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Abstract
Looking  at  the  hydrogen atom,  we  investigated the  possibility  to  use  the  electron's
rotation speed, into the dilatation factor of the special relativity, even if the electron is
in a non inertial frame. Doing so, we were able to demonstrate that the electron's
charge-to-mass  ratio  is  the  subsequent  relativistic  frequency  that  appears  to  the
observer.  We also  show that  a  magnetic  moment,  very  similar  to  the  one  of  the
quantum  mechanics,  must  appear,  although  we  stay  in  the  fields  of  classical  and
relativistic physics. These facts, in excellent agreement with the experiment, lead us to
propose to extend the Einstein's postulate of inertial frame, to all frames having a
constant speed. 

Introduction
The  existence  of  the  electron's  charge-to-mass  ratio  can  be  proven,  and  its  value
calculated,  if  we  extend  the  special  relativity  to  frames  of  reference  that  have  a
constant speed, rather than simply to inertal frames. The purpose of this work is to
demonstrate this, by the mean of the classical mechanics and the special relativity. 

We know that the speed v of an electron in the hydrogen atom, assumed circular and
uniform,  can  not  be  used  in  the  dilatation  factor  of  the  special  relativity [1],

γ=1/√1−v2
/c2 ,  because  its  frame  of  reference  is  not  inertial.  We  can  notice

however that the square of its speed is a constant, so the square of its space-time
interval is a constant too, exactly as if the speed would be a uniform translation. This
similarity leads us to wonder if the condition to apply the special relativity is only to
be in an inertial frame of reference, or preferably to have a constant speed, so just to
have a constant square of space-time interval. For instance, what happens if we use the
rotation speed of the hydrogen's electron in the dilatation factor ? We are going to
answer this question and show  that the electron's charge-to-mass ratio is a relativistic
frequency, that can be easily calculated by the mean of the special relativity. 

We  divided this  work  in  three  parts.  First  we  recall  the  result  of  the  the  special
relativity concerning all periodic motions, and especially the appearance of a relativistic
frequency. Nothing new in this. Second we recall the basic properties of the electron
(radius,  frequency,  speed)  in  the  hydrogen  atom,  by  the  mean  of  the  keplerian
kinematics. Nothing new in this neither. Third, and this is the new part, we assemble
the first and second part of this work by considering that the rotation speed of the
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electron is the one to use in the dilatation factor of the special relativity. This is where
the  charge-to-mass  ratio  appears,  as  well  as  the  magnetic  moment,  the  Bohr's
magneton, both in agreement with the measured experimental values. 

Relativistic angular frequency
A. Einstein demonstrated[1] that an observer looking at a moving clock will note a time
dilatation between the frame of reference of the clock and his own frame of reference.
This leads to the “twin paradox” of P. Langevin[2]. The time dilatation is given by the
following formula :

Δ tobs=γ Δ t with γ=
1

√1−v2
/c2

(1)

In this expression Δ tobs is the interval of time in the observer's frame of reference,
Δ t is  the  interval  of  time  in  the  moving  clock's  frame  of  reference, γ is  the

dilatation factor, v is the velocity of the moving clock with regards to the observer, and
c is the speed of light.

This  famous  relationship  establishes  that  any periodical  motion  will  see  its  period
affected by this time dilatation. This happens for the electron of the hydrogen atom,
that orbits on a circular trajectory around the proton. In this case the observer will
note an angular frequency shorter than the frequency measured from the electron's
frame of reference. Indeed, if Δ t=T is the period of rotation, then ω=2π /T is the
angular frequency, and the relation (1) leads to :

ωobs=ω √1−v2
/c2 (2)

Now, accepting the Planck-Einstein relationship[3],  the energy of the electron in the
observer's frame of reference will be :

Eobs=ℏωobs=ℏω √1−v2
/c2 (3)

Developing this expression as a second order polynomial leads to

Eobs≃ℏω+ℏωR where ωR=−
1
2

v2

c2
ω (4)

We call ωR “relativistic angular frequency”, and we are going to show that it is very
closely related to the charge-to-mass ratio, at the condition that the velocity v can be
the one of the electron on its orbit.

But first, in order to give a numerical value to ωR we shall calculate v and ω as the

2



speed and angular frequency of the electron in its own frame of reference. This must be
done by the mean of the Kepler's kinematics, as far as we consider the problem from a
classical/relativistic point of view.

The electron in the hydrogen atom
In a classical vision of the atom, there is no reason why the electron would not respect
the Kepler's laws around the nucleus. The most simple keplerian motion being circular
uniform, we assume that this motion is the most fundamental for the electron in the
hydrogen atom. Therefore our demonstration will be based on the kinematic properties
of the keplerian motion, rather than using the famous Bohr's model [5]. The result will
be nearly the same but the demonstration will be much simpler.

Let first write the fundamental equations that drives the trajectory, as given by the
keplerian kinematics. Calling L=vr the kinematic momentum (the massless angular
momentum, as R. Battin described it[4]), and k a (massless) constant, any keplerian
circular motion shall verify the following formulas :

v=ω r=k /L , r=L2
/k and ω=k2

/L3 (5)

For a gravitation problem, k=GM , where G is the universal gravitational constant,
and M is the mass at the focus of the orbit. In this case L is a constant depending upon
each particular case. 

For the electron of the hydrogen atom we have :

k=
e2

4 πϵ0 me

=253.27m3
/s2 and L=

ℏ

me

=1.15710−4m2
/s (6)

where me is  the  mass  of  the  electron,  e  is  the  electric  charge  and ϵ0 is  the
permittivity of the vacuum.

These last values enable to calculate the radius, the velocity and the angular frequency,
from the relations (5) :

r=5.2910−11m , v=2.189 106 m /s and ω=4.1431016Hz (7)

The radius is the same as the one calculated By Bohr [5], but the angular frequency is
twice the one of Bohr, and consequently the speed also. Note that the ratio v/c that we
get here is equal to 1/137.035, which is the fine-structure constant. This result is trivial
when considering the expressions (5) and (6), with regards to the usual fine-structure
constant structure given by A. Sommerfeld[6], i.e. α=e2

/(4 πϵ0 ℏ c) .
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Assembling the relativistic and the keplerian atom
As we announced in the introduction, we are now going to see what happens if the
rotation speed of the electron can be the one to use in the dilatation factor (1).

Introducing the speed and frequency values (7) into the equation (4) of the relativistic
frequency,  we  get  ωR=−1.105.1012Hz .  This  particular  value  is  numerically  the
charge-to-mass ratio multiplied by 2π , so 2π e /m e . Note that we consider e as a
positive number, i.e. the absolute value of the charge. To integer such a result into the
classical physics, we must consider that the charge, so the coulomb, has the dimension
of kilogram per second : 1C = 1kg/s. Doing so, we verify :

ωR=−
1
2

v2

c2
ω=−2π e/me (8)

As far as we know, this relationship, although very simple, has never been proposed. Its
agreement with the experiment is however excellent. It says that the charge-to-mass
ratio is nothing else but a frequency, a relativistic one.

Let  now show how this  result  leads straight  forward to the forecast  of  the Bohr's
magneton.  To achieve  so we must first rewrite the expression of  the energy of  the
relation (3) : 

Eobs≃ℏω−2π eℏ /me  (9)

The second term of this expression is equal to the Bohr's magneton [7] multiplied by
4π .   This suggests that the relativistic angular frequency can be related to the

magnetic moment of the electron. Let us propose a way to do so.

Imagine  a  force,  acting  on  the  electron,  being  the  product  of  the  charge  by  the
velocity  : f=−e v .  Such  a  force  will  produce  a  work dW=f . v dt=−e v2 dt .
Because the motion is uniform, v2 is a constant, and the total work produced in a
period of rotation will be :

W=−e v2 T=−2π ev2
/ω=−2π ev r=−2π e L=−2π eℏ/m e (10)

W is then nothing else but the second term of the equation (9). 

Such  a  force,  collinear  to  the  speed,  will  also  be  the  origin  of  a  momentum  :
μ=r∧f=−er∧v=−eL , where L is the vector kinematic momentum, which norm

is given by the equation (6). It is then very trivial that the momentum is equal to twice
the Bohr's magneton : μ=2μB .

At a classical point of view, we can not say that the force f is an effective reality, it is
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rather a kind of fictive, because only the second term of the equation (9) is a reality,
and it is just an energy. However it might be mathematically practical to use the idea
of fictive force, remembering that it is not a true classical force following the Newton's
law. In particular it is impossible to predict an orientation for such a force.

This “fictive” force, makes non intuitive any attempt to give a classical explanation of
the electron's magnetic moment. This is a very close situation to the same concept in
quantum mechanics.

Discussion
We proposed to  see  what  happens  if  we  consider  the  constancy  of  the  space-time
interval as the only requirement to apply the special relativity. To achieve so we studied
the electron in the hydrogen atom. We then got an explanation of the charge-to-mass
ratio in term of frequency, as well as an explanation of the existence of a magnetic
moment, as experimentally measured, but not expected by the classical mechanics. 

Sure we had to overcome the strict postulate of Einstein, that only inertial frames are
concerned  by  the  special  relativity,  but  the  result  is  so  in  agreement  with  the
experiment that we can not ignore it. Therefore we are driven to propose to extend the
postulate of Einstein to all frames having a constant speed. 

Admitting the above results, because they are consistent with the experiment, we see
that the charge must have the dimension of kilogram per second, kg/s. This gives the
same dimension to the  classical  moment of  a  force  and to the  electron's  magnetic
moment, both having the dimension of kgm2s-2. This is clearly a bridge between the
electromagnetism and the kinetics. 

An other interesting point is the charge-to-mass ratio can not be split in two parts, the
charge in one hand, the mass in the other. It is a frequency, not a composed parameter.
Accordingly all experimental physicists know that it is impossible to measure strictly
the charge alone, or strictly the mass alone, but only the charge-to-mass ratio. 

We also understand why the classical objects, at a human scale, have no charge : their
speed is too low with regard to the speed of light to exhibit a measurable charge-to-
mass ratio. For instance this is the case for a planet orbiting around the sun. 

These facts, all in agreement with the experiment, can not be all coincidences. There
are too much evidences to continue to restrict the special relativity to the only inertial
frames of reference. In our opinion the only conservation of the square of the space-time
interval should be required to apply the special relativity. 
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