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Abstract

Genetic algorithm is a good tool for finding the global minimum in many
discrete problems. In particular, it has proven itself in problems where there is no any
apriori information about the possibilities of narrowing the search, or the specifics of
the problem do not involve such. This work describes the procedure of using a genetic
algorithm as applied to the search of van der Waerden numbers. Some new lower
bounds of van der Waerden numbers were found using this procedure.

1 Introduction

Van der Waerden's theorem states that for any positive integers r and k there
exists a positive integer N such that if the integers {1, 2, ..., N} are colored, each with
one of r different colors, then there are at least k integers in arithmetic progression all
of the same color. The smallest such N is the van der Waerden number W(r, k). Van
der Waerden Numbers are quite difficult to calculate, at the time of writing the article,
the exact values are known only for 7 van der Waerden numbers, and for the rest of
the numbers only bounds are known. To prove the lower bound of a van der Waerden
number it is sufficient to get a certificate of this number, i. €., a sequence of numbers
{1, 2, ..., N} of r colors, and not having same-coloured arithmetic progressions of
length k . Then N+1 will be the lower bound of W(r, k) number.

Genetic algorithm is an evolutionary algorithm of global optimization similar to
natural selection in nature. All actions are produced by the algorithm over a population
of species, each of which has a value of adaptability function. Each species is some
kind of solution to the problem, the better the solution, the higher the adaptability
function value. One work cycle of the algorithm is called generation. The cycle
consists of 3 main stages: application of genetic operators, assessment and selection in
a new generation. When genetic operators are applied, new species from the initial
population are generated, being a combination of the initial population species. Most
often, crossing and mutation are applied as genetic operators. During crossing 2
random species are selected from the population, parts of the first and the second
species are taken in a random ratio and combined into a new species that goes to the
next stage. During mutation a random species is selected and a random number of its
randomly selected genes is modified, and then, this new species goes to the next stage.
The second stage is the assessment of new species. At this stage the adaptability
function value is calculated for all resulted species. The next stage is the selection in a
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new generation. The selection is performed on the old population species and the new
ones based on genetic operators application. A roulette-wheel selection method is
often used. A sector on the roulette wheel is segregated for each species. The size of
this sector is proportional to the adaptability function value. Then, the roulette is spun
as many times as the number of species in the initial population. The species at which
the roulette wheel stopped goes to a new population. Some species in the new
population may be represented by several specimens. The algorithm cycles result in a
gradual displacement of the old, less adapted species from the population by the new,
more adapted ones. The species with the best adaptability function value is a solution
found by the genetic algorithm. Achieving a certain limit value of the adaptability
function of the best species in the population or achieving a certain number of
generations may be the stop criteria.

2 Methodology

To apply a genetic algorithm to the search of van der Waerden numbers it is
necessary to define the species representation and the adaptability function. As stated
above, to search for a lower bound of a van der Waerden number, it is necessary to
find its certificate. The certificate is a sequence of numbers {1, 2, ..., N} of r colours.
Thus, in our case, a species is an array of colours of N length. And a gene is an
element of this array. One gene may take on values 0..r-1, which corresponds to all r
colours. For each gene a log2 ( r ) bit is set, and rounded up. All operations involving
genes are performed according to r module. According to this representation, an
adaptability function has to be created. The function returning the number of
progressions into species was used as the adaptability function. The fewer is the
number of progressions, the more adapted is a species.



3 Results

Van der Waerden number

W(7,3
W(8,3
W(9,3)

W(10,3)

W(11,3)

N N

W(7,4)

W(5,5)
W(6,5)

W(5,6)

Old Lower Bounds

K=3

> 223 [1*]

> 223 [1*]

> 223 [1*]

> 383 [2]

> 383 [2*]
K=4

> 9778 [3*]
K=35

> 98740 [1]
> 98748 [1]

K=6

> 540025 [1]

* borders were established for smaller number of colors
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Certificate W( 7,3 ) > 273
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Certificate W( 8,3 ) > 354
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Certificate W( 9, 3 ) > 454
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Certificate W( 10, 3 ) > 593
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Certificate W( 11, 3 ) > 731
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