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Abstract This paper gives an alternative approach to find the determinant of the right

circular matrix with geometric sequence, using the known results of the circulant matrix.

Keywords circulant matrix, right circulant matrix with geometric sequence.

§1. Introduction

In a recent paper, Buenol! has introduced the concept of the right circulant geometric
matrix with geometric sequence, defined as follows:

Definition 1.1. A right circulant matriz (of order n) with geometric sequence, denoted
by RCIRC(n), is a matriz of the form
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Using the elementary properties of matrices and determinants, Bueno!!! has found an
explicit form of the associated determinant.
In this paper, we follow an alternative approach to derive the determinant of the matrix

RCIRC(n). This is given in Section 3. Some preliminary results are given in Section 2.

§2. Some preliminary results

In this section, we give some well-known results that would be needed later in proving the
main results of this paper in Section 3. We start with the following definition.

Definition 2.1.  The circulant matriz with the vector C = (cg, ¢1, ..., tn—1), denoted
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by Cy,, is the matriz of the form

C(n) = Co C1 C2 ++ Cp—2 Cp-1
Ch—1 Co Ci -+ Cph—3 Cp—2
Ch—2 Cp—1 Co -+ Cp—4 Cp-3
Co Cc3 Cq4 Co &1
Cc1 Co c3 Ch—1 Co

Lemma 2.1. For any n ( > 2),
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where wy =0, w; = end(1<j<n—1)arethen™ roots of unity.

§3. Main result

We now give the main result of this paper in the following theorem.
Lemma 3.1. Forn > 1, det(RCIRC(n)) = (1-r)""1.
Proof. From Lemma 2.1 with ¢; = (0 <j<n-1), we see that

n—1
det(RCIRC(n)) = H (1 + rw; + 72 wf + ol w?_l).
j=0
But, for any j with 0 <j <n -1,
1— (rw))* 1 —
1+ rwj + r?w? + .. 4 "1 Wt = (rw;) = " (1)
J J 1 — rwj 1 — rw;
Again, since
x*—1 =(x—wp)(x—w1)(x—wa) ... (x—wn — 1),

for z = 1, we get
T

1= (1 — rwo)(1 — rw1)(1 — rwa)...(1 — rwp—1)
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so that
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(I-wy)(l-w1)(l-wa)...(1-wy — 1) =1-1". (2)

The lemma now follows by virtue of (1) and (2).
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