 





 



 
  
  
  
     

 
   

          
     

         
    

nfN
q z

.                (369) 

Combining Eq. (369) with the transfer matrix method which is described in Eqs. 

(217)-(219), we obtain: 

11 // / / // // // / / / / / / / / // / /
1 2 2 1 2 2 1 1 2 2 1 ,

11

// / / // //
11 12 11 12

,// / / / / //
21 22 21 22

1

0

1

0

nfN

N

q zN N
N N N N N nxx f

N N

N
nxx

N

B BB
S e

C CC

BM M M M
S

CM M M M


    



      
                   

      
      

       
     

/ / // / /
11 12 11

,// // //
21 22 21

nfN

N

nfN

N

q z

f

q zN N
nxx f

N N

e

M B M C M
S e

M B M C M



   
       

,                (370) 

1// // / / / / / / / / / / / /
2 2 1 2 1 ,

1

// // / / / /
,11 ,12 ,11 ,12

// // / / / /
,21 ,22 ,21 ,22

1

0

1

0

nfN

N

q zj N N
j N j N N j N N nxx f

j N N

Nj j j j

Nj j j j

B B B
S e

C C C

BM M M M

CM M M M


    



       
                 

     
     

             
,

/ / / / / /
,11 ,12 ,11

,// / / / /
,21 ,22 ,21

, 2,3,..., 2

nfN

N

nfN

N

q z

nxx f

q zj N j N j
nxx f

j N j N j

S e

M B M C M
S e j N

M B M C M









   
            

,                (371) 

and we obtain: 
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2 2// // / / / /
1 1 11 // 11 // , 12 11 ,

2 2// / / / / / /
21 // 21 // , 22 21 ,

//
11 //

nf N nf nf N nfN N N N N N

N N

nf N nf nf N nfN N N N N N

N N

N

q z q z q z q zf a f a
n N n nxx f N nxx f

q z q z q z q zf a f a
n N n nxx f N nxx f

f a
n

D B C M R C e M R S e e M C M S e

M R C e M R S e e M C M S e

M R e

   

   



     

   

  2 2 2// // / / / /
12 21 // 22 11 // ,

2// // / /
11 , 21 // , 21 ,

nf N nf N nf nf NN N N N N N

N

nf nf nf N nfN N N N N

N N N

q z q z q z q zf a f a
n N n nxx f

q z q z q z q zf a
nxx f n nxx f nxx f

M M R e M C M R S e e

M S e M R S e e M S e

 

    

   

  

.                (372) 

Furthermore, we get the following form to solve the coefficient NC : 

   1

1

1 1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1 // 1

2 2// // / /
21 // 21 // , 22 21

nf N nf nf NN N N N N

N

f ns ns

nf ns ns

f f ns nf f ns sfns ns
n

ns nf ns nf ns nf f ns

q z q z q zf a f a
n N n nxx f N

B C D B C
q q q

q q
B C C B R B

q q q q q q

M R C e M R S e e M C M

  

    
 

 

   

    
                  

   

 
 

1

1 1

/ /
,

2 2// // / / / /
/ / 11 // 11 // , 12 11 ,

2 2// // / / / /
21 // 22 // 11 // // 12

//
21 //

nfN

N

nf N nf nf N nfN N N N N N

N N

nf N nf NN N N N

N

q z

nxx f

q z q z q z q zf a f asf
n n N n nxx f N nxx f

q z q zf a f asf sf
n n n n N

f a
n

S e

R M R C e M R S e e M C M S e

M R e M R M R e R M C

M R S



   

 

   

   

  1

1

1

2 2// //
, 21 , // 11 // ,

/ /
/ / 11 ,

2 2// // / /
/ / / / 11 // 21 21

,

nf nf N nf nf nf NN N N N N N

N N N

nfN

N

nf nf N nf nf N nfN N N N N N

N

q z q z q z q z q zf asf
nxx f nxx f n n nxx f

q zsf
n nxx f

q z q z q z q z qf a f asf
n n n

N nxx f

e e M S e R M R S e e

R M S e

R R M e e R M e e M e
C S

    



   

 



 
 

  

1

1 1

1

1

//
/ / 11

2 2// // / / / /
/ / 21 22 // // 11 // 12

2// //
/ / 11 21 //

, 2// // / /
/ / 21 22 // // 11

nfN N

nf N nf NN N N N

nf nf N nfN N N N

N nf NN N N

z q zsf
n

q z q zf a f asf sf
n n n n

q z q z q zf asf
n n

nxx f q zf a f asf
n n n

R M e

R M e M R R M e R M

R M M R e e e
S

R M e M R R M e

 

 

  

 


  

 


  1
2 //

// 12
nf NN

q z sf
nR M

.                (373) 

Hence we can get the other three coefficients as the following forms: 

   1

1 1

2 2// / /
/ / , / / 11 21 // 2

// ,2 2// / / // / /
// 21 22 // / / 11 // 12

2

// ,

nf nf N nf nf NN N N N N N

N nf nf NN N N

Nnf N nf NN N N N

nf NN N

N

q z q z q z q zf a f asf
n nxx f n n q z q zf a

N n nxx fq z q zf a f asf sf
n n n n

q zf a
n nxx f

R S R M M R e e e e
B R S e e

R M e M R R M e R M

R S e

   

 
 



 
 

  


   

 
1 1

1 1

// / / / / / /
21 // 11 22 // 12

2// / / // / /
/ / 21 // 11 22 // 12

nf nfN N

nf NN N

q z q zsf sf
n n

q zf a sf sf
n n n

M R M e M R M e

R M R M e M R M

 



   

  

,                (374) 

  1

1 1

2// //
/ / , / / 11 21 //

, / /2 2// // / / / /
/ / 21 22 // // 11 // 12

// ,

nf nf N nf nf NN N N N N N na N

N nf nf NN N N na N

Nnf N nf NN N N N

N

N

q z q z q z q zf a f a q zsf
n nxx f n n q z q zf a q z

nxx f nq z q zf a f asf sf
n n n n

f a
n nxx f

T S R M M R e e e e e
A S T e e e

R M e M R R M e R M

T S

   

 
 

 
 

  


   

 
1 1

1 1

// / / / / / /
21 // 11 22 // 12

2// // / / / /
/ / 21 // 11 22 // 12

nf nfN N

nf NN na N

nf NN N

q z q zsf sf
q z n nq z

q zf a sf sf
n n n

M R M e M R M e
e e

R M R M e M R M

 




   

  

,                (375) 
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 2 2 2// // // / / //
11 // 12 21 // 22 11 // ,

2// / / //
11 , 21 // , 21 ,

2//
11 //

,

nf N nf N nf nf NN N N N N N N

N

nf nf nf N nfN N N N N

N N N

nfN N

N

q z q z q z q zf a f a f a
n n N n nxx f

q z q z q z q zf a
nxx f n nxx f nxx f

qf a
n

nxx f

D M R e M M R e M C M R S e e

M S e M R S e e M S e

M R e
S

  

    



    

  


   1

1 1

2 2// / / // / / / /
12 21 // 22 // 11 21 //

2 2// / / / / / /
/ / 21 22 // / / 11 // 12

2// //
11 // , 11

N nf N nf nf N nfN N N N N N

nf N nf NN N N N

nf nf NN N N

N

z q z q z q z q zf a f asf
n n n

q z q zf a f asf sf
n n n n

q z q zf a
n nxx f nx

M M R e M R M M R e e e

R M e M R R M e R M

M R S e e M S

   

 

 

    

  

 

   
1

1

2// / /
, 21 // , 21 ,

2// / / // / / / / // // //
22 11 12 21 // 22 11 12 21

, / / 2// / /
// 21 22 // //

nf nf nf N nfN N N N N

N N N

nf nf N nfN N N N

N nf NN N N

q z q z q z q zf a
x f n nxx f nxx f

q z q z q zf a
nsf

nxx f n q zf a f asf
n n n

e M R S e e M S e

M M M M R e e M M M M e
S T

R M e M R R

    

  



 

  


  1
2// //

11 // 12
nf NN

q z sf
nM e R M

 

.                (376) 

Then we solve the coefficients in Eq. (361) completely. 

<2> If 2,3,..., 1k N   

   
2

2 2

//

/ /

nf N nf N nf N nf NNN N N N

N

nf NN N N

N N

nf N nf NN N N N N

N N

nf NN N na N

q z q z q z q zfa
N N N N

na nf

q zf fa a
N N

nf na nf na

q z q zf na a nf f a
N N n N

f na a nf

q zf a q z
n N N

B e C e B e C e
q q

B C e
q q q q

q q
B C e R C e

q q

A R C e e C



  

 
 

 



 



   

   
         

   


  


   / /
nf N nf NN na N N N na N

q z q zq z f a q z
n Ne e T C e e

 

,    (377) 

which is the same as Eq. (216) and 

1 1

1 1 1

1

1 1 ,

1 1 ,

//

nf k nf k nf nf k nf k nf kk k k k k k

k

nf k nf k nf nf k nf k nf kk k kk k k k k k

k

k k k

q z q z q z q z q z q z

k k nxx f k k

q z q z q z q z q z q zf f f
k k nxx f k k

nf nf nf

k
k

k

B e C e S e e B e C e

B e C e S e e B e C e
q q q

B B

C

  

 

  



  
 

  
 

    

            


 
   

 

1

1
,

1

1//

1

1

2

nf k nf kk k

nf nf kk k

knf k nf k kk kk k

kk k

nf k nf kk k k

kk

nf k nf kkk k k

k

q z q z

q z q zk
fq z q z nxx ff f

k
nfnf nf

q z q zf

nfnfk
k

q z q zk ff

nf

e e

S e e
C e e

qq q

e e
qqB

C
e e

q

 







 




 





   
             

  
 

 
            

 

,

1//
,

1

1

0

1

nf nf kk k

k k

k

nfk

k

q z q z
f nxx f

nf

q zk
k nxx f

k

S e e

q

B
S e

C

  





 
 
 
 
 

   
     

  

 

,                (378) 

and 
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1 1 1 1 11 1

1 1 1 1 11 1 1

1

, 1 1

, 1 1

nf nf k nf k nf k nf k nf kk k k k k k

k

nf nf k nf k nf k nf k nf kk k kk k k k k k

k

k k k

q z q z q z q z q z q z

nxx f k k k k

q z q z q z q z q z q zf f f
nxx f k k k k

nf nf nf

S e e B e C e B e C e

S e e B e C e B e C e
q q q

  

     

      



  
 

  
 

    

          

1 1

1

1 1

1

1

1 1//
1 ,

1

1 1//
1

1

1

2

nf k nf kk

nf nf kk k

knf k nf k kk kk k

kk k

nf kk k

kk

k

q z q z

q z q zk k
fq z q zk nxx ff f

k k
nfnf nf

q zf

nfnfk
k

k f

e e
B B

S e e
C C e e

qq q

e e
qqB

C

 





 



 





 






 







   
                       

  

 
     

 

1

1

1 1

,

1 1//
1 ,

1

1 // / /
1 1 ,

1

1

1

0

1

0

nf k

nf nf kk k

k k

nf k nf kk k k

k

k

nfk

k

nf

k

q z

q z q z
f nxx f

q z q zf
nf

nf

q zk
k nxx f

k

qk k
k k nxx f

k k

S e e

qe e
q

B
S e

C

B B
S e

C C








 





 





 



 
  
  
  
     

 
   

          
     

         
    

k
z

.                (379) 

Combining Eqs. (378)-(379) with the transfer matrix method which is described in 

Eqs. (217)-(219), we obtain: 

11 // // / / / / / / / / / / / / / / / / / /
1 2 2 1 2 2 1 1 2 2 1 ,

11

1// // / / / / / / / / / / / / / /
1 2 2 1 1 2 2 1 ,

1

1

0

0

1

nfk

k

k

q zk k
k k k k k nxx f

k k

k
k k k k k nxx f

k

B BB
S e

C CC

B
S e

C


    




   



      
                   

      
   

            
  

/ / / / / / / /
1 2 2 1 ,

// / / / / / // / / /
11, 1 12, 1 11, 1 12, 111 12

,// / / / / / // / / /
21, 1 22, 1 21, 1 22, 121 22

1

0

0 1

1 0

nf nfk k

k

nfk

k

q z q z

k k nxx f

q zN k k k k
nxx f

N k k k k

S e

B M M M MM M
S e

C M M M MM M

 
 

   

   

 
      

 
        

         
       

,

/ / / // / / /
12, 1 11, 111 12

, ,// / // / / /
22, 1 21, 121 22

nfk

k

nf nfk k

k k

q z

nxx f

q z q zk kN N
nxx f nxx f

k kN N

S e

M MM B M C
S e S e

M MM B M C



  

 


 
 

    
           

,                (380) 

1// // / / / / / / / / / / / /
2 2 1 2 1 ,

1

1// // / / / / / / / / / / / / / /
2 1 2 1 , 2

1

1

0

0

1

nfk

k

nfk

k

q zj k k
j k j k k j k k nxx f

j k k

q zk
j k k k j k k nxx f j k

k

B B B
S e

C C C

B
S e

C


    




    



       
                 

     
   

              
  

/ /
1 ,

// / / / / / / / / / /
,11 ,12 ,11, 1 ,12, 1 ,11, 1 ,12, 1

,// / / / / / / / / / /
,21 ,22 ,21, 1 ,22, 1 ,21, 1 ,22, 1

1

0

0

1

nfk

k

nfk

k

q z

k nxx f

q zNj j j k j k j k j k
nxx f

Nj j j k j k j k j k

S e

BM M M M M M
S e

CM M M M M M




   

   

 
 
 

        
                   

,

/ / / / / / / /
,11 ,12 ,12, 1 ,11, 1

, ,/ / / / / / / /
,21 ,22 ,22, 1 ,21, 1

1

0

, 2,3,..., 1, 1

nfk

k

nf nfk k

k k

q z

nxx f

q z q zj N j N j k j k
nxx f nxx f

j N j N j k j k

S e

M B M C M M
S e S e j N j k

M B M C M M
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,                (381) 

1// // / /
, 1 ,

1

// / /
,11 ,12

,// / /
,21 ,22

// //
,11 ,12

//
,21 ,2

0 0

1 1

0

1

nf nfk k

k k

nfk

k

q z q zk k N
k nxx f k N nxx f

k k N

q zNk k
nxx f

Nk k

k N k N

k N k

B B B
S e S e

C C C

BM M
S e

CM M

M B M C

M B M

 






        
              

        
    

     
   




 ,/ /
2

0
, 2,3,..., 1,

1
nfk

k

q z

nxx f
N

S e j N j k
C

   
      
  

,  (382) 

// //
1 ,11 ,12// // / / / /

1 1 // / /
1 ,21 ,22

// //
,11 ,12

// //
,21 ,22

, 2,3,..., 1, 1

j j N Nj j
j j j N

j j N Nj j

j N j N

j N j N

B B B BM M

C C C CM M

M B M C
j N j k

M B M C


 



        
                        

 
       

.   (383) 

Furthermore, we obtain: 

2 2// // / / / /
1 1 11 // 12 21 // 22

// / / / / / /
12, 1 , 11, 1 , 22, 1 , 21, 1 ,

nf N nf NN N N N

nf nf nf nfk k k k

k k k k

q z q zf a f a
n N N n N N

q z q z q z q z

k nxx f k nxx f k nxx f k nxx f

D B C M R C e M C M R C e M C

M S e M S e M S e M S e

 

    
   

     

   
. (384) 

Furthermore, we get the following form to solve the coefficient NC : 

 

 

1

1

1

1

2// // / / / /
11 // 12 12, 1 , 11, 1 ,

2// // / / / /
21 // 22 22, 1 , 21, 1 ,

2//
11 //

nf N nf nfN N k k

k k

nf N nf nfN N k k

k k

nN

q z q z q zf f a
n N N k nxx f k nxx f

nf

q z q z q zf f a
n N N k nxx f k nxx f

nf

qf as
n N

ns

M R C e M C M S e M S e
q

M R C e M C M S e M S e
q

M R C e
q







  
 

  
 



  

   

  

 

 1

1

2// // / /
12 21 // 22

// // / / / /
12, 1 , 11, 1 , 22, 1 , 21, 1 ,

2// //
11 // 12

f N nf NN N N

nf nf nf nfk k k k

k k k k

nf NN N

z q zf a
N n N N

q z q z q z q zs
k nxx f k nxx f k nxx f k nxx f

ns

q zf f as s
n

ns nf

M C M R C e M C

M S e M S e M S e M S e
q

M R e M
q q q



 



    
   



  

   

 
     

 
 

   

1

1

1 1

1 1

2// //
21 // 22

// // / / / /
12, 1 11, 1 22, 1 21, 1 ,

,

nf NN N

nf nf nf nfk k k k

k

k

q zf f a
n N

ns nf

q z q z q z q zf fs s
k k k k nxx f

ns nf ns nf

s

ns

N nxx f

M R e M C
q

M e M e M e M e S
q q q q

q
C S



  





    
   

  
       

    
                 



 
   

 

1 1

1 1

1 1

1 1

// / / / / / /
12, 1 11, 1 22, 1 21, 1

2 2// // / / /
11 // 12 21 // 22

nf nf nf nfk k k k

nf N nf NN N N N

q z q z q z q zf fs
k k k k

nf ns nf

q z q zf ff a f as s
n n

ns nf ns nf

M e M e M e M e
q q q

M R e M M R e M
q q q q



  

    
   

 

   
         

   
   

          
   

 

   
   

1

1

/

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

, 2 2// // / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

k nf N nf NN N N N

q z q z q z q zsf
n k k k k

nxx f q z q zf a f asf
n n n

R M e M e M e M e
S

R M R e M M R e M

    
   

 

  


  



90 
 

.                (385) 

Hence we can get the other three coefficients as the following forms: 

   
   

1

1

/ / / / / / / /
/ / 12, 1 11, 1 22, 1 21, 12

// , 2 2// // / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

nf NN N

k nf N nf NN N N N

q z q z q z q zsf
n k k k kq zf a

N n nxx f q z q zf a f asf
n n n

R M e M e M e M e
B R S e

R M R e M M R e M

    
   

 

  


  
,

                (386) 

   
   

1

1

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

// , 2 2// // / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

nf NN N na N

k nf N nf NN N N N

q z q z q z q zsf
n k k k kq zf a q z

n nxx f q z q zf a f asf
n n n

R M e M e M e M e
A T S e e

R M R e M M R e M

    
   

 

  


  

,                (387) 

 

 1

2 2// / / / / / /
11 // 12 21 // 22

// // / / / /
12, 1 , 11, 1 , 22, 1 , 21, 1 ,

// / /
/ / 12, 1 11, 1

nf N nf NN N N N

nf nf nf nfk k k k

k k k k

nf nfk k

q z q zf a f a
n n N

q z q z q z q z

k nxx f k nxx f k nxx f k nxx f

q z q zsf
n k k

D M R e M M R e M C

M S e M S e M S e M S e

R M e M e

 

    
   

 
 

   

   

 


 
   

 
1

1

// / /
22, 1 21, 1 2//

11 // ,2 2// // / / / /
/ / 11 // 12 21 // 22

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

nf nfk k

nf NN N

knf N nf NN N N N

nf nf nf nfk k k k

q z q z

k k q zf a
n nxx fq z q zf a f asf

n n n

q z q z q z qsf
n k k k k

M e M e
M R e S

R M R e M M R e M

R M e M e M e M e

 
  

 

    
   



  

  


 
   

   
 

1

1

1

//
12 ,2 2// // / / / /

/ / 11 // 12 21 // 22

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

2// // / /
/ / 11 // 12 21 //

knf N nf NN N N N

nf nf nf nfk k k k

nf NN N N

z

nxx fq z q zf a f asf
n n n

q z q z q z q zsf
n k k k k

q zf a f asf
n n n

M S
R M R e M M R e M

R M e M e M e M e

R M R e M M R e

 

    
   



  

  


   
   

   
1

1

2//
21 // ,2 / /

22

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1 //

22 ,2 2// // / / / /
/ / 11 // 12 21 // 22

12,

nf NN N

knf NN

nf nf nf nfk k k k

knf N nf NN N N N

q zf a
n nxx fq z

q z q z q z q zsf
n k k k k

nxx fq z q zf a f asf
n n n

k

M R e S
M

R M e M e M e M e
M S

R M R e M M R e M

M





    
   

 





  


  

 / / / / / / / /
1 , 11, 1 , 22, 1 , 21, 1 ,

nf nf nf nfk k k k

k k k k

q z q z q z q z

nxx f k nxx f k nxx f k nxx fS e M S e M S e M S e
    

     .

                (388) 

Then we solve the coefficients in Eq. (361) completely. 

<3> If 1k   

   
2

2 2

//

/ /

nf N nf N nf N nf NNN N N N

N

nf NN N N

N N

nf N nf NN N N N N

N N

nf NN N na N

q z q z q z q zfa
N N N N

na nf

q zf fa a
N N

nf na nf na

q z q zf na a nf f a
N N n N

f na a nf

q zf a q z
n N N

B e C e B e C e
q q

B C e
q q q q

q q
B C e R C e

q q

A R C e e C



  

 
 

 



 



   

   
         

   


  


   / /
nf N nf NN na N N N na N

q z q zq z f a q z
n Ne e T C e e

 

,    (389) 

and 
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1 1 1 1 12 2 1 1 1 1

1

1 1 1 1 12 1 12 2 1 1 1 1

1

2 1 1

11

2 2 , 1 1

2 2 , 1 1

1 2//
1

1 2

nf nf nf nf nf nf

nf nf nf nf nf nf

nf

q z q z q z q z q z q z

nxx f

q z q z q z q z q z q zf f f
nxx f

nf nf nf

q z q

B e C e S e e B e C e

B e C e S e e B e C e
q q q

e e
B B

T
C C

  

  

  



    

            


   
     

   

11

11 1

11 1 11 11 1

11 1

1 11 1 1

11

1 1

1 111 1 1

1

1

1

,

2//
1 ,

2

1

1

2

nf

nf nf

nf nf

nf nf

n

nf nf

z

q z q z
fq z q z nxx ff f

nfnf nf

q z q zf

nf qnf
f nxx f

q z q zff
nf

nf

S e e
e e

qq q

e e
qqB

T S e
C

qe e
q

 








 


 

   
   
         

 
  

                
 

11 1

1

1

2//
1 ,

2

0

1

f nf

nf

z q z

q z

nxx f

e

B
T S e

C

 

   
    

  

. (390) 

Combining Eq. (390) with the transfer matrix method which is described in Eqs. 

(217)-(219), we obtain: 

1 1

1 1

1

1

// / /
1 2// 11 12

1 , ,// / /
1 2 21 22

// / /
11 12

,// / /
21 22

0 0

1 1

0

1

nf nf

nf

q z q zN
nxx f nxx f

N

q zN N
nxx f

N N

BB B M M
S e S e

CC C M M

M B M C
S e

M B M C

 



          
             

         
   

       

,  (391) 

// // / / / /
,11 ,12 ,11 ,11// //

1 // // / / / /
,21 ,22 ,21 ,22

, 2,..., 1j N Nj j j N j N
j N

j N Nj j j N j N

B B BM M M B M C
j N

C C CM M M B M C

        
                         

.                (392) 

Furthermore, we obtain: 

 

1 1

1 1

1

1

1

1 1

2// //
, 1 1 , 11 // 12

2// / /
21 // 22 ,

2 2// // / / / /
11 // 12 21 // 22 , ,

nf Nnf nf N N

nf N nfN N

nf N nf N nfN N N N

q zq z q z f a
nxx f nxx f n N N

q z q zf a
n N N nxx f

q z q z q zf a f a
n n N nxx f nxx f

D S e B C S e M R C e M C

M R C e M C S e

M R e M M R e M C S e S

   



  

     

  

      1nfq z
e



. (393) 

Furthermore, we get the following form to solve the coefficient NC : 
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   1 11 1

1 1

1 1

1 1 1 1

1

1 1 1

1

, 1 1 , 1 1

1 1 ,

2// / / / /
11 // 12 21 //

/ /

1

nf nf

nf

nf NN N

q z q zf f s
nxx f nxx f

nf nf ns

q zf f fs s s
nxx f

ns nf ns nf ns nf

q zf a f
n N N nsf

n

S e B C S e B C
q q q

B C S e
q q q q q q

M R C e M C M R
R

  

    

  





    

     
                

     

     
 

1 1

1 1

1 1 1 1 1

1 1

1 1 1

1

2 //
22 , ,

2 2// // / / / /
11 // // 12 // 21 // 22 , , / /

/ /
, /

11

nf N nf nfN N

nf N nf N nf nfN N N N

nf nf

q z q z q za
N N nxx f nxx f

q z q z q z q zf a f asf sf sf
n n n n N nxx f nxx f n

q z q zsf
n

N nxx f

C e M C S e S e

M R R e M R M R e M C S e S R e

e R e
C S

M

  

   

 

  

     


 

1 1
2 2/ / / / / / /

/ / / / 12 // 21 // 22
nf N nf NN N N N

q z q zf a f asf sf
n n n nR R e M R M R e M

   

.                (394) 

Hence we can get the other three coefficients as the following forms: 

1 1 1

1 1 1

2//
// , 2 2// // / / / /

11 // // 12 // 21 // 22

nf nf

nf NN N

nf N nf NN N N N

q z q zsf
q zf a n

N n nxx f q z q zf a f asf sf
n n n n

e R e
B R S e

M R R e M R M R e M

 


 




  
, (395) 

1 1 1

1 1 1

//
/ / , 2 2// // / / / /

11 // // 12 // 21 // 22

nf nf

nf NN N na N

nf N nf NN N N N

q z q zsf
q zf a q zn

n nxx f q z q zf a f asf sf
n n n n

e R e
A T S e e

M R R e M R M R e M

 


 




  
, 

                (396) 

 
   

1 1

1 1

1 1 1

1 1

2 2// / / / / / /
11 // 12 21 // 22 , ,

2 2// // / / / /
11 // 12 21 // 22 //

, 2//
11 // //

nf N nf N nf nfN N N N

nf N nf N nf nfN N N N

nN

q z q z q z q zf a f a
n n N nxx f nxx f

q z q z q z q zf a f a sf
n n n

nxx f qf asf
n n

D M R e M M R e M C S e S e

M R e M M R e M e R e
S

M R R e

   

   



     

   


   

1 1

1 11

1 1

1

1 1

, ,2// / / / /
12 // 21 // 22

2 2// / / / / / /
11 // 12 21 // 22

, // 2// //
11 // // 12 //

nf nf

f N nf NN N N

nf N nf Nnf nfN N N N

nf NN N

q z q z

nxx f nxx fz q zf asf
n n

q z q zq z q zf a f a
n nf s

nxx f n q zf asf s
n n n

S e S e
M R M R e M

e M R e M e M R e M
S T

M R R e M R

 


  



 
  

  


 1
2// //

21 // 22
nf NN N

q zf af
nM R e M

 

.                (397) 

Then we solve the coefficients in Eq. (361) completely. Next we discuss the 

component nzxg . According to Eq. (177), we have: 

2
n

nzx z nxx
n

ik
g g

q
    .             (398) 

Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z   (without loss of generality, we may set 0 0z  ), the 

corresponding different equation in regions Nz z , 1 , , 1,...,2,1j jz z z j N N      

and 0z   are: 
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2

12 2

,2 2

1

,

, , 1,2,...,

, 0

,

,

na

nf nfj j

j j

ns ns

na

nf nfj j

j j

q zn
z N

na

q z q zn n
j z j z j jnzx

nf nf

q z z q zn n
nxx s z z

ns ns

q zn
N

na

q z q zn n
j j j

nf nf

ik
A e z z

q

ik ik
B e C e z z z j Ng

q q

ik ik
S e D e z

q q

ik
A e z z

q

ik ik
B e C e z

q q







 







  

       



    




 



 ,

, 1,2,...,

sgn , 0ns ns

j

q z z q zn n
nxx s

ns ns

z z j N

ik ik
S z z e D e z

q q
 




   



  


,   (399) 

where , 22
ns

nxx s
a

q
S

k
   and the basic four coefficients A , NB , NC , D , jB  and jC  

( 1,2,..., 1j N  ) have already defined in Eq. (348), (347), (346), (349), (343), (344). 

These explicit forms are: 

 
1

1

// / / ,

2 2// // / / / /
21 // 22 // 11 // 12

nf NN N na N ns

nf N nf NN N N N

q zf a q z q zsf
n n nxx s

q z q zf a f asf
n n n

T e e T S e
A

M R e M R M R e M

 

 


  
,     (400) 

 
1

1

2

// // ,

2 2// // / / / /
21 // 22 // 11 // 12

nf NN ns N

nf N nf NN N N N

q zf a q zsf
n n nxx s

N q z q zf a f asf
n n n

R T S e e
B

M R e M R M R e M



 


  
,     (401) 

 
1

1

// ,

2 2// // / / / /
21 // 22 // 11 // 12

ns

nf N nf NN N N N

q zsf
n nxx s

N q z q zf a f asf
n n n

T S e
C

M R e M R M R e M



 


  
,     (402) 

 
 

1

1

2 2// // / / / /
11 // 12 // 21 // 22

, 2 2// // / / / /
21 // 22 // 11 // 12

nf N nf NN N N N

ns

nf N nf NN N N N

q z q zf a f asf
n n nq z

nxx s q z q zf a f asf
n n n

M R e M R M R e M
D S e

M R e M R M R e M

 


 

  


  
,   (403) 

// /// / / /
1 // // / / 11 1211 12

1 2 1 // /// / / /
1 21 2221 22

N N N N
N

N N N N

B BB M B M CM M

C CC M B M CM M


       
                     

,  (404) 

// / / / / / /
,11 ,12 ,11 ,12// // / /

1 1 // // / / / /
,21 ,22 ,21 ,22

, 2,3,..., 1j N Nj j j N j N
j j N

j N Nj j j N j N

B B BM M M B M C
j N

C C CM M M B M C 

        
                          

.                (405) 

Next we consider Nz z  , the corresponding different equation in regions Nz z , 

1 , , 1,...,2,1j jz z z j N N      and 0z   are: 
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,2 2

12 2

2

,

,

, , 1,2,...,

, 0

sgn ,

na na

nf nfj j

j j

ns

na na

q z z q zn n
nxx a z z N

na na

q z q zn n
j z j z j jnzx

nf nf

q zn
z

ns

q z z q zn n
nxx a N

na na

n
j

nf

ik ik
S e A e z z

q q

ik ik
B e C e z z z j Ng

q q

ik
D e z

q

ik ik
S z z e A e z z

q q

ik
B

q

  





  

    

       



  


  





1, , 1,2,...,

, 0

nf nfj j

j j

ns

q z q zn
j j j

nf

q zn

ns

ik
e C e z z z j N

q

ik
D e z

q








    



 


,   (406) 

where , 22
na

nxx a
a

q
S

k
   and the basic four coefficients A , NB , NC  and D  have 

already defined in Eq. (358), (357), (356), (359). These explicit forms are: 

   
   

1 1

1

2// // / / / /
/ / 11 21 // // 12 222

, 2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN N

na na N

nf N nf NN N N N

q z f asf sf
n n nq z q z

nxx a q z q zf a f asf
n n n

R M M e R R M M
A S e e

R M R e M M R e M




 

  
 

  
, (407) 

 
   

1

1

// / /
, // / / 12 22

2 2// / / / / //
// 11 // 12 21 // 22

nf Nna na N N N

nf N nf NN N N N

q zq z q z af sf
nxx a n n

N q z q zf a f asf
n n n

S e e e T R M M
B

R M R e M M R e M



 




  
,     (408) 

 
   

1

1

// / /
, / / / / 11 21

2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN na na N N

nf N nf NN N N N

q zaf q z q zsf
nxx a n n

N q z q zf a f asf
n n n

S T R M M e e e
C

R M R e M M R e M



 


 

  
.    (409) 

 
   

1

1

/ / / / // //
, // / / 22 11 21 12

2 2// / / // //
/ / 11 // 12 21 // 22

nf NN na na N N

nf N nf NN N N N

q zaf q z q zf s
nxx a n n

q z q zf a f asf
n n n

S T T M M M M e e e
D

R M R e M M R e M



 




  
.     (410) 

The coefficients jB  and jC  ( 1,2,..., 1j N  ) are shown in Eq. (404) and Eq. 

(405). Next we consider the location of a point source is inside the film layer, that is 

1 , 1,2,...,k kz z z k N    . Fixed the index k , the corresponding different equation 

in regions Nz z , 1 , , 1,...,2,1j jz z z j N N      and 0z   are: 
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2

, 12 2 2

2

,

,

, , 1,2,...,

, 0

,

sgn

na

nf nfnf j jk

k

k j j

ns

na

nfk

k

k

q zn
z N

na

q z q zq z zn n n
nxx f z jk j z j z j jnzx

nf nf nf

q zn
z

ns

q zn
N

na

q z zn
nxx f

nf

ik
A e z z

q

ik ik ik
S e B e C e z z z j Ng

q q q

ik
D e z

q

ik
Ae z z

q

ik
S z z e

q







 




 

  

         



  








1, , 1,2,...,

, 0

nf nfj j

j j

ns

q z q zn n
jk j j j j

nf nf

q zn

ns

ik ik
B e C e z z z j N

q q

ik
De z

q








     



 


,                (411) 

where , 22
k

k

k

nf
nxx f

f

q
S

k
  . The coefficients A , NB , NC , D , jB  and jC  

( 1,2,..., 1j N  ) in Eq. (411) have already defined in Eq. (375), (374), (373), (376), 

(370), (371), (369) for k N , Eq. (387), (386), (385), (388), (380), (381), (382), 

(383) for 2,3,..., 1k N   and Eq. (396), (395), (394), (397), (391), (392) for 1k  , 

respectively. These explicit forms are: 

<1> If k N : 

   
 

1 1

1 1

// / / / / / /
21 // 11 22 // 12

// , 2// // / / / /
/ / 21 // 11 22 // 12

nf nfN N

nf NN N na N

N nf NN N

q z q zsf sf
q z n nf a q z

n nxx f q zf a sf sf
n n n

M R M e M R M e
A T S e e

R M R M e M R M

 




   


  
,  (412) 

   
 

1 1

1 1

// / / / / / /
2 21 // 11 22 // 12

// , 2// / / // //
// 21 // 11 22 // 12

nf nfN N

nf NN N

N nf NN N

q z q zsf sf
q z n nf a

N n nxx f q zf a sf sf
n n n

M R M e M R M e
B R S e

R M R M e M R M

 




   


  
,   (413) 

  1

1 1

2// / /
/ / 11 21 //

, 2 2// / / / / //
// 21 22 // / / 11 // 12

nf nf N nfN N N N

N nf N nf NN N N N

q z q z q zf asf
n n

N nxx f q z q zf a f asf sf
n n n n

R M M R e e e
C S

R M e M R R M e R M

  

 

 


  
,    (414) 

   
1

1 1

2// // // // // // / / / /
22 11 12 21 // 22 11 12 21

, // 2 2// // // //
/ / 21 22 // / / 11 // 12

nf nf N nfN N N N

N nf N nf NN N N N

q z q z q zf a
nsf

nxx f n q z q zf a f asf sf
n n n n

M M M M R e e M M M M e
D S T

R M e M R R M e R M

  

 

  


  
, (415) 
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11 // // / / / / / / / / / / / / / / / / / /
1 2 2 1 2 2 1 1 2 2 1 ,

11

// // / / / /
11 12 11 12

,// / / / / / /
21 22 21 22

1

0

1

0

nfN

N

q zN N
N N N N N nxx f

N N

N
nxx

N

B BB
S e

C CC

BM M M M
S

CM M M M


    



      
                   

      
      

       
     

/ / / / / /
11 12 11

,// / / / /
21 22 21

nfN

N

nfN

N

q z

f

q zN N
nxx f

N N

e

M B M C M
S e

M B M C M



   
       

,                (416) 

// // / / / / / / / /
2 1 2 1 ,

// / / / / / /
,11 ,12 ,11 ,12

,// / / / / / /
,21 ,22 ,21 ,22

//
,11

1

0

1

0

nfN

N

nfN

N

q zj N
j N N j N N nxx f

j N

q zNj j j j
nxx f

Nj j j j

j N

B B
S e

C C

BM M M M
S e

CM M M M

M B


   



     
            

   
      

               


/ / / /
,12 ,11

,// / / / /
,21 ,22 ,21

, 2,3,..., 2nfN

N

q zj N j
nxx f

j N j N j

M C M
S e j N

M B M C M
   

           

,   (417) 

1 // / /
1 1 ,

1

1

0
nfN

N

q zN N
N N nxx f

N N

B B
S e

C C


 


     
        

    
.        (418) 

<2> If 2,3,..., 1k N  : 

   
   

1

1

/ / // // / /
// 12, 1 11, 1 22, 1 21, 1

// , 2 2// // / / / /
// 11 // 12 21 // 22

nf nf nf nfk k k k

nf NN N na N

k nf N nf NN N N N

q z q z q z q zsf
n k k k kq zf a q z

n nxx f q z q zf a f asf
n n n

R M e M e M e M e
A T S e e

R M R e M M R e M

    
   

 

  


  
 

                (419) 

   
   

1

1

/ / / / / / / /
/ / 12, 1 11, 1 22, 1 21, 12

// , 2 2// // / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

nf NN N

k nf N nf NN N N N

q z q z q z q zsf
n k k k kq zf a

N n nxx f q z q zf a f asf
n n n

R M e M e M e M e
B R S e

R M R e M M R e M

    
   

 

  


  
,

                (420) 

   
   

1

1

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

, 2 2// / / / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

k nf N nf NN N N N

q z q z q z q zsf
n k k k k

N nxx f q z q zf a f asf
n n n

R M e M e M e M e
C S

R M R e M M R e M

    
   

 

  


  
,  (421) 
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1

1

1

/ / / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1 2//

11 // ,2 2// / / / / / /
/ / 11 // 12 21 // 22

//
// 12, 1 11, 1

nf nf nf nfk k k k

nf NN N

knf N nf NN N N N

nfk

q z q z q z q zsf
n k k k k q zf a

n nxx fq z q zf a f asf
n n n

q zsf
n k k

R M e M e M e M e
D M R e S

R M R e M M R e M

R M e M

    
    

 


 

  


  




   
   

   
1

1

/ / / / / /
22, 1 21, 1 //

12 ,2 2// // / / / /
/ / 11 // 12 21 // 22

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

//

nf nf nfk k k

knf N nf NN N N N

nf nf nf nfk k k k

q z q z q z

k k

nxx fq z q zf a f asf
n n n

q z q z q z q zsf
n k k k k

n

e M e M e
M S

R M R e M M R e M

R M e M e M e M e

R

   
 

 

    
   

 

  

  


   
   

 

1

1

1

2//
21 // ,2 2// // / / / /

11 // 12 21 // 22

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

2// //
/ / 11 // 12 2

nf NN N

knf N nf NN N N N

nf nf nf nfk k k k

nf NN N

q zf a
n nxx fq z q zf a f asf

n n

q z q z q z q zsf
n k k k k

q zf asf
n n

M R e S
M R e M M R e M

R M e M e M e M e

R M R e M M



 

    
   



  

  


   
/ /
22 ,2// //

1 // 22

// // / / / /
12, 1 , 11, 1 , 22, 1 , 21, 1 ,

knf NN N

nf nf nf nfk k k k

k k k k

nxx fq zf a
n

q z q z q z q z

k nxx f k nxx f k nxx f k nxx f

M S
R e M

M S e M S e M S e M S e



    
   



   

,                (422) 

11 // // / / / / / / / / / / / / / / / / / /
1 2 2 1 2 2 1 1 2 2 1 ,

11

1// // / / / / / / / / / / / / / /
1 2 2 1 1 2 2 1 ,

1

1

0

0

1

nfk

k

k

q zk k
k k k k k nxx f

k k

k
k k k k k nxx f

k

B BB
S e

C CC

B
S e

C


    




   



      
                   

      
   

            
  

/ / / / / / / /
1 2 2 1 ,

// / / / / / // / / /
11, 1 12, 1 11, 1 12, 111 12

,// / / / / / // / / /
21, 1 22, 1 21, 1 22, 121 22

1

0

0 1

1 0

nf nfk k

k

nfk

k

q z q z

k k nxx f

q zN k k k k
nxx f

N k k k k

S e

B M M M MM M
S e

C M M M MM M

 
 

   

   

 
      

 
        

         
       

,

/ / / // / / /
12, 1 11, 111 12

, ,// / // / / /
22, 1 21, 121 22

nfk

k

nf nfk k

k k

q z

nxx f

q z q zk kN N
nxx f nxx f

k kN N

S e

M MM B M C
S e S e

M MM B M C



  

 


 
 

    
           

,                (423) 

1// // / / / / / / / / / / / /
2 2 1 2 1 ,

1

1// // / / / / / / / / / / / / / /
2 1 2 1 , 2

1

1

0

0

1

nfk

k

nfk

k

q zj k k
j k j k k j k k nxx f

j k k

q zk
j k k k j k k nxx f j k

k

B B B
S e

C C C

B
S e

C


    




    



       
                 

     
   

              
  

/ /
1 ,

// / / / / / / / / / /
,11 ,12 ,11, 1 ,12, 1 ,11, 1 ,12, 1

,// / / / / / / / / / /
,21 ,22 ,21, 1 ,22, 1 ,21, 1 ,22, 1

1

0

0

1

nfk

k

nfk

k

q z

k nxx f

q zNj j j k j k j k j k
nxx f

Nj j j k j k j k j k

S e

BM M M M M M
S e

CM M M M M M




   

   

 
 
 

        
                   

,

/ / / / / / / /
,11 ,12 ,12, 1 ,11, 1

, ,/ / / / / / / /
,21 ,22 ,22, 1 ,21, 1

1

0

, 2,3,..., 1, 1

nfk

k

nf nfk k

k k

q z

nxx f

q z q zj N j N j k j k
nxx f nxx f

j N j N j k j k

S e

M B M C M M
S e S e j N j k

M B M C M M



  

 

 
  

     
                     
,                (424) 
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1// // / /
, 1 ,

1

// / /
,11 ,12

,// / /
,21 ,22

// //
,11 ,12

//
,21 ,2

0 0

1 1

0

1

nf nfk k

k k

nfk

k

q z q zk k N
k nxx f k N nxx f

k k N

q zNk k
nxx f

Nk k

k N k N

k N k

B B B
S e S e

C C C

BM M
S e

CM M

M B M C

M B M

 






        
              

        
    

     
   




 ,/ /
2

0
, 2,3,..., 1,

1
nfk

k

q z

nxx f
N

S e j N j k
C

   
      
  

,  (425) 

// //
1 ,11 ,12// // / / / /

1 1 // / /
1 ,21 ,22

// //
,11 ,12

// //
,21 ,22

, 2,3,..., 1, 1

j j N Nj j
j j j N

j j N Nj j

j N j N

j N j N

B B B BM M

C C C CM M

M B M C
j N j k

M B M C


 



        
                        

 
       

.   (426) 

<3> If 1k  : 

1 1 1

1 1 1

//
/ / , 2 2// // / / / /

11 // // 12 // 21 // 22

nf nf

nf NN N na N

nf N nf NN N N N

q z q zsf
q zf a q zn

n nxx f q z q zf a f asf sf
n n n n

e R e
A T S e e

M R R e M R M R e M

 


 




  
, 

                (427) 

1 1 1

1 1 1

2//
// , 2 2// // / / / /

11 // // 12 // 21 // 22

nf nf

nf NN N

nf N nf NN N N N

q z q zsf
q zf a n

N n nxx f q z q zf a f asf sf
n n n n

e R e
B R S e

M R R e M R M R e M

 


 




  
, (428) 

1 1 1

1 1 1

/ /
, 2 2// // / / / /

11 // // 12 // 21 // 22

nf nf

nf N nf NN N N N

q z q zsf
n

N nxx f q z q zf a f asf sf
n n n n

e R e
C S

M R R e M R M R e M

 

 




  
,   (429) 

   1 1

1

1 1 1

2 2// // / / / /
11 // 12 21 // 22

, // 2 2// // / / / /
11 // / / 12 // 21 // 22

nf N nf Nnf nfN N N N

nf N nf NN N N N

q z q zq z q zf a f a
n nf s

nxx f n q z q zf a f asf sf
n n n n

e M R e M e M R e M
D S T

M R R e M R M R e M

  

 

  


  
, (430) 

1 1

1 1

1

1

// / /
1 2// 11 12

1 , ,// / /
1 2 21 22

// / /
11 12

,// / /
21 22

0 0

1 1

0

1

nf nf

nf

q z q zN
nxx f nxx f

N

q zN N
nxx f

N N

BB B M M
S e S e

CC C M M

M B M C
S e

M B M C

 



          
             

         
   

       

,  (431) 

// // / / / /
,11 ,12 ,11 ,11// //

1 // // / / / /
,21 ,22 ,21 ,22

, 2,..., 1j N Nj j j N j N
j N

j N Nj j j N j N

B B BM M M B M C
j N

C C CM M M B M C

        
                         

.                (432) 

Finally we discuss the component nzzg . According to Eq. (193), we have: 

 2 2

1 n
nzz z nxz

n n

ik
g z z g

q q
      .          (433) 
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Next we will consider the relative position between the field ( z ) and the source ( z ). 
First we consider 0z   (without loss of generality, we may set 0 0z  ), the 

corresponding different equation in regions Nz z , 1 , , 1,...,2,1j jz z z j N N      

and 0z   are: 

   

2

12 2

,2 2 2

,

, , 1,2,...,

1
sgn , 0

,

na

nf nfj j

j j

ns ns

na

nf

j

q zn
z N

na

q z q zn n
j z j z j jnzz

nf nf

q z z q zn n
nxz s z z

ns ns ns

q zn
N

na

q zn
j

nf

ik
A e z z

q

ik ik
B e C e z z z j Ng

q q

ik ik
z z S z z e D e z

q q q

ik
Ae z z

q

ik i
B e

q









 



   

        



          



 



   

 

1

,2 2

1

2

, , 1,2,...,

1
2 , 0

,

, , 1,2,...,

1

nf

j

ns ns ns

na

nf nf

j j

q zn
j j j

nf

q z z q z z q zn n
nxz s ns

ns ns ns

q zn
N

na

q z q zn n
j j j j

nf nf

s

k
C e z z z j N

q

ik ik
z z S z z e q e De z

q q q

ik
Ae z z

q

ik ik
B e C e z z z j N

q q

z z
k

 






    









   



         



    

  , , 0ns nsq z z q zn n
nxz s

ns ns

ik ik
S e De z

q q
 









  


, (434) 

where , 22
n

nxz s
s

ik
S

k
   and the basic four coefficients A , NB , NC  and D  have 

already defined in Eq. (223), (222), (221), (224). These following explicit forms are: 

   
1

1

/ / / / ,

2 2// / / / / / /
/ / 11 // 12 21 // 22

nf NN ns N na N

nf N nf NN N N N

q zf a q z q zsf
n n nxz s

q z q zf a f asf
n n n

T T S e e e
A

R M R e M M R e M



 




  
,     (435) 

   
1

1

2

// // ,

2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN ns N

nf N nf NN N N N

q zf a q zsf
n n nxz s

N q z q zf a f asf
n n n

R T S e e
B

R M R e M M R e M



 




  
,    (436) 

   
1

1

/ / ,

2 2// // / / / /
/ / 11 // 12 21 // 22

ns

nf N nf NN N N N

q zsf
n nxz s

N q z q zf a f asf
n n n

T S e
C

R M R e M M R e M



 




  
,     (437) 
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1 1 1 1 1 1

1

2// / / / / / /
/ / / / 11 // // 21 // / / // 12 // 22

,2 2// / / / / / /
/ / 11 // 12 21 // 22

1 1nf NN N N

ns

nf N nf NN N N N

q zf a f asf sf sf sf sf sf
n n n n n n n n q z

nxz sq z q zf a f asf
n n n

T R M R T M R e T R M T M
D S e

R M R e M M R e M




 

         
  

.                (438) 

The coefficients jB  and jC  ( 1,2,..., 1j N  ) are easily obtained via the transfer 

matrix method which is shown in Eq. (217) and described in Eq. (404) and Eq. (405). 

Next we consider Nz z  , the corresponding different equation in regions Nz z , 

1 , , 1,...,2,1j jz z z j N N      and 0z   are: 

   

   

,2 2 2

12 2

2

,2 2

1
sgn ,

, , 1,2,...,

, 0

1
2

na na

nf nfj j

j j

ns

na

q z z q zn n
nxz a z z N

na na na

q z q zn n
j z j z j jnzz

nf nf

q zn
z

ns

qn
nxz a

na na

ik ik
z z S z z e A e z z

q q q

ik ik
B e C e z z z j Ng

q q

ik
D e z

q

ik
z z S z z e

q q



 

  







           

       



  


   





 

1

,2

,

, , 1,2,...,

, 0

1
,

na na

nf nfj j

j j

ns

na na

nf j

j j

z z q z z q zn
na N

na

q z q zn n
j j j j

nf nf

q zn

ns

q z z q zn n
nxz a N

a na na

q zn n
j j

nf nf

ik
q e Ae z z

q

ik ik
B e C e z z z j N

q q

ik
De z

q

ik ik
z z S e Ae z z

k q q

ik ik
B e C e

q q



    





  

      

    



 


    

  1, , 1,2,...,

, 0

nf j

ns

q z

j j

q zn

ns

z z z j N

ik
De z

q








   



 


, 

                (439) 

where , 22
n

nxz a
a

ik
S

k
   and the basic four coefficients A , NB , NC  and D  have 

already defined in Eq. (233), (232), (231), (234). These following explicit forms are: 

   
   

1 1

1

2// / / / / / /
/ / 11 21 // // 12 222

, 2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN N

na na N

nf N nf NN N N N

q z f asf sf
n n nq z q z

nxz a q z q zf a f asf
n n n

R M M e R R M M
A S e e

R M R e M M R e M




 

  


  
, (440) 
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1

1

// / /
, / / / / 12 22

2 2// // / / / /
/ / 11 // 12 21 // 22

nf Nna na N N N

nf N nf NN N N N

q zq z q z af sf
nxz a n n

N q z q zf a f asf
n n n

S e e e T R M M
B

R M R e M M R e M



 

 


  
,    (441) 

 
   

1

1

// / /
, / / / / 11 21

2 2// / / / / / /
/ / 11 // 12 21 // 22

nf NN na na N N

nf N nf NN N N N

q zaf q z q zsf
nxz a n n

N q z q zf a f asf
n n n

S T R M M e e e
C

R M R e M M R e M



 




  
.    (442) 

 
   

1

1

/ / / / / / / /
, / / / / 22 11 21 12

2 2// // / / / /
/ / 11 // 12 21 // 22

nf NN na na N N

nf N nf NN N N N

q zaf q z q zf s
nxz a n n

q z q zf a f asf
n n n

S T T M M M M e e e
D

R M R e M M R e M



 

 


  
.    (443) 

The coefficients jB  and jC  ( 1,2,..., 1j N  ) are easily obtained via the transfer 

matrix method which is shown in Eq. (217) and described in Eq. (404) and Eq. (405). 

Next we consider the location of a point source is inside the film layer, that is 

1 , 1,2,...,k kz z z k N    . Fixed the index k , the corresponding different equation 

in regions Nz z , 1 , , 1,...,2,1j jz z z j N N      and 0z   are: 

   

 

2

,2 2 2 2

1

2

2

,

1
sgn

, , 1,2,...,

, 0

,

1

na

nf nf nfj j j

j

j j j j

ns

na

j

q zn
z N

na

q z z q z q zn n n
nxz f z j z j z

nf nf nf nfnzz

j j

q zn
z

ns

q zn
N

na

nf

ik
A e z z

q

ik ik ik
z z S z z e B e C e

q q q qg

z z z j N

ik
D e z

q

ik
Ae z z

q

z z
q







  





  

             
   


  









 

 

,2

1

,2

2

, , 1,2,...,

, 0

,

1

nf nf nf nfj j j j

j j

j j j

ns

na

nf j

j

j j j

q z z q z z q z q zn n n
nxz f nf j j

nf nf nf

j j

q zn

ns

q zn
N

na

q z zn n
nxz f j

f nf nf

ik ik ik
S z z e q e B e C e

q q q

z z z j N

ik
De z

q

ik
Ae z z

q

ik ik
z z S e B e

k q q





     





 




        
   


 




    1, , 1,2,...,

, 0

nf nfj j

j

ns

q z q zn
j j j

nf

q zn

ns

ik
C e z z z j N

q

ik
De z

q








    



 


,                (444) 
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where , 22k

k

n
nxz f

f

ik
S

k
  . The coefficients A , NB , NC , D , jB  and jC  

( 1,2,..., 1j N  ) in Eq. (444) have already defined in Eq. (250), (249), (248), (251), 

(245), (246), (244) for k N , Eq. (262), (261), (260), (263), (255), (256), (257), 

(258) for 2,3,..., 1k N   and Eq. (271), (270), (269), (272), (266), (267) for 1k  , 

respectively. These following explicit forms are: 

<1> If k N : 

   
 

1 1

1 1

/ / / / / / / /
21 // 11 22 // 12

// , 2// // / / / /
/ / 21 // 11 22 // 12

nf nfN N

nf NN N na N

N nf NN N

q z q zsf sf
q z n nf a q z

n nxz f q zf a sf sf
n n n

M R M e M R M e
A T S e e

R M R M e M R M

 




  


  
,  (445) 

   
 

1 1

1 1

// / / / / / /
2 21 // 11 22 // 12

// , 2// // / / / /
/ / 21 // 11 22 // 12

nf nfN N

nf NN N

N nf NN N

q z q zsf sf
q z n nf a

N n nxz f q zf a sf sf
n n n

M R M e M R M e
B R S e

R M R M e M R M

 




  


  
,  (446) 

   1

1 1

2// / /
// 11 21 //

, 2 2// // / / / /
/ / 21 22 // // 11 // 12

nf nf N nfN N N N

N nf N nf NN N N N

q z q z q zf asf
n n

N nxz f q z q zf a f asf sf
n n n n

R M M R e e e
C S

R M e M R R M e R M

  

 

 


  
,    (447) 

   
1

1 1

2// // / / / / / / / / / / / /
22 11 12 21 // 22 11 12 21

, / / 2 2// / / / / / /
/ / 21 22 // / / 11 // 12

nf nf N nfN N N N

N nf N nf NN N N N

q z q z q zf a
nsf

nxz f n q z q zf a f asf sf
n n n n

M M M M R e e M M M M e
D S T

R M e M R R M e R M

  

 

  


  
,  

                (448) 

11 // / / // / / / / / / / / / / / / / / / /
1 2 2 1 2 2 1 1 2 2 1 ,

11

// / / // / /
11 12 11 12

,// / / / / / /
21 22 21 22

1

0

1

0

nfN

N

q zN N
N N N N N nxz f

N N

N
nxz

N

B BB
S e

C CC

BM M M M
S

CM M M M


    



      
                  

      
      

       
     

/ / / / / /
11 12 11

,// // / /
21 22 21

nfN

N

nfN

N

q z

f

q zN N
nxz f

N N

e

M B M C M
S e

M B M C M



   
       

,                (449) 

1// // / / / / / / / / / / / /
2 2 1 2 1 ,

1

// // / / / /
,11 ,12 ,11 ,12

// // / / / /
,21 ,22 ,21 ,22

1

0

1

0

nfN

N

q zj N N
j N j N N j N N nxz f

j N N

Nj j j j

Nj j j j

B B B
S e

C C C

BM M M M

CM M M M


    



       
                

     
     

             
,

/ / / / / /
,11 ,12 ,11

,// / / / /
,21 ,22 ,21

, 2,3,..., 2

nfN

N

nfN

N

q z

nxz f

q zj N j N j
nxz f

j N j N j

S e

M B M C M
S e j N

M B M C M









   
            

,                (450) 

1 // //
1 1 ,

1

1

0
nfN

N

q zN N
N N nxz f

N N

B B
S e

C C


 


     
        

    
.        (451) 
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<2> If 2,3,..., 1k N  : 

   
   

1

1

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

// , 2 2// / / / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

nf NN N na N

k nf N nf NN N N N

q z q z q z q zsf
n k k k kq zf a q z

n nxz f q z q zf a f asf
n n n

R M e M e M e M e
A T S e e

R M R e M M R e M

    
   

 

  


  
,

                (452) 

   
   

1

1

// / / / / / /
/ / 12, 1 11, 1 22, 1 21, 12

// , 2 2// // / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

nf NN N

k nf N nf NN N N N

q z q z q z q zsf
n k k k kq zf a

N n nxz f q z q zf a f asf
n n n

R M e M e M e M e
B R S e

R M R e M M R e M

    
   

 

  


  
,

                (453) 

   
   

1

1

/ / / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1

, 2 2// // / / / /
/ / 11 // 12 21 // 22

nf nf nf nfk k k k

k nf N nf NN N N N

q z q z q z q zsf
n k k k k

N nxz f q z q zf a f asf
n n n

R M e M e M e M e
C S

R M R e M M R e M

    
   

 

  


  
,  (454) 

   
   

1

1

1

/ / / / / / / /
/ / 12, 1 11, 1 22, 1 21, 1 2//

11 // ,2 2// / / / / / /
/ / 11 // 12 21 // 22

//
// 12, 1 11, 1

nf nf nf nfk k k k

nf NN N

knf N nf NN N N N

nfk

q z q z q z q zsf
n k k k k q zf a

n nxz fq z q zf a f asf
n n n

q zsf
n k k

R M e M e M e M e
D M R e S

R M R e M M R e M

R M e M

    
    

 


 

  


  




   
   

   
1

1

// / / / /
22, 1 21, 1 //

12 ,2 2// // / / / /
/ / 11 // 12 21 // 22

// // / / / /
/ / 12, 1 11, 1 22, 1 21, 1

//

nf nf nfk k k

knf N nf NN N N N

nf nf nf nfk k k k

q z q z q z

k k

nxz fq z q zf a f asf
n n n

q z q z q z q zsf
n k k k k

n

e M e M e
M S

R M R e M M R e M

R M e M e M e M e

R

   
 

 

    
   

 

  

  


   
   

 

1

1

1

2//
21 // ,2 2// // / / / /

11 // 12 21 // 22

// // / / / /
/ / 12, 1 11, 1 22, 1 21, 1

2// //
/ / 11 // 12 2

nf NN N

knf N nf NN N N N

nf nf nf nfk k k k

nf NN N

q zf a
n nxz fq z q zf a f asf

n n

q z q z q z q zsf
n k k k k

q zf asf
n n

M R e S
M R e M M R e M

R M e M e M e M e

R M R e M M



 

    
   



  

  


   
/ /
22 ,2// //

1 // 22

// / / / / / /
12, 1 , 11, 1 , 22, 1 , 21, 1 ,

knf NN N

nf nf nf nfk k k k

k k k k

nxz fq zf a
n

q z q z q z q z

k nxz f k nxz f k nxz f k nxz f

M S
R e M

M S e M S e M S e M S e



    
   



   

,                (455) 

11 // // / / / / / / / / / / / / / / / / / /
1 2 2 1 2 2 1 1 2 2 1 ,

11

1// // / / / / / / / / / / / / / /
1 2 2 1 1 2 2 1 ,

1

1

0

0

1

nfk

k

k

q zk k
k k k k k nxz f

k k

k
k k k k k nxz f

k

B BB
S e

C CC

B
S e

C


    




   



      
                   

      
   

            
  

/ / / / / / / /
1 2 2 1 ,

// / / / / / // / / /
11, 1 12, 1 11, 1 12, 111 12

,// / / / / / // / / /
21, 1 22, 1 21, 1 22, 121 22

1

0

0 1

1 0

nf nfk k

k

nfk

k

q z q z

k k nxz f

q zN k k k k
nxz f

N k k k k

S e

B M M M MM M
S e

C M M M MM M

 
 

   

   

 
      

 
        

         
       

,

/ / / // / / /
12, 1 11, 111 12

, ,// / // / / /
22, 1 21, 121 22

nfk

k

nf nfk k

k k

q z

nxz f

q z q zk kN N
nxz f nxz f

k kN N

S e

M MM B M C
S e S e

M MM B M C



  

 


 
 

    
           

,                (456) 
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1// // / / / / / / / / / / / /
2 2 1 2 1 ,

1

1// // / / / / / / / / / / / / / /
2 1 2 1 , 2

1

1

0

0

1

nfk

k

nfk

k

q zj k k
j k j k k j k k nxz f

j k k

q zk
j k k k j k k nxz f j k

k

B B B
S e

C C C

B
S e

C


    




    



       
                

     
   

             
  

/ /
1 ,

// / / / / / / / / / /
,11 ,12 ,11, 1 ,12, 1 ,11, 1 ,12, 1

,// / / / / / / / / / /
,21 ,22 ,21, 1 ,22, 1 ,21, 1 ,22, 1

1

0

0

1

nfk

k

nfk

k

q z

k nxz f

q zNj j j k j k j k j k
nxz f

Nj j j k j k j k j k

S e

BM M M M M M
S e

CM M M M M M




   

   

 
 
 

        
                   

,

/ / / / / / / /
,11 ,12 ,12, 1 ,11, 1

, ,/ / / / / / / /
,21 ,22 ,22, 1 ,21, 1

1

0

, 2,3,..., 1, 1

nfk

k

nf nfk k

k k

q z

nxz f

q z q zj N j N j k j k
nxz f nxz f

j N j N j k j k

S e

M B M C M M
S e S e j N j k

M B M C M M



  

 

 
  

     
                     
,                (457) 

1// // / /
, 1 ,

1

// / /
,11 ,12

,// / /
,21 ,22

// //
,11 ,12

//
,21 ,2

0 0

1 1

0

1

nf nfk k

k k

nfk

k

q z q zk k N
k nxz f k N nxz f

k k N

q zNk k
nxz f

Nk k

k N k N

k N k

B B B
S e S e

C C C

BM M
S e

CM M

M B M C

M B M

 






        
              

        
    

     
   




 ,/ /
2

0
, 2,3,..., 1,

1
nfk

k

q z

nxz f
N

S e j N j k
C

   
      
  

,   (458) 

// //
1 ,11 ,12// // / / / /

1 1 // / /
1 ,21 ,22

// //
,11 ,12

// //
,21 ,22

, 2,3,..., 1, 1

j j N Nj j
j j j N

j j N Nj j

j N j N

j N j N

B B B BM M

C C C CM M

M B M C
j N j k

M B M C


 



        
                        

 
       

.   (459) 

<3> If 1k  : 

1 1 1

1 1 1

//
/ / , 2 2// // / / / /

11 // // 12 // 21 // 22

nf nf

nf NN N na N

nf N nf NN N N N

q z q zsf
q zf a q zn

n nxz f q z q zf a f asf sf
n n n n

e R e
A T S e e

M R R e M R M R e M

 


 




  
, 

                (460) 

1 1 1

1 1 1

2//
// , 2 2// / / / / / /

11 // / / 12 // 21 // 22

nf nf

nf NN N

nf N nf NN N N N

q z q zsf
q zf a n

N n nxz f q z q zf a f asf sf
n n n n

e R e
B R S e

M R R e M R M R e M

 


 




  
, (461) 

1 1 1

1 1 1

//
, 2 2// // / / / /

11 // // 12 // 21 // 22

nf nf

nf N nf NN N N N

q z q zsf
n

N nxz f q z q zf a f asf sf
n n n n

e R e
C S

M R R e M R M R e M

 

 




  
,   (462) 

   1 1

1

1 1 1

2 2// // / / / /
11 // 12 21 // 22

, // 2 2// // / / / /
11 // // 12 // 21 // 22

nf N nf Nnf nfN N N N

nf N nf NN N N N

q z q zq z q zf a f a
n nf s

nxz f n q z q zf a f asf sf
n n n n

e M R e M e M R e M
D S T

M R R e M R M R e M

  

 

  


  
, (463) 
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1 1

1 1

1

1

// / /
1 2// 11 12

1 , ,/ / / /
1 2 21 22

// / /
11 12

,// / /
21 22

0 0

1 1

0

1

nf nf

nf

q z q zN
nxz f nxz f

N

q zN N
nxz f

N N

BB B M M
S e S e

CC C M M

M B M C
S e

M B M C

 



          
             

         
   

       

,   (464) 

// // / / / /
,11 ,12 ,11 ,11// //

1 // // / / / /
,21 ,22 ,21 ,22

, 2,..., 1j N Nj j j N j N
j N

j N Nj j j N j N

B B BM M M B M C
j N

C C CM M M B M C

        
                         

.                (465) 

5. Validity of the derived multi-planar dyadic Green’s functions 

In order to ensure the validity of the above results obtained for multi-planar 

dyadic Green’s functions by Fourier expansion method, we need to compare this with 

the literatures [6-7]. To this end, we consider a single dipole source with two different 

orientations (vertical and horizontal) located inside the film, as shown in Fig. 4. 

z d

0z 

z

df

s

y

x

1z za

 

Fig. 4 Geometry of the problem that a dipole with both vertical and horizontal direction inside the film 

5-1. A vertically oriented dipole 

First, we consider a vertically oriented dipole with moment 0
i t

zp e  e , which 
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locates at the position z d . The current density is [7]: 

   0 ˆi t
zi p dze     J r r e .          (466) 

Substitute the above identity into Eq. (15) to calculate the reflected electric field at the 

dipole position and then obtain: 
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where the explicit form of integration    2
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where the coefficients zzB  and zzC  have been presented in Eqs. (202) and (203), 

with z d   as follows: 
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Then Eq. (467) becomes: 
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which is the same as Eq. (27) of the previous work [7]. 

5-2. A horizontally oriented dipole 

Second, we consider a horizontally oriented dipole with moment 0
i t

xp e  e , 

which locates at the position z d . The current density is [7]: 

   0 ˆi t
xi p dze     J r r e .          (472) 

Similar to the case of vertical dipole as discussed above, substituting the above 

identity into Eq. (15) to calculate the reflected electric field at the dipole position and 

then obtain: 
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where the explicit form of integration    
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where the coefficients xxB , xxC , yyB  and yyC  have been presented in Eqs. (164), 

(163), (132) and (131), with z d   as follows: 
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Then Eq. (474) becomes: 

1 1 1

1

0 0

2 2 2 2 2

// / / , / / , / / , / / / / ,
20

// / /1

nf nf nf nf

nf nf nf nf nf

nf

q d q d q d q d
n n xx xx n n yy yy

q z q d q z q d q zfa fs fa fs fs fa
n n nxx f n nxx f n nxx f n n nxx f

n n q zfs fa
n n

n
n n

dk k B e C e dk k B e C e

R R S e R S e e R S e R R S e
dk k

R R e

S
dk k

  

   




        

  






 


1 1 1

1

1 1

2 2 2 2 2

, , , ,
20

2 2 2 2

// // / / / /
2

// / /

1

1 2

2 1

nf nf nf nf nf

nf

nf nf nf nf

q z q z q d q d q zfa fs fa fs fs fa
yy f n n nyy f n nyy f n nyy f n n

q zfs fa
n n

q z q d q z q dfa fs fa fs
n n n n

n nf n fs fa
f n n

e R R S e R e S R e S R R e

R R e

R R e R e e R e
dk q k

k R R

   
      


 

  

  



 
 





1

1 1

1

20

2 2 2 2

20

1 2

2 1

nf

nf nf nf nf

nf

q z

q z q d q d q zfa fs fs fa
n n n n n

n q zfs fa
nf n n

e

k e R e R e R R e
dk

q R R e





  


   


 

 








.                (479) 

Hence Eq. (473) becomes: 
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which is the same as Eq. (32) of the previous work [7]. 

6. Application to a dipole source with arbitrary orientation 

In the previous section, we have ensured the validity of our derived multi-planar 

Green’s functions. Now we apply this to calculate reflected electric field from a dipole 

source with arbitrary orientation. To simplify this problem, without loss of generality, 

we merely consider one film structure shown in Fig. 5. An illustration to arbitrary 

orientation of a dipole is shown in Fig. 5(b). In “localized” spherical coordinate, a 

dipole moment has a magnitude 0p , a polar angle d  and an azimuth angle d . 

According to Fig. 5 (a), we consider a dipole located at the position z d  with 

moment 00
i tp e  e  where 0e  denotes a unit vector with the same direction of 0p . 

Hence the current density is: 

   0 0ˆi ti p dze      J r r e .          (481) 
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Fig. 5 (a) 3D Geometry of the problem that a dipole with arbitrary orientation inside the film (b) 

Illustration of a dipole with arbitrary orientation 

The reflected electric field at the dipole position is: 
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where  0 sin cos ,sin sin ,cosd d d d d    e  and  0 0,z zd d e G e e e  becomes: 
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Hence Eq. (482) becomes: 
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where three integrals 
0 n n nxxdk k g


  , 
0 n n nyydk k g


   and 
0 n n nzzdk k g


   are: 
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To check if our formulation is correct, we go back to consider a single dipole 

source with vertical and horizontal orientations as shown in Fig. 4. In this case, for 
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vertical dipole, we put 0d d    and then obtain: 
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which is the same as Eq. (471). For horizontally case, we put , 0
2d d

    and 

then obtain: 
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which is the same as Eq. (480). 

7. Conclusion and further prospect 

In this paper, we have presented a method for the construction of the 

multi-planar Green’s functions by Fourier expansion in detail. Under the 

two-dimensional reciprocal space with suitable coordinates chosen, we have 

converted highly-complicated three-dimensional wave equation into one-variable 

simple differential equation. Furthermore, in order to ensure its validity, without loss 

of generality, we consider a vertically (horizontally) oriented dipole located inside a 

film, calculating the reflected electric field at its position and obtain the same results 

in the literature [6-7]. In addition, we have also extended our calculation for the 

reflected electric field of a dipole source with arbitrary orientation, which leads back 

to the correct results in special cases (both vertically and horizontally). The results 

will be useful for the modeling of fluorescing molecules (as emitting dipoles) in the 

vicinity of the multi-planner structure. For case with more than one molecule, we may 
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investigate the Förster fluorescence energy transfer (FRET) between a donor and an 

acceptor near the multi-planner structure. Furthermore, if considering more realistic 

structures that experimentalists concern like metallic nanoparticles on or embedded 

planner substrate, in which localized surface plasmon of metallic nanoparticles can 

achieve strong enhancement of electric fields as well as surface enhanced Raman 

spectroscope, we may apply the Lippmann-Schwinger equation (or say Dyson’s 

equation) to obtain greater insight into the phenomena. 

We are in the process of building a FORTRAN code for our derived multi-planar 

Green’s functions. Based on its formulation, we will try to extend it to include 

anisotropic effects of the medium. Nonlocal effect will be also considered in our 

future study. Also, we will try to find generalized dyadic Green’s function which can 

accommodate for boundaries with arbitrary shapes. In our ultimate goal, we wish to 

control light theoretically by constructing the powerful packages which are more 

efficient and accurate for the application to other physical processes besides molecular 

fluorescence modeling. 
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