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Abstract
We use three postulates P1, P2a/b and P3 :

P1: E = H = ymyc® — k/r, defines the Hamiltonian for central potential problems (which can
be adapted to other potentials)

P2a: k= ¢*/4mey | P2b : k = GM~ymy define the electromagnetic/gravitationnal potentials
P3 : U = ¢%/" defines the wavefunction, with S relativistic action, deduced from P1

Combining P1 and P2a with ”Sommerfeld’s quantum rules” correspond to the original quan-
tum theory of Hydrogen, which produces the correct relativistic energy levels for atoms (Som-
merfeld’s and Dirac’s theories of matter produces the same energy levels, and Schrodinger’s
theory produces the approximation of those energy levels). P3 can be found in Schrodinger’s
famous paper introducing his equation, P3 being his first assumption (a second assumption,
suppressed here, is required to deduce his equation). P3 implies that ¥ is solution of both
Schrodinger’s and Klein-Gordon’s equations in the non interacting case (k = 0 in P1) while, in
the interacting case (k # 0), it immediatly implies ”Sommerfeld’s quantum rules” : P1, P2a,
and P3 then produce the correct relativistic energy levels of atoms, and we check that the re-
quired degeneracy is justified by pure deduction, without any other assumption (Schrodinger’s
theory only justifies one half of the degeneracy).

We observe that the introduction of an interaction in P1 (k = 0 — k # 0) is equivalent to a
modification of the metric inside ¥ in P3, such that the equation of motion of a system can be
deduced with two different methods, with or without the metric. Replacing the electromagnetic
potential P2a by the suggested gravitationnal potential P2b, the equation of motion (deduced
in two ways) is equivalent to the equation of motion of General Relativity in the low field ap-
proximation (with accuracy 1079 at the surface of the Sun). We have no coordinate singularity
inside the metric. Other motions can be obtained by modifying P2b, the theory is adaptable.
First of all, we discuss classical Kepler problems (Newtonian motion of the Earth around the
Sun), explain the link between Kelpler law of periods (1619) and Plank’s law (1900) and observe
the links between all historical models of atoms (Bohr, Sommerfeld, Pauli, Schrodinger, Dirac,
Fock). This being done, we introduce P1, P2a/b, and P3 to then describe electromagnetism
and gravitation in the same formalism.
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I — New results in classical physics

We start with classical physics (m = ymo = (1 — v?/c?)"2my ~ mg) and the potential

k/r can refer to the electromagnetic (k = ¢*/(4meq) = ahic) or gravitationnal (k = GMmy)
potential. Equations (1) to (4) are well known results of classical physics. In bound systems,
the classical energy € < 0 is given by :

k@) @Ak L? ko mgr? L? k )

2my T 2mer?:  2mgr? r  2mg 2mgr? r 2 2mor?  r
With L = mOTQ% Sr = % = #‘%7 and fixing u = 1/r & fl—g = —d%w the previous equation

can be rewritten and derivated according to :
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The solution, with u proportionnal to the potential k/r, takes the form
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u:l/r:—k(l—l—ecas(gb—gbo)) with e = 1+ —— (3)

e (the eccentricity) and ¢, are constants of integration, and r can be rewritten
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[ is called "semi latus rectum”. It is well known that the solution is an ellipse, described by 3
parameters a, b, ¢ where a* = b*> + ¢, e = ¢/a and | = V?/a).
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Here K, which is proportionnal to the eccentricity e, is the norm of the Laplace-Runge-Lenz-
Pauli vector, the second converved angular momentum of Kepler Problems :
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since (with L= 0, and v.7 = zx + yy + 2z = 7r which can be easily checked from the right to
the left) :
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Equation (7) shows that K is conserved, which is well known. We can now give a first new
result (equations (11) to (13)), the conserved Runge-Lenz vector can be rewritten :
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where we can check that
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We can then define 6 rotations and a total angular momentum J such that

Yp — Zpy TPy — WPy

L= |zp, —xp. K = |ypw —wp, | = 7py — wpp (13)
TPy — YPx ZPyw — WP,
J? = K?+ I? (K.L =0 can be easily checked) (14)

The 6 independant previous rotations defines the SO(4) symmetry. The two angular momenta
have opposite parity. In 1926, Pauli [Pauli, 1926] used this definition for J to deduce the non
relativistic energy levels of Hydrogen, without solving for the wave function. In 1936 he de-
scribed Dirac’s Hydrogen [Dirac, 1928] as follow : ”If, instead of Dirac’s equation, one assumes
as a basis the old scalar Klein-Gordon relativistic equation, it possesses the following properties:
the charge density may be either positive or negative and the energy density is always > 0, it
can never be negative. This is exactly the opposite situation as in Dirac’s theory and exactly
what one wants to have. [...] Still am I happy to beat against my old enemy, the Dirac theory
of the spinning electron”.
In 1935, Fock [Fock, 1935], studying Schrodinger’s Hydrogen [Schrodinger, 1926] in momentum
space, observed that, with an 1/r potential (SO(3) symmetry) he could describe an intrinsic
SO(4) in the model. Concerning this point, we now give a new result involving the symmetries
of J :
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This shows that J combines both SO(3) and SO(4) symmetries. From this (and the definition
of angular momentum) we easily deduce
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We now recall Kepler’s third law of periods for Planetary motion, and observe that it can be
rewritten in a new form (using equation 5):

T? = ——a® (usual form) (19)
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Evidently, with i has Planck constant (and h = h/(27)), fixing J equal to one unit of angular
momentum, J = h, and v = 1/T gives |¢| = hr/2. In particular, when the motion around the
central object is a circle (corresponding to Bohr’s model of Hydrogen [Bohr, 1913]), the elec-
tromagnetic interaction energy V'(r) = Ej; is constant, and |E;| = 2|¢| = hv : we recognize here
Planck’s law [Planck, 1900] for the electromagnetic field, hidden in Kepler’s third law [Kepler,
1619).

IT — Sommerfeld’s model for Atoms :

Starting with P1 : £ = H = ymgc®> — k/r which, in polar coordinates, becomes
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L? = L? — (k/c)* = L* — (ah)? will be important. With L = A7 = ymer?% < 7 =

% = %, and fixing u = 1/r & Z—; = —drT/Qd(b the previous equation can be rewritten and
derivated according to :
d
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The solution takes the form u = 1/r = £5(1 + ecos(I'¢ — ¢)) with e = \/1 + %#

and'=1— (ﬁ)2 The I' factor produces a shift of the perihelion, as illustrated by Sommerfeld :

The 3 parameters of the ellipse are now given by (with £ < mgc?) :
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In classical physics r(t) and ¢(t) are cyclic functions of time with period T'. In the relativistic
domain, there is a precession of the perihelion, such that r(¢) and ¢(t) have now different
periods, T, and T,. Sommerfeld’s (postulated) quantum rules [Sommerfeld, 1916], with n, and

n, integers, are

t+T) r(t+T;)

/ (”ym07'“2)dt/ ppdr = %pTdr =n,h (27)
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t+T. +27
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0

J*=L1*+ K*— (k/c)* (26)

Sommerfeld gave two methods to compute equation (27). We reproduce them is Annex. The
final result is (with E < mgc? for V < 0):
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This can be rewritten
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In Dirac’s theory, n is replaced by j + 1/2 with j = ng = 1/2. The energy levels are then
the same : it was the great triumph of Dirac’s theory that it reproduced Sommerfeld’s energy
levels.

III — Relativistic Hamilton — Jacobi equation

To show that our third postulate implies equations (27) and (28) and then energy levels (32),
we first extend the well known Hamilton-Jacobi equation, to the relativistic domain, which is
a new result :
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Here £ = —moc?y/1 —v2/c? + % is the usual Lagrangian. Its properties are well known, and
the action S is then given by :

S:/Ldt: /ﬁ.U—Hdt: —Ht+/ﬁ.ﬁdt (35)



We now write, in polar coordinates,

i k i
H =~(r,7,¢)moc* — = ; S = —Ht + /’ymo(fQ +r?¢?)dt (36)
T

S = —Ht+/(7mgf2+Lq3) dt = —Ht+/7m0fd7’—|—/Ld¢: —Ht—f-/pr(r)dr—i-Lgb (37)

pr(r) is given by equations (21-22). The Lagrangian is now
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We recall the usual relations :
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From equation (35) we can now write H + 22 = 0 which is the classical Hamilton-Jacobi
equation, naturally extended to the relativistic domain.
We now use our third postulate : P3 : ¥ = ¢*¥/" and observe that, according to (37) ¥ is a
seperable function W(r,¢,t) = R(r)®(4)e /" Since r(t) and ¢(t) are cyclic variables R(r)
and ®(¢) are cyclic functions :

R(r (1)) = Rr(t 1 T,)) 5 05O _ UG neoranp (40)
or
1 — pi2mr _ 6i(f,-r(<f)+TT>p*(T)d”)/h YEN j{prdr =n,h (41)
and similarily,
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We recognize here ”Sommerfeld’s quantum rules” producing the required energy levels. If
we are now interested by the degeneracy, the previous analysis must be reproduced in three
dimensions. Three quantum numbers will then appear, such that : L, = ngh, L = nph ,
$ pydr = n,.h. We observe that if =, y, z # 0, which we require to define ¥,

o |yp. =2y yz(p=/2 = py/y)
L= |zp,—ap.| = |zx(p./2 — p./2) (43)
TPy — YDo 2y (py/y — Pz/T)

L.# 0= p,/y+# p./r = L* > L? and |nr| > |n.|. If the rotation is inverted p; — —p;, L—
—E,q'ﬁ — —¢. ny, an n, can be either positive or negative integers, depending on the rotation.
On the contrary, n, does not depend on the rotation, it is positive. Then, in this model, for each
value of |n| there exist two possible values of ny. The three quantum numbers of this model
are exactly the same as the ones obtained by Schrodinger, except that we have two possibilities
for ny, (In Schrodinger theory the solution is non singular only if n; > 0): our degeneracy is
then twice the degeneracy of Schrodinger, as required. The fact that observed degeneracy was
twice the degeneracy of Schrodinger’s theory was called ”duplexity phenomena” by Dirac.

IV — Free wavefunction and interaction



Considering a non interacting system, in cartesian coordinates, the action S, according to
equation (35) will take the form

S = —Ht + /vaa: _l'pyvy +pzvz dt = —Ht _I'px(x - $0) +py(y - yO) +pz(z - ZO) (44)

Then U will take the form

U = S/ — i(—Hittpa(e—z0)+py(y—yo)+pz(2—20))/h _ i(—witke(z—z0)+ky(y—yo)+kz(2—20)) (45)

which is the fundamental solution of both Klein-Gordon equation (with H? = p*c? +m2c*) and
Schrodinger equation (with H = %) ;
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The general solution of the previous equations take the forms (fixing o = yo = 2o = 0 in (45))

= / / / / V(E, P, py, po )’ HE P2 2/ B dyy - dp,, dp., ; (48)

////I@DIQCZE dp, dpy dp. < oo (49)

where we recognize the Fourier transform, in the previous equations.

Then, in this theory, a free particle obeys a wave-equation : free particles exhibit a wave-like
behavior like in the famous double slit experiment. The previous equations being linear, if ¥y
and W, are solutions, their sum is a solution : in the free case, superposed states are allowed.
With equation (39), equation (21) can be written :

with
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This equation is not linear anymore, superposed states are not allowed for interacting matter
(Hydrogen atom). The difference is induced by the integral in equation (37) (right hand side)
while there is no integral in (44)(right hand side). Without the integral (=without interaction),
the wave equation is obeyed since :
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IV — Metric and wavefunction

We now investigate the connection between the (quantum principle of minimal) coupling and the
wave function, and observe the modification "non interacting system — interacting system”

with V = —k/r:

E=ymoc® = E=ymoc? +V & E -V = ymyc? (53)
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We deduce that the metric corresponding to the minimal coupling is then :

)

YmC?

Adt*(1 — —)? = da® + dy? + d2* + ds®
YMmoc?r
Or, in polar corrdinates,
k
Adt*(1 — —)? = dr® +r?d¢” + ds
YMmoc?r

Precisely, from this metric, we will now deduce the equation of motion (22), with :

dr? r2dg?
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using the previous equation and the definition of L :
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using the metric (57) and the previous equation,
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using equations (60) and (58)
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using the previous equation and (59)
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With u = 1/r, ()* = (—5)* = (%%) and L' = L? — (k/c)? this equation becomes
2 4 2 o, du? 2.2, 2
E* —myc® = Lc ($)+L cu® — 2Fku

We recognize equation (22) deduce from the metric (57).
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V — Gravitation :

We now simply repeat the analysis of the previous part, for gravitation. Fixing, for gravita-
tion, inertial mass <+ gravitationnal mass, (or energy ymoc? (mass+kinetic) <+ gravitationnal
charge) we obtain the postulate P2b :

GMymg  GMymyc?

V= — 67
g (67
produces the metric :
2 112 GM ., 2 2 2 2
cdt*(1 — ——)" =dv” + dy” + dz" + ds (68)
cAr
we write, as prelimaries :
G M~ymgyc?
E—-V =ymy® < E+ % = ymoc? (69)
GM E
— 2 —
E = ymyc (1_W) &y = o (1 — G5 (70)
1 v? dr do
] =1 — ()2 222 71
72 c? (dct> (dct) (1)
dL _d(pA?) _dp L odF . o
T —%/\r—l—%/\p—F/\r—ymov/\v—O (72)
using (70) and the definition of (p'A 7)
d E do
L= 20— 277
TG T en =gy @ (73)

And we now start, in polar coordinates (spherical coordinates with = 7/2) :

ds? GM

GM
= (1— Z_141- —r?
c2di? ( 027') + (Cth2) " (c2dt2) (75)

ds* = (1— W)%Qdﬂ —dr* —r*d¢* <

and using (71) and (70),

ds? GM , MeC? GM
— o -1 o 2 1 — 2
agp = =) =1+ () (- 350) (76)
From (75), (left hand side),
GM ds? dg?
2 2 2 2 7,2
dr* =1[(1 - 2 ) — 2qp " Cth2]c dt (77)
GM ds? 1 d¢
dr? = (1 — 2 _ 2Py 2 42
= cAr ) c2dt? r202< dt) Je (78)
using now (76) and (74)
GM GM i Wex GM 1, Lc? GM
2 11 2 1 (1. 2 (MoC g o 2 201 _ 21 2 7,2
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2 2
5 1y MoC o _GMQ_ 1 Lc*, _GM222
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using (74),

B (1= (21— DR (P - B o
as? (21— Q2 L ]ear
dr? E 1 m
1z =N e (82)
dr? E 1 mo 1
T4d¢2 = (E>2 (1 — sz\/[>2 C2(T)2 - ﬁ (83)
_GMyy o (B g GMypmecy, 1
(1= S P ) = (2 — (1= G + ) (34)
with .
_1 ) d_u 2 _ _é o, dr
_r ’ (d¢) _( 7,.2) _(T2d¢) (85)
GMuy, duy, B, GMuy, mec, g
Taking the low field approximation : (1 — “3fu)2 — (1 — 2650u)
2GMu.  du ) 2GMu. , moyc
(1= 2 G = (L = (= (T + o) (87)

This equation can be compared with the equation of motion in general relativity (See Magnan
reproducing Wheeler and Weinberg for an example)
du E 2GMu
do Lc c?
where we have the three same roots for du/d¢ = 0 and then the same aphelion and perihelion.
If we examine Mercury :

mocC

() + ) (88)

G = (21—

G = 6.67384 10~ r = 59.91 10°, M = 1.989 10%° and test with Microsoft Excel :
2(%4 ~ 4.6 107® << 1 This theory, which is aaptable, then reproduces the motion General

Relativity, in the low field approximation.

Studying the electromagnetic potential, we observed that the equation of motion could be
deduced with or without the metric. We now show that our definition of energy was sufficient
to deduce the equation of motion (77), without the use of the metric.

M 2 M
E—V =9myc® & E + —G szo_c = ymoc® & E = ymoc?(1 — C;r ) (89)
we deduce :
E vt B, E dr? o, do? GM ,
= 0= ) = (- )~ = (- T (0

from which we deduce

moc? GM dr?

de?

2 — _ 2 . 2 .
" (CthQ) L= E (1 c2r ) (CthQ) (91)
Then with (91) and the definition of |L| = [FA 7] = [ymor?(22)]
dp L L&, GM dp? 1 ,de? Le aM
277 — 1 — 2 _ 4 _(Z9N20q 2 9
"t ymy E ( c2r Jer (CthQ) r2c? (r dtQ) <7“E) ( ch) (92)
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we rewrite (90)

1= (G- Sy - iy = - Sy
1= (Eopa - Gy (I = - Gy
1 (Eepa - M Gy ety
1= S K (M par -
rewriting (82)
r2dg? = [1 — (mf)?u - ij‘f V2lc2dt? — dr?

(96) and (97) give

rd¢

2 _ —1 E c2r .
S T T A Sy -
(1o, 1 (1 SR+ () 4 11— ()20 - G
o 1= (= &G + ()]
R (- )Lt
o T ==L+ (D
(e L= 0 SR + ()7
rds (- R[]
ar oy (L= (- Sy
R R E
GM 5, dr [1—(1- fg)Q[(m%CQ)ﬂ 1 GM ,
(1-—=-) (Td¢) [E3E (1-5)
(1= SR = (o - - G - - Gy
(1= SR = (G0 - (- S + 1

We recognize (84).

Conclusion :

(100)

(101)

(102)

(103)
(104)

(105)

We first examined Kepler problems, producing new results involving connection between Ke-
pler’s third law and Planck’s law and the symmetries of the three angular momenta existing in
classical physics. We then extended the Hamilton-Jacobi equation to the relativistic domain,
observing that our third postulate naturally implied the energy levels of atoms, when combined
with the two others. The degeneracy is the required one. We finally gave the connexion be-
tween a definition of a metric and a definition of energy, for central problems. Our theory of
gravitation reproduces General Relativity in the low field approximation, it has no coordinate
singularity, the motion can be computed in two ways, the formalism is exactly the same for

gravitationnal and electromagnetic potentials. Everything came from 3 postulates.
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Annex : Sommerfeld’s integral

Sommerfeld uses € for e, v an I'. p. = ymyr = ’ymoj—(’;é = %j; and dr = drdgb such that

prdr = (Td¢)2dgb

1 11+ scosygp

®) rTe 1—e
Wir merken sogleich die Formel an

1dr _ eysinyg

(62) rdp 1t Ecosyg

Evidently, this quantity is independant of the constant factor (a(1 — e2)) of the first equation.

7. Austilhrung einiger Integrale auf komplexem Wege.

Die Methode der komplexen Integration hat den wohlbekannten
Vorteil, dab sie Integrale von geschlossenem Integrationswege chne Kunst-
griffe und fast ohne Rechnung auszuwerten gestattet. Sie hingt, wie wir
in der folgenden Nummer sehen werden, mit den Aufgaben der Quanten-

theorie innerlich eng zmsammen.
Fig. 100. ) &) Es handle sich sunichst um
ein reelles Integral, welches sich
aber unmittelbar als geschlossenes

komplexes Integral auffassen lalt:

FE
— 1 dp
M 4= ?:;Il-l-anon P
¢

Wir fihren als nene Variable die
komplexe Grofe
£ = v

ein, welche den Einheitskreis im positiven Sinne umliuft, wihrend ¢
. von 0 bis 2z geht, vgl. Fig. 100. In dieser Variabeln schreiben wir

1

Mi‘f’ [1+2( N )] nlss@sl+ﬂd:,+l.

@ 4=

wo
EI‘
da wir wegen der Badautung von & (numerischer Exzentrizitit) und
auch wegen der Konvergenz des Integrals (1) & << 1 voraussetzen _

milssen, wird § > 1. Die Wurzeln des Nenners in (2) sind
| 8 = —n-+ vr'l'—’.——l ..... —8 <1
{s,=—q—?’q‘j ..... —:,}1+
Statt (2) erhilt man durch Plrﬁnlbruuhzerlagnng

(8)

J1=

@) TiE é {5—:1} (z—#,}

des )
TAiE (.rl——s.] .#—.rl £—£

Von den beiden letzten Integralen verschwindet das zweite, da seine
singulire Stelle aulerhalb des Einheitskreises liegt; das erste libt sich
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7. Integrale auf komplexem Wege. 477

auf einen Umgang um den Punkt #=¢, im Innern des Einheitskreises
zusammenziechen und hat den Wert 2 xi, Somit
' 2mi

®) "= it —ry)

Nach (3) ist aber

gy —2g = 2t —1 = % Y1 — &3,
also geht (5) dber in
1
oy = — .
® T i—e
' b) Auf das Integral a) liBt sich das folgende Integral zuriick-

fithren, das uns bei der Ellipsenbewegung in Gl (13) von 8. 266 ent-
gegentrat:

in

I sin? @

' = 9z _l‘{l+£uua|p]idw'
0

Es geht ni&mlich durch partielle Integration iber in

] irx
. o -
7, E sing | E J cos

=El+smaﬂ?]n T om T4 %cos g
0

deg.

Der erste Term rechts verschwindet, der zweite laBt sich umformen in

an
1 1
Iy = o= I (—1+Emﬂ¢—1) dp = J,— 1.
0
Also wird
1
(T) : Jy = _1—5’_1.

From this result we deduce, with ¢ =T'¢
T elIsin(To) o sin(p)
ydr = L — " )2q :LF2/ T )2 1
j{p " /0 (1+6003(F¢)) ¢ ‘ 0 (l—i-ecos(go) 7 (106)
with e = K/J(= ¢/a)
1
ise

]{prdr =2rL/( —1)=2nL'( —1)=2rl(=-1)=2x(J - L") (107)

JQ_KQ

The second method starts from the equation

L’ — k> 2Ek E Ek L2 B C

B2 —mdct = g+ = ®Pr=\/[(—)2—m302]+2———2= A+2—+ 3
r r c T T roor

(108)

fprdrzf\/A%—QE%—%dr (109)
roor

From which we deduce,
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¢) Die natiirliche und allgemeine Grundlage fiir die Behandlung
der radialen Quantenbedingung bildet aber nicht das vorhergehende
Integral in ¢, sondern das in r geschriebene Integral

B, C
(8) Jy = :f I.-"A+ﬂ;-+ﬁdr.

Die Konstanten A, B und (' haben im relativistisched und nichtrelati-
vistischen Falle etwas verschiedene Bedeufung. Fiir die Zeichnung
- nehmen wir sie so an, daB die Verzweigungspunkte des Integranden —
wir nennen sie fuis Und fmas, »Perihel- und Apheldistanz® — reelle
positive Werte haben. Der Integrationsweg liuft urspriinglich vom
¥min DiB Fmaz und wieder zuriick zu ¥, und wird, wie Fig. 101 zeigt,
in einen geschlossenen Umlauf in der komplexen r-Ebene auseinander--
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gezogen. Die r-Ebene ist zwischen fpin und ru.. aufgeschlitzt =
denken und stellt das obere Blatt einer zweiblitterigen Riema n nschen
Fliche dar. Wegen des positiven Charakters der Phasenintegrale ist
bei positivem dr (unteres Ufer des Schlitzes) das Vorzeichen der Quadrat-
wurzel positiv, bei negativem dr (oberes Ufer desselben) negativ

Fig. 101, zu nehmen, wie in der Figur

‘ angedeutet ist. Daraus folgt
zugleich, dal dis Quadrat-

i-weﬁlm}:-—re&%ﬂ@-““ wurzel auBerhalb des Schlitzes
Tmin Tau

_@ T= oo auf der reellen Achse der
- Ebens r-Ebene f'nlu.gi‘ni.r ‘ist, mld
gwar pogitiv imagindr far
r > fmaz, Degativ imaginir fir 0 <<r < rn,, wie ebenfalle in der
Figur angedeutet ist. Man erkennt dies, wenn man von dem positiven
oder negativen Ufer des Verzweigungsschnittes aus je einen halben
Umlauf um die Verzweigungspunkte r = r, 4. oder r = rp, macht.
Wir fahren mit der Erweiterung des Integrationsweges fort und
ziehen diesen auf die Pole des Integranden susammen. Es sind dies
die Stellen

r=10 uwnd r = oo, .
An der Stelle ¥ — 0. verhilt sich J; wie
= [ dr B
""'f? (1+gr+e)
Die Integration ist, wie die Figur zeigt, im Uhrzeigersinne zu nehmen
und liefert daher vom ersten Reihengliede her den Wert — 2 & d; die

folgenden Reihenglieder dagegem verschwinden bei der Integrationm.
Somit kommt als Beitrag der Stelle r — ( im ganzen

(9) —2miyC. :
Die Unendlichkeitsstelle ist in der Figur im Endlichen angedeutst.
. Wir setzen s

) dr-——'-—;

= =
r
und erhalten aus (8)

Jy = __I YA+ 2 Bs+ Cst fﬂ;

= —Y4 j (1—1—-%34—“-)%-

Das Residuum dieses Integrals fiir die Stelle s = 0 wird allein durch I
das Glied mit s~ bestimmt; dieses Glied hat den Koeffizienten
B

~
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7. Integrale auf komplexem Wege. 479

Der Beitrag der Unendlichkeitsstelle wird daher (vgl. den Umlaufssinn
in der Figur)

(98) +omil.

Y4

Aung der Summe von (9) und (9a) ergibt sich als Wert von J; die fiir
das Folgende fundamentale Formel:

(10) Iy = —2:-:1‘(1,@—%).

Ergénzend fiigen wir eine Bemerkung {iber das Vorzeichen von }’E
an. VO war in (8) definiert als Residuum des Ausdrucks

Ja+22+5

prdr = —2mi(il/ —iJ) = 2n(J — L) (110)

We deduce,
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