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can be mathematically characterized by action flow E’L of order n with surplus flows
of growth rates #; of population on vertices v;, vector flow (:Ci,xj), end-operators
z;fij, xjfj; on edge (vi,v;), where fi;, fi; are 2 variable functions for integers 1 <

i, < n holding with a system of conservation equations

& = S fulwer) = > falwnm) |, 1<i<n,

UkENf(’Ui) UL€N+(U1)

which is a system of n differential equations. Certainly, 0 € R is one of its equilibrium

points. But the system
S flewr) = Y falziw), 1<i<n
v EN T (v;) v ENT(v;)

of equations may be solvable or not. However, even if it is non-solvable, it charac-
terizes biological systems also if it can be classified into solvable subsystems. The
main purpose of this paper is to characterize the biological behavior of such sys-
tems with global stability by a combinatorial approach, i.e., establish the relationship
between solvable subsystems of a biological n-system with Eulerian subgraphs of la-
beling bi-digraph of E')L, characterize n-system with linear growth rate and the global
stability on subgraphs, and interpret also the biological behavior of G*-solutions of
non-solvable equations, which opened a way for characterizing biological system with
species more than 3, i.e., mathematical combinatorics. As we know, nearly all papers

discussed biological system with species less or equal to 3 in the past decades.
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81. Introduction

There is a well-known biological law for living things in the natural world, i.e., the
survival of the fittest in the natural selection because of the limited resources of
foods. Thus, foods naturally result in connection with living things, i.e., food chain,
a linear network starting from producer organisms and ending at apex predator
species or decomposer species. And biologically, a food web is a natural interconnec-
tion of food chains, a resultant by a simple ruler ([28]), and generally a graphical
representation of what-eats-what in the ecological community such as those shown in
Fig.1 for 4 food chains: grass—ladybug—frog—snake—eagle, grass—ladybug—frog

—egret, grass—rabbit— snake—eagle and grass—rabbit—eagle.

o

Fig.1

Actually, a food web is an interaction system in physics ([15]-[16], [25]) which
can be mathematically characterized by the strength of what action on what. For a
biological 2-system, let x, y be the two species with the action strength F'(z — v),
F(y — x) of x to y and y to = on their growth rate, respectively ([21]). Then, such

a system can be quantitatively characterized by differential equations
i=F(y—x)
y=F(z—y)
on the populations of species x and y.
Usually, we denote 2 competing things by a directed edge (u,v) labeling with

vector flow (z,y) and end-operators F, F' respectively on its center and both ends,

where F, [ are action operators with F(x — 0) = F'(0 - y)=0ify=0o0rxz =0
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and the growth rates i,y of populations on vertices, such as those shown in Fig.2.
Particularly, F' = zf, I’ = yf’ in the Kolmogorov model, where f, f" are 2 variable
functions, and f = A — by, f' = p + cx in the Lotka-Volterra model ([2], [20]).

@F (z,y) F’@

v
Fig.2
. . . . % ﬁ %
Then, a food web is nothing else but a topological digraph G, a 2-tuple (V( G),E(G ))
with E(G) C V(G)xV(G)andalabeling L: G — R|JSon G withL: V(G) —
R and E(G) — S, where R and S are predetermined sets ([19]). Particularly, if
R = {x, 7}, the growth rates of populations and S = {(F, (z,y), F’)}, a 3-tuple with
action operator F' on the initial, F” on the end and vector (x,y) on the middle of
edge (u,v), we get the biological 2-system shown in Fig.2.

However, the law of conservation of matter concludes that matter is neither
created nor destroyed in chemical reactions. In other words, the mass of any one
element at the beginning of a reaction will equal to that of element at the end, i.e.,

. . . . —L
the in and out-action must be conservative with the surplus on each vertex of G .

L
Thus, a food web is an action flow ([18]) further, i.e., a topological digraph a
labeled with surplus flows of growth rates z; of population on vertices v;, vector flow
(w3, 2;), initial and end operators Fy;, F; on edge (v;,v;) for integers 1 < i,j < n,
where n > 2 holding with a system of conservation equations
T = Z Fl(rp — x;) — Z Fy(r; — 1), 1<i<n
v €N~ (v;) v ENT(v;)

and particularly,

gi=a | > fuleez)— D falwnm) |, 1<i<n (1.1)

v EN~ (v;) v ENT(v;)
in the Kolmogorov model. For example, a biological 4-system shown in Fig.3 is a

system of 4 ordinary differential equations

T1 =11 (552 —a11 — alz)l'l — Q12T2 — Q2273 + 551174)

Tg = xg (bi1x1 + (bia + bez — as1)T2 — azaxs + be1xy)

&3 = x5 (bor 21 + b312 + (baa + g2 — Ga1)T3 — Aa24)

o~ o~ o~ —~

Ty = x4 (ba173 — A5221 — A2 + (542 — Q51 — 061)I4)
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where,

ol @) mh Y

Fig.3
fi(w1, m2) = anwy + arawa,  fi(w1,22) = briwy + biawa,
fo(x1, 23) = agiw1 + anxs, fi(w1,13) = byrxy + boas,
f3(w2, x3) = az1ma + azews,  f3(w2, 23) = by172 + baaws,
fa(ws, 24) = anws + agws,  fi(w3,74) = by + baoy,
fs(w4,21) = @174 + a1, f5(T4,71) = bs174 + bsay,
fo(T4, 22) = @174 + a2,  fo(Ta, T2) = be174 + b2 2.

Definition 1.1 Let @)L be a labeling topological digraph. A subgraph H of@) 18 said
to be a labeling subgraph of éw if its vertices and edges are labeled by L|,;, denoted

by ﬁL < @L and furthermore, if ﬁL = ﬁL}

V(H)

to be an induced subgraph of é)L, denoted by <V(ﬁ)>G

, such a labeling subgraph is said

For example, the 2 labeling graphs @IL, @5 in Fig.4 are all labeling subgraphs

L
but only 57)1 is an induced subgraph of the graph shown in Fig.3.

1fi o (21,79)

I2f{

Fig.4

$2f3

(22, 73)

$3f£

Clearly, a labeling subgraph of Z?)L is also consisting of food chains but it maybe

not a food web if it is not an action flow again. Even it is, the sizes of species are



L
not the same as they in G because the conservative laws are completely changed.

L
For example, the system of conservation equations for the labeling subgraph @)1 is

i1 = 21 ((bs1 — a21)T1 — a3 + bs174)
&3 = 3 (barx1 + (ba2 — @a1)T3 — Q424) (1.3)
iy = 14 (bnz — aspw1 + (baz — a51)74)

a very different system from that of (1.2).

The following terminologies are useful for characterizing food webs.

Definition 1.2 Let G be a digraph with G a digraph reversing direction on ev-
ery edge i G. A bi-digraph of G is defined by @Ug and a labeling bi-digraph

— ., =\ L — - =

(G U G) of a labeling digraph G" s a labeling graph on G| G with a la-
beling L - V(GUG) — L(V(E’)), I E(qu‘é) = L(E (?ﬁu‘é)) by
L: (uv) = {0, (x.y).uf}, (v,u) = {af (x.y).0} if L (u,0) = {f, (z,9),yf"}
forV(u,v) € E(a)), such as those shown in Fig.5.

Fig.b

Definition 1.3 A circuit in a digraph G is a nontrivial closed trail with different

edges in G and an Eulerian circuit in digraph G is a circuit ofz’) containing every
ﬁ

edge of G .

A digraph G is Bulerian if 1t contains an Fulerian circuit.

Clearly, a bi-digraph of a digraph is an Eulerian graph. The main purpose
of this paper is to characterize the biological behavior of biological n-systems with
global stability by a combinatorial approach, i.e., establish the relationship between
solvable subsystems of a biological n-system with that of labeling Eulerian subgraphs
of labeling bi-digraph (@U?})L of @L, characterize conditions of an n-system
with linear growth rate become distinct and global stability, and interpret also the

biological behavior of G*-solutions of non-solvable equations, which opened a way



for characterizing biological system with species more than 3, i.e., mathematical
combinatorics, or differential equations over graphs.

For terminologies and notations not mentioned here, we follow references [1] for
mechanics, [25] for interaction particles, [2] and [20] for biological mathematics, [3]
for differential equations with stability, [6]-[7] for topological graphs, digraphs and

combinatorial geometry, [7] and [26] for Smarandache multispaces.

82. Geometry Over Equilibrium Points

2.1 Equilibrium Sets
We consider the generalized Kolmogorov model on biological n-system ([2], [20]),
i.e., the system (1.1) of differential equations

(

iy =1 > fuleer)— > fulv,m)

vkEN*(vl) UZEN+(U1)
Ty = Ty Yo Sz ) = X0 falze,m)
v €N~ (v2) v ENT(v2)

in = Tn ( Z flén(zk>$N) - Z fnl(znaxl)>

VL EN (vn) v ENT(vy)

satisfying conditions following:

(1) fij» fi; € C! for integers 1 < i,7 < n;
(2) For any integer i, 1 <i <n, there is (29,29, --,2%) € R™ hold with

v EN~ (v;) v ENT(v;)

but

O
2 on

v €N (v;)

A fi
0 .0 % Z al’l (() O).
) LTy

(xk’xi) Ul€N+(vi
For any integer i, 1 <7 < n, define
k= Z fri(zn, ) — Z fa(zi, ).

v €N~ (v;) v eNT(v;)

Then it concludes that



(1) F; € C! for integers 1 < i < n;

(2) Fi|(x<1)7xg7...,x%) =0 but
OF; 0]%- afil
- - 0.

0 .0 0 .0
(z9,29,,29) v €N~ (v;) (29,23, +,29) v ENT(v;)

Applying the implicity function theorem, each equation
F;(xl7$27 e axn) - 0

is solvable, i.e., there is a solution manifold Sg, in R™ for any integer 1 < i < n,

and in this case furthermore, there is a unique solution on the Cauchy problem

of system (1.1) prescribed with an initial condition (x1(to),x2(to), -+, xn(ty)) =
(x(1]>I(2)’ T x(r]z)
An equilibrium set of system (1.1) are all points (29, 29,---,2%) € R™ holding
with )
y ( > Jalged) - X fu(x(f,fv?)> =0
vkEN*(vl) UZEN+(U1)
q ( > ) - X fzz(xgafﬁ?)> =0 (2.1)
vkEN*(vz) UZEN+(1}2)

vEEN™ (vn) v ENT (vp)

\
Clearly, only those solutions z? > 0,1 < i < n of system (2.1) have the biolog-
ical meaning, and (0,0, ---,0) € R" is an obvious equilibrium point. We classify all

equilibrium points of system (2.1) into 3 categories following:

(C1) Only (0,0,---,0) € R™ hold with system (2.1), i.e., the system

Z fl/cl(xgvx?> = Z fu(x(l),l’?)

(

v EN™ (vl) Ul€N+(U1)
Z flg2(x2’x(2]) = Z f2l(Igax?)
v €N (v2) v ENT(v2) (2.2)

Z f;'m(xg,:cg) = Z fnl(xg,l’?)

\ UkEN(vn) v ENT(vn)

is non-solvable in R™.



(C2) Only (0,---,0,K1,0,---,0,K5,0,---,0, K,0,---,0) € R" hold system
(2.1) with numbers Ki, Ky,--+-, Ks > 0 on columns iy, 19, -, 1, respectively, i.e.,
for any integer j & {iy, s, -,is}, the system

/

Z flézl(xgvxgl) = Z fill(x?px?)
V€N~ (vig) v ENT (vyy)
2.3
S faldel) = % fuleded 2
v €N~ (vig v ENT (vgg
> fy@ha) = X falada))
\ k€N~ (vj) v ENT(vy))

is non-solvable in R".
(C3) There are (Ky, Ky, ---,K,) € R" hold system (2.1) with K; > 0 for
integers 1 <17 < n.

2.2 Geometry Over Equations

Usually, one applies differential equations to characterize the reality of things by
their solutions. But can this notion describes the all behavior of things? Certainly
not ([8]-[19]), particularly in biology follows by the discussion following.

For an integer n > 1, let u : R™ — R" be differentiable mapping. Its n-
dimensional graph I'[u] is defined by the ordered pairs

F[u] = {((xla"'>I7L) au(Ila"'>IN))) |(I1a"'axn)}

/
5
manifold Sg, is nothing else but a graph I'[F}] in R™.

in R, Clearly, the assumption on f;;, 1 <1,7 < n concludes that the solution

Geometrically, the system

(2.4)

is solvable or not dependent on (| S, # 0 or not, and conversely, if (| Sg, # () or
i=1 =1

not, we can or can not choose point (1,2, -+, ,) in (] Sk, a solution of (2.4).

=1
We therefore get a simple but meaningful conclusion following.
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Theorem 2.1 A system of equations

n

under previous assumption is non-solvable or not if and only if ﬂ Sp, =0 or £ 0.

=1

If the intersection (| Sg, # 0, it is said to be a A-solution of equations (2.4).
i=1

Usually, one characterizes a system S of things 77, T5, - - -, T,, by equations (2.4)
with their solutions to hold on the dynamical behavior of these things. Is it always
right? The answer is negative at least in the non-solvable case of equations (2.4),
and even if they are solvable, it can be used only to characterize those of coherent
behaviors of things in .S, not the individual such as those of discussions on multiverse
of particles in [15] and [16]. Then, what is its basis in philosophy? 1t results deeply
in an assumption on things, i.e., the behavior of things discussed is always consistent,
i.e., the system (2.4) is solvable. If it holds, the behavior of these things then can
be completely characterized by the intersection ﬁ SF,, 1.e., the solution of system
(2.4). However, this is a wrong understandinglzoln things because all things are
in contradiction in the nature even for human ourselves, and further on different
species. This fact also concludes that characterizing things by solvable system (2.4)
of equations is only part, not the global, and with no conclusion if it is non-solvable
in classical meaning.

Philosophically, things 17, T5, - - -, T,, consist of a group, or a union set Lnj T;, and
if T} is characterized by the ith equation in (2.4), they are geometrically Zezluivalent
to the union Lnj SF,, i.e., a Smarandache multispace, not the intersection ﬁ SF,.

For exanq)lle, if things 11,15, T3, Ty and 17,15, T3, T, are respectively (Z:Tlgracter—

ized by systems of equations following

r+y = 1 T=1
(LEsyy ¢ Y 1 (LESS) { Y
(L‘—y = — Tr =
r—y = 1 y =



then it is clear that (LESY) is non-solvable because z +y = —1 is contradictious
to x +y = 1, and so that for equations © —y = —1 and x — y = 1, i.e., there are
no solutions zg, 4o hold with this system. But (LESY) is solvable with z = 1 and
y = 1. Can we conclude that things T|,T5, T3, T) are v = 1,y = 1 and Ty, T, 13,1}
are nothing? Certainly not because (x,y) = (1, 1) is the intersection of straight line
behavior of things 77, Ty, T3, T, and there are no intersection of 71, T, T3, Ty in plane

R2. However, they are indeed exist in R? such as those shown in Fig.6.

y (!
r=1 =1y
A
D O o P y=1
r—y=-1 ¢ r+y=1
(LESY) (LESY)

Fig.6
Denoted by the point set
Lape = {(z,y)|ax + by = c,ab # 0}

in R?. Then, we are easily know the straight line behaviors of T}, 75, 75,7y and
Ty,T3,T5,T; are nothings else but the unions Ly 1 0lJL112UZL101ULo11 and
L171’1 U L171’_1 U Ll,—l,—l U L17_171, respectively.

Definition 2.2 A V-solution, also called G-solution of system (2.4) is a labeling
graph G* defined by

EG) = {(SFZ.,SFJ.) if Sk, (1 Sk, # 0 for integers 1 <14, j < n} with a labeling
L: SFZ - SFH (SFmSFj) - SFz ﬂSFj'

Example 2.3 The V-solutions of (LESY) and (LESY) are respectively labeling
graphs CI and K! shown in Fig.7 following.

10



L171,—1 ,—1, it

Fig.7

Theorem 2.4 A system (2.4) of equations is V-solvable if F; € C' and Fi (00,09,000)

oF;
=0 but # 0 for any integer i, 1 < i < n.
al’z 0 0 ... 4.0
(29,29, ,23)

Proof Applying the implicity function theorem, the proof is completed by
definition. 0
Theorem 2.5 A system (1.1) of differential equations on food web @L s uniquely
V-solvable if fi;, fi; € C' for integers 1 < i,j < n and (x1(0), 22(0),---,2,(0)) =
(1'(1],1’(2),"', n)eRn

Proof Applying the existence and uniqueness theorem on the Cauchy problem

of differential equations,

fi=a | Y fulowe) = Y fulwm)

v, €N~ (v;) v ENT(v;)

with (21(0), 22(0),- -, 2,(0)) = (29,29, -- -, 2%) € R™, it is uniquely solvable for any
integer 1 < i < n. Consequently, the system (1.1) is uniquely V-solvable in R" by
definition. O

2.3 Equilibrium Sets of Linear Equations

Certainly, the Lotka-Volterra model on biological 2-system is a system of linear
growth rates. Generally, if all f;;, fj; are linear for integers 1 < 4,5 < n, then it
is a generalization of Lotka-Volterra model on biological n-system. We can further

characterize the equilibrium sets of linear system (2.4) by linear algebra.

11



Definition 2.6 For any positive integers i,j, 1 # j, the linear equations

a1 + Qoo + - ATy = by,

ajlscl + CLjQLL’Q + - CLjnLL’n = bj

are called parallel if there exists a constant ¢ such that
c=aj/an = ajp/an = = ajn/ain # bj/b;.
The following criterion is known in [§].

Theorem 2.7([8]) For any integers i, j, i # j, the linear equation system

{ a;1T1 + QT + - - Qi Ty, = by,

aj1T1 + ajoTa + - - Ajpdy = b;
s non-solvable if and only if they are parallel.

By Theorem 2.7, we divide all linear equations L;, 1 < ¢ < n in (2.4) into
parallel families

Cgla%%'”?cgs

by the property that all equations in a family %; are parallel and there are no
other equations parallel to equations in %; for integers 1 < ¢ < s. Denoted by
|%;| = n;, 1 < i < s. Then we can characterize equilibrium sets of linear system
(2.1) by Theorem 2.6 in [8] following.

Theorem 2.8([8]) The equilibrium sets of system (2.1) with linear growth rates

fijs fij; 1 <4,5 < n can be classified into 3 classes following:

(LC1) there is only point (0,0,---,0) € R™ holding with linear system (2.1),
i.€., its V-solution
L gL
G" ~ K\ pyoom,
with ny +n+ 2+ -+ +ng = n, where n; = |6;| and €, is the parallel family for
integers 1 <1< s, s > 2.

(LC2) there is only point (0,---,0,¢1,0,+--,0,¢9,0,-+-,0,¢,-4,0,---,0) € R”
holding system (2.1) with numbers ¢y, ca, -+, cn_y > 0 respectively on columns iy, is,
sty for 1 <1 <mn, i.e., its V-solution

Gt ~ KL

n1,n2, N

12



with ny +n + 2+ --- +n, = I, where n; = |%;| and €; is the parallel family for
integers 1 < ¢ <t, s > 2.
(LC3) there is an unique point (c1, ¢z, -+, ¢,) € R™ holding linear system (2.1)

with constant c¢; > 0 for integers 1 < i <n.

83. Biology Over Equations

Classically, a solvable system (1.1) of differential equations characterizes dynamical
behaviors of a food web in area. However, the solvable systems are individual but
non-solvable systems are universal. Then what about biology over those of non-
solvable systems (1.1)? Are there no biological significance? The answer is negative.

Firstly, let us think about a food web how to run. Certainly, a food chain only
follows a direct, linear pathway of one animal at a time, and different thing 7" has

his own food chain for living, even for the same kind of things.

Fig.8

For example, the eagle can lives respectively on the rabbit, on the snake or on
the both via its food chains snake—eagle or rabbit—eagle with interactions in Fig.1,
i.e., although the eagle preys on the snake and the rabbit but it is also dependent
on the 2 populations such as those shown in Fig.8, and its living web should be
consisted of circuits eagle—snake—eagle, eagle—rabbit—eagle or eagle—snake and
rabbit—eagle, Eulerian subgraphs.

Generally, a predator P preys on a living thing 7', i.e., P action on T" and there
are also 71" reacts on P at the same time, which implies the interaction between
living things, the in and out action exist together. We therefore know a biological
fact following.

Fact 3.1 A living thing must live in an Eulerian subgraph of bi-digraph of a food

web @L.

13



The following result characterizes action flows on Eulerian subgraphs with that

of solvable subsystems of equations (1.1).

Theorem 3.2 Let Z?)L be a food web with solvable or non-solvable conservative
equations (1.1) on initial value (x1(0), z2(0), - - -, 2,(0)) = (29,23, - - -, a7) and " <

L L
<@ U ﬁ) , @ food web containing species T with solvable conservation equations

iio = Tig Z fl;io(zkazio) - Z fiol(ximxl) , 1< < |H| (3'2)

UkENf(UiO) vl€N+(vi0)

L
in H where L(vy,) = @4,. Then H is an Eulerian digraph and H" is an action

flow.

Proof If ﬁL is a food web, by Fact 3.1 H must be an Eulerian digraph.

Now let x;, = f(x1, @9, -+, 2,),1 < i < |H| be the solution of (2.5). Notice
that in solution z;,, x; can be any chosen constant c, particularly, x; = 0 if ¢ &
{ig, 1 <i < |H|} in (3.2), i.e.,

L :f(oa"'aoaxloaoa"'70ax20a09'"70axn70"'70)>1 SZS |H|

is also the solution of (2.5) with fix(z;, zx) = 0, fi.(zx,2;) = 0, which implies that
ﬁL is an action flow with conservation laws at each vertex. O
Let ﬁl,ﬁg, e ﬁs be subgraphs of digraph G with ﬁ, =+ ﬁj ﬁ, ﬂﬁj =10

or # () for integers 1 <# j < s. If G = U ﬁi, they are called a subgraph multi-
i—1

decomposition of . Furthermore, if each ﬁz is Eulearian, such a decomposition is

called an Fulerian multi-decomposition, denoted by G = &P ﬁz For example, an
i=1
Eulerian multi-decomposition of the graph on the left is shown on the right in Fig.9.

v
. (o U1 U1
U3
— U3 @ & @ Us
V4 Vs
(%] (%) V2
V2

Fig.9
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Particularly, if £ (ﬁl) NE (ﬁj) = () for integers 1 < i # j < s, such a decompo-
sition on G is called an Fulearian decomposition of G'.

The next result characterizes food webs by Eulerian multi-decomposition.

L
Theorem 3.3 If there are Eulerian subgmpl}s H. 1 < i < s with solvable conser-

7

L s =L
vative equations, i.e., food webs such that G = &P ﬁl with
i=1

!
E:v—>2j:vi, Yo € V(a)

i=1

I
ifve N V(ﬁio) with L(v) = &, in ﬁi and

i0=1

L: (u,v) — (Z F (u—v), (:C,y),ZFil(v — u)) , Y(u,v) € E(@L)

=

if (u,v) € N E(ﬁjo), then G is also a food web, i.e., an action flow.
jo=1

L
Proof Clearly, G isa labeling graph holding with conservative law on each

L
vertex v € V(E> ), i.e., an action flow. O

84. Global Stability and Extinction

In biology, the generation is the necessary condition for the continuation of species
in a food web constraint on the interaction, i.e., the stability in dynamics with small
perturbations on initial values. Usually, the dynamical behavior is characterized by
differential equations, which maybe solvable or not and can not immediately apply
to the stability of food web @L for n > 3 by Theorems 3.2 and 3.3. Generalizing
the classical stability enables one to define the stability of food web following.

Definition 4.1 A food web G with initial value ﬁLO, where L(v) = &, Ly(v) =1
forv e V(@L) s globally stable or asymptotically stable for any initial value @Lé,
where Ly(v) = ¢° for v € V(Z?)L) and a number €, > 0, there is always a number
8, > 0 such that if |y° — 20| < 6, emists for all t > 0, then

(1) — 2o(t)] < &0, Yo e V(GH),

15



or furthermore,
lim [y, (1) — (0] = 0. Vo eV(T).

Certainly, we need new criterions on the classic for discussing the stability of

species in biology.

Theorem 4.2 A food web E')L with initial value @LO 1s globally stable or asymptot-

ically stable if and only if there is an Eulerian multi-decomposition
(cUs) -’
i=1
with solvable stable or asymptotically stable conservative equations on labeling Fule-
rian subgraphs ﬁZL for integers 1 < i < s.
Proof The necessary is obvious because if éw with initial value 5)L0 is globally

L
stable or asymptotically stable, then <5> U ﬁ) is Eulerian itself by Fact 3.1.

Now if there is an Eulerian multi-decomposition
E S
(@Ua) - @’
i=1

L
on labeling bi-digraph (@ U ﬁ) with stable or asymptotically stable conservative

L
equations on labeling Eulerian subgraphs " i.e., for any number ¢, > 0, there is

7

a number §, > 0 such that if |y° — 29| < §, exists for all £ > 0, then
() = 2o(t)] < 0, Vo€ V(H),
or furthermore,

lim |y,(t) — z,(t)] =0, Yve V(ﬁf)

t—0

L
for integers 1 < ¢ < s, let A, be the multiple of vertex v € V(@ ) appeared in
L
subgraphs ﬁl ,1 <1 <s, we then know that

|yv(t) - xv(t)| < 52}

L .
forve V(H,) if |y — 29| < & for integers 1 < i < A,

7

Define
6y =min{d’,1<i<\,} and e, =max{e! 1<i<)\}.
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We therefore know that
|yv(t) - l’v(t)| < Evy

L

i.e., the species on vertex v is stable if the conservative equations of ﬁl are stable
L

for integers 1 < i < A\, and G s globally stable.

Now if furthermore, z, is asymptotically stable, i.e.,
i 31 (8) = . (£)] = 0
in food web ﬁZL, 1 <i <\, it is clear that
i 31 (1) = . (1) = 0
in @L also, i.e., @L is globally asymptotically stable. This completes the proof. [

Corollary 4.3 A food web @)L with initial value ﬁLO s globally stable or asymp-

totically stable if there is an Eulerian decomposition
(cUe) -
i=1
with solvable stable or asymptotically stable conservative equations on labeling Fule-
rian subgraphs ﬁZL for integers 1 < i < s.
Clearly, the bi-digraph el U G has an Eulerian decomposition, called parallel

6U<C_; = @ ((u,v) U(v,u)) :

(uw)eE(G)

decomposition

We get the next conclusion.

Corollary 4.4 A food web @)L with initial value é)LO s globally stable or asymp-
totically stable if it is parallel stable or asymptotically stable, i.e., ((u,v) (v, u))"
is an action flow for ¥(u,v) € E(@L)

For an equilibrium point G of (2.1), we can also linearize F'(v,u), F'(v,u) at
(20, yo) for V(v,u) € E(@L) and know the stable behavior of G in neighborhood

of @)LO by applying the following well-known result.

Theorem 4.5([3]) If an n-dimensional system X = F(X) has an equilibrium point

Xo that is hyperbolic, i.e., all of the eigenvalues of DFx, have nonzero real parts,
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then the nonlinear flow is conjugate to the flow of the linearized system in a neigh-
borhood of Xj.

The next result on the stability of food webs is an immediate application of
Theorem 4.5.

Theorem 4.6 A food web @L with initial value @LO 15 globally asymptotically stable

if there is an Fulerian multi-decomposition
L 5 I
k=1

with solvable conservative equations such that Re)\; < 0 for characteristic roots \;

of A, in the linearization A,X, = Op,xn, of conservative equations at an equilib-
L L L L

rium point ﬁko in ﬁk for integers 1 < i < h, and v € V(ﬁk), where V(ﬁk) =

{Ulv Vo, -, Uhv})
v v v
ayp Qg Q1p,
J— v v v
Ay = a3 a3 Aop,
v v v
Apy Qpo Aph,
. . T .
a constant matriz and Xy, = (Ty,, Ty, -+, Ty, )" for integers 1 < k < L.

Proof Applying the theory of linear ordinary differential equations, we are

easily know the species
ho
() =Y eiBi(t)e,
i=1

where, ¢; is a constant, 3;(t) is an h,-dimensional vector consisting of polynomials

in t determined as follows

ti1 tit + tio
_ to1 tort + ta2
By (t) = , Balt) )
th,1 tnit +th,2
CEy LA e A R T
tor  phi—1 ton  4ki—2
3 ()= | moot Twemt e
1

t — thy —
Eet T wy T

18



L1k +1) t11t + 112
_ t — to1t 4+ 1
0 2(k1 +1) _ | = 22

by —ks+1) phs—1 | P(ho—ks+2) phg—2
“Gmor 0t ey O

Lo(hy—ks+1) pho—1 | t2(ho—ks+2) ths—2
By, (t) = (o) I iy oy A S

Lhy (hy—ks+1) the—1 | tho(ho—ks+2) 1hke—2
£ TR A iy vt A e i 7

with each #;; a real number for 1 <4,j < h, such that det([t;], ., )#0,

Ao, if k141 <i<ky
o; =

Ne, ifkid+ko+ - Fhey+1<i<h,.

If Re); < 0 for integers 1 < i < h,, it is clear that

lim z,(t) =0

t—oo

L

for vertex v € E (ﬁk), i.e., each linearized conservative equation A,X, = Op, «p, iS
L

stable for 1 < k < s. Applying Theorems 4.2 and 4.5, we therefore know that a

is globally asymptotically stable. O

Comparatively, we also get the next conclusion on the unstable of a species by

Theorem 4.2 following.

Corollary 4.7 A species T is unstable in a food web @)L with initial value é)LO if

and only if the subgraph containing T in all Eulerian multi-decompositions
L 5 I
(@Ua) -7
i=1

of @L is unstable.

A unstable behavior of species T' will causes the redistribution of flows and

makes for a stable situation on the food web @L. If it established, the food web
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works in order again. Otherwise, a few species will evolve finally to extinction, i.e.,
ceases to exist in that area. If all species in a food web ﬁL vanished on that area,
there must be a series of species 1, s, - - -, x4 successively died out on the time, the
stability of the web is repeatedly broken, established and broken, and finally, all
species become extinct. In this case there must be vertices vy, vq, -+, vs € V(E')L)

and a series of action flows

—L —L —L —L
G —G —U1—><G —Ul>—v2—>"'—>G —{v1, 9, vs}
. —=L . —L —
such that there are no flows in G~ —{vy,v9, -+, vs}, 1e., G —{v1,v9, -, 05} ~ Ky,

where [ = |E)\ — s.

Notice that if species z is extinct, there must be tEE—Ilw$(t) = 0. Let f(t) be
a differentiable function on populations of a species z. If f(t) = O(t™%), a > 1,
i.e., there are constants A > 0 such that |f(¢)] < At~* holds with ¢ € (0, +00),
then f is said to be a-declined and = a species extinct in rate o. Furthermore, if

f(t) = O(e Pt for B > 0, because

2 n
eﬁt:1+ﬁt+—t2+---+6—
2! n!

4. ,

we are easily know that there is a constant A > 0 such that |f(t)] < At™ for any
integer n > 1. In this case, f is said to be oco-declined and x a species extinct in
rate oo.

The results following characterize the extinct behavior of species in a food web.

Theorem 4.8 Let E')L be a food web hold with labeling L : v; — x; on vertices v;,
L (vi,v5) — {Fyj, (v, 75), Fj;} on edges for integers 1 <i,j <n, V C V(@L). If

V(t) = Z Z Fl, (v —v)— Z Fow(v — ')

veV \veN~(v) v'ENT(v)

is a-declined, then all species X = > x, in'V is extinct in at least rates « — 1 and
veV
particularly, if V = {v}, the species x, is extinct in at least rates a — 1 on t.

Proof Notice that the conservative equation at vertex v € V' is

Ty = Z F, (xy — x,) — Z Fo(zy, — 1)

v eENT(v) v €NT(v)
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and

veV \v'eN~(v) v'ENT(v)

Now, if V(t) is a-declined, there must be constant A > 0 such that

A . A
Aoy 8 R0 $ A -vo<h
veV \veN—(v) v €NT(v)
Consequently,

“+oo “+oo
A 1 A
X|< [ Sdt=A | —dt=—"—"— =0O@™ ™).
| |_/tadt /tadt e Ot
0 0

Therefore, all species X in V is extinct in at least rates o — 1 on ¢, and partic-
ularly, it holds with the case of V' = {v}. O

Theorem 4.9 Let E')L be a food web hold with labeling L : v; — x; on vertices v;,
L (vi,v;) = {Fy, (x5, 75), Fj;} on edges for integers 1 <i,j <n, and V C V(@L)
a cut set with components Cy,Cs,---,Cy in @L \V, wherel > 2. If
flt)= > EL0 —v)— Y Fuyv—)
v EN~(v) v'ENT(v)

15 au,-declined for Vv € V with a = miél Q,, then
IS

—L —L

(1) G turns to | food webs C'y, Cy, -+, ?lL finally;

(2) the species Xy = Y. x,, particularly, ., is extinct in at least rates o — 1

veV
ont forVYveV.

Proof Applying Theorem 4.8, all species X in V' is extinct in at least rates a—1
on t, and finally, extinction if ¢ — oo. In this case, there are only left components
C1,Cs,---,Cy, and each of them is a food web because if x, = 0, there must be
F(v—u)=0and F'(u - v) =0for Vv € V and u € V(@L) \ V. Therefore, the
conservative laws

— Z Fl (v, — x,) — Z Fuo(xy — 1)

veEN~(u) vENT (u)
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. =L
in G turns to

j:u = Z Féu(xv - xu) - Z Fuv(Iu - $v)>

veEN—(u) N V(C) vENT(u) N V(Ci)

L
i.e., it holds also with vertex u in 6’2 for integers 1 < i <[, the assertion (1).
For (2), by the proof of Theorem 4.8 there is a number A > 0 such that

+00 +o0
—L A —r A
_ —dt < = < —
/K(G )t < Xv(t) EZV z,(t) < /K(G )t
0 v 0

by definition, where m(@w) is the connectivity of a" Whence, Xy (t) = O(t~T),
and particularly, z,(t) = O(t=*"!) for v € V. O

Finally, there are indeed the case of extinction of species in rate co. For example,

the proof of Theorem 4.6 implies the case of extinction in rate oo on t following.

Theorem 4.10 Let @L be food web with an Fulerian multi-decomposition
E S
(@Ua) -t
k=1

L
and all conservative equations on ﬁk are solvable for integers 1 < k < I. For

- ﬁL ,ﬁL if Reh; < 0 for

117 127 177

a verter v € V(@L) including repeatedly in H

characteristic roots \; of Ag in the linearization

Ak Xy = Onyxn,
L L
of conservative equation at an equilibrium point ﬁko, v € V(ﬁk) for integers
1 < i < hy, then the species x, is simultaneously extinct in rate oo on time t

L
and asymptotically stable, where V(ﬁk) = {v1,v2, -, vn, }, Ax and Xy are as the

same in Theorem 4.6 for integers 1 < k <.

Proof By the proof of Theorem 4.6, we know that z,(t) is asymptotically stable
with

hi
zo(t) =Y Byt
=1

Define 3 = 1I<ng}1L Ai. If Ay < 0 for integers 1 < i < hy, then x,(¢) is clearly an
AN

oo-declined function and species x, is extinct in rate oo on time t. O
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85. Algorithm

Let 4 = {%,,%,---,%} be solvable Eulerian multi-decompositions of bi-digraph
(@ U g)i of afood web G~ with conservation equations (1.1) solvable or not, where
%, and €,, are respectively a parallel decomposition, Z?)L itself of @L. Theorems
4.2 and 4.6 conclude the following algorithm on the global stability of @)L.

Algorithm 5.1 The stability of a food web @L can be determined by programming
following:
STEP 1. Input X; =%; andi=1,2,---,m;
STEP 2. Determine Fulerian circuits in X; is globally stable or not;
STEP 3. If X, is globally stable, go to STEP 6; Otherwise, go to STEP 4;
STEP 4. Replace X; by X;.1, return to STEP 2;

STEP 5. If X,y is globally stable, go to STEP 6; Otherwise, go to STEP 4 if
1 <m, or goto STEP 7 if 1t =m;

STEP 6. E’)L 1s globally stable, the algorithm is terminated;

STEP 7. E’)L s globally non-stable, the algorithm is terminated.

This algorithm certainly enables one to determine the stability of a food web
L
G regardless of whether its conservation equations solvable or not, and get stability

of food webs with more species than 3 by conclusions on 2 or 3 species.

L
Example 5.2 Determine the stability of a biological 5-system G shown in F ig.10,

)xlféil 1 f3 (
Tafn T3 f31 @

Fig.10
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where, fi; and fj;, 1 <4,j <5 are defined by

far(zo, w1) =1 =29 — Mwy,  fo (w2, 1) = 1 — 21 — Ao,
fa1(zs, x1) =1 — 23 — Ay, g (23, 21) = 1 — 11 — N33,
f41($4,$1) =1—x4 — My, 411($4,$1) =1—121 — My,
fsi(zs, v1) =1 — 25 — Mwy, foy(2s,01) = 1 — 21 — Ass

with conservative equations

( jfl =T (4 — 4LU1 — >\2I2 — )\35(73 — >\4LE4 — )\5(175)

1'2 = —X2 1 — T9 — )\1!13'1

jl'g = —T3 1 — T3 — )\1!13'1

( )
( )
gy =—x4 (1 — x4 — A1)
| @5 = —5 (1 =25 — Maq)

Let (29,29, 2%, 29, 22) be an equilibrium point of (5.1). Calculation shows the

linearization of (5.1) is

( .
i = Ary — Xoalwy — A32%23 — Malay — Asalas

Ty = Madzy + (=1 4 229 + A\29) 2y
i3 = Madzy + (=1 + 229 + \2?) 23
tq = Mz, + (=1 + 229 + \2?) 2y

(=14 222 + X\29) x5

L i’g, = All’gllfl +

where A =4 — 829 — Az — A\3xd — Mz — A5l




As usual, we can hold on the stability of system (5.2) of linear equations and
then, the stability of (5.1) by Theorem 4.6 on equilibrium points with tedious cal-
culation. However, we apply Algorithm 5.1 for the objective.

Notice that bi-digraph (5) U ﬁ)i of G in Fig.11 has a parallel decomposition

such as those shown in Fig.12,

Fig.12

and the conservation equations on these parallel edges are respectively

i’l = 1’1(1 — T — )\21’2) (5 3)
Lt‘g = IQ(l — T9 — >\1ZL’1)
l"l = 1’1(1 — T — )\31’3) (5 4)
Lt'3 = LU3(1 — X3 — >\1ZL’1)
Lt‘l = Il(l — T — >\4ZL’4) (5 5)
Lt'4 = LU4(1 — T4 — >\1ZL’1)
Lt‘l = Il(l — T — >\5ZL’5) (5 6)
l"5 = 1’5(1 — Ty — )\11’1)

We have known the stability of equations (5.3)-(5.6) by their linearizations
following ([20]):

(1) the equilibrium point (z1,x;) = (0,0) is unstable for equations (5.3)-(5.6),
where i = 2,3,4,5;

(2) the equilibrium point (x1,z;) = (1,0) is stable if \y > 1 fori=2,3,4,5;

(3) the equilibrium point (x1,x;) = (0,1) is stable if \; > 1 for equations (5.3)-
(5.6), where i = 2,3,4,5;
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M-l M1
(4) the equilibrium point (AIAZ- -1 All&- -1

and A\; > 1 for equations (5.3)-(5.6), where i = 2,3,4,5.

) is asymptotically stable if A\y > 1

Therefore, we know this biological 5-system is unstable on the equilibrium point
(0,0,0,0,0) but stable on the equilibrium points (0,1,1,1,1) and (1,0,0,0,0), and

asymptotically stable on the equilibrium point

A—-1 M—-1 M—-1 N-1 X\-1
MA=T AMA =T A =1T" A =-1" A1

of system (5.1) if A > 1 and A; > 1 by Theorem 4.2, where A = Ay = A3 = Ay = As.

86. Conclusion

Today, we have many mathematical theories but we are still helpless on opening the
mystery of the nature as Einstein’s complaint, i.e., as far as the laws of mathematics
refer to reality, they are not certain; and as far as they are certain, they do not refer
to reality because the multiple nature, or contradiction is universal on things, par-
ticularly, living things different from rigid bodies. Usually, we establish differential
equations for characterizing things 7" and holds on their behavior by solutions, which
is only hold on those of coherent behaviors of things, not the individual. Thus, we
encounter non-solvable cases in biology, and even if it is solvable, finding the exact
solution is nearly impossible in most cases. In fact, the solvable equation is indi-
vidual but the non-solvable is universal for knowing the nature. This fact implies
that we should also research those of non-solvable equations for revealing reality of
things in mathematics, which finally brings about the mathematics over topologi-
cal graphs, i.e., action flows, or mathematical combinatorics, and only which is the

practicable way for understanding things, particularly, living things in the world.
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