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CONTENTS CONTENTS

The purpose of this text is to make a few comments about the book
Categories and Sheaves by Kashiwara and Schapira, Springer 2006,
referred to as “the book” henceforth.
An important reference is

[GV] Grothendieck, A. and Verdier, J.-L. (1972). Préfaisceaux. In Artin, M.,
Grothendieck, A., and Verdier, J.-L., editors, Théorie des Topos et Cohomologie
Etale des Schémas, volume 1 of Séminaire de géométrie algébrique du Bois-Marie,
4, pages 1-218. Springer.

Links to the above text of Grothendieck and Verdier are available at
http://goo.gl/df2Xw

Here are two useful links:
Schapira’s Errata: http://people.math.jussieu.fr/~schapira/books/Errata.pdf,
nLab entry: http://ncatlab.org/nlab/show/Categories+and-+Sheaves.
The tex and pdf files for this text are available at
http:/ /iecl.univ-lorraine.fr/~Pierre-Yves.Gaillard/ DIVERS /KS/
https:/ /github.com/Pierre-Yves-Gaillard /acs
http://goo.gl/ mE37bM
https:/ /app.box.com/s/ktfjubmts4bq3loknnrt
http://goo.gl /kIKgiW
https:/ /www.mediafire.com /folder/am7yqwlwhitdg/
More links are available at http://goo.gl/df2Xw.

I have rewritten some of the proofs in the book. Of course, I'm not suggesting
that my wording is better than that of Kashiwara and Schapira! I just tried to
make explicit a few points which are implicit in the book.

I adhere to Bourbaki’s set theory as expounded in the book Théorie des
ensembles, N. Bourbaki, Hermann, Paris, 1970. (I'm ignoring the “Fascicule de
résultats” in the above book because I don’t understand it.)

The notation of the book will be freely used. We will sometimes write B4 for
Fct(A, B), «; for a(i), fg for f o g, and some parenthesis might be omitted. We
write | | instead of ] for the coproduct.


http://goo.gl/df2Xw
http://people.math.jussieu.fr/~schapira/books/Errata.pdf
http://ncatlab.org/nlab/show/Categories+and+Sheaves
http://iecl.univ-lorraine.fr/~Pierre-Yves.Gaillard/DIVERS/KS/
https://github.com/Pierre-Yves-Gaillard/acs
http://goo.gl/mE37bM
https://app.box.com/s/ktfju6mts4bq3loknnrt
http://goo.gl/klKgiW
https://www.mediafire.com/folder/am7yqw1whitdg/
http://goo.gl/df2Xw

2 TYPOS AND DETAILS

Following a suggestion of Pierre Schapira’s, we shall denote projective limits
by lim instead of lim, and inductive limits by colim instead of lim.
— —

Thank you to Pierre Schapira for his interest!

1 U-categories and U-small Categories

Here are a few comments about the definition of a U-category on p. 11 of the book.
Let U be a universe. Recall that an element of U is called a U-set. The following
definitions are used in the book:

Definition 1 (U-category). A U-category is a category C such that, for all objects
X,Y, the set Home (X, Y) of morphisms from X toY is equipotent to some U-set.

Definition 2 (U-small category). The category C is U-small if in addition the set
of objects of C is equipotent to some U -set.
One could also consider the following variant:

Definition 3 (U-category). A U-category is a category C such that, for all objects
X,Y, the set Home(X,Y') is a U-set.

Definition 4 (U-small category). The category C is U-small if in addition the set
of objects of C is a U-set.

Note that a category C is a U-category in the sense of Definition [I] if and only
if there is a U-category in the sense of Definition [3] which is isomorphic to C, and
similarly for U-small categories.

In this text we shall always use Definitions [3] and [4] ‘

We often assume implicitly that a universe U has been chosen, and we say
“category” and “small category” instead of “U-category” and “U-small category”.

2 Typos and Detalils

« P. 11, Definition 1.2.1, Condition (b): Hom(X, X') should be Hom¢ (X, X).

« P. 14, definition of Mor(C). As the hom-sets of C are not assumed to be disjoint,
it seems better to define Mor(C) as a category of functors. See p. [19

8



2 TYPOS AND DETAILS

x P. 25, Corollary 1.4.6. Due to the definition of /-small category used in this
text (see Section (1] p. , the category C4 of the corollary is no longer U/-small, but
only canonically isomorphic to some {/-small category.

« P. 25, Proof of Corollary 1.4.6 (second line): he should be her.

x P. 33, Exercise 1.19: the arrow from L; o Ry o Ly to Ly should be 7; o Ly instead
of €10 LQ.

x P. 37, Remark 2.1.5: “Let I be a small set” should be “Let I be a small category”.
« P. 41, sixth line: (i) should be (a).
« P. 52, fourth line: Mor(/,C) should be Fct(Z,C).

x P. 53, Part (i) (c) of the proof of Theorem 2.3.3 (Line 2): “g € Fct(J,.A)” should
be “f € Fet(J,C)".

« P. 54, second display: we should have i — ¢(j) instead of p(j) — .

x P. 58, Corollary 2.5.3: The assumption that / and J are small is not necessary.
(The statement does not depend on the Axiom of Universes.)

« P. 58, Proposition 2.5.4: Parts (i) and (ii) could be replaced with the statement:
“If two of the functors , ) and ¢ o v are cofinal, so is the third one”.

x Pp. 63-64, statement and proof of Corollary 2.7.4: all the h are slanted, but they
should be straight.

§ 5. P. 65, Exercise 2.7 (i): “- xz Y : Set; — Setz” should be “- x, Y : Set; —
Sety”.

x P. 74, last four lines: « should be replaced with .

x P. 80, last display: a “lim” is missing.
H

x P. 83, Statement of Proposition 3.3.7 (iv) and (v): k might be replaced with R.

x Pp 83 and 85, Proof of Proposition 3.3.7 (iv): “Proposition 3.1.6” should be
“Theorem 3.1.6”. Same typo on p. 85, Line 6.

x P. 84, Proposition 3.3.13. It is clear from the proof (I think) that the intended
statement was the following one: If C is a category admitting finite inductive limits
and if A : C°? — Set is a functor, then we have

C small and C4 filtrant = A left exact = C4 filtrant.



2 TYPOS AND DETAILS

x P. 85, proof of Proposition 3.3.13, proof of implication “C4 filtrant = A commutes
with finite projective limits”. One can either use Corollary [81] p. or notice that
C can be assumed to be small. (The argument is the same in both cases.)

x P. 88, Proposition 3.4.3 (i). It would be better to assume that C admits small
inductive limits.

x P. 89, last sentence of the proof of Proposition 3.4.4. The argument is slightly
easier to follow if )/ is factorized as

(Jl)jz N (Jl)wz(jz) i> (Kl)dfz(jz) N (Kl)wz(iz)_
Then a,b and ¢ are respectively cofinal by Parts (ii), (iii), and (iv) of Proposition
3.2.5 p. 79 of the book.
x P. 90, Exercise 3.2: “Proposition 3.1.6” should be “Theorem 3.1.6".

x P. 115, line 4: “two morphisms i1,i5 : Y — Y Ux Y” should be “two morphisms
’il,ig Y = Y |—|X Y”.

x P. 115, Line 8: i1 0 g = i3 0 g should be goi; = g o i».

x P. 120, proof of Theorem 5.2.6. We define v’ : X’ — F as the element of

F(X') corresponding to the element (u, ug) of F'(X) x p(x,)F(Zo) under the natural
bijection. (Recall X' := X Ux, Zy.)

x P. 121, proof of Proposition 5.2.9. The fact that, in Proposition 5.2.3 p. 118 of
the book, only Part (iv) needs the assumption that C admits small coproducts is
implicitly used in the sequel of the book.

x P. 128, proof of Theorem 5.3.9. Last display: U should be U. It would be simpler
in fact to put

Ob(F,) ={Y1Ux Y2 | X = Y] and X — Y5 are morphisms in F,,_1}.

x P. 128, proof of Theorem 5.3.9,, just before the “q.e.d.” Corollary 5.3.5 should
be Proposition 5.3.5.

x P. 132, Line 2: It would be slightly better to replace “for small and filtrant
categories I and J” with “for small and filtrant categories I and J, and functors

a: I —=C,p:J—=C".
* P. 132, Line 3: Hom¢ (A, B) should be Homy,ac) (A, B).

x P. 132, Lines 4 and 5: «We may replace “filtrant and small” by “filtrant and
cofinally small” in the above definition»: see Proposition p. [62

10



2 TYPOS AND DETAILS

x P. 132, Corollary 6.1.6: The following fact is implicit. Let C L ¢ 5 ¢ be
functors, let X’ be in C’, and assume that G is fully faithful. Then the functor
Cx' — Cg(x7) induced by G is an isomorphism.

x P. 133, proof of Proposition 6.1.8, Line 2: “It is enough to show that A belongs

to Ind(C)”. More generally: Let I < C L, €' be functors. Assume that F is
fully faithful, and that there is an X in C such that F(X) ~ colim F'(«). Then
X ~ colim . The proof is obvious.

x P. 133, Proposition 6.1.9. “There exists a unique functor ...” should be “There
exists a functor ... Moreover, this functor is unique up to unique isomorphism.”

§ 6. P. 133. In Part (ii) of Proposition 6.1.9 the authors, I think, intended to write
“lm”(IF o) = IF(“lim”a)
— —

instead of
IF(“lim”a) = “lm”(IF o a).
— —

« P. 134, proof of Proposition 6.1.12: “C4 x C4/” should be “C4 x C/,” (twice).
x P. 136, proof of Proposition 6.1.16: see p. [56]

x P. 136, proof of Proposition 6.1.18. Second line of the proof: “Corollary 6.1.14”
should be “Corollary 6.1.15".

x P. 136, last line: “the cokernel of («a(i),S(i))” should be “the cokernel of
(i0(2), (1))

x P. 138, second line of Section 6.2: “the functor “lim” is representable in C”
—
should be “the functor “lim” « is representable in C”. Next line: “natural functor”
—

should be “natural morphism”.
« P. 141, Corollary 6.3.7 (ii): id should be idc.
« P. 143, third line of the proof of Proposition 6.4.2: {Y;};cr should be {Y;}ier.

« P. 144, proof of Proposition 6.4.2, Step (ii), second sentence: It might be better
to state explicitly the assumption that X! is in C, for v = 1, 2.

x P. 146, Exercise 6.3. “Let C be a small category” should be “Let C be a category”.

x P. 150, before Proposition 7.1.2. One could add after “This implies that Fjs is
unique up to unique isomorphism”: Moreover we have QTF ~ Fs ~ Q'F.

11



2 TYPOS AND DETAILS

x P. 153, statement of Lemma 7.1.12. The readability might be slightly improved
by changing s : X — X' € Sto (s: X — X’) € S. Same for Line 4 of the proof
of Lemma 7.1.21 p. 157.

x P. 156, first line of the first display and first line after the first display: Cs should
be Cs.

x P. 160, second line after the diagram: “commutative” should be “commutative up
to isomorphism”. Line 7 when counting from the bottom to the top: F'(s) should

be Qs(s).

x P. 163, last sentence of Remark 7.4.5: “right localizable” should be “universally
right localizable”.

x P. 168, Line 9: “f : X — Y” should be “f : ¥ — X"

x P. 170, Corollary 8.2.4. The period at the end of the last display should be
moved to the end of the sentence.

x P. 172, proof of Lemma 8.2.10, first line: “composition morphism” should be
“addition morphism”.

x P. 179, about one third of the page: “a complex X —— Y : ¢ Z 7 should

w

v
be “a sequence X —— Y A

w

* P. 180, Lemma 8.3.11 (b) (i): Coker f = Coker f’ should be Coker f = Coker f.
Proof of Lemma 8.3.11: The notation Hom for Hom¢ occurs eight times. Lemma
8.3.11 is stated below as Lemma p.

* P. 181, Lemma 8.3.13, second line of the proof: h o f2 should be f? o h.

x P. 186, Corollary 8.3.26. The proof reads: “Apply Proposition 5.2.9”. One could
add: “and Proposition 5.2.3 (v)”.

x P. 187, proof of Proposition 8.4.3. More generally, if F' is a left exact additive
functor between abelian categories, then, in view of the observations made on
p. 183 of the book (and especially Exercise 8.17), F' is exact if and only if it sends
epimorphisms to epimorphisms. (A solution to the important Exercise 8.17 is given

in Section [10.7.2] p. [L17])

x P. 188. In the second diagram Y’ 5 Z should be Y’ 5 X. After the second
diagram: “the set of isomorphism classes of A” should be “the set of isomorphism
classes of objects of A”.

x P. 190, proof of Proposition 8.5.5 (a) (i): all the R should be R°P, except for the

12



2 TYPOS AND DETAILS

last one.

x P. 191: The equality ¢(M) = G ®r M is used in the second display, whereas
(M) = M ®g G is used in the third display. It might be better to use (M) =
M ®pgo» GG both times.

x P. 191, Proof of Theorem 8.5.8 (iii): “the product of finite copies of R” should
be “the product of finitely many copies of R”.

x P. 196, Proposition 8.6.9, last sentence of the proof of (i)=-(ii): “Proposition
8.3.12” should be “Lemma 8.3.12".

x P. 201, proof of Lemma 8.7.7, first line: “we can construct a commutative dia-
gram”. [ think the authors meant “we can construct an exact commutative dia-
gram”.

« P. 218, middle of the page: “b := inf(J \ A)” should be “b := inf(J \ A’)” (the
prime is missing).

x P. 218, Proof of Lemma 9.2.5, first sentence: “Proposition 3.2.4” should be
“Proposition 3.2.2".

x P. 220, part (ii) of the proof of Proposition 9.2.9, last sentence of the first
paragraph: s(j) should be 5(j).

x P. 221, Lemma 9.2.15. “Let A € C” should be “Let A € C"".

x P. 224, proof of Proposition 9.3.2, line 2: “there exist maps S — A(G) — S

whose composition is the identity” should be “there exist maps A(G) — S such
that the composition S — A(G) — S is the identity of S”.

* Pp 224-228, from Proposition 9.3.2 to the end of the section. The notation G-,
where S is a set, is used twice (each time on p. 224), and the notation GH® is used
many times in the sequel of the section. I think the two pieces of notation have
the same meaning. If so, it might be slightly better to uniformize the notation.

§ 7. P. 225, line 3: “Since NN; is a subobject of A and card(A(G)) < 7" should be
“Since card(A(G)) < 7.

x P. 225, line 4: “there exists 79 — 41 such that N;; — A is an epimorphism” should

be “there exists s : ig — ¢ such that Ny, — A is an epimorphism”.

« P. 226, four lines before the end: “By 9.3.4 (c)” should be “By (9.3.4) (c¢)” (the

parenthesis are missing).
« P. 227. The second sentence uses Proposition p.
x P. 228, line 3: C should be C,.

13



2 TYPOS AND DETAILS

x P. 228, Corollary 9.3.6: lim should be o.
—

§ 8. P. 228: It might be better to state Part (iv) of Corollary 9.3.8 as “G is in
S”, instead of “there exists an object G € § which is a generator of C”. (Indeed,
G is already mentioned in Condition (9.3.1), which is one of the assumptions of
Corollary 9.3.8.)

x P. 229, proof of 9.4.3 (i): it might be better to write “containing S strictly” (or
“properly”), instead of just “containing S”.

x P. 229, proof of 9.4.4: “The category C* is nonempty, essentially small ...”: the
adverb “essentially” is not necessary since C is supposed to be small.

« P. 237: “Proposition 9.6.3” should be “Theorem 9.6.3” (twice).

x P. 237, proof of Corollary 9.6.6, first display: “¢ : C — C” should be “¢) : C —
Linj"

x P. 237, end of proof of Corollary 9.6.6: it might be slightly more precise to write
“X = (X)) = K Home(X.K)» jngtead of “X — Y(X) = J Home (X,K)»

x P. 244, second diagram: the arrow from X’ to Z’ should be dotted. (For a nice
picture of the octahedral diagram see p. 49 of Mili¢ié¢’s text

http: / /www.math.utah.edu/~milicic/Eprints/dercat.pdf.)

x P. 245, beginning of the proof of Proposition 10.1.13: The letters f and g being

used in the sequel, it would be better to write X Jy v % 7 - TX instead of
X—=>Y—->7-TX.

x P. 245, first display in the proof of Proposition 10.1.13: The subscript D is
missing (three times) in Homp.

x P. 250, Line 1: “TR3” should be “TR2”. After the second diagram, s o f should
be f os.

x P. 251, right after Remark 10.2.5: “Lemma 7.1.10” should be “Proposition 7.1.10".
x P. 252, last five lines:

e “u is represented by morphisms u’ : ®; X; — Y’ < Y” should be “u is

S

represented by morphisms &; X; oyt Y”
e v should (I believe) be u/,

e Q(u) should be Q(u').
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2 TYPOS AND DETAILS

* P. 254. The functor RF" of Notation 10.3.4 coincides with the functor RaqF' of
Definition 7.3.1 p. 159 of the book.

x P. 266, Exercise 10.6. I think the authors forgot to assume that the top left
square commutes.

« P. 278: The first display should start with 7" (s") instead of T"(s).
« P. 287, first display after Proposition 11.5.4: v(X™™) should be v(X)™™.

§ 9. x P. 290, Line 17: as indicated in Pierre Schapira’s Errata, one should read

11

d'"™™ = Home((—1)™Hd™, v™).

x P. 290, Line -3: “We define the functor” should be “We define the isomorphisms
of functors”.

x P. 303, just after the diagram: “the exact sequence (12.2.2) give rise” should be
“the exact sequence (12.2.2) gives rise”.

* P. 320, Display (13.1.2): we have Qis = N"»(C).
* P. 321, Line & 72"(X) — 72"(X) should be 72"(X) — 72"(X).

* P. 328, Line 8: I think the authors meant “X* — Z! is an isomorphism for
i>n+d” instead of “¢ > n+d”.

§ 10. P. 337, Theorem 13.4.1. “Let C be an abelian category” should be “Let C
be an abelian category admitting countable products”, and “right localizable at
(Y, X)” should be “universally right localizable at (Y, X), and let RHom¢ denote
its right localization”.

x P. 359, Line 3: ¢ should be sh.

x P. 360, Line 5 of Step (ii) of the proof of Theorem 14.4.5: “Then X” is an exact
complex in K™ (P)” should be (I think) “Then X" is an exact complex in K™ (C)”.

x P. 364, Step (g) of the proof of Theorem 14.4.8: P, = K™ (C;) should be P; = C;.
x P. 365, line between the last two displays: “adjoint” should be “derived”.

« P. 392, Lemma 16.1.6 (ii). It would be better to write v : C' — U instead of
u:C — U and t ov instead of ¢ o u.

x P. 396, proof of Lemma 16.2.4 (ii), last sentence of the proof: It would be better
(I think) write “by LE2 and LE3” instead of “by Proposition 16.1.11 (ii)”.

x P. 401, Line 6: B” — B should be B” — B’.
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2 TYPOS AND DETAILS

x P. 406, first line of the second display: (Cy)" should be Cy (twice). (See §285)
p.|170})

* P. 409, line 2: Ao (h% )4 ~ hy should be X o (h';)4 ~ h.
§ 11. P. 410, Display (17.1.15):instead of

Hompgy(x,4)(F, G) = lim Hompgyw.a)(F, G)(U).

UeCx

we should have

Hompgh(xﬂ) (F, G) ~ Uhe%l HOMpSh(X7A)(F, G)(U)
X

§ 12. P. 412, proof of Lemma 17.2.2 (ii), (b)=(a), Step (3). “Since ()" (uy) is an
epimorphism by (2), (f*)"(uy) is a local isomorphism” should be “Since (f*)" (uy)
is a local epimorphism by (2), (f*)"(uy) is a local isomorphism”.

x P. 414, line before the last display: h&F should be h; F i.e. the h should be
straight, not slanted.

x P. 417, first sentence of the paragraph containing Display (17.4.2): A, A" € C"
should be A, A’ € C%.

x P. 418, last display:

lim: lim F(B)— lim F%B)

— — —

(B—A)ELT 4 (B—A)ELT 4
should be
lim : lim F(B)— lim F°(B).
— — —
(B—A)eLZy (B—A)ELTA (B—A)ELT 4

* P. 419, second line: “applying Corollary 2.3.4 to § = id.z,” should be “applying
Corollary 2.3.4 to ¢ = id.z,”.

« P. 421, Theorem 17.4.7 (1): (% F)® ~ (b} F*) should be (b¥ F)? ~ (b F9), i.e.
the h’s should be straight, not slanted.

* P. 424, proof of Theorem 17.5.2 (iv). “The functor fT is left exact” should be
“The functor fT is exact”. (See §287|p. [171])

x P. 426, Line 5: “morphism of sites by” should be “morphism of sites”.

x P. 428, Notation 17.6.13 (i). “For M € A, let us denote by M, the sheaf
associated with the constant presheaf Cx 2 U — M” should be
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2 TYPOS AND DETAILS

“For M € A, let us denote by M4 the sheaf over C4 associated with the constant
presheaf C4 > (U — A) — M”.

It might also be worth mentioning that M, is called the constant sheaf over A
with stalk M.

x P. 437, Line 3 of Step (ii) of the proof of Lemma 18.1.5: It might be better to
write “ e q0) G(U 2 A)” instead of “ Hseawn GUU 2 A)”; indeed € is more
usual that [] to denote the coproduct of k-modules.

« P. 438, right after “q.e.d.” “Notations (17.6.13)” should be “Notations 17.6.13”
(no parenthesis).

* P. 438, bottom: One can add that we have Homg (R, F') ~ F for all F'in PSh(R).

x P. 439, after Definition 18.2.2: One can add that we have FI()X];R R ~ F for F in
PSh(R) and F @z R ~ F for F' in Mod(R).

« P. 439, Proposition 18.2.3 (ii). Here is a slightly stronger statement: If R, S, T
are kx-algebras, if F'is a (T ®j, R°?)-module, if G is an (R ®j, S)-module, and
if H is an (S ®y, T)-module, then there are isomorphisms

Homsg, 7(F ®r G, H) ~ Homge, s(G,Homr(F, H)),

Homse, 7(F ®r G, H) =~ Homre, s(G,Homy(F, H)),
functorial with respect to F, G, and H.
* P. 440, last line of second display: Homgz)(G(U) ®; F(U), H(U)) should be
x P. 440, first line of the fourth display, %%‘R(V) should be @z .

« P. 441. The proof of Proposition 18.2.5 uses Display (17.1.11) p. 409 of the book
and Exercise 17.5 (i) p. 431 of the book (see §323| p. [181]).

x P. 442 first line of Step (ii) of the proof of Proposition 18.2.7: Homgz(RQkxa, F)
should be Homg (R @k kxa, F).

* P. 442, Line 3 of last display of Section 18.2: j,_, x1j4", x should be jiHXjAHX*.
« P. 442, Lemma 18.3.1 (i) follows from Proposition 17.5.1 p. 432 of the book.
*x P. 443, first display: On the third and fourth lines, Homy, should be Homy,,.

* P. 443, sentence preceding Lemma 18.3.2: j4_,x should be j,_,  (the slanted j
should be straight).

17



3 ABOUT CHAPTER 1

« Pp 447-8, proof of Lemma 18.5.3: in (18.5.3) M'|y and M|y should be M'(U)
and M (U), and, after the second display on p. 448, s; € ((R°?)®*™®x P)(U) should
be s1 € ((R?)®" @g P)(U).

* P. 448, Proposition 18.5.4, Line 3 of the proof: G® — M should be G%* — M.

« P. 452, Part (i) (a) of the proof of Lemma 18.6.7. I think that Oy and Oy stand
for Ox|y and Oy |y. (If this is so, it would be better, in the penultimate display
of the page, to write Oy instead of Oy |y .)

x P. 452, a few lines before the penultimate display of the page, fV’V1 O Y o
should be (I think) f;;! : OFF — OF™.

x P. 494, Index. I found useful to add the following subentries to the entry “injec-
tive”: F-injective, 231; F-injective, 253, 255, 330.

3 About Chapter 1

3.1 Universes (p. 9)

The book starts with a few statements which are not proved, a reference being
given instead. Here are the proofs.

A universe is a set U satisfying

(i) @ elU,

HuelUeld=uecl,

i) Ueld = {U} €U,
iv)Ueld=PU)elU,

v)IceUUand U; € U for all i = (J,., U; €U,
(vi) NelU.

(
(
(
(

We want to prove:
(vii) U e U = J,epu €U,
(vili) U,V e = U x V e U,
(ix)UcVelU=Ucecl,
(

X) I eUUand U; €U for alli = [[..,U; € U.

el

18



3.2 Brief comments 3 ABOUT CHAPTER 1

(We have kept Kashiwara and Schapira’s numbering of Conditions (i) to (x).)

Obviously, (ii) and (v) imply (vii), whereas (iv) and (ii) imply (ix). Axioms (iii),
(vi), and (v) imply

() UV eUd={UV}el,
and thus
(b)) U,Veld= (UV)={{U},{U,V}} el.

Proof of (viii). If u € U and v € V| then {(u,v)} € U by (ii), (b), and (iii).
Now (v) yields

UxV = U U {(u,v)} €eU. qed.

uelU veV

Assume U,V € U, and let VY be the set of all maps from U to V. As VU &
P(U x V), Statements (viii), (iv), and (ii) give

QO UVeld=Vel.
Proof of (x). As

[[vier <UUi)I :

i€l el

(x) follows from (v), (c), and (iv). q.e.d.

3.2 Brief comments

§ 13. P. 14, category of morphisms. Here are some comments about Definition
1.2.5 p. 14:

Notation 14. For any category C define the category C* as follows. The objects
of C* are the objects of C, the set Homes(X,Y') is defined by

Home«(X,Y) :={Y'} x Hom¢(X,Y) x {X},
and the composition is defined by

(Z,9,Y) o (Y, [, X) :=(Z,go [, X).

Note that there are natural mutually inverse isomorphisms C &= C*.
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3.3 The Yoneda Lemma (p. 24) 3 ABOUT CHAPTER 1

Notation 15. Let C be a category. Define the category Mor(C) by

Ob(Mor(C)) := | J Home(X,Y),
X,Y€0b(C)

Homyior(e) (Y5 f, X), (V,9,U)) :=
{(a,b) € Hom¢(X,U) x Home(Y, V) | goa=bo f},

1.e.
X 25U

i| ls

Y—b>V,

and the composition is defined in the obvious way.

Observe that a functor A — B is given by two maps
Ob(A) — Ob(B), Ob(Mor(A)) — Ob(Mor(B))

satisfying certain conditions.

When C is a small category (see Section |1 p. , we assume that the hom-sets
of C are disjoint.

§ 16. P. 16, Definition 1.2.11 (iii). Note that fully faithful functors are conserva-
tive.

§ 17. P. 18, Definition 1.2.16. If F': C — C’ is a functor and X’ an object of C’,
then we have natural isomorphisms

(Cx)P = (CP)Y, (CX)P = (CP)xr. (1)

3.3 The Yoneda Lemma (p. 24)

We state the Yoneda Lemma for the sake of completeness:

Theorem 18 (Yoneda’s Lemma). Let C be a category, let h : C — C" be the
Yoneda embedding, let F be in C", let A be in C, and define

F(A) # Homen (h(A), F)

20



3.3 The Yoneda Lemma (p. 24) 3 ABOUT CHAPTER 1

by
pla)x(f) = F(f)(a), ¥(0):=04(ida) (2)

for
a€ F(A), XeC, feHome(X,A), 6€Homen(h(A),F):
f € Home(X, A) 225 p(x) £ p(4) 5 a.

Then ¢ and ¢ are mutually inverse bijections. In the particular case where F s
equal to h(B) for some B in C, we get

¢(a) = h(a) € Homen (h(A), h(B)).
This shows that h is fully faithful.

Let k : C — CV be the Yoneda embedding, let F be in C¥, let A be in C, and
define

F(A) # Homev (F, k(A)) = Homg,e (k(A), F)

by for
ac€ F(A), XeC, feHome(A X), 6 Homgyc(k(A),F):

f € Home(A, X) 2% pxy &9 pa) s q

Then ¢ and v are mutually inverse bijections. In the particular case where F s
equal to k(B) for some B in C, we get

(a) = k(a) € Homev (k(B), k(A)).

This shows that k is fully faithful.

Proof. 1t suffices to prove the first statement: We have

Y(p(a)) = p(a)a(ids) = F(ida)(a) = a

and
e((0)x(f) = F(f)(¥(0)) = F(f)(0a(ida)) = 0x(f),

the last equality following from the commutativity of the square

h(A)(X) 2 F(X)

h(A)(f)T TFO‘)

h(A)(A) —5— F(A),
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3.4 Brief Comments 3 ABOUT CHAPTER 1

which is equal to the square

Home (X, A) —2 F(X)

OfT TF(f)

Home (A, A) 5 F(A).

]

Definition 19 (universal element). Let F' : C°® — Set be a functor and X an
object of C. An (F, X)-universal element is an element u of F(X) such that, for
allY in C, the map Home(Y, X) — F(Y), f+— F(f)(u) is bijective.

The Yoneda Lemma says that (F, X )-universal elements are in functorial bi-
jection with isomorphisms he(X) = F, such an isomorphism being called a rep-
resentation of F' by X.

Definition 20 (co-universal element). Let ' : C — Set be a functor and X an
object of C. An (F, X )-co-universal element is an element u of F(X) such that,
for allY in C, the map Home(X,Y) — F(Y), f+— F(f)(u) is bijective.

The Yoneda Lemma says that (F, X)-co-universal elements are in functorial
bijection with isomorphisms F = k¢(X), such an isomorphism being called a
representation of F' by X.

3.4 Brief Comments

§ 21. P. 25, Corollary 1.4.7. A statement slightly stronger than Corollary 1.4.7 of
the book can be proved more naively:

Proposition 22. A morphism f : A — B in a category C is an isomorphism if
and only if
Home (X, f) : Home(X, A) — Home (X, B)

is (i) surjective for X = B and (ii) injective for X = A.

Proof. By (i) there is a g : B — A satisfying f o g = idp, yielding fogo f = f,
and (ii) implies g o f = ida. ]
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3.5 Horizontal and Vertical Compositions (p. 19) 3 ABOUT CHAPTER 1

3.5 Horizontal and Vertical Compositions (p. 19)

For each object X of C3 the diagram

C 1 < fu C2 < fr2 Cg
011 012

Cl < 2 CQ < f22 C3
021 022

Cl < o CQ < oo Cg

of categories, functors, and morphisms of functors yields the commutative diagram

011 F12X 021 F12X
F11F12X ———— F21F12X ——— F31F12X

F11912XT F21912XT TF31912X
011F22 X 021 F22 X
F11F22X F21F22X F31F22X
F11922XT F21922XT TF31922X

F11F3o X —————— F51 F30 X ————— F31F3 X
11132 011 Fa X 21432 O o X 31432

in C;. So, we get a well-defined morphism in C; from F3; F3 X to Fi1F12X, which
is easily seen to define a morphism of functors from F3;F35 to FiqFis.

Notation 23. We denote this morphism of functors by

0 0
< 1 12) D 3y Fyy — Fi1Fho.
021 Oz

If 051 and 055 are identity morphisms, we put
011 012
011 % 019 := .
11 * O12 (921 Oy
If 015 and 055 are identity morphisms, we put
011 012
011 00y = .
11 21 (921 922
Let m,n > 1 be integers, let Cy,...,C,1 be categories, let
Fi7jZCj+1%Cj, 1§z§m+1,1§j§n
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be functors, let

0 Fisr; — F

N E]

1<i<m, 1<53<n

be morphisms of functors. For instance, if m = 2,n = 4, then we have

F1

I3

Iy

Cl < CQ < C3 < C4 < C5
011 012 013 014
F: F: F: F:
Ci < 0y < 2 C5 < 2 Cy < 2 Cs
021 022 023 024
F: F: F: F:
Cl < 2 CQ < 22 Cg < 23 C4 < & C5.

The following proposition is clear

Proposition 24. The operations x and o are associative, and, in the above setting,
we have the equality

(B1q % % 0p) 0

0 (O * -+ % Opp)

= (6110 00m1) %% (B1 0 00mn)

between functors from Fpi11- Fopan to Fiq--- Fiy.
Notation 25. We denote this morphism of functors by

Ql,n
: B Fpin — Fip- Fip.
emn

)

Proposition 26. We have, in the above setting,

‘91,1*"'*‘91,n
(@1’1*...*91,n)o... .

0 (B -+ % Oy ) =

Qm,l koo *‘gm,n
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3.6 Equalities (1.5.8) and (1.5.9) (p. 29) 3 ABOUT CHAPTER I

= kooee 3k :(01,10"'00m71>*"'*(617n0"'06m7n).

em,l em,n

Definition 27 (horizontal and vertical composition, Interchange Law). We call
x the horizontal composition. We call o the vertical composition. We call the
equalities in Proposition |20 the Interchange Law.

3.6 Equalities (1.5.8) and (1.5.9) (p. 29)

Warning: many authors designate € by n and n by ¢.

3.6.1 Statements

We have a pair (L, R) of adjoint functors:
C
LHR
C'.
Using Notation 23 p. 23] Equalities (1.5.8) and (1.5.9) become respectively

(nxL)o(Lxe)=L (3)

and
(Rxm)o(nxR)=R. (4)

3.6.2 Pictures

Let us try to illustrate these two equalities by diagrams:

Picture of L <"~ LRL:
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C/

CI

Cl

C/

CI

Cl

C/

Picture of (3)), that is, (p* L) o (L xe) = L:

AN

A

AN

A

AN

AN

Picture of LRL <—Li€— L:

C/

LRL

A

A

Cl

A

A

26
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3.6 Equalities (1.5.8) and (1.5.9) (p. 29) 3 ABOUT CHAPTER I

C L C
n*L]\
C < LRL C
L*ET
C ¢ - C
C < L C
L
C ¢ 7 C.
Picture of R ﬁ RLR:
C < ! C « A C < ! !
] | i
C < n C < = C < = C’
C < R !
R*n]\
C < c’

RLR

27
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Picture of RLR éﬁi R:

[ C

C < T C

1

A

S RN
Q

e,
Q

C < RLE !
s*RT
C <« I C.

Picture of (4)), that is, (R 1) o (¢ *x R) = R:

C < R C’
R*n]\

C < RLE c’
E*RT

C < = !

C < R c’
|

C < = !

3.6.3 Proofs

For the reader’s convenience we prove p. 125l and p- . It clearly suffices to
prove .
Let us denote the functorial mutually inverse bijections defining the adjunction
by
Ax.x/

Home (X, RX') =——— Home (LX, X), (5)

Hx x’
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and recall that ex and 7y are defined by

ex = px,rx(idrx), nx = Apxr x/(idrx7). (6)

Equality p. 25| can be written

)\RLX,LX (idRLX) o L(€X) = idpx,
and we have

. a . b c .
idrx (:) )\RLX,LX (MX,LX(ldLX)) (:) >\RLX,LX<€X) (:) (ARLX,LX S (Oﬁx)) (ldRLX)

d . e .
< (( ° L(éx)) © )\RLX,LX) (idrrx) © ARLX,LX (idrrx) o L(ex),

the successive equalities being justified as follows:
(a) follows from (f)),
(b) follows from (),
(c) is obvious,
(

d) follows from the commutative square

Home(RLX, RLX) —2* s Home (LRLX, LX)

oal loL(s)

Home(RLX, RLX) ——— Home/(LRLX, LX),
X,LX

(e) is obvious.

4 About Chapter 2

4.1 Brief Comments

§ 28. P. 36, Definition 2.1.2.

Definition 29 (projective limit). If a : I°° — C is a functor and A : C — CI*" is
the diagonal functor, then a projective limit of « in C is a pair

(X,p) € Ob(C) x Homerer (A(X), )
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4.1 Brief Comments 4 ABOUT CHAPTER 2

such that p is a (Homerer (A( ), ), X)-universal element (see Definition[19 p.[29).
For each i in I the morphism p; : X — «(i) is called the i-projection of X. (We
almost always write X for (X, p), the mental picture being that p is a structure X
is equipped with.)

Recall that the condition that p is a (Homerer (A( ), @), X)-universal element
means that for each Y in C the map

Home (Y, X) — Homerer (A(Y), ),  f+— po A(f)
is bijective. Here is a picture:

A(S)

Yy L X, AY) AX) L a

Definition 30 (inductive limit). If o : I — C is a functor, then an inductive limit
of a in C is a pair

(X,p) € Ob(C) x Homer(ar, A(X))
such that p is a (Homer (o, A(')), X)-co-universal element (see Definition[20 p.[24).
For each i in I the morphism p; : a(i) — X is called the i-coprojection of X. (We
almost always write X for (X, p), the mental picture being that p is a structure X
is equipped with.)

Recall that the condition that p is a (Homer(cr, A()), X)-co-universal element
means that for each Y in C the map

Home(X,Y) — Home:r(a, A(Y)),  f— A(f)op (7)
is bijective. Here is a picture:
x4y a®ax) 2 aw).

§ 31. P. 38, Proposition 2.1.6. Here is an example of a functor a : I — C’ such
that colim o exists in C’ but there is a j in J such that colim (p; o @) does not
exist in C. (Recall that p; : C/ — C is the evaluation at j € J.) This example
is taken from Section 3.3 of the book Basic Concepts of Enriched Category
Theory of G.M. Kelly:

http://www.tac.mta.ca/tac/reprints/articles/10/tr10abs.html
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The category J has two objects, 1, 2; it has exactly one nontrivial morphism;
and this morphism goes from 1 to 2. The category C has exactly three objects, 1,
2, 3, and exactly four nontrivial morphisms, f,g,h,go f = ho f, with

g
1190 —=3
h

Then C’ is the category of morphisms in C. It is easy to see that the morphism

g (®)

in C’ is an epimorphism, and that this implies that the coproduct

g Uy g,

taken with respect to , exists and is isomorphic to g (the coprojections being
given by the identity of g). It is also easy to see that the coproduct 2 L} 2 does
not exist in C.

§ 32. P. 39, Proposition 2.1.7. The following slightly stronger statement holds,
and is independent of the Axiom of Universes.

Let I, J,C be categories and let
(Xij)gyerxs
be an inductive system in C. Assume that colim; X;; exists in C for all ¢, and that

colim colim X;;; (9)
i j

exists in C. Then colim; ; X;; exists in C and is isomorphic to @

§ 33. P. 40, Proposition 2.1.10 (stated on p. |62 below as Proposition [101)). Here
is a slightly more general statement.

Proposition 34. Let

be functors. Assume that A admits inductive limits indexed by I, that G commutes
with such limits, and that for each Y in B there is a Z in C and an isomorphism

Hompg(F( ),Y) ~ Home(G( ), Z)

in A™. Then F' commutes with inductive limits indexed by I.
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Proof. We have for any Y in B
Homg (F (colima)) ,Y) ~ Home (G (colim o) , Z) = Homg (colim G(a), Z)
= lim Home(G(a), Z) =~ lim Homg(F(«),Y) ~ Homg(colim F(a),Y),
and the conclusion follows from Proposition 22 p. 22 O
§ 35. P. 40, proof of Lemma 2.1.11 (minor variant).
Lemma 36. If T is an object of a category C, then

T is terminal < T ~ colimidc .

Proof. =: Straightforward.

<: Let A : C — C€ be the diagonal functor, let p € Homee(ide, A(T)) be a
(Homee (ide, A( ), T')-co-universal element (see Definition 20] p. 22). Recall that

this means that, for each object X of C, the map
wx : Home (T, X) — Homgee (ide, A(X)), f—= A(f)op
is bijective. Let X be an object of C. It suffices to show
Home (X, T) = {px} (10)

Claim: the inverse of o7 is 0 +— Or.

For any 0 in Homee (ide, A(7')) and any Y in C we have 67 o py = 6y, and thus
A(O7) o p = 6, which implies the claim.

In other words, we have
er=A(?)op
Home(T,T) -7 Homee(ide, A(T)).
o' ="
This implies
pr(idr) = A(idr) o p = idagry op = p = r(p7' (9) = r(pr),
and thus
To prove , note that we have for f in Home(X, 7))
f =pro f = Px,
the first equality following from , and the second one from the definition of
Homee (ide, A(T)). O
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Corollary 37. If C is a category and F an object of C", then the following condi-
tions are equivalent:

(a) F is representable,
(b) Cr has a terminal object,

(c) the identity of Cr has an inductive limit in Cp.

Proof. This follows from Lemma [36|above and Lemma 1.4.10 p. 26 of the book. [

§ 38. Lemma 2.1.15 p. 42. Here is a complement, will be used in §91] p.[172] Let
I be a small category with disjoint hom-sets, let o, 8 : I — C be two functors,

and, for each 7 in I, let U : I' — I be the forgetful functor.

Theorem 39. The natural map
Hocht(I,C) (O{7 /B) — 1’L1€HIl Hocht(Ii,C) (Oé © Uiv 5 © UZ)
18 bijective.
Proof. View A '
hHIl Hompct(]i,c) (Oé o} UwL7 /B o UZ>
1€

as a subset S of

P=T T Home(a(i).50).

i€l (i—j)el?
Let © = (x;,;) be in P. This just means that each x;,,; is a morphism a(j) —
B(7). Then z belongs to S if and only if the following two conditions hold:

(a) For all 7 in I the family (z;,;-;);—; is in
Hocht(Ii,C)(a © Uiv Bo Ui),
that is, for all diagram ¢ — j — k in I, the square
a(j) ——="— B(j)
b | |pa—n
s B(R)

commutes.
(b) We have x;;,; ., = x; j— for all diagram i — j — k in 1.
This implies clearly that we have x;;.; = Z;iq;.j; for all © — 7, and that the

Tjid; g define a morphism from « to . [
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§ 40. P. 50, Corollary 2.2.11. We also have:

A category admits finite projective limits if and only if it admits a terminal
object and binary fibered products.

Indeed, if f,g: X =2 Y is a pair of parallel arrows, and if the square

K—Y

L b

X o Y xY

is cartesian, then K ~ Ker(f,g). (As usual, A is the diagonal morphism.)

§ 41. P. 50, Definition 2.3.1. The three pieces of notation ¢,, ¢!, and ¢! are
justified by Notation 17.1.5 p. 407 (see also (150]) p. [L70).

§ 42. P. 50, Definition 2.3.1. Let ¢ : J — I be a functor of small categories, let
C be a category, and consider the functor ¢, := op : C! — C’. The following fact
results from Proposition 2.1.6 p. 38 of the book:

If C admits small inductive (resp. projective) limits, then so do C! and C’, and
p, commutes with such limits.

§ 43. P. 51, Definition 2.3.2 (minor variant). We assume that no underlying

universe has been given. Let [ <& J 5 C be functors, let 8 be in C7, and let '3
be in C!. The following conditions are equivalent:

(a) !B represents Homes (3, p.( ) € (CF)y, for some universe U such that C7 is a
U-category,

(b) '3 represents Homes (8, 0.( ) € (C1),) for any universe U such that C7 is a
U-category.

Definition 44 (Definition 2.3.2 p. 51). If the above equivalent conditions hold,
we say that '3 exists. If ' (F o B) exists and is isomorphic to F o ' (B) for all
functor F : C — C', we say that ¢ 3 exists universally.

4.2 Theorem 2.3.3 (i) (p. 52)

Recall the statement:

Theorem 45 (Theorem 2.3.3 (i) p. 52). Let I < J 5 ¢ be functors. Assume that

colim ]
(p(h)—i)ed; B)
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exists in C for all i in I. Then ¢'(B) exists and we have

0 (B)(i) ~ Heolm B(j) (12)

for alli in I. In particular, if C admits small inductive limits and J is small, then
ol exists. If moreover ¢ is fully faithful, then o' is fully faithful and there is an
isomorphism idcs = @, o .

The proof in the book is divided into three Steps, called (a), (b), and (c).

4.2.1 Step (a)

We define ¢f(3) by (12). The purpose of Step (a) is to show that ¢(3) is indeed a
functor. Here is a variant of the argument of the book. The proof of the following
lemma is obvious:

Lemma 46. Let I and J be two objects of the category Cat of small categories
(see Deﬁm’tz’onp. @), let ® : I — Cat be a functor, view J as a constant functor
from I to Cat, and let 0 : ® — J be a morphism of functors. Assume

(colim #)(7) := colim(#;) € J Viel. (13)

For any morphism s : i — 4" in I, let (colim@)(s) be the natural morphism
(colim 0)(7) = colim(fy o ®(s)) — colim 6y = (colim 0)(i").

Then colim 0 is a functor from I to J.

Here is a picture:

I cat o)
el l‘)i
I —_— Cat J.

We want to prove that ¢! defined by p- 135 is a functor. In the setting of
Lemma [46{ we define ® : I — Cat by ®(i) := J; and we consider the morphism
of functors 0 : & — C such that 6; : (i) = J; — C is the composition of 5 with
the forgetful functor from J; to J. We assume ((13). Then colim 6 is nothing but
o' (B). In particular ¢f(f) is a functor by Lemma |46, q.e.d.
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4.2.2 Step (b)

The purpose of Step (b) is to prove

Homer ('(8), ) = Homes (8, ¢ (@) (14)

for all a« : I — C. As pointed out in the book, this can also be achieved by using
Lemma 2.1.15 p. 42. Here is a sketch of the argument. We start with a reminder
of Lemma 2.1.15.

To any category A we attach the category Morg(A) defined as follows. The
objects of Morg(A) are the triples (X, f,Y) such that f is a morphism in C from
X to Y. The morphisms in Morg(A) from (X, f,Y) to (X', f',Y’) are the pairs
(u,v) withwu: X - X' v:Y' =Y and f =vo ffow

x 1,y

X' T> Y’

The composition of morphisms is the obvious one. Lemma 2.1.15 can be stated as
follows:

If I and A are categories, and a,b : I = A are functors, then
(i,i = j,j) — Homy(a(i), b(j))
is a functor from Mor(/)° to Set, and there is a natural isomorphism

Hom 4:(a, b) — lim  Homy(a(i),b(5)). (15)
(i—j)eMorg (1)

Returning to (14)), we have functors

J i v
c.

Let us define the categories M and N as follows: an object of M is a pair

(U, () =1 — )

with j in J and 4,7 in I. A morphism
(310l = iv = 1) = (s () iz = )
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is given by a triple of morphisms j; — ja,4 — 2,4} < i, such that the obvious
diagram commutes. The category N is the category Morg(.J) defined in Definition
2.1.14 p. 42 of the book. Consider the functors

7MW Set,  (j,0(j) =i =) o Home (8(7), (),
0 NP = Set, (j—j')— Home (8(5), a(e(j")))-
As we have
Home: (ng(ﬁ),oz) Z limy, Homgy (5, 90*(a)) = lim 6.
by , it suffices to show

Lemma 47. There is a natural bijection lim~y ~ lim d.

Proof. To define a map lim~v — lim §, we attach, to a family
(B(7) = (i) i) mimi
and to a morphism j — j', a morphism £(j) — a(¢(j')) by setting
i=i'=¢(J), (i—=17)=idyy,

and by taking as 5(j) — a(¢(j')) the corresponding member of our family. We
leave it to the reader to check that this defines indeed a map lim~y — limd. To
define a map lim § — lim ~, we attach, to a family

(87) = ale()) .,
and to a chain of morphisms ¢(j) — i — ¢’, a morphism £(j) — «(i’) by setting
jh=3, (7)) =id;,
and by taking as §(j) — «a(¢') the composition
B(7) = ale(j)) = ali) = ali').

We leave it to the reader to check that this defines indeed a map limd — lim~,
and that this map is inverse to the map constructed above. O
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4.2.3 Step (c)

In part (i) of their proof of Theorem 2.3.3 (i) p. 52 of the book, the authors define
a map

\I}a,ﬁ . HOI’IlCI (¢T<a)7 6) — HOH’lcj (Oé, Qp*(ﬁ))? (16)
and show that it is bijective. In particular, we have a bijection

f =¥y pt(a) : Homer ((pT(a), @T(a)) — Homyg. (oz, QO*(cpT(Oz))),

and we must check that f(id,t(,)) is an isomorphism. To this end, we will define

s (') = o,

and leave it to the reader to verify that f(id,, (,t())) and u are mutually inverse
isomorphisms. As

(¢:(1(@) ) 4) = & (@)(e1) = _colim a(),

e(3") =)

we must define
u(e) = 0(1) s ali’) = alj).

that is, we must attach, to each morphism ¢(j') — ¢(7), a morphism a(j’) — a(j).
As ¢ is fully faithful by assumption, there is an obvious way to do it.

4.2.4 A Corollary

Here is a corollary to Theorem {45| p. [34] (which is Theorem 2.3.3 (i) p. 52 of the
book):

Corollary 48. If, in the setting of Theorem we have C = Set (and I and J
are small), then o' (B)(i) is (in natural bijection with) the quotient of

|| 8G) x Homy((5), 1)

jeJ

by the smallest equivalence relation ~ satisfying the following condition: If s : j —
j"is a morphism in J, if x is in B(j), and if v’ is in Hom(e(j5'), 1), then

(@, 0" 0 p(s)) ~ (B(s)(x), ).
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Proof. Recall that Theorem [45|states the existence of an isomorphism

@(@@%—w&gﬁkﬁw)

By Proposition 2.4.1 p. 54 of the book, the right-hand side is, in a natural way,
the quotient of
|| 8G)

(p()—=i)ETi
by a certain equivalence relation. We have
| ] =] [l 8G)=|]BG) xHom (), ),
(Lp(j)ﬁi)GJ J€J ucHomy(¢(j),7) jedJ

and it easy to see that the three data of the above bijection, of the equivalence
relation in Proposition 2.4.1 of the book, and of the equivalence relation in Corol-
lary |48 above are compatible. O

4.3 Brief Comments

§ 49. P. 53, Corollary 2.3.4. (Another proof will be given in Section p.[61])
Recall that we have functors C < J % I , where I and J are small. One can prove

colim 3 ~ colim o' /3, that is
colim 3(j) =~ colim colim 5(j), (17)
J i

J,u
where (j,u) runs over J;, with u : p(j) — ¢, as follows: Let L and R be the left
and right-hand sides of (7)), let f: R — L be the obvious map, and let
B(7) 22 colim 8(5) L colim colim (5)
Ju K3 Ju

be the coprojections. We easily check that the compositions

B()

Pyp(5),5,id,,
D colim f3(7) 2o, cohm colim f3(7)

J,u Ju
induce a map g : L — R, and that f and g are mutually inverse bijections. q.e.d.

§ 50. P. 54, end of Section 2.3. Let
CEKLTST (18)

be a diagram of functors. Assume that I, J and K are small, and that C admits
small projective limits. Then Theorem 2.3.3 (ii) p. 52 of the book implies that the
functors @¥(1*(8)) and (po1p)*(B) from I to C exist and are naturally isomorphic.
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4.4 Kan Extensions of Modules

Let R be a ring, let &4 and V be universes such that R € U € V, put, with
self-explanatory notation,

I :=Mod“(R), C:=Mod"(R),

let J be the full subcategory of I whose single object is R, and let C L 7% I be
the inclusion functors. We identify Hompg(R, M) to M whenever convenient.

We claim that the functor f(3) : I — C satisfies

P (B)(M) =~ M. (19)
To prove ([19)), set
M := colim ReC,
(z:R—M)EJps

and let p, : R — M’ be the coprojections. As Theorem 2.3.3 (i) p. 52 of the
book implies M’ ~ ©'(3)(M), it suffices to prove M’ ~ M. We define a family of
linear maps @, : R — M by setting ¢, := z, and leave it to the reader to check
that the ¢, induce a linear map ® : M’ — M. We define the set theoretic map
U : M — M’ by putting ¥(z) := p,(1), and leave it to the reader to verify that @
and ¥ are mutually inverse bijections. This proves ((19).

We claim that the functor p#(3) : I — C satisfies
P} (B)(M) = M™, (20)
where M** is the double dual of M.

To prove (20)), set
M = lim ReC,
(f:M—R)eJM
and let py : M" — R be the projections. As Theorem 2.3.3 (ii) p. 52 of the book
implies M’ ~ ©f(B)(M), it suffices to prove M’ ~ M**. We define a family of
linear maps ®; : M** — R by setting ®¢(F) := F(f), and leave it to the reader to
check that the ®; induce a linear map ® : M** — M’. We define the linear map
U M — M* by putting U((Af))(g) := Ay, and leave it to the reader to verify
that ® and ¥ are mutually inverse linear bijections. This proves .

Let R, U and V be as above, put, with self-explanatory notation,

I :=Mod“(R), C :=Mod"(RP),
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let J be the full subcategory of I whose single object is R, let ¢ : J — I be the
inclusion functor, and let 5 : J — C be the obvious functor satisfying 5(R) = R°P.

We claim that the functor ¢f(3) : I — C satisfies

P (B) (M) =~ M, (21)
where M* is the dual of M.
To prove , set
M= o, B = e Sy 7 €

and let py : R°® — M’ be the coprojections. As Theorem 2.3.3 (i) p. 52 of the
book implies M’ ~ ©'(3)(M), it suffices to prove M’ ~ M. We define a family of
linear maps ®; : R — M* by setting ®;(1) := f, and leave it to the reader to
check that the ®; induce a linear map ® : M" — M. We define the set theoretic
map U : M* — M’ by putting ¥(f) := ps(1), and leave it to the reader to verify
that ® and ¥ are mutually inverse bijections. This proves .

We claim that the functor p#(8) : I — C satisfies

P (B) (M) = M, (22)
where M* is the dual of M.
To prove , set
M= (Mi%lew i = (x:R—ﬂ\l}?el(Jop)M R®ec,

and let p, : M’ — R°P be the projections. As Theorem 2.3.3 (ii) p. 52 of the
book implies M’ ~ ' (3)(M), it suffices to prove M’ ~ M*. We define a family of
linear maps ¢, : M* — R°P by setting ®,(f) := f(z), and leave it to the reader
to check that the ®, induce a linear map ® : M* — M’. We define the linear map
U : M — M* by putting U((A\;))(y) := Ay, and leave it to the reader to verify
that ® and ¥ are mutually inverse linear bijections. This proves .

4.5 Brief Comments

§ 51. P. 55, proof of Corollary 2.4.4 (iii) (minor variant).

Proposition 52. If A : Set — Set’ is the diagonal functor, then there is a
canonical bijection

colim A(S) ~ mo(I) x S.
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Proof. On the one hand we have
mo(I) := Ob(I)/~ ,

where ~ is the equivalence relation defined on p. 18 of the book. On the other
hand we have by Proposition 2.4.1 p. 54 of the book

colim A(S) ~ (Ob(I) x S)/~ ,

where = is the equivalence relation described in the proposition. In view of the
definition of ~ and ~, we get

(1,8) = (j,t) < [i~jands=t].

]
4.6 Corollary 2.4.6 (p. 56)
We shall give two other proofs. Recall the statement:
Proposition 53. In the setting
AecEcS e s, (23)
we have
lim Home (A, F(X)) >~ colim Homer (G(X), B). 24
colim Home (4, F(X) = colim Home: (G(X), B) (24)
Here

a € Home/ (A, F(X)), b e Homen(G(X), B).

First Proof. Denote respectively by L and R the left and right-hand side of ,
let
Pxp: HOHIC/(A, F(X)) — L, dx,q * Homc//(G(X), B) — R

be the coprojections, and define
fX,b : HOmC/(A, F(X)) — R, 99X, : HOIIICH(G(X), B) — L

by
fxp(a) == qx.a(), 9gxa(b) = pxs(a).

One easily checks that these maps define mutually inverse bijections between L

and R. u

42



4.7 Brief Comments 4 ABOUT CHAPTER 2

Second Proof. Put

= li H (A, F(X = li H AG(X). B).
1 ool ome/ (A, F(X)), Q2 ol omer (G(X), B)

We must prove that there is a natural bijection )y ~ )5. Proposition 2.4.1 p. 54
of the book furnishes sets S7 and Sy, and equivalence relations R; and Ry on S
and Sy respectively, such that Q; ~ S;/R; for i = 1,2. We shall prove that there
is a natural bijection 57 ~ S5, and leave it to the reader to check that it induces
a bijection ;1 ~ Q2. We have

Sii= || Home(A F(X))

(G(X)—B)eCp

~ | | || Home (A4, F(X))

XeC (G(X)—B)eCx

~ | | Home (A, F(X)) x Homer (G(X), B)
XeC

~ |_| |_| HOHICN(G(X),B)

XeC (A—F(X))ecA

|| Home/(G(X),B) =:5,.

(A—F(X))ecA

4.7 Brief Comments

§ 54. P. 56, proof of Lemma 2.4.7 (minor variant).

Lemma 55. If I is a small category, iy is in I, and k(iy) € Set’ is the Yoneda
functor Homy(ig, ), then colim k(ig) is a terminal object of Set.

Proof. For X in Set we have (with self-explanatory notation)
Homget (colim k(ig), X) ~ Homgger (k(ig), A(X)) ~ X,

the first bijection being a particular case of p. , and the second one following
from the Yoneda Lemma (Theorem [18| p. [20)). O]
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§ 56. P. 58, implication (vi)=-(i) of Proposition 2.5.2. Here is a slightly stronger
statement:

Proposition 57. If p: J — I is a functor, then the obvious map
colim Hom; (i, ) — mo(J") (25)
15 bijective.
Proof. Let L; be the left-hand side of 7 and, for j in J, let
p; : Homy(i,(j)) — L
be the coprojection. It is easy to check that the map
Ob(J") — L;, (j, S:i— gp(j)) — p;(s)

factors through mo(J*), and that the induced map mo(J*) — L; is inverse to (25)).

O
4.8 Proposition 2.6.3 (i) (p. 61)
Let C be a category and let A be in C”. Consider the statements
“colim” X = A, (26)
(X—A)eCay
colim  Home(Y, X) = A(Y) for all Y € C, (27)
(X—A)eCaq
Homen (A, B) = lim  B(X) for all B € C". (28)
(X—A)eCa

Clearly, (27)) implies and , and the proof of is straightforward.
(See p. B0 for the relationship between (26)), (27)), and (28).)

Isomorphism ([26)) can be decoded as follows: Consider the functor
a:Cy—C", (X —=A)— X,
and let p: o — A(A) be the tautological morphism in (C*)%4 defined by

Pxosa = (X = A) (29)
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for all X — A in C4. The claim is that the map
Homen (A, B) = Hompeyc, cr) (o, A(B)), 6+ A()op
is bijective.
[somorphism can be decoded as follows: Consider the functor
f:Csy — Set, (X — A)+— Home(Y, X),
and let ¢ : 3 — A(A(Y)) be the morphism in (Set)®4 defined by
gxsaY =2 X) =Y - X - A)
for all X — A in C4. The claim is that the map
Homsget (A(Y), ) = Hompeyey set) (8, A(S)), [ A(f)og
is bijective.
Isomorphism can be decoded as follows: Consider the functor
v:(Ca)® — Set, (X — A):= B(X),
and let r : A(A(Y)) — 7 be the morphism in (Set)®4 defined by
rx—a(A— B):=(X —A— B)
for all X — A in C4. The claim is that the map
Homge (S, B(X)) = Hompey((cy)or,set) (7, A(S)), g+ 170A(g)

is bijective.

4.9 Brief Commments

§ 58. P. 61, Proposition 2.6.3 (ii). Here is a Lemma implicitly used in the proof
of Proposition 2.6.3 (ii):

Lemma 59. Let o : I — A be a functor, let A in A be the inductive limit of «,
let o : I — Ax be the obvious functor, and let a in A, be the identity of A. Then
the inductive limit of o' is a.
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Proof. If I and C are categories, we write A for the diagonal functor from C to C’.

Let b = (b : B — A) be an object of Ay. We must check that there is a
canonical bijection

Homu, (a,b) ~ Hom4,)(a’, A(D)). (30)
We have a canonical bijection
Hom (A, B) ~ Hom 41 (o, A(B)) (31)
and inclusions
Homu, (a,b) C Homu(A, B), Homa,)r(o/, A(b)) C Hom 41 (v, A(B)).
It is straightforward to check that induces . O]

§ 60. P. 61, Proposition 2.6.4 (minor variant). Usually, we assume implicitly that
a universe is given. Here we make an exception to this rule.

Let o : I — C be a functor, let X be an object of C, and let p : « — A(X)
be a morphism in C! (where A(X) is constant with value X). For all universe U
such that C is a U-category, we write hy for the Yoneda embedding from C to C/).

Definition 61 (universal inductive limit). If the natural map colim Home (Y, o) —
Home (Y, X)) is bijective for allY in C, we say that X is a universal inductive limit
of a, and that colim « exists universally in C.

Proposition 62 (Proposition 2.6.4 p. 61). The following conditions are equivalent
(recall that no universe is given a priori):

(a) X is a universal inductive limit of «,

(b) colim hy o o >~ hy(X) for some universe U such that I is U-small and C is a
U -category,

(c) colimhy o v =~ hy(X) for any universe U such that I is U-small and C is a
U -category,

(d) colim F'o o >~ F(X) for any functor F: C — C'.

Proof. The implications (a)<(b)<(c)<=(d) are clear. To prove (c)=(d), we choose
a universe U such that I is U-small, and C and C’ are U-categories, and we note

Home: (F(X), X) ~ Homey, (hy(X), Home (F( ), X"))

=~ lim Homgy, (hy o o, Home/ (F( ), X')) = lim Home/ (F o o, X).
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§ 63. Proposition [62] yields the following minor variant of Theorem 2.3.3 p. 52 (i)
of the book. Let I <& J 2 C be functors and let B bein C”’.
Theorem 64 (Theorem 2.3.3 (i) p. 52). If

colim ] 32
(p(4)—i))eds pl) (32)

exists in C for all i in I, then '3 exists, and (¢'8)(i) is isomorphic to (32). If,

i addition, exists universally in the sense of Definition 61| p. then '3
exists universally in the sense of Definition [{4 p. 34

§ 65. P. 62, Proposition 2.7.1. Consider the diagram
C—leyoh e

N

where [ is a small category and F is defined by

F(A) := (X(i)}axl)rgcf, F(X).

Let us rewrite the proof of the fact that the natural morphism colim ﬁ(a) —

F (colim «) is an isomorphism.

By Proposition 2.1.10 p. 40 of the book (stated on p. below as Proposi-
tion [L01)), it suffices to check that the functor G : A — C” defined by

G(X")(X) := Hom(F(X), X).

is right adjoint to F. This results from the following computation:

Hom 4 (ﬁ(A),X’):HomA< colim F(X),X/) ~ lim Homu(F(X),X')

(X—A)eCa (X—A)eCa

= (X_lgr)lGCA G(X")(X) ~ Homen (A, G(X")),

the last isomorphism following from p. q.e.d.
§ 66. P. 62. In the setting of Proposition 2.7.1, the functors
A 5 A, F (Wi F)(A) and C" = A, A (bl F)(A)
commute with small inductive limits.
Indeed, for the first functor the conclusion follows from the isomorphism

T ~ .
(b F)(4) = colim F(U).

and, for the second functor it follows from Proposition 2.7.1 p. 62 of the book.
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4.10 Three Formulas

Here is a complement to Section 2.3 pp 52-54 of the book, complement which
will be used in §290 p. [I72] to prove Proposition 17.1.9 p. 409 of the book. Let
C be a small category and A an object of C*. In this section we shall use the
following notation: The Yoneda embedding C — C” will be denoted by h(C), and
the forgetful functor C4 — C by j(Ca):

h(C):C—C"  j(Ca):Ca—C.

Let A be a category admitting small inductive and projective limits.

4.10.1 First Formula

Let F': C — A be a functor. Recall that there is a unique functor
A (C/\)A — (CA)/\

such that
AB — A)(U — A) = Homeny, (U = A,B — A) (33)

for all (B — A) in (C")4 and all (U — A) in C4. (See Lemma 1.4.12 p. 26 of the
book.) We claim

W(CA)'(F 0 j(Ca)) 0 A = h(C)H(F) 0 j((C")a) (34)
(see the diagram below).
Proof. Consider the diagram
j(CA)

Foj( CA

O)H(F)
35
- /MOJwA " %)

CAA—>CA
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We have

WCNE 0 5(CA))(NMB — A)) ~ li FU
(Ca)*(F o j(Ca)) (N ) ((B—>A)—>(U—>{4r§;e((CA)A)B_’A U)

~ lim F(U)
(B—U)ecB

m
4.10.2 Second Formula
Proposition 67. Consider the quasi-commutative diagram
& AAWG)
A,

and let U be in C. Then we have

JCHHG)(U) =~ [] GU = A). (36)

U—A

Lemma 68. The discrete category A(U) is cocofinal in (C4)Y.

Proof of Lemma[08. We probably give too many details, and the reader may want
to skip this proof. An object a of (C4)Y is given by a triple

a= (U, U, =% A;U =5 U,),
and a morphism from a to

b= (U, Uy 2 A:U 25 U,) € (Ca)V
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is given by a commutative diagram

/\
\/

The embedding ¢ : A(U) — (C4)Y implicit in the statement of Lemma [68]is given
by

idg

go(u):(U,UiA;U——)U)

It is easy to see that, for any b in (C4)Y, there is precisely one pair (u,c) such that
wis in A(U) and ¢ is a morphism from U to U, making the diagram

\/

commute. This implies the lemma. O

Proof of Proposition [67. We have

i(CA)HG)(U) ~ li GV —4
]( A)( )( ) (U_U'(CA)(\}IEA))E(CA)U ( )

~ lim G(U — A) ~ [[ ¢ — 4,
U—A
the penultimate isomorphism following from Lemma 68| n

4.10.3 Third Formula

Put j := j(Ca), h := h(C), ha := h(Ca), and consider the quasi-commutative
diagram

M < h C < J Ca ha , (CA)/\ # (CA)A
h*(ﬂ(G»l jT(G)l lc l(hA)T(G)
A A A A.
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(See p. 48| for the definition of A\.) Let B be in C". We claim
W (1(G))(B) = (ha) (G)MB x A — A)). (37)
Proof. We have, for U in C,

NG U) ~ colim GV —A) ~ colim G(V — A)
(GJ(V—=A)=U)e(Ca)u (A<~V=U)e(Ca)u

~ : ~ T
~ ((V%A)H(UX%OEE;)G(CA)UXA_M G(V — A) ~ (ha)"(G) (AU x A — A)),
that is:
FN(G)U) = (h) (G)ANU x A — A)). (38)
For B in C" we get
K (51(G))(B)

~ colim 4t
~ (Ug)g)rgc]gj (G)(U)

~ colim (ha)(G)YA(U x A — A)) (39)

(U—>B)ECB

~ (h )N (@) (A ( colim (U x A — A))) (40)

(U—~B)eCp

~ (h)'(G) (/\ (((Z}CBE{QC’; (U x A)) — A)) (41)

~ (ha)'(G) ()\ ((;C_?g)lélé; U) X A— A)) (42)
~ (

~ (ha) (G)(M(B x A — A)),

where follows from (38)), follows from the fact that (h4)(G) commutes
with small inductive limits by Proposition 2.7.1 p. 62 of the book (see also §65i
p. [47)), follows from Lemma 2.1.13 (i) p. 41 of the book, and follows from
the fact that small inductive limits in Set are stable by base change (Definition
2.2.6 p. 47 of the book, stated below as Definition p. . n

4.11 Notation 2.7.2 (p. 63)

Recall that ' : C — C' is a functor of small categories. The formula

F(AYX") = colim Home (X' F(X
(A)(X) ol ome: (X', F'(X))

51



4.11 Notation 2.7.2 (p. 63) 4 ABOUT CHAPTER 2

may also be written as

F(A) = “colim” F(X).

(X—A)eCy

It might be worth stating explicitly the isomorphism
ﬁ o hc 1) hC’ oF s

that is, the diagram
C——E—C

o e

C/\ Cl/\
F
quasi-commutes.

Proposition 69. Let U € V be universes, let A be the category of U-small cate-
gories (see Deﬁm’tz’on . @, let B be the category whose objects are the V-small
U-categories (see Definition @ P. @) and whose morphisms are the isomorphism
classes of functors. Then there is a functor ® : A — B satisfying ®(C) = C/; and

O(F) = F, and there is a morphism of functors 0 from the “inclusion” A — B to
& satisfying Oc = he for all C in A.

Remark 70. Let A’ be in C", and let Carop = C'y, ¥, C'M be the natural functors.
By p. 44] the natural morphism colim(t) o ¢) — colimt) induces a morphism
f: F(AoF) — A functorial in A’. Moreover, if ¢ is cofinal, then f is an
isomorphism. (This remark will be used to prove Proposition p.1])

The proof is obvious.

Remark 71. If F' is fully faithful, then there is an isomorphism ﬁ(A) oF = A
functorial in A € C".

Proof. We have

F(A)(F(X)) = HCoim, Home (F(X), F(Y))

~ colim Hom¢(X,Y) = A(X),
(Y—=A)eCy
the last isomorphism following from p. n

As observed in the book (see also p. :

Remark 72. The functor F commutes with small inductive limits.
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Let X be in C and A be a terminal object of C*. We have

F(A)(F(X)) = |_| Home (F(X), F(Y)).

Let us identify these two sets.

Remark 73. If A is a terminal object of C*, then there is a unique functor G : C —
C’%( 2 such that we have, in the above notation,

G(X) :=idpx) € Home (F(X), F(X)).
Moreover, the composition of G with the forgetful functor C% )~ C'is F.

The proof is obvious.

4.12 Brief Comments

§ 74. P. 63, Corollary 2.7.4. Here is a variant:

Let C be a category and A a category admitting small projective limits, let
h : C — C" the Yoneda embedding, and let Fct?((C")°P, A) be the category
of functors from (C")°? to A commuting with small projective limits. Then the
functors

hep),
Fet? ((C")°P, A) — Fct(CP, A)
(noP)*
are mutually quasi-inverse equivalences.

Let F be in Fet((C")°P, A). Assume (A4;) is a projective system in (C")°P, or,
equivalently, (A;) is an inductive system in C*. In particular (F'(4;)) is a projective
system in A.

Then F is in Fct?*((C")°P,.A) if and only if the following condition holds:

For any system (A;) as above, the natural morphism

F <coliim Ai> — lim F'(A;)

(]
is an isomorphism.

The functor (h°P)* is given by

(BP(F)A) = Tim  F(O).
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The functors
A" 5 A F s (WP (F)(A) and C"— A, A (RP)H(F)(A)
commute with small projective limits.

For a justification, see § [66] p. [A7]
§ 75. P. 64. It might be worth displaying the formula

F(A)(X')~ colim Home(X',F(X))~ colim  A(X), (43)

(X—A)eCa (X'=F(X))ecX’

which is contained in the proof of Proposition 2.7.5 p. 64 of the book, and which
follows from Corollary 2.4.6 p. 56 of the book (see Proposition 53| p. . Recall
that F': C — C’ is a functor of small categories, that A is in C”, and that X’ is in
C'.

For the reader’s convenience we reproduce the statement of Proposition 2.7.5:
Proposition 76. If F': C — C' is a functor of small categories, then the functors
F and (F°P)" from C" to C" are isomorphic.

This follows from (43)).

§ 77. P. 64, end of Chapter 2. One could add the following observation: If C is a
small category, if A is in C", if B is a terminal object of (C4)", and if F': C4 — C
is the forgetful functor, then we have

Indeed, we have

F(B)(X) ~ colim Home (X, F(Y — A
(BIX) = o SO ) HOme X F )

~ colim Homg(X.Y)~ A(X
yolm, ome(X,Y) (X),

the last isomorphism following from p.

5 About Chapter 3

5.1 Brief Comments

§ 78. P. 72, proof of Lemma 3.1.2. Here is a minor variant of the proof of the
following statement:
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If o :J — I is a functor with [ filtrant and J finite, then lim Hom;(p,i) # &
for some i in [I.

Indeed, let S be a set of morphisms in J. It is easy to prove

(Fiel) (3 a € HHOHII(@(J'),Z')) (V(s:j—=J") €5) (a0 p(s) = a;)

j€J
by induction on the cardinal of S, and to see that this implies the claim. q.e.d.

§ 79. P. 74, Theorem 3.1.6, Part (i) of the proof of implication (a)=-(b) (minor
variant).

To prove that filtrant small inductive limits in Set commute with finite pro-
jective limits, one can argue as follows.

Let I be a filtrant small category, let J be a finite category, let o : [ x J°? — Set
be a functor, and put

Xij=a(i,j), Y,:=lImX;, Y :=colimY],
j 7

? J

We claim that the natural map f:Y — Z is bijective.

To prove this, we define g : Z — Y and leave it to the reader to check that f
and ¢ are mutually inverse bijections.

We define g : Z — Y as follows: Let
ni Y=Y, Gj:Xiyy— Z;

be the coprojections. It is easy to see that, for each z = (z;) in Z, there is a pair

(i, (z45);) € Ob(I) x HXU

such that

zj = nij(xi) ¥ j,  (235); € Vi
It is also easy to see that the element 7;((x;;);) in Y does not depend on the choice
of the above pair (i, (z;;);), so that we can set g(z) := n;((z;);)-

§ 80. P. 74, Theorem 3.1.6. Here is an immediate corollary:
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Corollary 81. Let I be a (not necessarily small) filtrant U-category, J a finite
category, and o : I X J? — Set a functor such that colim; a(i, j) exists in Set for
all j. Then colim; lim; (7, j) exists in Set, and the natural map

colim lim a(, j) — lim colim (¢, j)
i j J 7
15 bijective.
This corollary is implicitly used in the proof of Proposition 3.3.13 p. 84.

§ 82. P. 75, Proposition 3.1.8 (i). In the proof of Proposition 3.3.15 p. 85 of the
book, a slightly stronger result is needed (see p.[p9). We state and prove this

stronger result.
Proposition 83. Let

¥

J 1% K

be a diagram of categories. Assume that 1 is cofinal, and that the obvious functor
ok = Jpy = Ly 15 cofinal for all k in K. Then ¢ is cofinal.

Proof. Pick a universe making I,.J, K, and L small, and let « : I — Set be a
functor. We have the following five bijections:

colim o ~ colim colim « 1)) ~ colim colim « ]
4 eL  0(p(5)—¢ (0(5) keK  0(p(5))—v (k) (2(5))

~ colim colim «(i) ~ colim colim «(i) ~ colim a.
keK  0(i)—y(k) el 0(i)—4

Indeed, the first and fifth bijections follow from p.[39 the second and fourth
bijections follow from the cofinality of 1, the third bijection follows from the
cofinality of ;. In view of Proposition 2.5.2 p. 57 of the book, this proves the
claim. =

§ 84. P. 75. Throughout the section about the IPC Property, one can assume that
A is a big category. This applies in particular to Corollary 3.1.12 p. 77, corollary
used in this generalized form at the end of the proof of Proposition 6.1.16 p. 136
of the book.

§ 85. P. 77, bottom. The following fact, which results from Propositions 3.1.11
(i) p. 77 and 2.5.2 (iv) p. 57 of the book, will be used on p. 419 of the book (see

603 p. [75)

If (I, = Jy)~er is a family of cofinal functors, then the natural functor

l_II,Y—>1_[J7

is cofinal.
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§ 86. P. 78, Proposition 3.2.2. It is easy to see that Condition (iii) is equivalent
to
colim Homy(i,¢) ~ {pt} forallie I, (44)

which is Condition (vi) in Proposition 2.5.2 p. 57 of the book. (Proposition 2.5.2
states, among other things, that is equivalent to the cofinality of ¢.)

§ 87. P. 80. Propositions 3.2.4 and 3.2.6 can be combined as follows.

Proposition 88. Let p : J — I be fully faithful. Assume that I is filtrant and
cofinally small, and that for each i in I there is a morphism i — (j) for some j
i J. Then ¢ is cofinal and J is filtrant and cofinally small.

Proof. In view of Proposition 3.2.4 it suffices to show that J is cofinally small. By
Proposition 3.2.6, there is a small full subcategory S C I cofinal to I. For each
s in S pick a morphism s — ¢(js) with js in J. Then, for each j in J there are
morphisms ¢(j) — s = ¢(js) with s in S. As ¢ is full there is a morphism j — js,
and we conclude by using again Proposition 3.2.6. [

§ 89. P. 80, proof of Lemma 3.2.8 (minor variant). As already pointed out, a “lim”
—

is missing in the last display. Recall the statement:

Lemma 90. Let I be a small ordered set, o : I — C a functor. Let J denote
the set of finite subsets of I, ordered by inclusion. To each J in J, associate the
restriction oy 0 J — C of a to J. Then J s small and filtrant and moreover

colim ov ~ colim colim «;.
JeJg

Proof. Put
A:=colima, pf;:=colimay;, B := colimf/.

Let
piio; = A pigia;— By, priBs— B

be the coprojections. Note that p; ; is defined only for ¢ in J. We easily check that
e the morphismsf; := pg;y o p; g5y : @; — B induce a morphism f: A — B,

e the morphisms g¢; ; := p; : @; — A (with ¢ in J) induce a morphism g; : 8; — A,
e the morphisms ¢; induce a morphism g : B — A,

e f and ¢ are mutually inverse isomorphisms. [
For the reader’s convenience we reproduce Definition 3.3.1 p. 81.
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Definition 91 (Definition 3.3.1 p. 81, exactness). Let F': C — C' be a functor.
(i) We say that F is right exact if the category Cx: is filtrant for all X' in C’.

(ii) We say that F is left exact if F°P : C°? — C'°P is right exact, or equivalently
if the category CX' is cofiltrant for all X' in C'.

(iii) We say that F is exact if it is both right and left exact.

§ 92. P. 81, proof of Proposition 3.3.2 (minor variant). Recall the statement:
Proposition 93 (Proposition 3.3.2 p. 81). Consider functors I = C L C’, and
assume that I is finite, that F is right exact, and that colim « exists in C. Then

colim(F o a) exists in C', and the natural morphism colim(F o o) — colim « is an
1somorphism.

Proof. Let X' be in C'. It suffices to show that the natural map
Home (F(colim ), X') — lim Home (F(a), X)
is bijective. Replacing Setting p. 42| with
Xec&echeosx,
Isomorphism p- 42| gives

colim  Home(X,Y)~ colim Home (F(Y),X').
(F(Y)>X')ECys (X—Y)ecX

The identity of X being an initial object of CX, we have

li Home/ (F(Y), X') ~ Home (F(X), X'
Sty Home (F), X o Home (120, X,

and thus

li H X.Y)~H (F(X), X". 45
o ome(X,Y) ~ Home (F(X), X') (45)

We have bijections

Home/ (F(colima), X') ~  colim  Home(colim e, Y)
(F(Y)—>X")eCxs

= colim  limHome(a,Y) = lim  colim  Home(a,Y)
(F(Y)%X’)GCX/ (F(Y)—}X’)ECX/
~ lim Home: (F (), X7).
The first and last bijections follow from , the second one is clear, and the third
one can be justified as follows: Inductive limits over the category Cx:, which is
filtrant because F' is right exact, commute with projective limits over the finite
category I. O]
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§ 94. P. 84, Proposition 3.3.13. Recall the statement:

Proposition 95 (Proposition 3.3.13 p. 84). Let C be a category admitting finite
inductive limits, and let A be in C". Then A is left exact if and only if C4 is
filtrant.

We spell out the details of the proof of the implication C4 is filtrant = A left
exact.

By Proposition 3.3.3 of the book, stated as Proposition p. below, it
suffices to show that A commutes with finite projective limits. Let (X;) be a finite
inductive system in C. We must check that the natural map

A(colim X;) — lim A(X;)
is bijective. Consider the diagram below, in which we abbreviate
(Y — A) €Cy

by Y:
colimy Home/(colim; X;,Y) —*— colimy lim; Home (X5, Y)

It

d lim; colimy Home (X, Y)

le

e

The maps a,b,c, and d are bijective for the following reasons: obviously for a,
because of p. for ¢ and d, and by Theorem 3.1.6 p. 74 of the book for b.
Thus e is also bijective.

§ 96. P. 85, proof of Proposition 3.3.15. To prove that A — C is cofinal, one can
apply Proposition [83| p. b6 with J = A, I =C,L =C',K = S.

5.2 Proposition 3.4.3 (i) (p. 88)

This section is divided into two parts. In Part 1 we give a proof of Proposition
3.4.3 (i) which is slightly different from the one in the book. In Part 2 we derive
from Proposition 3.4.3 (i) another proof of p.[39
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5.2.1 Part 1

The statement is phrased as follows:

“For any category C and any functor a : M[I — K — J| — C we have
colim v > colimje s colimier, ,; (4, j, p(i) — (7))

One needs some assumption ensuring the existence of the indicated inductive
limits. Here we shall assume that C admits inductive limits indexed by J and Iy
for all j in J.

Recall the notation. We have functors I % K <~ J between small categories,

and

M:=M[I% K&
is the category defined in Definition 3.4.1 p. 87 of the book. We also have a functor
a: M —C.

Choose a universe Y making C a small category, let ® be the functor from J to
Cat defined by ®(j) := Iy(j), view C is a constant functor from J to Cat, and let
¢ : ® — C be the morphism of functors such that 6; : I;;;y — C is the composition
of o with the natural functor from I,;) to M. Then

j— colim «(i,j,u)
(z,u)EIW])

(u being a morphism in K from ¢(i) to 1(j)) is a functor from .J to C by Lemma 4]
p- 35

Isomorphism

colim v >~ colim colim « (3, j, u), (46)
j iu

where (7,u) runs over Iy (with w: ¢(i) = ¥(j)), will result from

Proposition 97. Assume I,J, and K are small categories, and 5 : M°? — Set

1s a functor. Then
j lim o B(i,j,u)
(Gu)€ly(j)

s a functor from J°P to Set, and we have

limpg =lim lim (4,7, u) (47)

J (z,u)elw“)

as an equality between subsets of the product P of the [(5(i, j,u).
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Proof. The first claim follows from Lemma[46] p. [35] To prove the second claim, let
L and R denote respectively the left and right-hand side of [{7), let z = (x(i, j, u))
be in P, and let us denote generic morphisms in [ and J by v : i — ¢ and
w:j — j'. Then x is in L if and only if

(v, w) € Homuy (i, j, w), (7, ', ) = (i, j,u) = Blo,w)(x (', j '), (48)

whereas z is in R if and only if holds when v or w is an identity morphism,
so that the equality L = R follows from the fact that any morphism

(v, w) = (i, 5,u) = (7', 5, u)
in M satisfies (v,w) = (v,J’) o (i, w). O
In view of Theorem 3.1.6 p. 74 of the book, Isomorphism implies

Proposition 98. If J and Iy are filtrant for all j in J, then M is filtrant.

5.2.2 Part 2

Here is another proof of p. In the above setting, let us assume
K=J ¢ =idy,
and let « : I — C be a functor. We must prove

colim a(7) ~ colim colim « (7).
) j iU

(Recall: u: (i) — j.) In view of (4€]), it suffices to prove that we have

colim a(7) ~ colim (1),
1,5,U i

or, in other words, that

the projection M — I is cofinal. (49)

If 50 is in I, then an object of M™ is a pair of morphisms (ig — 4, (i) — j). It
is easy to see that (ig 9 b, ©(ip) q ©(ig)) is an initial object of M, and
follows.
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5.3 Brief Comments

§ 99. P. 89, Proposition 3.4.5 (iii). The proof uses implicitly the following fact:

Proposition 100. If F' is a cofinally small filtrant category, then there is a small
filtrant full subcategory of F' cofinal to F'.

This results immediately from Corollary 2.5.6 p. 59 and Proposition 3.2.4 p. 79
(see Proposition |88 p. . This fact also justifies the sentence “We may replace
“filtrant and small” by “filtrant and cofinally small” in the above definition” p. 132,
Lines 4 and 5 of the book.

5.4 Six Closely Related Statements

For the reader’s convenience we collect six statements closely related to Exercise
3.4 (i) p. 90 of the book.

5.4.1 Proposition 2.1.10 p. 40

Proposition 101 (Proposition 2.1.10 p. 40). If F : C — C' is a functor admitting
a left adjoint, if I is a small category, and if C admits projective limits indexed by
1, then F' commutes with such limits.

(See also Proposition [34 p. [31])

5.4.2 Definition 2.2.6 p. 47

Definition 102 (Definition 2.2.6 p. 47, stability by base change). Let C be a
category which admaits fiber products and inductive limits indexed by a category I.

(i) We say that inductive limits in C indexed by I are stable by base change if for
any morphism'Y — Z in C, the base change functor Cz; — Cy given by

Cz25(X=>2)— (X xzY =Y)ely

commutes with inductive limits indexed by 1.

(i) If C admits small inductive limits and (1) holds for any small category I, we
say that small inductive limits in C are stable by base change.
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5.4.3 Exercise 2.7 (ii) p. 65

Proposition 103 (Exercise 2.7 (ii) p. 65). The base change functors in Set com-
mute with small inductive and projective limits limits. In particular, small induc-
tive limits in Set are stable by base change.

(See §5] p. [9}) Note that Proposition generalizes the distributivity of mul-
tiplication over addition in N.

5.4.4 Proposition 3.3.3 p. 82

Proposition 104 (Proposition 3.3.3 p. 82). Let F' : C — C' be a functor and
assume that C admits finite projective limits. Then F is left exact if and only if it
commutes with such limits.

Corollary 105. In the setting of Proposition 2.7.1 p. 62 of the book, the functors
A 5 A, F (WL F)(A) and C"— A, A (bl F)(A)

are right ezxact.

Proof. This follows from Proposition and p. 7] O
Corollary 106. In the setting of {74 p. the functors

A 5 A F s (BHF)(A) and CN— A, A (h°P)HF)(A)

are left exact.

5.4.5 Proposition 3.3.6 p. 83

Proposition 107 (Proposition 3.3.6 p. 83). A functor admitting a left adjoint is
left exact.

5.4.6 Exercise 3.4 (i) p. 90
Proposition 108 (Exercise 3.4 (i) p. 90). If F': C — C' is a right ezact functor

and f: X — Y is an epimorphism in C, then F(f) : F(X) — F(Y) is an
epimorphism in C'.
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(This exercise is used in the second sentence of p. 227 of the book.)
Proof. Let f{, f5: F(Y) = X’ be morphisms in C’ satisfying
fioF(f) = fyo F(f) = f".
This is visualized by the diagram

f1 /
(F(X) Py == X') - (F(X) I, X/>.
f
For i = 1,2 let f; be the morphism f viewed as a morphism from (X, f’) to (Y, f/)
in Cx:

)

F(X) "Dy
X'

As Cx is filtrant, there are morphisms v; : (Y, f/) — (Z, ¢'), defined by morphisms
gi - Y — Z, such that v; o f; = vy 0 fo:

Fx) 295 peyy 29 gz
A
X' X' X'

As f is an epimorphism, the equality ¢g; o f = go o f implies g; = g2 =: g, and thus
fi=9°F(g)=fa O

6 About Chapter 4

§ 109. P. 93, Lemma 4.1.2. Here is a slightly more general statement:

Lemma 110. Let C be a category, let P : C — C be a functor, let € : ide — P be a
morphism of functors, and let X be an object of C. Then the following conditions
are equivalent:

(a) ep(x) is an isomorphism and P(ex) is an epimorphism,
(b) P(ex) is an isomorphism and €p(x) is a monomorphism,

(c) ep(x) and P(ex) are equal isomorphisms.
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Proof. 1t is enough to prove (a)=(c)<(b).
(a)=(c): Put u:= (ep(x)) "' o P(ex). It suffices to show

u = idp(x) . (50)
We have

UOEXY = (EP(X))fl OP({—:X) oex = (é‘p(X))*l OEp(x)C€Ex = EX,

and thus
P(u) 9] P(Ex) = P(Sx) = idpz(X) OP(eSx).

As P(ex) is an epimorphism, this implies P(u) = idp2(x), and thus
€p(X) ou = P(u) o €P(X) = 5P(X)-
As ep(x) is an isomorphism, this implies , as required.

(b)=-(c): We shall use several times the assumption that P(ex) is an isomorphism.
Put v := P(ex) ! oep(x). It suffices to show

v =idp(x). (51)
We have
voex = Plex) ' o Ep(x) O Ex = P(ex) ' o P(ex) oex = ex,
P(v) o P(ex) = P(ex),
P(v) =idp2(x),
epx)ov = P(v) oepx) = epx) = ep(x) ©idp(x) -
As ep(x) is a monomorphism, this implies , as required. O]

Definition 4.1.1 p. 93 of the book can be stated as follows:

Definition 111 (Definition 4.1.1 p. 93, projector). Let C be a category. A projec-
tor on C is the data of a functor P :C — C and a morphism € : id¢ — P such that
each object X of C satisfies the equivalent conditions of Lemma [110,

§ 112. P. 94, proof of (a)=-(b) in Proposition 4.1.3 (ii) (additional details): In the
commutative diagram

Home(P(Y), X) ——— Home(Y, X)

EX Ol/\/ NJ/EX (¢}

Home(P(Y), P(X)) —=— Home(Y, P(X)),

the vertical arrows are bijective by (a), and the bottom arrow is bijective by (i).
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§ 113. P. 95, proof of Proposition 4.1.4 (i) (additional details). The authors write:
“The two compositions
eoP 9 RnL
P { P2 — P
Poe

are equal to idp”. If we translate this statement into the language of Notation

p. 23] and Notation [25] p. 24 we get

RxnxL\ _ (RxnxL
<€*R*L>_RL_(R*L*6>' (52)

To prove (52)), write
RxnxL\ (Rxn L\ [(Rx*n L\ (@
(E*R*L)_<E*R L)_<5*R>O(L>_RL
) (R o nxL\ (R n*xL\ (Rxnx*L
 \R Lxe)] \R Lxe) \RxLxe)’

Equalities (a) and (b) resulting respectively from p. [25 and p. 25, and the
other equalities following from Proposition [26] p.

7 About Chapter 5

7.1 Beginning of Section 5.1 (p. 113)

We want to define the notions of coimage (denoted by Coim) and image (denoted
by Im) in a slightly more general way than in the book. To this end we start by
defining these notions in a particular context in which they coincide. To avoid
confusions we (temporarily) use the notation IM for these particular cases. The
proof of the following lemma is obvious.

Lemma 114. For any set theoretical map g : U — V we have natural bijections
Coker(U xy U = U) ~IMg ~Ker(V =V Uy V),

where IM g denotes the image of g.
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Let C be a U-small category, and let us denote by h: C — C" and k : C — CV
the Yoneda embeddings. For any morphism f: X — Y in C define IMh(f) in C"
and IMk(f) in CY by

(IMh(f))(Z) == IM h(f)z, (IMk(f))(Z) :=IMk(f)z
for any Z in C. Lemma implies

IMh(f) ~ Coker(h(X) xy@) h(X) = h(X)),
(53)
IMk(f) ~ Ker(k(Y) = k(Y)) Ligcx) k(Y)).

Definition 115 (coimage, image). In the above setting, the coimage of f is the
object Coim f of CV defined by

(Coim f)(Z) := Homea (IMh(f),h(Z))
for all Z in C, and the image of f is the object Im f of C" defined by
(Im f)(Z) := Homev (k(Z),IMKk(f))

for all Z in C. Moreover, we regard (Coim f)(Z) as a subset of Home (X, Z),
and (Im f)(Z) as a subset of Home(Z,Y). (These subsets will be spelled out by

Proposition below.)

Convention 116. If A = B — (C'is a diagram in a given category, then the notation
[A = B — (] shall mean that the two compositions coincide.

The following proposition is obvious:

Proposition 117. If f : X — Y is a morphism in a category C, and if Z is an
object of C, then we have

(%mﬂm:{wX%ZHWjXQYF%WjXﬁﬂVWEQ,

(Im f)(Z) = {y:Z—)Y

In particular, these two sets do not depend on the universe U making C a U-
category. There are natural morphisms

[XLY:;W};»[Z$Y:;W] VWGC}.

k(X) — Coim f — k(Y), h(X)—Imf — h(Y)

in C¥ and C" respectively. Moreover, k(X) — Coim f is an epimorphism, and
Im f — h(Y) is a monomorphism.
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For the sake of emphasis we write

k(X) — Coim f — k(Y), h(X) — Im f — h(Y).

By we have

(Coim f)(Z) ~ Ker (Homc(X, Z) = Homer (D(X) xyyy h(X), h(Z))),

(Im f)(Z) ~ Ker <H0mc(Z, Y) = Homev (K(Z), k(Y) L) k(Y))).

This implies

Proposition 118. If P := X xy X exists in C, then Coim f s naturally isomorphic
to Coker(P = X) € CV. If S := Y Ux Y exists in C, then Im f is naturally
isomorphic to Ker(Y = S) € C".

In view of Lemma [114] and Proposition we can replace the notation IM
with Im (or Coim). The following proposition is obvious:

Proposition 119. We have:
f = Imh(f) and Im are functors from Mor(C) to C",
f = Imk(f) and Coim are functors from Mor(C) to CV.

Definition 120 (strict epimorphism). A morphism f : X —Y in a category C is
a strict epimorphism if the morphism Coim f — k(Y') is an isomorphism.
The lemma below is obvious:

Lemma 121. A morphism f: X — Y in a category C is a strict epimorphism if
and only if, for all Z in C, the map

of : Home(Y, Z) — Home (X, Z)

induces a bijection
Home (Y, Z) = (Coim f)(Z).

By Proposition[117 p.[07, this condition does not depend on the universe U making
C a U-category. Moreover, a strict epimorphism is an epimorphism.

68



7.2 Brief Comments 7 ABOUT CHAPTER 5

7.2 Brief Comments

§ 122. P. 115, Proposition 5.1.5 (i). For the sake of completeness we spell out
some details, and, for the reader’s convenience we reproduce Proposition 5.1.5 (i)
p. 115 of the book.

Proposition 123 (Proposition 5.1.5 (i) p. 115). IfC is a category admitting finite
inductive and projective limits, then the following five conditions on a morphism
f: X =Y are equivalent:

(a
(b
(c) the sequence X xy X = X — Y is exact,

) [ is an epimorphism and Coim f — Im f is an isomorphism,
) Coim f =Y,

(d) there exists a pair of parallel arrows g,h : Z = X such that fog= foh and
Coker(g, h) — Y is an isomorphism,

(e) for any Z in C, the set Home(Y, Z) is isomorphic to the set of morphisms u :
X — Z satisfying uovy = uovy for any pair of parallel morphisms vy, ve : W = X
such that fovy = fows.

Here are the additional details:

(b)=>(a): The composition Coim f — Im f — Y being an isomorphism by as-
sumption, Im f — Y is an epimorphism. Then Proposition 5.1.2 (iv) of the book
implies that f is an epimorphism and that Im f — Y is an isomorphism, from
which we conclude that Coim f — Im f is an isomorphism.

(c)<(e): Write P for X xy X. Recall that (c) says that P = X — Y is exact. By
Proposition p. [67] Condition (e) is equivalent to the condition in Lemma
p. [68l Thus, it suffices to show that, letting Z be an object of C, we have in the
notation of Convention p. [67]

P= X5 7] e <(VW€C) [W:zXLY]:»[W:;X&Z]).
Implication < is clear. Let us prove =. Assuming
P=X527 and W=X5Y],

we must check [W = X 5 Z]. As the morphisms W = X factor through P = X
by definitions of P, the statement is obvious.

(Note that the equivalence (c)<(e) also follows from Proposition p. [68/and
Proposition p.[68])
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§ 124. P. 116, proof of Proposition 5.1.7 (i) (minor variant). Recall the statement:

Proposition 125 (Proposition 5.1.7 (i) p. 116). Let C be a category admitting
finite inductive and projective limits in which epimorphisms are strict. Let us
denote by I; the coimage of any morphism g in C. Let f : X =Y be a morphism

inC and X = I 5Y its factorization through I%. Then v is a monomorphism.
Proof. Consider the commutative diagram
u AN / v N\
X » I > Y
bl / la /

aou

(We first form a, then b and ¢, and finally d; the existence of d is a very particular
case of Proposition p. [68) By (the dual of) Proposition 5.1.2 (iv) p. 114
of the book, it suffices to show that a is an isomorphism. As a o u is a strict
epimorphism, Proposition 5.1.5 (i), (a)=-(b), p. 115 of the book, implies that c is
an isomorphism. We claim that d o ¢! is inverse to a. We have

aodoct=coc! =idp
and
doc_loaou:doc_locob:dob:u:idl}ou,
and the conclusion follows from the fact that « is an epimorphism. O

§ 126. P. 117, Definition 5.2.1 (definition of a system of generators). There is a
comment about this in Pierre Schapira’s Errata

http:/ /people.math.jussieu.fr/~schapira/books/Errata.pdf.

As observed at the bottom of p. 121 of the book, the definition can be stated
as follows:

Definition 127 (generator, system of generators). Let S be a set of objects of
a category C and S the corresponding subcategory. We say that S is a system of
generators if the functor ¢ : C — 8", X — Home( , X) is conservative.

§ 128. P. 118, second display: Isomorphism
Homge (HomC(G, X),Hom¢(G, X)) ~ Homcv(GUHomC(G’X),X)

is a particular case of the following isomorphism, which holds for any U-set S and
any objects G and X of C:

Homge (S, Home (G, X)) ~ Homev (GY7, X).
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§ 129. P. 118, proof of Proposition 5.2.3: the proof of (ii) uses Proposition
p. (63| and Proposition 3.3.7 (i) p. 83 of the book.

Proof of (v): We add a few details. Recall the setting: the category C admits
finite projective limits, small coproducts, and a generator G. We already know
that ¢ := Home(G, ) is conservative, left exact, and preserves monomorphisms.

Put ¢ := ¢ := Home(G, ). Let f; : Y; — X (i = 1,2) be two monomorphisms
such that ¢(f;) and ¢(f2) have same image. We want to prove:

Claim 1: ¢(f1) and ¢(f2) define the same subobject of X.

Form the cartesian square

Vi xx Yy 2= Y,

le Ifl (54)

Y2>f—2>X.

Claim 2: p; and ps are isomorphisms.

Clearly, Claim 2 implies Claim 1. Applying ¢ to , we get the commutative
diagram
©(p1)

e(Y1 xx Y3)
p(Y1) Xeix) @(Y2) —— (Y1)

o(p2) ‘I2l I<P(f1)

p(Yz) ot (X),

the morphism
(Y1 xx Y2) = @(Y1) Xp(x) 0(Y2)

being an isomorphism by left-exactness of ¢. As ¢(f1) and ¢(fy) are injective
and have same image, ¢; and ¢» are bijective, and thus ¢(p;) and ¢(py) are also
bijective. As ¢ is conservative, this implies Claim 2, and we saw that Claim 2
implies Claim 1.

§ 130. P. 119, Theorem 5.2.5: see Corollary 37 p. 33

§ 131. Corollary 5.2.10 p. 121 follows from Proposition 5.2.9 p. 121 of the book
and Theorems 5.2.5 and 5.2.6 p. 119 of the book.
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§ 132. P. 122, sentence following Definition 5.3.1. This sentence is “Note that if
F is strictly generating, then Ob(F) is a system of generators”. See p.

7.3 Lemma 5.3.2 (p. 122)

Here is a minor variant of the proof of Lemma 5.3.2.

Lemma 133 (Lemma 5.3.2 p. 122). If F C G are full subcategories of a category
C, and if F 1is strictly generating, then G is strictly generating.

Proof. Let
c ——g"

\}l

be the natural functors (p being the restriction), and let X and Y be in C. We
have

Home (X, Y) —2— Homgn (v(X),7(Y))

¥’ lp/
Homzr (9(X), (V).
We want to prove that 7/ is bijective. As ¢’ is bijective, it suffices to show that ' is
surjective. Let & be in Homgn (v(X),v(Y)). There is a (unique) f in Hom¢(X,Y)
such that
p(&) = o(f), (55)

and it suffices to prove & = v(f). Let Z be in G and z be in Hom¢(Z, X). It
suffices to show that the morphisms

coincide. As F is strictly generating, it suffices to show that the morphisms

p(2(2)
p(Z2) T/ p(Y)

o(foz)
coincide. Let W be in F. It suffices to show that the maps
p(€z(2)w

P(Z)W) /= o(Y)(W)

o(foz)w
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coincide, that is, it suffices to show that the maps

€22
Home (W, Z) =% Home(W, Y)

fozo
coincide. We have, for w in Hom¢ (W, Z),

r(z)ow 2 ew(zow) L p@w(zow) L o(fw(zow) 2 fozow,

Equality (a) following from the functoriality of £ (see diagram below), Equality (b)
following from the definition of p, Equality (c) following from (%)), and Equality
(d) following from the definition of . O

For the reader’s convenience, we add the diagram

Z 2 € Home(Z, X) —2— Home(Z,Y)
W Home (W, X)) —— Home (W, X)),

7.4 Brief Comments

§ 134. P. 122, proof of Lemma 5.3.3 (minor variant). Recall the statement:

Lemma 135 (Lemma 5.3.3 p. 122). If C is a category admitting small inductive
limits and F is a small full subcategory of C, then the functor ¢ : C — F” admits
a left adjoint ¢ : F* — C, and for A in F" we have

V) = ool

Proof. We have, for X in C and A in F",

Homc< colim Y, X) ~ lim Home(Y, X)
(Y—A)eFa (Y—=A)eFa

~ (Y_lsgleﬂ ©(X)(Y) ~ Homzn (A, p(X)),

the last isomorphism following from p. O
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7.5 Theorem 5.3.6 (p. 124)

As an exercise, I rewrite parts of the proof. The difference between the rewriting
and the original proof is very slight. Here is the statement of the theorem. (Recall
that C is a category, that F is an essentially small full subcategory of C, that the
functor ¢ : C — F" is defined by ¢(X)(Y) := Home(Y, X), and that, by definition,
F is strictly generating if and only if ¢ is fully faithful.)

Theorem 136 (Theorem 5.3.6 p. 124). Let C be a category satisfying the conditions
(1)-(iii) below:

(i) C admits small inductive limits and finite projective limits,

(i) small filtrant inductive limits are stable by base change (Definition 2.2.6 p. 47
of the book, stated above as Definition . @,

(iii) any epimorphism is strict.

Let F be an essentially small full subcategory of C such that
(a) Ob(F) is a system of generators,

(b) F is closed by finite coproducts in C.

Then F 1is strictly generating.

Proof. We may assume from the beginning that F is small.

Step 1. By Proposition 5.2.3 (i) p. 118 of the book, the functor ¢ is conservative
and faithful.

Step 2. By Proposition 1.2.12 p. 16 of the book, a morphism f in C is an epimor-
phism as soon as ¢(f) is an epimorphism.

Step 3. Let us fix X in C, and let ¢ : Cx — C be the forgetful functor, so that
an object of Cx consists of a morphism z : ((2) — X in C. Let (2;);er be a small
filtrant inductive system in Cx. We claim that the natural morphism

colim Coim z; — Coim (coljm C(2) — X)

(2

is an isomorphism.

Step 3’. Let A be in F*, and let (B; — A);c; be a small filtrant inductive system
in (F")4. We claim

colim Coim(B; — A) = Coim (colim B, — A) .
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Step 4. We claim that there is, for all z: Z — X in Fx and all Y in C, a natural
isomorphism
Hom¢(Coim 2,Y) o~ Homzn (Coim ¢(2), p(Y)).

Step 5. Let us denote by I the set of finite subsets of Ob(Fx), ordered by inclusion.
Regarding I as a category, it is small and filtrant. Let £ : I — Fx be the functor
defined by letting {(A) be the natural morphism | |,., ((2) — X. We claim that
the natural morphism

colim pCE(A) — o(X)
is an epimorphism.

Step 6. We claim that there is a natural isomorphism

colim Coim §(A) ~ X.

Ael

These steps imply the theorem: Indeed, we have, in the above setting,

Hom¢(X,Y) ~ Home (cglgn Coim¢(A), Y) by Step 6
~ IA}g} Home(CoimE(A), YY)

~ gg Hom zn (Conn ©E(A), gp(Y)) by Step 4

~ Homzx <C(2‘lei}11 Coim p&(A), gp(Y))

~ Homzx (Coim <cglei}n ©CE(A) — go(X)) ,go(Y)) by Step 3’

~ Homzr (p(X), ¢(Y)) by Step 5.

It remains to prove Steps 3, 3’, 4, 5, and 6. We refer to the book for Step 3.
The proof of Step 3’ is the same. (It is easy to see that small inductive limits in
F" are stable by base change — Definition 2.2.6 p. 47 of the book, stated above

as Definition p.[62])
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Proof of Step 4. We have
Home (Coim z,Y) ~ Home ( Coker(Z xx Z = Z),Y)

~ Ker (Home(Z,Y) = Home(Z xx Z,Y)),

and also
Hom¢(Z,Y) ~ Homzn(p(Z), p(Y))

by the Yoneda Lemma. As ¢ is faithful, the natural map
Home(Z xx Z,Y) — Homzr (9(Z xx Z),¢(Y))

~ Homzn (¢(Z) xpx) 0(Z),¢(Y)).

is injective. This yields
Hom¢(Coim 2,Y)

~ Ker (HOIIl]:/\ (gp(Z), cp(Y)) = Homzx (SO(Z) Xo(x) P(Z), @(Y))>

~ Hom zr (Coker (0(2) xux) 0(Z) = 9(2)), @(Y))
~ Homzn (Coim ¢(2), p(Y)).

Proof of Step 5. Let Z be in F. We must show that the natural map

colim (pCE(A))(2) = ¢(X)(2) := Home(Z, X)

is surjective. Let z be in Home(Z, X). It suffices to check that z is in the image
of the natural map

(9C€({z1)(2) = Home(Z, Z) = Home(Z, X),

which is obvious. O]
Proof of Step 6. As Step 3 implies
cglgn Coim&(A) ~ Coim (calelf_n C¢(A) — X) ,

it suffices to prove

Coim (Cgleign CE(A) — X) ~ X. (56)
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Epimorphisms being strict, it is enough, in view of Proposition 5.1.5 (i), (a)=(b),
p- 115 of the book to check that

colim C€(A) — X (57)
is an epimorphism. Let
. b . a
colim pC£(A4) = ¢ (cglelgn Cf(A)) — (X)

be the natural morphisms. As a o b is an epimorphism by Step 5, a is an epimor-

phism, and Step 2 implies that is also an epimorphism. O
O

7.6 Theorem 5.3.9 (p. 128)

To prove the existence of F, one can also argue as follows.

Lemma 137. Let C be a category admitting finite inductive limits, and let A be a
small full subcategory of C. Then:

(a) There is a small full subcategory B of C such that A C B C C and that B is
closed by finite inductive limits in the following sense: if (X;) is a finite inductive
system in B and X is an inductive limit of (X;) in C, then X is isomorphic to
some object of B.

(b) There is a small full subcategory A" of C such that A C A" C C and that each
finite inductive system in A has a limit in A’.

Proof. Since there are only countably many finite categories up to isomorphism,

(b) is clear. To prove (a), let A C A" C A" C --- be a tower of full subcategories

obtained by iterating the argument used to prove (b), and let B be the union of
the A™. O

8 About Chapter 6

8.1 Theorem 6.1.8 (p. 132)

Recall the statement:
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Theorem 138 (Theorem 6.1.8 p. 132). IfC is a category, then the category Ind(C)
admits small filtrant inductive limits and the natural functor Ind(C) — C" com-
mutes with such limits.

Here is a minor variant of Step (i) of the proof of Theorem 6.1.8. We must
show:

Lemma 139. If o : I — Ind(C) is a functor, if I is small and filtrant, and if
A = “colim” v is in C", then Cy4 is filtrant.

Proof. Let M be the category attached by Definition 3.4.1 p. 87 of the book to
the functors
Cohen e,

where h : C — C”" and ¢ : Ind(C) — C” are the natural embeddings. Proposition [9§
p. 61] implies that M is filtrant, and that it suffices to check that Conditions (iii)
(a) and (iii) (b) of Proposition 3.2.2 p. 78 of the book hold for the obvious functor
M — Cy4. Let us do it for Condition (iii) (b), the case of Condition (iii) (a) being
similar and simpler.

For all 7 in I and all X in C let
pi:a(i) > A and p;(X): Home(X, a(i)) — A(X)
be the coprojections.

Given an object ¢ of C4, and object m of M, and a pair of parallel morphisms
0,0 : ¢ = p(m) in C4, we must find a morphism 7 : m — n in M satisfying

p(r)oo =p(r)od.
Let ¢ be given by the morphism X — A in C*, let m be given by the morphism

Y — «a(i) in Ind(C), and let o and ¢’ be given by the morphisms s,s' : X =Y
making the diagram below commute:

X :; Y
£
a(1)
I
A——==A.

Then we are looking for and object n of M given by a morphism Z — a(j),
and for a morphism ¢t : Y — Z defining the sought-for morphism 7.
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As pi(X)(y o s) equals p;(X)(y o s') in A(X) =~ colimHome(X, ) and T is
filtrant, there is a morphism ¢ : ¢ — j in I such that a(tf)oyos = «a(t)oyos’, and
we can set Z := a(j) and z := id,(;). The situation is depicted by the commutative
diagram

X —g Y —— a(y)
I H

a(1) & a(j)

lpl p;
A A A.

8.2 Proposition 6.1.9 (p. 133)
8.2.1 Proof of Proposition 6.1.9

The following point is implicit in the book, and we give additional details for the
reader’s convenience. Proposition 6.1.9 results immediately from the statement
below:

Proposition 140. Let A be a category which admits small filtrant inductive limits,
let F: C — A be a functor, and let C < Ind(C) & C" be the natural embeddings.
Then the functor i (F) : Ind(C) — A exists, commutes with small filtrant inductive
limits, and satisfies i'(F) oi ~ F. Conversely, any functor F Ind(C) — A
commuting with small filtrant inductive limits with values in C, and satisfying
Foi~F, is isomorphic to il (F).

Proof. The proof is essentially the same as that of Proposition 2.7.1 on p. 62 of the
book. (See also p. [A7) Again, we give some more details about the proof of
the fact that i (F) commutes with small filtrant inductive limits. Put F := if(F).

Let us attach the functor B := Homy(F( ),Y) € C" to the object Y of A. To
apply Proposition [34] p. [31] to the diagram

I —5 Ind(C) £~ A

|

C/\
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(where I is a small filtrant category), it suffices to check that there is an isomor-
phism
Hom 4 <F( ),Y) ~ Homen( , B)

in Ind(C)}, where V is a universe containing U such that C" is a V-category. We
have

F(A):= colim F(X),
(X—A)eCa
as well as the following isomorphisms functorial in A € Ind(C):
Hom 4 (f(A),Y) = Hom4 (( colim F(X),Y) ~ lim B(X)

X—A)eCy (X—A)eCy

~ lim Homen((j0o)(X), B) ~ Homen ( “colim” X, B) ~ Homen (j(A), B).

(X—A)ECA (X—A)ECa
O]
8.2.2 Comments about Proposition 6.1.9
Let us record Part (i) of the Proposition as
IF o~z oF, (58)
and note that we have, in the setting of Corollary 6.3.2 p. 140,
colim(F o a) = (JF)(“colim” o). (59)
Let us also record Part (ii) of the Proposition as
“colim” (IF o a) = I F(“colim” ). (60)

(See §6 p-[11])

8.3 Proposition 6.1.12 (p. 134)

We give some more details about the proof. Recall the setting: We have two
categories C; and Cs, and we shall define functors

0
Ind(C; x Cy) —><T Ind(Cy) x Ind(Cy),
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and prove that they are mutually quasi-inverse equivalences. (In fact, we shall only
define the effect of # and p on objects, leaving also to the reader the definition
of the effect of these functors on morphisms.) But first let us introduce some
notation. We shall consider functors

Ae€ Ind(Cl X Cz); AZ‘, B; € Ind(Cz),

objects X;,Y;,... in C;; and elements
T e A(X17X2>7 Yy e A(leayé)v R T; € AZ<XZ)7 Yi € AZ(K)a <.
When we write
colim ---, colim ---, colim ---,
T Ty XT1,T2

we mean, in the first case, not only that = runs over the elements of A(X;, Xs),
but also that X; and X, themselves run over the objects of C; and Cs, so that we
are taking the inductive limit of some functor defined over (C; X C3) 4. In the other
cases, the interpretation is similar.

Let us define 6 and p: The functor 6 is defined by 0(A) = (A;, Ay) with

A; = “colim” X, (61)

T

and let
a;(x) : X; — A, ai(x,Y;) : Home, (Y5, X;) — Aj(Y;) (62)

be the coprojections. The functor p is defined by

w(Ag, Ag) == “colim” (Xi, Xs).

1,22

Proposition 141 (Proposition 6.1.12 p. 134). The functors 6 and p are mutually
quasi-1nuverse.

Proof. We have

M(Ala AQ)(X17X2) ~ colim (HomC1 (X17 }/1) X HomCQ(X%}/Q))

Y1,Y2

a b
& colim Home, (X1, Y7) X colim Home, (Xo, Y5) & A1(X7) x Az(Xo),

Y1 Y2

Isomorphism (a) following from the IPC Property (see pp 75-77 of the book), and
Isomorphism (b) following from p. We record this as

(AL, As) (X1, Xo) ~ A1(X1) X As(Xo).
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This suggests the notation A; x Ay for p(A;, As), notation which we shall use
henceforth.

Let us prove
0 o ~ idmae,)xnd(Cs) - (63)

If A;isin Ind(C;) for i = 1,2; if Ais Ay x Ag; and if (By, By) is §(A), then we have

(a) 14 : by 114 : 2 (b) 19 : 7 (C)
B; ~ “colim” X ~ “colim” X; =~ “colim” X; =~ A;.
T T1,22 1

Indeed, Isomorphism (a) follows from ([61)), Isomorphism (b) from the definition of
A, Isomorphism (b) from the fact that the projection

(Cl)Al X (C2>A2 — (Cl)Al

is cofinal by Lemma below coupled with the fact that (C2) 4, is connected, and
Isomorphism (c) from our old friend p. . (By the way, in this proof we are
using a lot without explicit reference.)

Lemma 142. If I and J are categories and if J is connected, then the projection
I x J— 1 is cofinal.

Proof. Let iy be in I. We must check that (I x J)® is connected. We have
(I x J)o ~ % x J, and it is easy to see that a product of connected categories is
connected. O]

This ends the proof of .
Let us prove

u o 0 ~ idlnd(clxc2) . (64)

Let A be in Ind(C; x Cy) and set (Ay, Ay) := 0(A). We shall define morphisms
A — A x Ay and A; x Ay — A, and leave it to the reader to check that these
morphisms are mutually inverse isomorphisms of functors.

e Definition of the morphism A — A; x Ay: Recall
A ~ “colim” (Y7,Y5),
y
and let y be in A(Y7,Ys). We shall define y; in A;(Y;),7 = 1,2. In Notation (62))

p. [BI] put
yi := a;(y, Y;)(dy,).
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To define our morphism A — A; x A; we consider the commutative diagram

A ~ “colim” (Y7, Ys) —— “colim” (X1, Xy) ~ A; x A

Y T1,T2
yT T(ylvlﬂ)
(Y1,Y2) (Y1,Y2),

(see p. and p- and we leave it to the reader to check that this
diagram does define the indicated morphism.

e Definition of the morphism A; x Ay — A. We must define the morphism repre-
sented by the dashed arrow in the diagram

A X Ay >~ “colim” (X4, Xy) ----- > “colim” (X7, Xy) ~ A

Z1,T2

(1'171'2)T Tx

(X1, X2) (X1, Xy)

(see p. 44 and p.[44). Let z; in A;(X;) be given for i = 1,2. The category
(C1 x C3) 4 being filtrant, there is, by Proposition 3.1.3 p. 73 of the book, a 5-tuple

C:= (21,22, 2, 1, [2)

with Z; in C;, z in A(Zy, Z3), and f; in Home, (X;, Z;), such that z; = a;(z, X;)(fi)
for i = 1,2 (see p. B1)). We choose such a 5-tuple ¢ and put z := A(f1, f2)(2):

A=A

(X17X2) m (Zl,Zz)

One checks that  does not depend on the choice of (, and that this process defines
a morphism from A; x As to A. This ends the proofs of Isomorphism p-

and Proposition [I41] p. [B1] O

8.4 Brief Comments

§ 143. P. 136, proof of Proposition 6.1.18 (i) (minor variant). Recall the statement:

Proposition 144 (Proposition 6.1.18 (i) p. 136). If a category C admits cokernels,
do does Ind(C).
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This follows from Proposition [93] p. 58|

§ 145. P. 137, table. In view of Corollary 6.1.17 p. 136, one can add two lines to
the table:

C — Ind(C) | Ind(C) — C"
finite inductive limits o
finite coproducts
small filtrant inductive limits
small coproducts
small inductive limits
finite projective limits
small projective limits

)

X
X
O
X
X
O
O

~N| | O | W N
O|O0|X|X|X]|O

(In Line 6 we assume that C admits finite projective limits, whereas in Line 7 we
assume that C admits small projective limits.)

§ 146. P. 138, proof of Proposition 6.1.21. One can also argue as follows. Assume
C admits finite projective limits. By Remark 2.6.5 p. 62 and Corollary 6.1.17
p- 136, all the inclusions represented in the diagram

/
\
Ind“(C)

C,

Ind¥(C)

A

except perhaps inclusion ¢, commute with finite projective limits. Thus inclusion 7
commutes with finite projective limits. The argument for ¢/-small projective limits
is the same. q.e.d.

§ 147. P. 142, proof of Corollary 6.3.7. Let us check the isomorphism

K(X) ~ “colim” p o &.
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Recall the setting:

o

Ind Cfp —> Ind(C),

k' being quasi-inverse to Jp (for more details, see p. 141 of the book), and « is
defined by x := Ip o x’. We have

k(X)) = Ip(k'(colim(p o £))) =~ Ip(“colim” &)

~ “colim” (Ipoico&) ~ “colim”(po ),

the three isomorphisms being respectively justified by p- p- , and

p- . q.e.d.

8.5 Theorem 6.4.3 (p. 144)

Notational convention for this section, and for this section only! Superscripts will
never be used to designate a category of the form CX attached to a functor C — C’
and to an object X’ of C’. Only two categories of the form Cx (again attached to
a functor C — C’ and to an object X’ of C’) will be considered in this section. As
a lot of subscripts will be used, we shall denote these categories by

C/G(a) and L/a (65)

instead of Cg(q) and L,, to avoid confusion. Superscripts will always be used to
designate categories of functors, like the category B4 of functors from A to B.

Recall the statement:

Theorem 148 (Theorem 6.4.3 p. 144). IfC is a category and K is a finite category
such that Homg (k, k) = {id} for all k in K, then the natural functor

® : Ind(C*) — Ind(C)*
18 an equivalence.

The key point is to check that

® is essentially surjective. (66)
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(The fact that ® is fully faithful is proved as Proposition 6.4.1 p. 142 of the book.)

In the book is proved by an inductive argument. The limited purpose of
this section is to attach, in an “explicit” way (in the spirit of the proof of Proposition
6.1.13 p. 134 of the book), to an object G of Ind(C)¥ a small filtrant category N
and a functor F : N — C¥ such that

O (“colim” F') >~ G.
As in the book we assume, as we may, that any two isomorphic objects of K

are equal.

Let C, K and G be as above. We consider C as being given once and for all, so
that, in the notation below, the dependence on C will be implicit. For each k in
K, let I be a small filtrant category and let

o : I, — C
be a functor such that
G(k) = “colim” ay.
We define the category
N := N{K,G, (a})}
as follows:

[Beginning of the definition of the category N := N{K, G, (a)}.] An object of N
is a pair ((i¢), P), where each i is in [}, and P is a functor from K to C, subject
to the conditions

o (i) = P(k) for all k,
e the coprojections wuy(ix) : ay(ix) = P(k) — G(k) induce a morphism of functors

u:P—G. (67)

(We regard C as a subcategory of Ind(C).) The picture is very similar to the second
diagram of p. 135 of the book: For each morphism f : & — ¢ in K we have the
commutative square

ax(ix) —— P(k) =2 P(o)

(o (ik)l lue (i¢)

G(k) o GO

Oég(ig)
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in Ind(C).

A morphism from ((ix), P) to ((jx), @) is a pair ((fx),d), where each f; is a
morphism fy : 4 — Jjg in I, and 6 : P — @ is a morphism of functors, subject to
the condition 6 = ay(fx) for all k:

oy or(fr) .
ay(ir) —= k(i)

H
P(k) —— Q(k).
[End of the definition of the category N := N{K, G, (ax)}.]
The functor F’' : K — C¥ corresponding to F': N — C¥ is given by
F'(k) = ag o py,
where p, : N — I}, is the natural projection:
N2 T 25 C.

In other words, we set

F((Zk),P) (k’o) = ako(ik‘o)-

Lemma 149. The category N is small and filtrant, and the functor py is cofinal.
Clearly, Lemma [149] implies Theorem [I48

Proof of Lemma[149 We start as in the proof of Theorem 6.4.3 p. 144 of the book:

We order Ob(K) be decreeing k < ¢ if and only if Homg (k, () # @, and argue
by induction on the cardinal n of Ob(K).

If n = 0 the result is clear.

Otherwise, let a be a maximal object of K; let L be the full subcategory of K
such that
Ob(L) = Ob(K) \ {a};

let G, : L — Ind(C) be the restriction of G to L; let
ag : I, = C/G(a)
(see p. [85| for the definition of C/G(a)) be the functor defined by
as(ia) = (u(ia) alia) — G(a));
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and put
N':= N{L7 GL7 (O[Z)}‘

We define the functor .
p: N = (C/G(a))""

(see p. 85| for the definition of L/a) as follows. Let ((ir), @) be in N'. In

particular, () is a functor from L to C, and we have, for each ¢ in L, a morphism
Q0) = au(iy) u—(g)> “colim” oy = G(Y)

in C (see p. . Letting ¢ Iy abea morphism in K viewed as an object of
L/a, we put

o((ir), Q) (z EN a) — (Q(E) O ae) Y G(a)> € C/Gla).

Letting
A:C/G(a) = (C/G(a))""

be the diagonal functor, we can form the category
M= M [N' % (C/G(a))"" &2 1,

Concretely, an object of M is a triple

(0, Q). (&7 : QO = aalin)) 1) (68)

where ((i¢), Q) is an object of N’, where i, is an object of I,, where f runs over
the morphisms from ¢ to a in K, and where {; is a morphism from Q(¢) to a,(i,)
which makes the square

Q) —2 au(ia)

o (g)l lu(ia)

in C commute, and a morphism from to

(0, @). 7 (& QO > aalit) 1, )
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is given by a family (fy : ix — i} )rex of morphisms in I making the squares

Q) % (o)

s

. y
q(ia) m Qg (Za)

in C commute. (Recall Q(¢) = ay(is), Q'(£) = au(7)).)
We shall define functors

A
N * M
w

and leave it to the reader to check that they are mutually inverse isomorphisms.
(In fact, we shall only define the effect of A\ and i on objects, leaving also to the
reader the definition of the effect of these functors on morphisms.)

We shall define maps

Ob(N) 7= Ob(M).

n

To define A let ((i), P) be in N, and let @ be the restriction of P to L. Then
A((i), P) will be of the form

() Q) s (&5 QU > ulia)) )

As Q(¢) = P(¢) and «a,(i,) = P(a), we can (and do) put & := P(f).
To define p let

== (((10.Q) + o #((10),Q) > A@a(i)))
be in M. The object u(Z) of N will be of the form ((ix), P), so that we must
define a functor P : K — C.
We define P(k) by putting P(¢) := Q({) for £ in L, and P(a) := ay,(i,).

If f:¢— mis amorphism in L, then we set P(f) := Q(f) : P({) — P(m).
Let ¢ be in L. There is at most one morphism f : £ — a. If this morphism does
exist, then we put P(f) := &;.

We leave it to the reader to check that A\ and p are mutually inverse bijections.
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We also leave it to the reader to check that the set of morphisms in M from
A((ig), P) to A((i},), P'") is equal (in the strictest sense of the word) to the set of
morphisms in N from ((ix), P) to ((i},), P'), so that we get an isomorphism

N~ M [N’ 2 (C/Ga))He 2% 1 |

By induction hypothesis,
N’ is small and filtrant (69)

and the projection N’ — I, is cofinal for all £ in L. It follows from Proposition
2.6.3 (ii) p. 61 of the book that a, is cofinal. By assumption C/G(a) is filtrant,
and Lemma below will imply that A is cofinal. Thus,

A o ay is cofinal. (70)

Taking Lemma below for granted, Lemma p. now follows from ,
(70)), and Proposition 3.4.5 p. 89 of the book. O

As already observed, Lemma [I49] implies Theorem p.[85] The only remain-
ing task is to prove

Lemma 150. If I is a finite category and C a filtrant category, then the diagonal
functor A : C — C! is cofinal.

Proof. 1t suffices to verify Conditions (a) and (b) of Proposition 3.2.2 (iii) p. 78 of
the book. Condition (b) is clear. To check Condition (a), let a be in C!. We must
show that there is pair (X, \), where X is in C and X is a morphism of functors
from « to A(X). Let S be a set of morphisms in /. It is easy to prove

3Ye€c) (3 je HHomc(a(i),Y)) (V(s:i=j)es)(moals) =m)

il

by induction on the cardinal of S, and to see that this implies the existence of

(X, A). O

8.6 Exercise 6.11 (p. 147)

We prove the following slightly more precise statement:
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Proposition 151. Let F': C — C’' be a fully faithful functor, let A" be in Ind(C’),
and let S be the set of objects A of Ind(C) such that IF(A) ~ A’. Then the
following conditions are equivalent:

(a) S # @,

(b) all morphism X' — A" in Ind(C’) with X' in C' factorizes through F(X) for
some X in C,

(c) the natural functor Carop — C'y is cofinal,

(d) Ao Fisin S.

Proof.

(a)=(b). Let f: X" — IF(A) be a morphism in Ind(C") with X’ in ¢’ and A in
Ind(C), let By : I — C be a functor with I small and filtrant and “colim” 3y ~ A;
in particular “colim” (F o fy) ~ IF(A). By Proposition 6.1.13 p. 134 of the book
there are functors a: J — C" and 8 : J — C, and there is a morphism of functors
@ :a — F o[ such that

J is small and filtrant,

« is constant equal to X',
“colim” (F o ) ~ IF(A),
“colim” ¢ ~ f.

Then f factorizes as X' = a(j) = F(B(j)) 2 IF(A), where p; is the coprojec-

tion.

(b)=-(c). This follows from Proposition [88 p. [57}

(¢)=>(d). This follows from Remark [70] p. [52]

(d)=(a). This is obvious. O

9 About Chapter 7

9.1 Brief Comments

§ 152. P. 149, Definition 7.1.1. The set S is a subset of Ob(Mor(C)) (see No-
tation [15] p. [20). The proof of the following lemma (which will be used to prove
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(87) p-[114]) is obvious. Neither Definition 7.1.1 nor the lemma below requires the
Axiom of Universes.

Lemma 153. Let
Q

C ? !
be functors such that Qo R ~ides, let S be a subset of Ob(Mor(C)) such that Q(s)
1s an isomorphism for all s in S, let

Hiidc%ROQ

satisfy Ox € S for all X in C, let A be a category, and let B be the full subcategory
of AC whose objects are the functors turning the elements of S into isomorphisms.

Then the functors

/ oQ
A° <:R>B

are mutually quasi-inverse equivalences. In particular, Q) is a localization of C by

S.

§ 154. P. 154. Below the statement of Lemma 7.1.13 it is written: “The verification
is left to the reader. // Hence, we get a big category ...”. One might add between
the two sentences something like: We also leave it to the reader to define the
identity idx of X viewed as an object of Cg, and to check the equalities foidy = f,
idx og = g for f in Homer (X, Y) and g in Homer (Y, X).

§ 155. P. 155. In the text between Lemma 7.1.15 and Theorem 7.1.16, one might
add the following observation. The inverse of (s : X — X’) € S is given by

X' Ly L ox,

where ¢g and ¢ are obtained by applying S3 with f =idx:

X X
|
X' ----- > );

§ 156. Let us spell out the proof of Remark 7.7.8 (ii) p. 156. Recall that S is a
left and right multiplicative system in C. For X,Y € C we have

Homer (X,Y) =~ (X'C—?E?elsx Homer (X,Y) =~ (X'C—?}ggsx Homer (X',Y)
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~ colim colim Homer (X', Y”) =~  colim colim ~ Homez (X', Y”)
(X'=X)eSx (Y—=Y")eSY (Y—=Y")eSY (X'—=X)eSx

~ (Yg%}})rgsy Homp: (X, Y') =~ (Yi(;l})rng Home¢ (X,Y) ~ Homg (X, Y),

the first and last isomorphisms being justified by the fact that Sx and SY are
connected by Proposition 7.1.10 p. 153 of the book. This shows that C% and C§
are isomorphic categories.

§ 157. P. 159, Definition 7.3.1. Recall the definition:

Let C be a U-small category, let S be a right multiplicative system, and let
Q@ : C — Cs be the right the localization of C by S. A functor F': C — A is said to
be right localizable if QT F exists, in which case we say that QTF a right localization
of F', and denote this functor by RsF'. It might be worth displaying the formula

ReF X)) ~ colim F(Y).
(RsF)(Q(X)) (RYY)=Q(X))ECqy(x) v

If this inductive limit is universal in the sense of Definition [61] p. 6] we say that F'
is universally right localizable. By Theorem [64] p. [47] this is equivalent to saying
that QTF exists universally in the sense of Definition 44| p. .

Also, the following fact is implicit:

If F(s) is an isomorphism for all s in S, then F' is universally right localizable
and the functors RsF and Fs are canonically isomorphic. (This is the case Z =C
of Proposition 7.3.2 p. 160 of the book.)

The following conditions on the right localization (Cs, @) of C are equivalent:
(a) idc is universally right localizable,
(b) any functor F': C — A is universally right localizable,

(c) any functor F': C — A is universally right localizable and satisfies
RSFE FORSidC.

Definition 158 (universal localization). Say that the right localization (Cs, Q) of
C is universal if the above conditions are satisfied.

§ 159 P. 159, Definition of universally right localizable functor (Definition 7.3.1

(ii :see-p.
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§ 160. P. 160, Proposition 7.3.2. If, in the setting of Proposition 7.3.2, any ¢ in T
is an isomorphism, then the right localization (Cs, @) of C is universal in the sense

of Definition [158]

The following statement is easy to prove and implicit in the proof of Proposition
7.3.2.

Let C be a category, let S a right multiplicative system, and let F': C — A be
a functor such that F(s) is an isomorphism for all s in §. Then F' is universally
right localizable (see §157 p.[03), RsF =~ Fs, and for any functor K : A — A’ the

diagram below commutes up to isomorphism

Ql/lf(

Cs—>./4/

§ 161. P. 161. We paste Display (7.3.7), which appears in Proposition 7.3.3 (iii)
p- 161 of the book:
RsF X)) ~ li F(Y). 71
(RSFIQUX) = _colim F(Y) ()

Let C be a U-category (Definition (3| p. , and let V be a universe such that 4 € V
and C is a U-small category (Definition {4 p. . Writing A for the category of
V-sets, Proposition 7.3.3 (iii) of the book implies the following:

Let X and Y be two objects of C.
If § is a right multiplicative system in C, then the functor

RsHome(X, )

exists and is isomorphic to Homer (X, ).

Similarly, if S is a left multiplicative system in C, then the functor
Rso» Home( 1Y)

exists and is isomorphic to Homee (-, Y).
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9.2 Proof of (7.4.3) (p. 162)

Recall that S is a right multiplicative system in C. We have the (non-commutative)

diagram
C F
Ql X lL.A

CS Oé—s> IHd(C) T> IIld(.A.)

Let X be in C. We must prove that there is an isomorphism

Rs(tao F)(Q(X)) = IF(as(Q(X)))
in Ind(C). Recall the following facts:
e Proposition 7.4.1 p. 162 of the book implies

A:=as(Q(X)) = colim (X') € Ind(C).

(X' ,2')eSX

e Display p. [94] implies
B:=Rs(tao F)(Q(X)) = colim 4(F(X')) € Ind(A).

(X, x")esX
e The definition of I F' p. 133 of the book implies

C:=1F(A) = colim t4(F(U)) € Ind(A).

(Uu)eCa

We want to prove B ~ (.

Notation. If a: I — B is a functor whose inductive limit is X € B, then we write
p(X,i) : a(i) - X for the coprojection. (Of course this morphism depends on «.)

We shall define morphisms of functors

f
B _—_——C.
g

For (X', 2') in 8 we define f(X',2') : ta(F(X")) — C by
fX 7)) = p(C, X' p(A, X', 7)),

and we claim that the morphisms f(X’, z’) induce a morphism of functors f : B —

C.
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Let (U,u) be in C4, that is

ue A(U) = colim Home(U,X').

(X,x")esX
Choose (X’,2') in 8% and f: U — X’ such that u = p(A(U), X', 2')(f), and put
g(U,u) :=p(B, X", 2") o ta(F(f)) : tu(F(U)) — B.

We claim that ¢g(U,u) does not depend on the choice of X' 2/ and f; that the
morphisms ¢(U, u) induce a morphism of functors g : C' — B; and that f and g
are mutually inverse.

We leave the verification of these claims to the reader.

9.3 Remark 7.4.5 (p. 163)

In this section we adhere to Convention 11.7.1 of the book, according to which,
paradoxically, in the expression Home (X, Y'), the variable Y is considered as the
first variable and X as the second variable.

Let S be a left and right multiplicative system in C, and let X and Y be two
objects of C. § p. [94] implies that the functors

RsHome(X, ), Rser Home( ,Y), Rsxsor Home
exist and satisfy
Home, (X,Y) ~ Rs(Home(X, ))(Y)
~ Rgor (Home( ,Y))(X) 2 Rsyser Home(X,Y).
More precisely, if, in the diagram

RsHe(X, )(Y) —— Rsxsor He(X,Y) ¢—— Rsoo He( ,Y)(X)

\ I / (72)

HCS (X7 Y):
where we have written H for Hom to save space, the horizontal arrows are the

natural maps, and the other arrows are the above bijections, then (72)) commutes
and all its arrows are bijective.
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10 About Chapter 8

10.1 About Section 8.1

Here is a comment about Lemma 8.1.2 (ii) p. 169.

The fact that the notion of group object is independent of the choice of a
universe U such that C is a U-category is implicit in the proof. A way to make
this point clear is to define the notion of a group object structure on an object
G of C without the Axiom of Universes. As in the book, we use the notation
G(X) := Home(X,G). A group object structure on G is given by a functorial

family of maps
(ux : G(X)? = G(X))xec

such that
(a) px is a group multiplication for all X in C,

(b) the map G(Y) — G(X) is a morphism of groups for all morphism X — Y in
C.

10.2 About Section 8.2
10.2.1 Definition 8.2.1 (p. 169)

The proposition and lemma below are obvious.

Proposition 162. Let C be a pre-additive category, let A be the category of addi-
tiwe functors from C° to Mod(Z), let h : C — A be the obvious functor satisfying
h(X)(Y) = Home(Y, X) for all X and Y in C, let X be in C and A in A, and let

Hom 4 (h(X), A) $ A(X)

be defined by
®(0) = Ox(idx), W(z)(f) = A(f) ().

Then ® and VU are mutually inverse abelian group isomorphisms.

(See Theorem [1§ p. [20])

Convention 163. In the above setting we denote A by C” and h by he. (This abuse
is justified by Proposition [162) We also use Definitions [19] and 20| p. 22 in this

context.
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Lemma 164. Let C and C' be pre-additive categories, let A be the category of ad-
ditive functors from C to C', and let o : I — A be a functor such that colim(a(X))
exists in C' for all X in C. Then colim « exists in A and satisfies

(colim a)(X) ~ colim(a(X))

for all X in C. (There is a similar statement for projective limits.)

10.2.2 Lemma 8.2.3 (p. 169)

Here is a statement contained in Lemma 8.2.3:

Corollary 165. Let C be a pre-additive category, let X1 and X5 be two objects of C
such that the product X = X, x Xy exists in C, let p, : X — X, be the projection,
and define i, : X, — X by

 (ide, ifa=0b
a Oy =
Pa®% =30 ifa#o.

Then X is a coproduct of X1 and X5 by i1 and iy. Moreover we have

i1 0P +i20py =idy, xx, -

Let us denote the object X above by X; & X,. The following lemma is implicit
in the book.

Lemma 166. For a = 1,2 let f, : X, — Y, be a morphism in a pre-additive
category C. Assume that X1 @& X and Y7 ® Yy exist in C. Then we have

fix fa=filfy
(equality in Home (X7 @ X5, Y; @ Y3)).

We denote this morphism by f; & fs.

Proof. Put X .= X; ® X5, Y :=Y; @Y, and write

X, XX, v,y 5y,
for the projections and coprojections. We have g, o (f1 X f2) = fa0op, for all a, and
we must show g, o (f1 X fa) 0iq = @0 ju 0 fo for all a,b. This follows immediately

from Corollary [165] O
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For the reader’s convenience we state and prove Lemma 8.2.3 (ii) p. 169 of the

book:
Lemma 167 (Lemma 8.2.3 (ii) p. 169). Let C be a pre-additive category; let
X, X1, and X5 be objects of C; and, for a = 1,2, let X, - X 2% X, be morphisms
satisfying

Pa 0ty = 0gp 1dx,, “10p1+iz0opy=idy.
Then X is a product of X1 and X5 by p1 and py and a coproduct of X1 and X5 by
’il and ig.

Proof. For any Y in C we have
Home (Y, pa) o Home (Y, i) = dap idHome(v,x4)5

HOIDC(K il) © HomC(Y, p1) + Homc(Y, i2) © Homc(Y, PQ) = idHomc(Y,X) .

This implies that Home(Y, X) is a product of Home (Y, X;) and Home (Y, X5) by
Home (Y, p1) and Home (Y, po), and thus, Y being arbitrary, that X is a product
of X; and X, by p; and ps, and we conclude by applying this observation to the
opposite category. O

Note also the following corollary to Lemma 8.2.3 (ii) (stated above as Lemma
167).

Corollary 168. Let F': C — C' be an additive functor of pre-additive categories;
let X, X, and X be objects of C; and, for a = 1,2, let X, = X 2% X, be
morphisms such that X is a product of X1 and X5 by p1,ps and a coproduct of X,
and Xo by iy,iy. Then F(X) is a product of F(X;) and F(X3) by F(p1), F(p2)
and a coproduct of F(X1) and F(X3) by F(i1), F(is).

10.2.3 Brief Comments

§ 169. P. 172, Lemma 8.2.9. Recall the statement:
Lemma 170 (Lemma 8.2.9 p. 172). Let C be a pre-additive category which admits
finite products. Then C is additive.

Let us check that C has a zero object. (This part of the proof is left to the
reader by the authors.)

Let X and Y be in C. By Lemma 8.2.3 p. 169 of the book, the product X x Y
is also a coproduct of X and Y. Let us denote this object by X @Y. Let T be a
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terminal object of C. For any X in C we have a natural isomorphism X &7 ~ X.

In particular 7' can be viewed as T LIT" via the morphisms T' S 7 & 7. This
implies Home (7, X)) ~ 0 for any X, and T is a zero object. q.e.d.

§ 171. P. 172, proof of Lemma 8.2.10. Recall the statement:

If C is an additive category and X is an object of C, then X is an abelian group
object.

The addition is given by the codiagonal morphism ¢ : X & X — X. This
comment is only about the associativity of the addition. This associativity can
also be proved as follows:

Put X" := X@---® X (n factors), and let X loy X 7% X be respectively the
a-th coprojection and the codiagonal morphism. It clearly suffices to show that
the composition

X
X3 2R X2 2 X

is equal to o3. This follows from the fact that the composition

X oy x3 20X, 52
b {1 @:1,2
2 ifa=3.

§ 172. P. 173, Propositions 8.2.12, 8.2.13, and Theorem 8.2.14 (minor variant).

is equal to 7, with

q.e.d.

Notation 173. If C and C' are categories admitting finite products, we denote
by P(C,C’) the category of those functors from C to C' which commute with finite
products.

Proposition 174. If C is an additive category, then the obvious functor
® : P(C,Mod(Z)) — P(C, Set)
is an isomorphism, ®~1 being given by Lemma 8.2.11 p. 172 of the book.
Proof. The functor ® being fully faithful by Proposition 8.2.12, it suffices to prove

that the map
Ob(®) : Ob(P(C,Mod(Z))) — Ob(P(C, Set))

is bijective. The injectivity is obvious and the surjectivity follows from the proof
of Proposition 8.2.13. O
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Recall the statement of Theorem 8.2.14 p. 173 of the book:

Theorem 175 (Theorem 8.2.14 p. 173). Any additive category has a unique
structure of a pre-additive category.

Proof. Let C be our additive category. Thanks to Proposition we identify
P(C,Set) and P(C,Mod(Z)). We define the addition of Hom¢(X,Y') for X and Y
in C by evaluating the functor Home (X, ) in P(C,Mod(Z)) on Y. The uniqueness
is clear. If f:Y — Z is morphism in C, then

Home (X, f) = fo: Home(X,Y) — Home(X, Z)
is a morphism in Mod(Z). If g : W — X is morphism in C, then
og : Home(X, ) — Home(W, )
is a morphism in P(C,Mod(Z)), and
og : Home(X,Y) — Home(W,Y)
is a morphism in Mod(Z). O

§ 176. P. 173, Proposition 8.2.15. Recall the setting: F' : C — C’ is a functor
between additive categories, and the claim is:

F is additive < F commutes with finite products.

I think the authors forgot to prove Implication =. Let us do it. It suffices to
show that F' commutes with n-fold products for n =0 or n = 2.

Case n = 0: Put X := F(0). We must prove X ~ 0. The equality 0 = 1 holds
in the ring Home (X, X)) because it holds in the ring Hom¢(0,0). As a result, the
morphisms 0 — X and X — 0 are mutually inverse isomorphisms.

Case n = 2: Let X, X5 be in C. To check that the natural morphisms
F(X1® X,) 2 F(Xh) & F(X3) (73)
are mutually inverse isomorphisms, let p; : X; & Xo — X; and ¢; : X; — X; & X

be the projections and coprojections, and apply Lemma 8.2.3 p. 169 of the book
to the morphisms p;,i;, F(p;), F(i;). q.e.d.
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10.3 About Section 8.3
10.3.1 Proposition 8.3.4 (p. 176)

Here are a few more details about the proof of Proposition 8.3.4. Recall the setting:
We have a morphism f : X — Y in an abelian category C. Let P be the fiber
product X xy X, let p, : P — X be the projection, let p be the morphism p; — ps
from P to X, and consider the diagram

Ker f —— X —% Cokerh

P > X —— Coker p === Coim f,

p

where h, a, and b are the natural morphisms.

We claim b o h = 0. Indeed, we define ¢ : Ker f — P by the condition

pioc=h,psoc=0:
X
SN

Ker f ---~-» P Y
lpz/
I
X,

and we get boh =bopoc =00c=0. This proves the claim. We get a natural
morphism d : Coker h — Coim f making the diagram

Ker f — 5 X —% 4 Cokerh

|k

P > X b>Coimf

p

commute.

As p factors through h, we have a o p = 0, and we get a natural morphism
e : Coim f — Coker h making the diagram

Ker f —— X —% Cokerh

|

P » X —— Coim f

p
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commute.

It is easy to see that d and e are mutually inverse isomorphisms. In short, there
is a natural isomorphism Coker h ~ Coim f which makes the diagram

Ker f —— X —% Cokerh

| ! )

X . » Coim f

P

2\

commute.

Dually, let S (for “sum”) be the fiber coproduct Y @x Y, let i, : Y — S be the
coprojection, let ¢ be the morphism ¢; — i from Y to S, and consider the diagram

Imf ——Y RN

Kerk —2—» Y P > Coker f

where a, b, and k are the natural morphisms. Then there is a natural isomorphism
Im f ~ Ker k£ which makes the diagram

Im f > Y S

]

Ker k >Y

(75)

— Coker f

commute. Let us record these observations:

Proposition 177. In the above setting there are natural isomorphisms
Coker h ~ Coim f, Im f ~ Kerk

which make Diagrams and commute.

Note that we can splice Diagrams and :
Ker f X » Coker h

P——X > Coim f
Im f > Y S
Ker k > Y > Coker f.
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10.3.2 Definition 8.3.5 (p. 177)

The following definitions and observations are implicit in the book. Let A be a
subcategory of a pre-additive category B, and let ¢ : A — B be the inclusion. If
A is pre-additive and ¢ is additive, we say that A is a pre-additive subcategory
of B. If in addition A and B are additive (resp. abelian), we say that A is an
additive (resp. abelian) subcategory of B. Now let A and B be categories. If B is
pre-additive (resp. additive, abelian), then so is the category C := B4 of functors
from A to B. Assume in addition that A is pre-additive. If B is pre-additive (resp.
additive, abelian), then the full subcategory D := Add(A, B) of C whose objects
are the additive functors from A to B is a pre-additive (resp. additive, abelian)
subcategory of C.

10.3.3 The Complex (8.3.3) (p. 178)

Let us just add a few more details about the proof of the isomorphisms

Imu ~ Coker(y : Im f — Ker g) ~ Coker(X' — Ker g)

76
~ Ker(1) : Coker f — Im g) ~ Ker(Coker f — X"), (76)

labeled (8.3.4) in the book. Recall that the underlying category C is abelian, and
that the complex in question is denoted

x'Lxsxn (77)

We shall freely use the isomorphism between image and coimage, as well as the
abbreviations
K, :=Kerv, K :=Cokerv, I,:=Imuv.

Let us also write “A = B” for “the natural morphism A — B is an isomorphism”.

Proposition p. can be stated as follows.

Proposition 178. Let f: X — Y be a morphism, and consider the commutative

diagram
h . X f % k
K;l > If > Kk

Then the bottom arrows are isomorphisms.

Ky » 5 K}
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Going back to our complex p. let us introduce the notation

X' ! s X g s X
X s [P Kyt X —2 K s [ T X
e U h
K, » > K, > K » K,
K! : s 1, ; s K.
By Proposition [177] p.
i and j are isomorphisms. (78)

We shall prove

Kl —E5 K, —= K. —— I, —2> Kj —2 Ky — Kgoy.

poa ~ ~ e ~ ~

This will imply p.

The morphisms k and n are isomorphisms because a is an epimorphism and d
a monomorphism. Thus, in view of , it only remains to prove that

¢ and m are isomorphisms. (79)

There is a natural monomorphism from Iy to K,. Indeed, we have
uopoa=cof=0.

As a is an epimorphism, this implies u o ¢ = 0.

It is easy to see that there is a natural monomorphisms from K, to K.. By
Proposition p. [103} the composition I; — K, is an isomorphism. This implies

~

Iy = K. Similarly we prove K/, = I,.
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We can thus complete our previous diagram as follows:

X' ! » X ‘ , X"
® b i d
X —25 I — K, —— X —» » 1, > > X
7 F\
Lf/ H H \\\
K, » 9 » K,

/K\/\

(The two dashed arrows have been added.) Now is clear.

10.3.4 Brief Comments

§ 179. For the reader’s convenience we state Lemma 8.3.11 p. 180. Consider the
commutative square

x Ly
gl lg (80)
X T) Y

in the abelian category C.

Lemma 180 (Lemma 8.3.11 p. 180). We have:
(a) Assume that is cartesian.

(i) We have Ker f" = Ker f.

(i) If f is an epimorphism, then is cocartesian and f' is an epimorphism.
(b) Assume that is cocartesian.

(i) We have Coker f' = Coker f.

(ii) If f' is a monomorphism, then 15 cartesian and f is a monomorphism.

§ 181. P. 180, Lemma 8.3.12. Here is a minor variant:

Lemma 182. For a complex Z — Y — X in some abelian category, the following
conditions are equivalent:
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(a) the complex is exact,

(b) any commutative diagram of solid arrows

V- » W
SN INY
; >y Y > X

can be completed as indicated (V — W being an epimorphism),

(c) any commutative diagram of solid arrows

Z > Y >)|(
N !
W=V

can be completed as indicated (W — V' being a monomorphism,).

Proof. Equivalence (a)<(b) is proved in the book, and Equivalence (a)<(c) fol-
lows by reversing arrows. O

§ 183. Page 181, the Five Lemma (minor variant).

Theorem 184 (Lemma 8.3.13 p. 181, Five Lemma). Consider the commutative
diagram of complexes

-

X0 oty x1 el ox2_a® o x3

A T

Yo » Y1 » Y2 —— Y3,
b0 bl b2

where f0 is an epimorphism, f' and f3 are monomorphisms, and X' — X? — X3
and YO — Y1 = Y? are exact. Then f? is a monomorphism.

Proof. Note that Equivalence (a)<(b) in Lemma p. can be stated as
follows:

(¥) f: X — Y is an epimorphism if and only if any subobject of Y is the image
of some subobject of X.

We write fx for the image of a subobject x of X, and fg for fog.
Put 2% := Ker f2. Using (%) we see that there is:
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e a subobject x! of X! such that x> = a'z' (because f? is a monomorphism,
(Zl ll2 .
f3a?x? =0, and X' — X% — X3 is exact),
0
e a subobject y° of Y such that flz! = 0% (because b'flz! = 0 and Y?° LA
1
Y1 2 ¥ is exact), and
e a subobject 2° of X such that y° = f%2° (because f° is an epimorphism).

This yields
Fla0s® = 10050 — 10,0 — f1g!
implying a’z® = 2! (because f! is a monomorphism), and thus
0=a'a’2’ = a'a! = 2%

]

§ 185. P. 182, proof of the equivalence (iii)<(iv) in Proposition 8.3.14. Here is
the statement of the proposition:

Proposition 186 (Proposition 8.3.14 p. 182). Let 0 — X’ Lo X 5 X" 50 be
a short exact sequence in an abelian category C. Then the conditions below are
equivalent:

(i) there exits h : X" — X such that g o h = idx»,
(ii) there exits k : X — X' such that ko f = idx,

(iii) there exits h : X" — X and k : X — X' such thatidx = fok + hog,

(iv) there exits p = (k,g) and ¥ = (f, h) such that X 5 X' @ X" and X' ® X" AN
X are mutually inverse isomorphisms,

(v) for any Y in C, the map Home(Y, X) L5 Home (Y, X") is surjective,

(vi) for any Y in C, the map Home(X,Y) 2N Home (X', Y) is surjective.

The authors say that the equivalence (iii)<>(iv) is obvious. I agree, but here
are a few more details. Implication (iv)=-(iii) is indeed obvious in the strongest
sense of the word. Implication (iii)=-(iv) can be proved as follows.

Assume (iii), that is, we have morphisms h : X” — X and k£ : X — X’ such
that
Fokthog=idy. (81)
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As g o f =0, this implies
gohog=gofok+gohog=goidy =y.

Since ¢ is an epimorphism, this entails goh = idy~». We prove similarly ko f = idx.
Let us record the two above equalities:

gOh:idxl/7 k’Of:ldxl (82)

Now and imply
koh=ko(fok+hog)oh=kofokoh+kohogoh=koh+koh,

and thus
koh=0, (83)

and (iv) follows from (81]),(82), and (83). g.e.d.

§ 187. P. 183. Here is an example showing that filtrant and cofiltrant small
projective limits of R-modules are not exact in general:

lim (2 = Z/2"Z = 0) = (Z = Z, = 0).
§ 188. P. 186, Definition 8.3.24 (definition of a Grothendieck category). By Lemma

8.3.9 p. 83 of the book, in a Grothendieck category U-small filtrant inductive limits
are stable by base change (Definition 2.2.6 p. 47 of the book, stated above as

Definition p. [62).

§ 189. P. 186, Definition 8.3.24 (definition of a Grothendieck category). The
condition that small filtrant inductive limits are exact is not automatic. I know
no entirely elementary proof of this important fact. Here is a proof using a little
bit of sheaf theory. To show that there is an abelian category where small filtrant
inductive limits exist but are not exact, it suffices to prove that there is an abelian
category C where small filtrant projective limits exist but are not exact. It is even
enough to show that small products are not exact in C. Let X be a topological
space, and let Uy D U; D --- be a decreasing sequence of open subsets whose
intersection is a non-open closed singleton {a}. We can take for C the category of
small abelian sheaves on X. To see this, let G be the abelian presheaf over X such
that G(U) is Z if a is in U and 0 otherwise, and, for each n in N, let F, be the
abelian presheaf over X such that F,(U) is Z if U C U,, and 0 otherwise. These
presheaves are easily seen to be sheaves. For each n in N and each open set U let
F,(U) — G(U) be the identity if a is in U C U,, and 0 otherwise. This family of
morphisms defines, when U varies, an epimorphism ¢,, : F,, - G. Put

F::HFn, H::HG, gp:zHcpn:F—>H.

neN neN neN
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It suffices to show that the morphism ¢(a) : F(a) — H(a) between the stalks at
a induced by ¢ is not an epimorphism. This is clear because ¢(a) is the natural
morphism

q.e.d.

10.4 About Section 8.4

Here is a comment about Proposition 8.4.7 p. 187.

Let us just rewrite in a slightly less concise way the part of the proof on p. 188
which starts with the sentence “Define Y := Yy xx G;” at the fifth line of the last
paragraph of the proof, and goes to the end of the proof.

It suffices to show that there is a morphism aq : G; — Y satisfying lyoag = ¢:

ko lo
X' s Y 5

X
DN
hl / N Tso
go ag N

A G;.

~

Form the cartesian square

and the cocartesian square
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commutative. By Lemma [180] (a) (i) p. [L06] ¢ is a monomorphism, and, by Part
(b) (ii) of the same lemma, A is also a monomorphism. As Z is injective, there is
a morphism d : G; — Z satisfying doc = ggob:

Yy L5y,
I ]
Gi - Z.

By the definition of Y; there is a morphism g¢; : Y7 — Z such that

Yy —t sy,

1\

GZL)Yi

commutes. We get the commutative diagram

As )\ is an isomorphism by maximality of (Yj, go, lo), We can set ag := A1 oay, and
we get
lpoag=1lportoa=liodortoa, =10a; = .

q.e.d.
10.5 About Section 8.5
10.5.1 Brief Comments

§ 190. P. 190, Proposition 8.5.5. It might be worth writing explicitly the formulas
(for X € Mod(R,()):

I‘IOIIlRop(]V7 HOIl’lc<X, Y)) >~ HOIDC (N QR X, Y) s
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Hompz(M, Home (Y, X)) ~ Home (Y, Homg(M, X)),
R® XRr X ~ X,
Hompg(R, X) ~ X.

One could also mention explicitly the adjunctions

Mod(R°P) Mod(R)°?
7®RXlTH0mc(X7—) Homc(—aX)lTHomR(ﬂX)
C C,

where, we hope, the notation is self-explanatory.
§ 191. P. 191, proof of Theorem 8.5.8 (iii) (minor variant). Recall the statement:

Lemma 192. Let C be a Grothendieck category, let G be a generator, let R be
the ring Ende(G)°P, put M := Mod(R), let p : C — M be the functor defined by
©(X) := Home(G, X). Then ¢ is fully faithful.

Proof. Let v : M — C be the functor defined by (M) = G ®r M, let Cy
be the full subcategory of C whose objects are the direct sums of finitely many
copies of GG, and let M be the full subcategory of M whose objects are the direct
sums of finitely many copies of R. Then ¢ and v induce mutually quasi-inverse
equivalences

©®

Co T M.
0

We can assume that Cy and M, are small (in the sense of Definition [4] p. [§)). If
A:C — (Cy)" and N : M — (My)" are the obvious functors, then the diagram

Cc—*% s M

N |

(Co)" —— (Mo)"

0

quasi-commutes. The functors A and X\ are fully faithful by §188| p. and
Theorem 5.3.6 p. 124 (stated above as Theoremp. . As @, is an equivalence

(a quasi-inverse being 1, ), the proof is complete. ]
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10.5.2 Theorem 8.5.8 (iv) (p. 191)

Here is a minor variant of Step (a) of the proof of Theorem 8.5.8 (iv). Recall the
statement:

Lemma 193. In the setting of Lemma[I93, assume that there is a finite set F', an
epimorphism RY — M in M, a small set S, and a monomorphism M — R®S. Let
¥ M — C be the functor defined by (M) == G @r M. Then (M) — 1p(R®9)
18 a monomorphism.

Proof. There is a finite subset F’ of S such that M ~— R®S factors as
M — R — R®S.

As R is a direct summand of R®%, the morphism (R") — ¢ (R®9) is a mono-
morphism. In other words, we may assume S = F’, and it suffices to check that
(M) — (R") is a monomorphism, or, more explicitly, that

f (M) — G is a monomorphism. (84)

Applying the right exact functor v to
RF — M — R,

we get

K 1 GF 25 (M) —1 GF,

\0_/

where K := Ker(f op). Applying ¢ we obtain

o(F) 225 R 22 p(p(ar)) 2 RP

v

The commutative diagram

p(K) - > RY
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yields boa o (i) = 0. As b is a monomorphism, we get a o p(i) = 0, and thus
©(p) o (i) = 0. Since ¢ is faithful by Lemma p. [112] this implies

poi=0. (85)

Let us prove (84). Let z : X — ¢(M) be a morphism in C satisfying fox = 0.
It suffices to prove
z=0. (86)

As p is an epimorphism, the diagram of solid arrows

GF —= (M)

can be completed, by Lemma [180] (b) (i) p. [L06, to a commutative square as
indicated, ¢ being an epimorphism. The commutative diagram of solid arrows

Yy —— X

Z/,’// ly $J/ X
g

\ F AN F
K i 7 G P 4 w(M) T> G

can in turn be completed to a commutative diagram as indicated, and we get
roc=poioz=0

by . As ¢ is an epimorphism, this implies successively , , and the
lemma. [

10.6 About Section 8.7

P. 199, Lemma 8.7.4 (ii). This comment is about the claim that the natural functor
E : D5 — C is an equivalence. I don’t understand the proof of the faithfulness of
E given in the book. I think that it suffices, in view of Proposition 7.1.2 (i) p. 150
and Theorem 7.1.16 p. 155 of the book, to check that

Q : D' — C is a localization of D' by S. (87)

To prove , one can apply Lemma p. with R : C — D’ defined by
R(X):=(0— X).

114



10.7 About the Exercises 10 ABOUT CHAPTER 8

10.7 About the Exercises
10.7.1 Exercise 8.4 (p. 202)

Recall the statement:

Let C be an additive category and S a right multiplicative system. Prove that
the localization Cgs is an additive category and () : C — Cs is an additive functor.

It is easy to equip Cs with a pre-additive structure making () additive. Then
the result follows from Corollary p. 09

The pre-additive structure on Cgs is described in a very detailed way at the

beginning of the following text of Dragan Mili¢i¢:

http://www.math.utah.edu/~milicic/Eprints/dercat.pdf

10.7.2 Exercise 8.17 (p. 204)

Preliminaries
Lemma 194. If
xLy4z (88)

are morphisms in an abelian category C (we do not assume go f = 0), then the
commutative diagram

Ker(g o f) > X > Im(go f) ——— 0
Lo
0 —— Imyg > Z > Coker g

of solid arrows, whose rows are exact sequences, can be completed as indicated.
The situation can also be represented as follows:

f

> Y
Img ‘g
o
‘r// \4
> 4.

Im(go f) >

In particular Im(g o f) — Im g is a monomorphism.

X
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Proof. We claim that the diagram of solid arrows

7
7

‘b

Q

’
’
f 4
Vs
Vi
s
/
’
,
,
,
¢

X xz X —“5 X —% Coim(go f) —— 0
Y

i

whose rows are exact sequences, can be completed as indicated. Indeed, the exis-
tence of b follows from the equalities go foa = go 0 = 0. To prove the lemma, it
is enough to check that b factors through Im g, or, equivalently, that cob = 0. As
d is an epimorphism, the vanishing of cob is equivalent to the vanishing of cobod.
But we have cobod =cogo f=00f =0. O]

0 > Im g > Z Dy Z,

C

Lemma 195. If, in the setting of Lemma[196], f is an epimorphism, then
Im(go f) - Img

18 an isomorphism.

Proof. Consider the commutative square

x —1 Ly

l |

Im(go f) —— Imy,

where a and b are the natural morphisms. As f and a are epimorphisms, so is
b. O

Exercise 8.17 The exercise follows easily from Lemmas and below.

Let us denote the cokernel of any morphism A : Y — Z in any abelian category
by Z/Imh.

Recall that, by Proposition 8.3.18 p. 183 of the book, an additive functor
between abelian categories F': C — C' is left exact if and only if

0= X' L& X % X" exact
= (89)
0— F(x) ™ px) M9 p(x7y exact
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Counsider the condition

0—>X’i>Xi>X”—>Oexact
=

Y) F(X) o) F(X") exact

0— F(X') Rt
Lemma 196. We have (:)(@)

Proof. Implication = is clear. To prove <, let
0 X' 4 x4 x”
be exact. We must check that
0= F(X')— F(X)— F(X")
is exact. Let I be the image of g. The sequence
0—-X' ->X—>1-0

being exact, so is
0— F(X') = F(X) = F(I).

This implies that is exact at F'(X'). The sequence
0=1—->X"-X"/T >0

being exact, so is
0— F(I)— F(X"),

and we have

Ker (F(X) — F(X")) ~ Ker (F(X) = F(I)).
The exactness of implies

Ker (F(X) — F(I)) ~Tm (F(X') = F(X)),
and the exactness of at F'(X) follows from and (94).

Consider the conditions below on our additive functor F : C — C’:

0—>X'i>Xi>X”—>Oexact
=
(f)

0— F(x) ™ px) M9 p(x7) - 0 exact

!

X' X & X7 exact
=
Fx) ™M poxy M9 pex) exact

o
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Lemma 197. We have (@)@

Proof. Implication < is clear. To prove =, let
X 5Hx s xr

be exact. We must show that

F(X') — F(X) = F(X") (97)
is exact. Let K,, Ky and I, denote the indicated kernels and image. The sequence

0—-1,—»X"—X"/I, -0
being exact, so is
0— F(I,) = F(X"),

and we get
° Ker (F(X) — F(X”)) ~ Ker (F(X) — F([g)). (98)

The sequence
0—-Kj—X—=1,—0

being exact, so is

F(Ky) = F(X) = F(Iy),

and we get
° Ker (F(X) — F(I,)) ~ Im (F(K,) = F(X)). (99)

The sequence
0= K= X - K,—0

being exact, so is
F(X') — F(K,) — 0,

and the isomorphism
Im (F(Kg) — F(X)) ~ Im (F(X’) — (X)) (100)
(

F
results from Lemma p. [116] with F(X') — F(K,) — F(X) instead of
p. The exactness of @ follows from , (199), and ({100]). O

11 About Chapter 9

I find Chapter 9 especially beautiful!
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11.1 Brief Comments

§ 198. P. 217, beginning of Section 9.2.

Proposition 199. Let © be an infinite cardinal. The following conditions on a
small category I are equivalent:

(a) For any small category J with card(Mor(J)) < m and any functor
a: I x J% — Set

the natural map

colim lim « (7, 7) — lim colim «(%, §
el jed (4.7) jeJ el (i,)

15 bijective.
(b) For any small category J with card(Mor(J)) < 7 and any functor

a:l x J® — Set

the natural map
i li N i I .
colim lim a(i, ) lim colim a(i, j)
18 surjective.
(c) The following conditions hold:

(cl) for any A C Ob(I) such that card(A) < m there is a j in J such that for
any a in A there is a morphism a — j in I,

(c2) for any i and j in I and for any B C Hom(i,j) such that card(B) < m
there is a morphism j — k in I such that the composition i = j — k does not
depend on s € B.

(d) For any small category J such that card(Mor(J)) < m and any functor ¢ :
J — I there is an i in I such that lim Hom;(p, i) # .

Proof. Implications (¢) < (d) = (a) are proved in Proposition 9.2.1 p. 217 and
Proposition 9.2.9 p. 219 of the book. Implication (a)=-(b) is obvious. The proof of
Implication (b)=-(d) is the same as the proof of Implication (b)=(a) in Theorem
3.1.6 p. 74 of the book. O

Definition 200 (7-filtrant category). Let m be an infinite cardinal and I a small
category. Then I is w-filtrant if (and only if) the equivalent conditions of Propo-
sition [199 are satisfied.
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§ 201. P. 218. One can make the following observation after Definition 9.2.2: If I
admits inductive limits indexed by categories J such that card(Mor(J)) < 7, then
I is m-filtrant.

Proof. For ¢ : J — I we have

lim Home (¢, colim ¢) <= Home (colim ¢, colim ¢) # &.

§ 202. P. 218, Lemma 9.2.5.
Lemma 203 (Lemma 9.2.5 p. 218). Let ¢ : J — I be a cofinal functor. If J is
m-filtrant, so s 1.
Clearly, I satisfies conditions (a) and (b) in Proposition p. [119
§ 204. For the reader’s convenience we state and prove Proposition 9.2.10 p. 220.

Proposition 205 (Proposition 9.2.10 p. 220). If C admits small w-filtrant induc-
tiwe limits, if J is a category satisfying card(Mor(J)) < m, if 5 : J — Cr is a
functor, and if colim 8 exists in C, then it belongs to C,.

Proof. Let a: I — C be a functor with / small and 7-filtrant, and consider the
commutative diagram

colim; Home (colim; 3(5), (7)) —— Home/(colim; 5(j), colim; (7))
Nl,,
colim, lim; Home(8(5), a(i)) ~|e
lim, colim; Home (8(5), a(i)) —=2— lim; Home(5(5), colim; (7).
The morphisms b and e are isomorphisms for obvious reasons. The morphism ¢
is an isomorphism because of our assumptions about I and J. The morphism d

is an isomorphism because 3(j) is in C, for all j. Thus, the morphism a is an
isomorphism. O

§ 206. P. 220, proof of Corollary 9.2.11.

Corollary 207 (Corollary 9.2.11 p. 220). If C admits small inductive limits and
if X is an object of C, then C, and (C;)x are w-filtrant.
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This follows from §201]

§ 208. P. 222, Proposition 9.2.17, proof of implication (ii)=-(i). I suspect that
the argument of the book is better than the one given here, but, unfortunately, I
don’t understand it. Here is a less concise wording:

Recall the setting: C is a category admitting inductive limits indexed by any
category J such that card(Mor(J)) < m, and A is in Ind(C). Conditions (i) and
(ii) are as follows:

(i) Cy4 is m-filtrant,

(ii) for any category J such that card(Mor(J)) < 7 and any functor ¢ : J — C,
the natural map A(colim ¢) — lim A(p) is surjective.

To prove (ii)=(i), let J be a category satisfying
card(Mor(J)) <,
and let ¢ : J — C4 be a functor. We must find a £ in C4 satisfying

lim Home, (¢, §) # @.

Let ¢ : J — C be the composition of 1) with the forgetful functor C4, — C, and
write

v0) = (#0)9() & A) € Ca.
In particular the family (y;) belongs to lim A(y). Our assumption about C implies
that colim ¢ exists in C. Let p; : p(j) — colim ¢ be the coprojection. By surjec-
tivity of the map A(colim ¢) — lim A(yp) in (ii), there is an x : colim¢ — A such
that x o p; = y; for all j. Setting
£ = <colim @, colim ¢ 5 A) € Cy,

and letting f; : ¢(j) — £ be the obvious morphism, we get (f;) € lim Home, (¢, §).
q.e.d.

11.2 Section 9.3 (pp 223-228)

Here is a slightly different wording.
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11.2.1 Conditions (9.3.1) (p. 223)

Recall Conditions (9.3.1) of the book: C is a category satisfying
(i) C admits small inductive limits,
ii) C admits finite projective limits,

iii) small filtrant inductive limits are exact,

(
(
(iv) there exists a generator G,
(

v) epimorphisms are strict.

11.2.2 Summary of Section 9.3

The main purpose of Section 9.3 of the book is to prove Corollaries 9.3.7 and
9.3.8 p. 228 of the book, and these corollaries could be stated immediately after
Conditions (9.3.1) above. For the reader’s convenience we recall the definition of
a regular cardinal and state Corollary 9.3.7:

Definition 209 (regular cardinal). A cardinal 7 is regular if for any family of
sets (Bj)ier we have

card(I) <m, card(B;) <7mVi = card (l_l Bi> <.

Corollary 210 (Corollary 9.3.7 p. 228). Assume (9.3.1). Then for any small
subset S of Ob(C) there exists an infinite cardinal © such that S C Ob(Cy).

We make a few comments about Corollary 9.3.8. Firstly, it would be simpler
(I think) to replace & with C, in the statement, since in the first sentence of the
proof one sets § := C,. Secondly, in view of the way Theorem 9.6.1 p. 235 of
the book is phrased, it would be better, even if it is a repetition, to incorporate
Part (iv) of Corollary 9.3.5 (which says that C, is closed by finite projective limits)
into Corollary 9.3.8. Then, Corollary 9.3.8 would read as follows:

Corollary 211 (Corollary 9.3.8 p. 227). Assume (9.53.1) and let k be a cardinal.
Then there exists an infinite reqular cardinal ™ > Kk such that

(1) Cy is essentially small,
(ii) if X = Y is an epimorphism and X is in C,, then Y is in C,

(iii) if X — Y is a monomorphism and Y in C., then X is in Cy,
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(iv) G is in Cy,

(v) for any epimorphism f: X — Y in C with Y in C,, there exists Z in C, and
a monomorphism g : Z — X such that fog:Z —Y is an epimorphism,

(vi) C, is closed by inductive limits indexed by categories J which satisfy

card(Mor(J)) <,
(vii) C, is closed by finite projective limits.

See also Theorem p. below.

11.2.3 Lemma 9.3.1 (p. 224)

For the reader’s convenience we state the lemma:

Lemma 212 (Lemma 9.3.1 p. 224). Assume that Conditions (9.3.1) p. 223 of

the book (see §11.2.1| p. hold, let ™ be an infinite reqular cardinal, let I be a
m-filtrant small category, let a : I — C be a functor, and let colima — Y be an

epimorphism in C. Assume either card(Y (G)) < 7 orY € C,. Then there is an
io in I such that the obvious morphism a(ig) — Y is an epimorphism.

The proof of Lemma [212] uses twice the following lemma:

Lemma 213. Let C be a category, let ™ be an infinite cardinal, and let oo : [ — C
be a functor admitting an inductive limit X in C. Assume that the coprojections
pi : (i) = X are monomorphisms, and consider the conditions below:

(a) I is w-filtrant and X is w-accessible,
(b) the identity of X factors through the coprojection p; for some i,
(c) the coprojection p; is an isomorphism for some i,

(d) there is an i in I such that a(s) : a(i) — «(j) is an isomorphism for all
morphism s : i — 7 in I.

Then we have (a) = (b) < (¢) = (d).
Proof. This follows immediately from Exercise 1.7 p. 31 of the book. [

We give a slightly more detailed writing of the second sentence in Step (a) of
the proof of Lemma 9.3.1 p. 224 of the book. This second sentence is
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“Set S := colim; Y;(G) C Y(G).”
Here is the rewriting;:

The coprojection Y; — Y being a monomorphism, so is Y;(G) — Y(G). As
small filtrant inductive limits are exact in Set (Proposition 3.3.7 (iv) p. 83 of the
book), S := colim; Y;(G) — Y (G) is also a monomorphism.

11.2.4 Proposition 9.3.2 (p. 224)

Proposition 214 (Proposition 9.3.2 p. 224). Let C be a category satisfying Con-
ditions (9.3.1) of the book, conditions stated in Section |11.2.1] p. above. If w

s an infinite reqular cardinal, if A is in C, and if
card(A(G)) <7, card (G™9(@)) <,

then A is in Cy.
Here is a rewriting of the proof with a few more details:

Proof of Proposition [21]).

e Step 1. Note that Set > S +— G“9 € C is a well-defined covariant functor. Also
note that card(G"(G)) < 7 for any S C A(G). Indeed, there are maps

S — AG)— S
whose composition is the identity. Hence, the composition
GYS(@) — G 9(@) = GY3 (@)

is the identity.

e Step 2. Let I be a small w-filtrant category, let (X;);c; be an inductive system in
C, and let X be its inductive limit. Claim below will imply Proposition 214]

Claim 215. The map

Aa CQliIIn Home (A, X;) — Home(A, X).
1€

is bijective.

Claim 216. The map A4 is injective.
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Proof of Claim [216] (We shall only use card(A(G)) < w.) Suppose that f,g: A=

X, have same image in Hom¢(A, X). This just means that the two compositions
coincide. We must show that f and g have already same image in

colim Home (A, X;),

iel

that is, we must show that there is a morphism s; : i9 — ¢; in I such that the two
compositions A = X;, — X;, coincide. For each s : ¢y — i, set

N, .= Ker(A =2 X;).

By Corollary 3.2.3 (i) p. 79 of the book, I is filtrant and the forgetful functor
I'™ — I is cofinal. One of our assumption, namely Condition (9.3.1) (iii) in
Section [I1.2.1] p. [122] says that small filtrant inductive limits are exact in C. In
particular, colim,ci, is exact in C, and we get

colim N ~ Ker (A = colim Xi) ~ Ker(A = X) ~ A

selio sel*o

As card(A(G)) < 7 by assumption, Lemma p. implies that there is a
morphism s; : 79 — 41 in I such that N, — A is an epimorphism. Hence, the
two compositions A = X,;, — X, coincide, as was to be shown. This proves
Claim 216 O

It only remains, in order to prove Proposition[214] to check that A4 is surjective.
Let f: A — X be a morphism. Claim below will imply the surjectivity of A4,
and thus the truth of Proposition [214]

Claim 217. There is a morphism g : A — X such that p;og = f, wherep; : X; = X
is the coprojection.

e Step 3. Consider the following conditions:

(a) the diagram of solid arrows

B ----- » A
| lf
+

Xio p—m> X

can be completed to a commutative diagram as indicated (the morphism B — A
being an epimorphism),
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(b) the diagram of solid arrows

C---2-» A

o) lf (101)
\l/

Xzo p—ZO> X

can be completed to a commutative diagram as indicated, with card(C(G)) < w
(the morphism C' — A being an epimorphism).

We shall show that (a) holds, that (a) implies (b), and that (b) implies Claim
217 and thus Proposition [214] p. {124]

e Step 4: (a) holds. For each i in I define Y; := A xx X;. As colim; is exact in
C, we have colim; Y; ~ A. As card(A(G)) < 7, Lemma 9.3.1 p. 224 of the book
(stated above as Lemma p. implies that there is an iy in [ such that
B :=Y,, = Ais an epimorphism.

e Step 5: (a) implies (b). Assuming (a), we build the commutative square

B—— A

| I (102)

Xio P—zo> X,

and we put S := Im(B(G) — A(G)) C A(G) and C := G“?, so that we have maps
B(G) — S — A(G). By Step 1 this implies card(C(G)) < w. The vertical arrows
of the commutative diagram

GUB(G) s O y GUAG)
(103)
| |
B S

being epimorphisms by Proposition 5.2.3 (iv) p. 118 of the book, so is C' — A.
From the commutative diagram

S S
| |

S —— B(G) — S,

we get, by Step 1, the commutative diagram

C C
| | oy

C —— GUBG) — (.
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Splicing (102), (103), and (T04) gives
C C

This proves (b).
e Step 6: (b) implies Claim p.[125], and thus Proposition[214]p.[124] Assuming

(b), form the cartesian square

|

Q+—"
=4 Q

"

Epimorphisms in C being strict, the sequence P = C' % A is exact. As
P(G) < card(C(G))? < ,

Claim [216] implies that the natural map

Ap chiIm Home¢ (P, X;) — Home (P, X)
1€
is injective. Consider the commutative diagram

P_—XC—"— A

L

X;, — X.
Pig

As \p is injective, and as the compositions P = C' 5 Xio o, X are equal, there is

a morphism s : 4y — ¢ such that the compositions P = C' 5 Xio RN X, are equal.
The exactness of P = C' % A implies the existence of a morphism ¢ : A — X;
such that

Xsox=goa. (105)
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Proof of Claim[217. Tt suffices to show that the above morphism ¢ satisfies f =
pi o g. Consider the diagram

P_—=xC 2 » A
X; > X

0 XS

pi H
s X.

t0 Dig

We have

fea=pijox by (101) p. [126

:pioXsCW?

=piogoa by (105) p. [127

As a is an epimorphism, this forces f = p; o g, and the proof of Claim is
complete. n

As already indicated, Claim implies Proposition p. [124] O

11.2.5 Definition of two infinite regular cardinals

(See (9.3.4) p. 226 of the book. We shall modify slightly the definition of 7;.) Let
C be a category satisfying Conditions (9.3.1) in Section [11.2.1] p. above. Let
7o be an infinite regular cardinal such that

card (G(G)) < m, card (G"99(@)) < .

Now choose a cardinal m; > g such that we have for all set A with card(A) < mo:
card (GH4(@)) < m,
if X is a quotient of G4, then card (X(G)) < m.

(Since the set of quotients of GU4 is small by Proposition 5.2.9 p. 121 of the book,
such a cardinal m; exists.) In the sequel of Section we assume

Condition 218. Conditions (i)—(v) of Section [11.2.1] p. hold; m and 7 are as

above; and 7 is the successor of 2™.
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The cardinals m and 7, satisfy

(a) m and 7 are infinite regular cardinals,
(b) G is in Cgy,

(c) '™ < 7 for any ' <,

(d) if X is a quotient of G"* with card(A) < 7, then card (X(G)) <,
(e) if A is a set with card(A) < m, then card (G"4(G)) < .

Condition (a) holds because 7 is infinite regular by assumption, and m is infinite
regular by Statement (iv) p. 217 of the book. Condition (b) holds by Proposition
p.[124 Condition (c) is proved as follows: if 7’ < 7, then 7’ < 2™ and

AT < (2T = 2T — 9™ < .

Conditions (d) and (e) are clear.

11.2.6 Lemma 9.3.3 (p. 226)

We state Lemma 9.3.3 for the reader’s convenience:

Lemma 219 (Lemma 9.3.3 p. 226). If Condition[218 holds, if A is a set of cardinal
<, and if X is a quotient of GY4, then card(X(Q)) < 7.

The beginning of the proof of Lemma 9.3.3 in the book uses implicitly the
following two lemmas, which we prove for the sake of completeness.

Lemma 220. If A and 7 are as above, and if I := {B C A| card(B) < 7}, then
we have card(I) < .

Lemma 221. If « is a cardinal, then the cardinal of the set of those cardinals 8
such that § < « does not exceed o.

Proof of Lemma[22] Recall that a subset S of an ordered set X is a segment if
x < s € S with z € X implies x € S. In particular X_, (obvious notation) is a
segment of X for any = in X. We take for granted the following well-known facts:

e every set can be well-ordered,

e if T is a set of two non-isomorphic well-ordered sets, then there is a unique triple
(W1, Ws, S) such that T = {W;, W)} and S is a proper segment of W5 isomorphic
to Wl,
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o if IV is a well-ordered set, then the assignment w — W_,, is an isomorphism of
well-ordered sets from W onto the set of proper segments of W.

Let A be a well-ordered set of cardinal «, and, for each cardinal g with § < a,
let B be a well-ordered set of cardinal 5. Then B is isomorphic to A, for a unique
a in A, and the map [ +— a is injective. n

Proof of Lemma[220. Putting « := card(A) we have
Q iy
card(I) = Z (w’) < Z a™ <,
! <o ! <o

the last inequality following from Lemma [221] (c), and (a). O

11.2.7 Theorem 9.3.4 (p. 227)

Theorem 222 (Theorem 9.3.4 p. 227). Assume Condition . holds and
let X be an object of C. Then we have

X €C, & card(X(G)) < .

Proof of Theorem [223

=: We prove this implication as in the book. For the reader’s convenience we
reproduce the argument: Set [ := {A C X(G) | card(A) < 7}. By Example 9.2.4
p- 218 of the book, I is w-filtrant. We get the morphisms

G - GHX©E) 4 x

for Ain I, and

colim GW4 =y GVX(@) 4 x|
AET

Then we see that G"X(@) — X is an epimorphism by Proposition 5.2.3 (iv) p. 118
of the book, that G"4 — X is an epimorphism for some A in I by Lemma

p. and that card(X(G)) < 7 by Lemma p. [129]
<: In view of Proposition p. [124] it suffices to prove
card (G**9(@)) < . (106)
To verify this inequality, we argue as in the proof of Lemma 9.3.3 p. 226 of
the book (stated on p. above as Lemma [219)). (Conditions (b), (c), and (e)
referred to below are stated in Section [11.2.5] p. [128])
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Let I be the ordered set of all the subsets of X (G) whose cardinal is < 7.
Then [ is mp-filtrant by Example 9.2.4 p. 218 of the book, and we have

GHX () ~ colim GHB.
Bel

As G is mp-accessible by (b), we get
GYX (@) ~ colim GB(@).

Bel
By Lemma [220] p. we have card(I) < . Since card(G"2(G)) < 7 for all B in
I by (e), this implies ((106)). O

11.2.8 Brief Comments

« P. 227, Corollary 9.3.5. In the proof of (i) we use Propositions 5.2.3 (iv) p. 118
and 5.2.9 p. 121 of the book. As already pointed out, in the proof of (iv), C should
be C,.

x P. 228, Corollary 9.3.6. As already pointed out, lim in the statement should be

—
o.. As for the proof, Conditions (i), (ii), and (iii) of Proposition 9.2.19 p. 223 of
the book follow respectively from (9.3.1) (i) (see (i) at the beginning of Section[11.2)
p. [121)), (9.3.4) (b) (see (b) right after Condition p. [128)), and Corollary 9.3.5
(i) p. 227 of the book.

« P. 228, Corollary 9.3.7. As {card(X(G))| X € S} is a small set of cardinals, we
may assume in Condition p. that we have 7 > card(X(G)) for all X in S,

and apply Theorem p. [130

x P. 228, Corollary 9.3.8. The proof uses implicitly Proposition 5.2.3 (iv) p. 118
of the book and Example 9.2.4 p. 218 of the book.

11.3 Quasi-Terminal Object Theorem

Recall the following result:

Theorem 223 (Zorn’s Lemma). If X is an ordered set such that each well-ordered
subset of X has an upper bound, then X has a mazimal element.

The purpose of this section is to prove a common generalization of Theorem [223
above and of Theorem 9.4.2 p. 229 of the book, stated below as Theorem 225 We
start with a reminder:
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Definition 224 (Definition 9.4.1 p. 228, quasi-terminal object). An object X of
a category C is quasi-terminal iof any morphism u : X — Y admits a left inverse.

Theorem 225 (Theorem 9.4.2 p. 229). Any essentially small nonempty category
admitting small filtrant inductive limits has a quasi-terminal object.

Here is a weakening of the notion of inductive limit:

Definition 226 (small well-ordered upper bounds). Let I be a nonempty well-
ordered small set and o : I — C a functor. An upper bound for a is a morphism
of functors a : o« — A(X). (As usual, A(X) is the functor with constant value
X.) If C has the property that any such functor admits some upper bound, we say
that C admits small well-ordered upper bounds.

Definition 227 (special well-ordered small set). Let C be a category. A nonempty
well-ordered small set I is C-special if it has no largest element and if, for any
functor o : I — C, there is some upper bound (a; : «(i) — X);er and some
element i in I such that a;, is an epimorphism.

Our goal is to prove:

Theorem 228 (Quasi-Terminal Object Theorem). If C is a nonempty essentially
small category C admitting small well-ordered upper bounds and a C-special well-
ordered set, then C has a quasi-terminal object.

Theorem [228] clearly implies Zorn’s Lemma (Theorem [223)). Lemma [234] below
will show that Theorem 225 follows also from Theorem 228 Theorem 225 will be
used in the book to prove Theorem 9.5.5 p. 233.

The proof of Theorem is essentially the same as the proof of Theorem [225
given in the book. For the reader’s convenience, we spell out the details.

Lemma 229. IfC is a nonempty small category admitting small well-ordered upper
bounds, then there is an X in C such that, for all morphism X — Y, there is a
morphism Y — X.

Proof. Let F be the set of well-ordered subcategories of C. For I and J in F we
decree that I < J if and only if I is an initial segment of J. This order is clearly
inductive. Let S be a maximal element of F. As § is small, it admits an upper
bound (ag: S = X)gses-

We shall prove that X satisfies the conditions in the statement. Let u : X — Y
be a morphism in C.
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(i) The object Y is in S. Otherwise, we can form the well-ordered subcategory S
of C by appending the element Y to § and making it the largest element of S , the
morphism S — Y being v oag. We have S € F and § < &, contradicting the
maximality of S.

(ii) As YV is in S, there is a morphism Y — X, namely ay. ]

Definition 230 (Property (P)). We say that a morphism a : A — B in a given
category has Property (P) if for any morphism b : B — C' there is a morphism
c¢:C — B satisfying coboa = a.

Lemma 231 (Sublemma 9.4.4 p. 229). If C is a small nonempty category admit-
ting small well-ordered upper bounds, and if X is an object of C, then there is a
morphism f: X — Y having Property (P).

Proof. The category C¥ is again nonempty, small, and admits small well-ordered
upper bounds, so that Lemma applies to it. Let f: X — Y be to C* what X
is to C in Lemma Then it is easy to see that f has Property (P). O

We recall the notion of construction by transfinite induction.

Theorem 232 (Construction by Transfinite Induction). Let U be a universe, let
F:U — U be a map, and let I be a well-ordered U-set. Then there is a unique
pair (S, f) such that S is a set, f: I — S is a surjection, and we have

fli) = F(f(5)j<i)
for alli in I, where f(j);<; is viewed as a family of elements of {f(j)|j € 1,j < i}
indexed by {j € I'|j <i}. (In particular, S is a U-set.)

Proof. Uniqueness: Assume that (5, f) and (7, g) have the indicated properties.
It suffices to prove f(i) = ¢(i) for all ¢ in I. Suppose this is false, and let i be the
least element of I such that f(i) # g(i). We have

f(@) = F(f(5)j<i) = F(9(d)j<i) = 9(i),
a contradiction.

Existence: Recall that a subset J of I is called a segment it I 31 < j € J
implies ¢ € J. Let Z be the set of all triples (J, Sy, f;), where J is a segment of I,
where f : J — S, is a surjection, and where we have f;(j) = F(f;(k)r<;) for all
j in J. Decree that

Z 3 (J75J7fJ) S (K7SK7fK) €Z
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if and only if J is a segment of K. By the uniqueness part, (Z, <) is inductive.
Let (J, Sy, f7) be a maximal element of Z. It suffices to assume that J is a proper
segment of I and to derive a contradiction. Let k£ be the minimum of 7\ J, put

K :=JUlk), fx(j):=f0G)Vjed

fr(k) = F(fx(j)j<k), Sk :=S5U{fx(k)}.
Then (K, Sk, fx) contradicts the maximality if (J, .Sy, f;). ]

Proof of the Quasi-Terminal Object Theorem (Theorem p.[139). Let C be as
in the statement. We assume (as we may) that C is small. Let us choose a C-special
well-ordered set I, and let us define an inductive system (X;);c; by transfinite
induction as follows: For the least element 0 of I we choose an arbitrary object
Xo of C. Let i > 0 and assume that X; and u;, : X}, — X have been constructed
for k < j <.
(a) If i« = j + 1 for some j, take u;; : X; — X; with Property (P), and put
Uik i= U5 © uj for any k < j.
(b) If i = sup{j|j < i}, let (a; : X; = X;);<; be some upper bound for (X;);<;
and put u;; = a;.

(Recall that, by Definition p. (133 the condition “w;; : X; — X; has

Property (P)” means that for any morphism b : X; — C there is a morphism
c: C — X, satisfying cobou;; = u;;. Recall also that such a u;; exists by

Lemma p. [133])

Then (X;);er is indeed an inductive system in C. As [ is C-special, there is
an upper bound (b; : X; — X);er for (X;)ier, and there is an iy in I such that
bi, : X;, — X is an epimorphism.

We claim that X is quasi-terminal. Let v : X — Y be a morphism. It suffices
to prove the claim below:

Claim 233. There is a morphism v : Y — X such that v o u = idx.
Consider the morphisms

Uig+1,ig uob;y+1

Xi Xigt1 Y.

0
As w; 11,4, has Property (P), there is a morphism w : Y — X 4, satisfying

WO U O bigy1 O Uigt1iy = Uig+1,ig- (107)
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Put
vi=bjrow:Y = X. (108)

It suffices to show that v satisfies the equality v o v = idy in Claim p. [134
We have

vouob;, =bjy10owouob, by ([108)

= bi0+1 cwouo bi0+1 O Uiy+1,ig

= big—i—l O uio—i-l,io by "
=b

= ldX Obio-

10

As b;, is an epimorphism, this implies v o u = idx, proving Claim p. and
thus the Quasi-Terminal Object Theorem (Theorem p. |132)). O

Here is a diagrammatic illustration of the above computation:

bi,
X, » X —— Y - > X
X; >y X » Y > X; — X
W0 Uigt1,ih i0+1 bi0+1, TR w t0+1 big+1
. \ .
X, g Lig > Xigt1 m X
Xio > X.

bi,

For the reader’s convenience we state and prove Sublemma 9.4.5 p. 229 of the

book.

Lemma 234 (Sublemma 9.4.5 p. 229). If C is a small nonempty category admit-
ting small filtrant inductive limits, iof ™ is an infinite reqular cardinal such that
card(Mor(C)) < m, if I is a w-filtrant small category, and if (X;)er is an induc-
tive system in C indexed by I, then there is an ig in I such that the coprojection
X, — colim; X; is an epimorphism.

Proof. Set X := colim; X; and let a; : X; — X be the coprojection. For any Y in

C let
by : Home (Y, X;) — colim Home (Y, X;)
J
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be the coprojection, let F'(Y) be the image of the natural map
colim Home (Y, X;) — Home (Y, X),
j

and define ¢¥ by the commutative diagram

colim; Home (Y, X;) —2 F(Y) —— Home(Y, X)

bY
¢ T %io

Home (Y, X;).

Claim: There is an i in I such that ¢} := a;,0 : Home(Y, X;,) — F(Y) is
surjective for all Y in C.

As card(Home (Y, X)) < 7, we have F(Y') € Set, by Corollary 9.2.12 p. 221
of the book. By Lemma 9.3.1 p. 224 of the book (stated above as Lemma m
p. [123)), there is an iy in I such that

a;0: Home(Y, X, ) = F(Y)

is surjective. As card({iy |Y € Ob(C)}) < m and I is w-filtrant, there is an 4o in [
such that, for any Y in C, there is a morphism iy — ig. This implies the claim.

Let i be in I. In particular, a; = ¢;" (idy,) is in F(X;). As
@fgi = a;,0 : Home (X, X)) — F(X;)
is surjective by the claim, there is a morphism h; : X; — X, such that a;,oh; = a;.

Let us show that a;, : X;, — X is an epimorphism. Let fi, fo : X =Y be a
pair of parallel arrows such that f; oa;, = f»0a,,. Then, for any 7 in I, we have

floai:floal-oohi:fgoaioohi:fgoai.

This implies f; = fs. m

We give again a diagrammatic illustration of the above computation:

X, o , x Iy
H
X, iy ox, Mo, x Ny
|
X, i x, M x Ly
|
X o > X o Y.
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11.4 Lemma 9.5.3 (p. 231)

We give more details about the proof, but first let us recall the setting:
Let C be a U-category, let Cy be a subcategory of C, and assume

(9.5.2) (i) Cp admits small filtrant inductive limits and C; — C commutes with
them.

(9.5.2) (ii) Any diagram of solid arrows

(109)

with u in Mor(Cy) and f in Mor(C), can be completed to a commutative diagram
with dashed arrows «’' in Mor(Cy) and g in Mor(C).

Lemma 235 (Lemma 9.5.3 p. 231). If X' is in Co, if I is a small set, and if
(wi : Xi = Yi)ier,  (fi: Xi = X)ier

are families of morphisms in Cy and C respectively, then there is a morphism u’ in
Co and a family (g;)ie; of morphisms in C such that g; o u; = u’ o f; for all i:

Proof. We assume, as we may, that I is nonempty, well-ordered, and admits a
maximum m. Let 0 be the least element of I. We shall complete the following
Task (7;) by transfinite induction on ¢ € I (see Theorem p. |133)):

[Beginning of the description of Task (7;).] Construct, for each j < i in I, a

commutative diagram
u;

X; > Y

|
fgi 1R
+

/ / /
X R Y., T Y/,
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with vj, w; in Mor(Cp), and construct, for each (¢,7,k) in I° with ¢ > j > k, a

commutative diagram

Vj . w; .
X Uy My
e
X’ T Y., T Y,
with pj, in Mor(Cp), in such a way that we have
pijowjopjr =pir ¥V i>7>Fk, (110)
(111)

Wy = idyol .

Here is a diagrammatic illustration of ((110)):

/ /
Y<z’ Y<i

[End of the description of Task (7;).|
[Beginning of the accomplishment of Task (7;) for all i.] To handle Task (7j), we
define Yj, vo, and ho by (9.5.2) (ii):

Xo —2 5 Yy
I

fol | ho
\V

X - » Yy,

and we define Y, and wy by the commutative diagram

u
XQ 0 )Yb

A Jr

D A
X/

> Y

/
vo 0 id

> Y.
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Let i in [ satisfy ¢ > 0, and let us tackle Task (T7;).

We assume (as we may) that Task (7)) has already been achieved for j < i,

i.e. that the Y2, Y/ hj,vj,w; have already been constructed for j < i, that the

pjr have already been constructed for k < j < ¢, and that all these morphisms
satisfy the required conditions.

It suffices to define Y., Y/, h;,v;, w;, and p;; for j < i, in such a way that the

<ir T
required conditions are still satisfied.

For k < j < we define uj, : Y — Y] by
Ujk = Wj O Pjk- (112)
By we have w;i, o ugy = ujp for all ¢ < k < j < 4. In particular,
(Y])j<: is an inductive system in Cy. (113)

We denote its limit (which exists in Cy thanks to (9.5.2) (i)) by Y.,, and we write
pij for the coprojection Y/ — Y, We also put

V; = Do © Vo, (114)

and we define
YL Y] Y,

by (9.5.2) (ii):
X; ——= Y,

viofzi ih,-
\|/
Vi - Y,
so that we have
hiO’U,i :in'UZ'OfZ'. (115)
We must check
Pik O Wi oV = v; V k <4, (116)
Dij o w; o pjr =pi ¥V k< j <. (117)

To prove , first note that we have
Uk = Pko © Wo © Vg
by induction hypothesis, wy = idyy by , and thus
U, = Pko © Vgp. <118)
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We get

Dik © Wi © Vg = Pik © WE © Pro © Vo by "
= Pio © o by (L10)
= by (114).

This proves (116]). We have

Dij © W; O Pji = Pij © Ujk by (112)
= Dik by (113]).

This proves (117]).

Task (7;) has been performed for the specific ¢ we have been considering, and
thus Task (7;) has been completed for all 7 in I. [End of the accomplishment of
Task (7;) for all .|

In particular Task (7},), where, remember, m is the maximum of 7, has also
been achieved. Putting Y’ :=Y, and

Gi = Umi o h; Vi <m, (119)
Gm = hp, (120)
U = Wy, © Uy, (121)

we get

Gi © Ui = Up; © hy oy by
= Uyp; O W; O V; O f; by
= Wy © Ppni © W; O V; O f; by
= Wy 0V 0 by (I16)
=u'o f; by

for + < m, and

gmoum:hmoum by "
= W O U © fm by "
—ofy by (I20).

140



11.5 Theorems 9.5.4 and 9.5.5 (pp 232-234) 11 ABOUT CHAPTER 9

11.5 Theorems 9.5.4 and 9.5.5 (pp 232-234)
The purpose of this section is to give a combined statement of Theorems 9.5.4 and
9.5.5.

Let C be a U-category, let F C Cy be subcategories of C such that F is essen-
tially small (see Remark below), let m be an infinite cardinal such that X is
in C, for any X — Z in F, and assume

(9.5.2) (i) Cp admits small filtrant inductive limits and Cy — C commutes with
them;

(9.5.2) (ii) any diagram of solid arrows

X 25y
fl Y
X' -+ > Y/,

with u in Mor(Cy) and f in Mor(C), can be completed as indicated to a commuta-
tive diagram with dashed arrows u’' in Mor(Cy) and g in Mor(C);

(9.5.6) for any X in Cy, the category (Cp)x is essentially small;

(9.5.7) any cartesian square

x Ly

X T>Y

in C with f, f’ in Mor(Cy) decomposes into a commutative diagram

x Ly
X —— 7 h>Y

such that the square (X',)Y’, Z X) is cocartesian, g and h are in Mor(Cp), and
f=hoy;
(9.5.8) if a morphism f : X — Y in Cp is such that any cartesian square of solid

alrrTows
U—=-V

//
ul f/, lv
v
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can be completed as indicated to a commutative diagram in C with the dashed
arrow &, then f is an isomorphism.

Theorem 236. If the above conditions hold, then, for any X in Cy, there is a
Mor(Cy)-injective object Y of C, and morphism f : X — Y in Cy. If (9.5.2)
holds, but (9.5.6), (9.5.7), and (9.5.8) do not necessarily hold, then there is an
F-injective object Y of C, and morphism f: X — Y in Cy.

Remark 237. In the book F is supposed to be small, but the proof clearly works
if F is essentially small. (See §240| below.)

11.6 Brief Comments
§ 238. P. 235, Theorem 9.6.1. In view of the comments made before Corollary
p- Theorem 9.6.1 could be stated as follows:

Theorem 239 (Theorem 9.6.1 p. 235). Let C be a Grothendieck category. Then,
for any small subset E of Ob(C), there exists an infinite cardinal w such that

) Ob(C,) contains E,

ii) Cr is a fully abelian subcategory of C,

iv) C. contains a generator of C,

(i

(

(iii) C, is essentially small,

(

(v) Cyr is closed by subobjects and quotients in C,
(

vi) for any epimorphism f: X — Y in C with Y in C,, there exists Z in C, and
a monomorphism g : Z — X such that fog:Z — Y is an epimorphism,

(vii) C, is closed by countable direct sums.
§ 240. P. 236, proof of Theorem 9.6.2.

Line 3: One could change “Let F be the set of monomorphisms N — G.
This is a small set by Corollary 8.3.26” to “Let F be the set of monomorphisms
N — G. This is an essentially small subcategory by Corollary 8.3.26”. In view of
Remark 237, we can still apply Theorem 9.5.4.

Line 6: Condition (9.5.2) (i) (see Section [I1.5]p. [141)) follows from

Lemma 241. Let C be a category. Assume that small filtrant inductive limits exist
i C and are exact. Let o : I — C be a functor such that I is small and filtrant,
and a(s) : a(i) = a(j) is a monomorphism for all morphism s :i — j in I. Then
the coprojection p; : a(i) — colim « is a monomorphism.
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Proof. By Corollary 3.2.3 p. 79 of the book, I* is filtrant and the forgetful functor
@ : I' — I is cofinal. Define the morphism of functors

0 € Homi (A(a(i)), v 0 )
(A being the diagonal functor) by
0(5:1'—)]') = (Q(S) : O'/(Z) — Oé(j))

As 6 is a monomorphism, Proposition p. [63]implies that colim @ is also a mono-
morphism. Then the conclusion follows from the commutativity of the diagram

colim A(a(i)) =18 5 colim(a o @)

Nl lN
a(i) - > colim av.

]

§ 242. Pp 237-239. For the reader’s convenience we first reproduce (with minor
changes) two corollaries with their proof.

Corollary 243 (Corollary 9.6.5 p. 237). If C is a small abelian category, then
Ind(C) admits an injective cogenerator.
Proof. Apply Theorem 8.6.5 (vi) p. 194 and Theorem 9.6.3 p. 236 of the book. [J

Corollary 244 (Corollary 9.6.6 p. 237). Let C be a Grothendieck category. Denote
by I the full additive subcategory of C consisting of injective objects, and by ¢ :
Z — C the inclusion functor. Then there exist a (not necessarily additive) functor
U : C — Z and a morphism of functors ide — ¢ oV such that X — V(X) is a
monomorphism for any X in C.

Proof. The category C admits an injective cogenerator K by Theorem 9.6.3 p. 236
of the book, and admits small products by Proposition 8.3.27 p. 186 of the book.
Consider the (non additive) functor

U:C—7I, X KHome(XK)
The identity of
Homge (Home (X, K), Home (X, K)) ~ Home (X, KHome(XK))

defines a morphism X — (¥ (X)) = KHome(X.K) " and this morphism is a mono-
morphism by Proposition 5.2.3 (iv) p. 118 of the book. O
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We now add three parenthetical points:

The first sentence of the proof of Lemma 9.6.8 p. 238 of the book follows from
Proposition 5.2.3 (iv) p. 118 of the book.

The third sentence of the proof of Lemma 9.6.9 p. 238 of the book follows from
Proposition 5.2.3 (i) p. 118 of the book.

In the proof of Theorem 9.6.10 p. 238 of the book, the exactness of C — Pro(C)
follows from Theorem 8.6.5 (ii) p. 194 of the book.

12 About Chapter 10

12.1 Definition of a Triangulated Category

The purpose of this Section is to spell out the observation made by J. P. May that,
in the definition of a triangulated category, Axiom TR4 of the book (p. 243) follows
from the other axioms. See Section 1 of The axioms for triangulated categories by
J. P. May:

http://www.math.uchicago.edu/~may/MISC/Triangulate.pdf

Various related links are given in the document http://goo.gl/df2Xw.

To make things as clear as possible, we remove TR4 from the definition of a
triangulated category, and prove that any triangulated category satisfies TR4:

Definition 245 (triangulated category). A triangulated category is an additive
category (D, T') with translation endowed with a set of triangles satisfying Azioms

TRO, TR1, TR2, TR3, and TR5 on p. 243 of the book.

Let (D, T) be a triangulated category. In the book the theorem below is stated
as Exercise 10.6 p. 266 and is used at the top of p. 251 within the proof of Theorem
10.2.3 p. 249.
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Theorem 246. Let

! i Tf
Yo > Y1 » Y2 » TYO
g i Tg
<+ <+ <+ <+
Z0 - y L1 e » 22 -3 » TZ°
h i ~Th

be a diagram of solid arrows in D. Assume that the first two rows and columns are
distinguished triangles, and the top left square commuteﬂ. Then the dotted arrows
may be completed in order that the bottom right small square anti-commutes, the
eight other small squares commute, and all rows and columns are distinguished
triangles.

Corollary 247. Any category which is triangulated in the sense of Definition[245
satisfies TR4.

Recall Axiom TR5: If the diagram

U s V s W/ s TU
1% s W s U’ s TV
U s W s V! s TU

commutes, and if the rows are distinguished triangles, then there is a distinguished
triangle W’ — V' — U’ — TW’ such that the diagram

U > V > W' > TU
[ H
U > W > V'’ > TU
I
V > W > > TV

RN

w’ s V! 3 s TW'

T think the assumption that the top left square commutes is implicit in the book.
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commutes.

Proof of Theorem [246. From

X0 » X1 » X2 s TXO
i

y 71 — 5 T X!

Yl
ﬁl

where the last row is obtained by TR2, we get by TRb5

X° s W s TXY,

X0 > X1 y X2 —— TXO°

I H

X0 y Y1 > W —4— TXO

I (12
X! s Y1 s 71 s TX!

[

X2 — W » 7' —— TX2

b

From
X0 > YO s 70 y TXO
Yo s Y1 s Y2 — - TY?O
X0 s Yl s W s TXO,

we get by TRS
X0 > Y0 A y TXO

L L 123

Yo > Y1 > Y2 » TY?O
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From

709 < s W y Y2 s T 70

¢, rx2 I Ty

(=
2\

Zl
A y 71 y 72 £ 170

where the second row is obtained from X2 % W % 7' 5 TX? in (122) by TR3
and TRO, and

the last row is obtained by TR2, (124)
we get by TR5
Z° > W > Y2 > TZ°
I
Z0 y 2! > 27 > TZ°

L A (125

/AN SN ) ‘e S LN ol 7

LD |

2 2 \ 2 5 2
Y2 —— 72 —— TX? — TY?,

~

~

where . .
X2 5 y? 2 72 5 7X? g a distinguished triangle. (126)

We want to prove that the bottom right small square of

-

X0ty Xy X2 TXO

f i Tf

Yo > Y1 » Y2 — 5 TY?

g i Tg (127)
20 S 21 > 52 N T\éo

h k —Th

TXO T TX! T) TX? f—T’w> T2 X0

anti-commutes, that the eight other small squares commute, and that all rows and
columns are distinguished triangles.
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We list the nine small squares of each of the diagrams (122)), (123)), (125)), (127)
as follows:

1 2 3

4 5 6

789

and we denote the j-th small square of Diagram (z) by (7).

The commutativity of (122)2 and (123)5 implies that of (127)2.
The commutativity of 3 and 6 implies that of 3.
The commutativity of 7 and 1 implies that of 4.
The commutativity of 8 and 2 implies that of 5.
The commutativity of 9 and 3 implies that of 6.
The commutativity of 3 and 6 implies that of 7.
The commutativity of 9 and 8 implies that of 8.

To prove the anti-commutativity of the bottom right small square of ((127)),
note

Thol=TdoTeol by (123
= -TdoTaok by ([125))
=-—-Twok by (122]).

The third row and column are distinguished triangles by (124) and ((126)) re-
spectively. It is easy to check that the other rows and columns are distinguished
triangles too. O

12.2 Brief Comments

§ 248. P. 250, proof of Theorem 10.2.3 (iii). In view of Corollary p. [145] it is
not necessary to prove TRA4.

§ 249. P. 253, Definition 10.3.1. One of the key ingredients justifying the second
sentence is Display p.

§ 250. P. 263, last sentence of the proof of Lemma 10.5.8. Consider the commu-
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tative diagram

Z;) — @ip(Ys) — @i 9(X;) —— 0

B ( i
i ( (Vi) — o(@ Xi) — 0,
whose rows are complexes. We already know that the bottom row is exact. The

exactness of the top row follows (as in the proof of Lemma 10.5.7 (ii) p. 261 of the
book) from the isomorphisms

Coker(®; p(Zi) = @i p(Yi)) = ®; Coker(p(Z;) = ¢(Yi)) = @ p(Xy).

§ 251. P. 263, proof of Lemma 10.5.9. Before the sentence “Since 7, and X,
belong to K, X, ;1 also belongs to K”, one could add “We may, and do, assume
that K is saturated”.

Recall the Yoneda isomorphisms
Homgn,proa ((X), Hy) =~ H(X) ~ Hompn (X, H)

for X in S.
Note that Convention p.[97 can be applied.

12.3 Exercise 10.11 (p. 266)

Recall the statement:

(i) Let N be a null system in a triangulated category D, let @ : D — D/N be the
localization functor, and let f : X — Y be a morphism in D satisfying Q(f) = 0.
Then f factors through some object of A.

(ii) The following conditions on X in D are equivalent:

(a) Q(X)~0, (b) XY eNforsomeY €D, (c) X®TX ecN.

Proof.

(i) The definition of D/N and the assumption Q(f) = 0 imply the existence of a
morphism s : Y — Z in NQ such that so f =0 (see (7.1.5) p. 155 of the book),
and thus, in view of the definition of N'Q (see (10.2.1) p. 249 of the book), the
existence of a d.t. W — Y — Z — TW with W in N, and the conclusion follows
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from the fact that Homp (X, ) is cohomological (see Proposition 10.1.13 p. 245 of
the book).

(i)
(a)=(b): As Q(idx) = 0, the first part of the exercise implies that idx factors as
X % 7 % X with Z in M. By TR2 there is a d.t.

xLzhyhrx

Since go f = idy, the morphism f is a monomorphism, and sois T f. AsT fok =0
by Proposition 10.1.11 p. 245 of the book, this implies £k = 0. Hence we have a
morphism of d.t.

f

X » 7 —l vy 2 TX
H fon ]

X — XY > Y TX

(the bottom is a d.t. by Corollary 10.1.20 (ii) p. 248 of the book) and Proposition
10.1.15 p. 246 of the book implies that (g, h) is an isomorphism.

(b)=(c): Let Ay,..., A5 be the triangles

X s 0 s TX ———TX
Y - s Y s 0 s TY
XY > Y sTX ——TXOTY

0 > X s X > 0

XY — XY — XpTX — TXPTY,

with Az := A1 ® Ay and Ay := A3 Ay, It is easy to see that A, Ay, and Ay are
distinguished. Then Az and Ay are distinguished by Proposition 10.1.19 p. 247 of
the book, and, as X @Y is in A/, Condition N’3 of Lemma 10.2.1 (b) p. 249 of the
book implies that X @ T'X is in N.

(c)=(a): Follows from Theorem 10.2.3 (iv) p. 249 of the book. O
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§ 252. P. 270. Recall that (A, T) is an additive category with translation. Let
(dxi: Xi = TX;)ier (128)

be an inductive system in A;. Assume that X := colim; X; exists in A. Then
the natural morphism colim; dy; : X — T'X is an inductive limit of in Ay.
There are analogous statements with “projective” instead of “inductive” and A.
instead of A,.

§ 253. P. 270, Definition 11.1.3. Here is a “picture” of the mapping cone of

f: X—=Y:
TXx ) ey
o T(f) o
Y — TY.
§ 254. P. 271, Remark 11.1.5. We have:
dTQX 0 dT2X 0
dnie(r()) = , o drove(p) = :
T*(f) dry —T(f) dry

and

-1 0
T(Mc(f)=T’X®TY M T°X o TY = Mc(T(f))

is a differential isomorphism.

13.1 Theorem 11.2.6 (p 273)

Here is a minor comment about the verification of Axiom TR5 in the proof of
Theorem 11.2.6. We stated Axiom TR5 right after Corollary p. above.

For the reader’s convenience we restate it.
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If the diagram
U > V >y W/ > TU

v

%% s U’ s TV
U s W s V7 s TU

commutes, and if the rows are distinguished triangles, then there is a distinguished
triangle W’ — V' — U’ — TW' such that the diagram below commutes:

~

U > V > W’ > TU
Il H
U > W >V’ > TU
I
V > W > U’ > TV
[ |
w’ > V7’ > U’ > TW'.

Going back to the proof of TR5 on p. 275, we consider the diagram

a(f) B(f)

x .y s TX @Y TX
Yy —2 7Y cryez 29 1y
X e s 7 (o) e TX@Z WTX
The goal of the proof is then to construct a commutative diagram
X Iy Y srxey LY L rx
H Js [ H
X of 7 algef) TX @7 B(gof) TX
1w
Y 9,z ryez Y Loy

a(f)l a(gof>l H lT(a(f))

TX®Y — TX®Z — TY®Z —— T*XTY.
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13.2 Example 11.6.2 (i) (p. 290)

(As already stated, there is a typo; see §9 p. [15]) Let C,C’ and C” be additive
categories with translation. If F': C x C" — C” is a bifunctor of additive categories
with translation and if C” admits countable direct sums, then, as explained in the
book, F' induces a bifunctor of additive categories with translation

Fy 1 C(C) x C(C) — C(C).

If C” admits countable products instead of direct sums, then F induces a bifunctor
of additive categories with translation

F, : C(C) x C(C) — C(C").

The precise formulas are given in the book. If F': C x C'°? — C" is a bifunctor of
additive categories with translation and if C” admits countable products, then F'
induces again a bifunctor of additive categories with translation

F, : C(C) x C(C')*® — C(C").

The formulas defining F in this setting are almost the same as in the previous
setting, and we give them without further comments:

F (Y, X)"™ = F(Y", X™™),
"™ = F(dy, X,
d//n,m — (_1)771—1-1P7(}/n7 d)—(m—l)7
Oy.x : Fe(TY, X) = TF,(Y, X),
Oyt B (Y, T7'X) = TF.(Y, X).
9;’{;;  F(TY, X)) — (TE(Y, X)),
e;{x CF((TY), X)) = F(YH X 77) = F (Y, X) T = (TE(Y, X)),
9’@‘;;{ F (Y, T7' X)) — (TE(Y, X)),
0Vt B (Y (T7'X) ™) = F(Y', X771 = F (Y, X)™H = (TE.(Y, X)),

the morphism ¢’ ;,JX being (—1)" times the canonical embedding.
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14 About Chapter 12

14.1 Avoiding the Snake Lemma (p. 297)

This is about Sections 12.1 and 12.2 of the book. I think the Snake Lemma can
be avoided as follows:

Let A be an abelian category.

Lemma 255. If

X Lo x 4 .xr 49
0 » Y — Y —— Y.
f g

s a commutative diagram in A with exact rows, then the sequence

0
Keru — Kerv — Kerw — Coker u — Coker v — Coker w

1s exact at Kerv and Cokerv. If in addition w is a monomorphism or u is an
epimorphism, then the whole sequence is exact.

The proof is straightforward (and much easier than that of the Snake Lemma).
Let (A, T) be an abelian category with translation.

Lemma 256 (see Theorem 12.2.4 p. 301). If0 — X 5V % Z — 0 is an
exact sequence in A., then the sequence H(X) — H(Y) — H(Z) is exact. If, in
addition, H(T"X) ~ 0 (respectively H(T"Z) ~ 0) for all n, then T"Y — T"Z
(respectively T"X — T"Y ) is a qis for all n.

Proof. Taking into account Display (12.2.1) p. 300 of the book, apply Lemma [255]
to the commutative diagram

Coker T 'dy % Coker T~'dy —2— Coker T 'd; — 0

I I J

0 —— KerTdyx ﬁ Ker T'dy — KerTdy.
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Proposition 257 (Corollary 12.2.5 p. 301). The functor
H:K(A) — A
18 cohomological.

Proof. Let X - Y — Z — TX be ad.t. in K.(A). It is isomorphic to

V2 Me(w) 2 U TV
for some morphism u : U — V. Since the sequence
0—V —Mc(u) >TU —0
in A, is exact, it follows from Lemma that the sequence
H(V)— H(Mc(u)) - H(TU)
is exact. O

Proposition 258 (Corollary 12.2.6 p. 302). Let 0 — X Ly % 72 500
an exact sequence in A. and define ¢ : Mc(f) — Z by ¢ := (0,g9). Then ¢ is
a morphism in A., and this morphism is a qis. In particular, there are natural
morphisms H(T"Z) — H(T™ X) such that the sequence

o> HX)—>HY)—>HZ)—>HTX)—---

15 exact.

Proof. The commutative diagram in A, with exact rows

0 s X 2 x > 0 » 0
ol b
0 > X f>Y g>Z > 0

yields the exact sequence
0 — Mc(idy) — Mc(f) & Mc(0 = Z) — 0

in A.. As H(Mc(idx)) ~ 0, ¢ is a gis by Lemma 250 O
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15.1 Brief Comments

§ 259. P. 337. Theorem 13.4.1 suggests the following question:

Let C be an abelian category and let X and Y be in K(C). Is the natural
morphism

li H XY’ H XY 129
(X/—>X§,(()Y1§Y/)6Qis omi(e) (X, ¥") = Homp(e) (X, ¥') (129)

an isomorphism?

Theorem 13.4.1 and Corollary p. imply that the answer is yes if C is a
Grothendieck category.

(Observe that the Axiom of Universes is not necessary to define the mor-

phism (129).)

§ 260. P. 337. (See p. [17]) In view of Section [0.3] p. [96] above and Theorem
13.4.1 p. 337 of the book, the functors

Homg : K(C) x K(C)® — K(Mod(Z))

and

Homg ) : K(C) x K(C)*® — Mod(Z)
give rise to the diagram

ROH2(X, )(Y) —— R°H.(X,Y) +—— R°H2( ,Y)(X)

! ! !

RHge)(X, )(Y) —— RHg)(X,Y) «+— RHgey( ,Y)(X) (130)

\/

HD(C) (X7 Y)a

where we have written H for Hom to save space, and where the horizontal arrows
are the natural maps and the other arrows are the natural bijections, and where

R(HOHIK(C)(X, ))(Y), RHOHIK(C)(X, Y), R(HOIHK(C)( ,Y))(X)
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are defined by Notation 10.3.8 p. 255 of the book. Then (130) commutes, and all
its arrows are bijective. This implies

RHom((X,Y) ~ R(Homg(X, ))(Y) =~ R(Homg( ,Y))(X).

15.2 Exercise 13.15 (p. 342)

Here is a partial solution. Let C be an abelian category.

Lemma 261. Let Z — Y — X — W — 0 be an exact sequence and Y — V
a morphism in C, let U be the fiber coproduct V @y X, and let U — W be the
morphism which makes

A > Y > X s W

LD

0 s V s U s W s 0

2\
=}

a commutative diagram of complexes. Then the bottom row is exact.

Proof. We shall use Lemma p. [106]

Exactness at V: Let V — T be a morphism. By Lemma [182] (c)=(a), it suffices
to show that the diagram of solid arrows

V—>[|]
|
T >---+ S

can be completed to a commutative diagram as indicated. To do this, we de-
cree that the above completed square is cocartesian, and note that 7" — S is a

monomorphism by Lemma (b) (ii) p.

Exactness at U: Let U — T be a morphism whose composition with V' — U is
zero. By Lemma [182] (c)=>(a), it suffices to show that the commutative diagram

of solid arrows
\% » U
N

T »---->

\
7

W
.
s
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can be completed as indicated. This follows from the fact that, by Lemma [I82]
(a)=-(c), the commutative diagram of solid arrows

Y N)l(

T »----»

\

4 W
v
S

can itself be completed as indicated.

Exactness at W: Let 7' — W be a morphism. By Lemma[182] (b)=-(a), it suffices
to show that the diagram of solid arrows

?” ————— » T
I
U— W

can be completed to a commutative diagram as indicated. This follows from the
fact that, by Lemma [182] (a)=>(b), the commutative diagram of solid arrows

can itself be completed to a commutative diagram as indicated. O

Let X and Y be in C, let E be the set of short exact sequences
0—-Y—-27—-X—0,
and let ~ be the following equivalence relation on E: the exact sequences
0=Y—=+2Z2—=-X—=0

and
0O—-Y—->W-—->X—=>0

are equivalent if and only if there is a commutative diagram

0 > Y > 7 > X > 0

L

0 > Y s W > X

2\
e
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(This is easily seen to be indeed an equivalence relation.) To the element
0=Y —>2Z—->X—=0
of E we attach the morphism in
Homp ) (X, Y[1]) = Exts(X,Y)
suggested by the diagram
X
|
Y —— Z
|
Y,
where each row is a complex (viewed as an object of D(C)), with the convention
that only the possibly nonzero terms are indicated (the top morphism being a qis).
We claim:
(a) this process induces a map from E/~ to Ext:(X,Y),

(b) this map (a) is bijective.

Claim (a) is left to the reader. To prove (b) we construct the inverse map. To
this end, we start with a complex Z°, a qis Z* — X, and a morphism Z* — Y'[1]
representing our given element of Ext;(X,Y). The natural morphism 7<02¢ — Z*
being a qis, we can replace Z* with 7=°Z*, or, in other words, we may, and will,
assume Z" ~ 0 for n > 0. Letting Z be the fiber coproduct Y @1 Z°, Lemma 261
p- yields an exact sequence 0 — Y — Z — X — 0. It is easy to see that this
process defines a map from Ext}(X,Y) to F/~, and that this map is inverse to
the map constructed before. q.e.d.

16 About Chapter 14

16.1 Proposition 14.1.6 (p. 349)

Here are some additional details about Step (ii) of the proof of Proposition 14.1.6.

We refer the reader to the book for a precise description of the setting. The
following facts can be easily verified:
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The morphisms
f:X=Y . X—>I g:Y—>Z

in A satisfy
f,p, g are in fact morphisms in A.. (131)

We also have morphisms
h:T ' I, .Y =1, :Y—>I, h:T'Y =1, £:2Z2—1

in A, and we have the equalities

p=1of, (132)
h=T""'dioT ) —1oT 'dy, (133)
h=T7"doT "+ odpiy, (134)
h=hoT 'y, (135)
h=T"'dioT ¢ —¢oT dy, (136)
p=1—Eog. (137)
To prove ho T~ 1f = 0, we note:
hoT ™ f =T Yo T oT  f +podpiyoT \f by (T34)
=T dioT ' +1podpayoT ' f by (132)
=T 'djoT "o+ tpo fodpix by (131
=T 'djoT o +podpyx by (132])
=0 by (L31).

To prove that {ﬁv is a morphism in A., we note:

dlo{pv—Tizody:dlow—dlogog—Twody—l—Tgngody by ({137
=(diop —Tyody)—(djoog—TEoTgody)

=Th—(djofog—TEoTgody) by
=Th—(droog—TEodzog) by (L31)
:Th—Tﬁog by
=0 by.
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16.2 Brief Comments

§ 262. P. 350, last paragraph. In view of the comments made about Corollary 211]
p- and Theorem p. [142] one could replace “there exists an essentially small
full subcategory S of A. such that ...” with “there exists an infinite cardinal =
such that (A.), is essentially small and satisfies ...”, and replace S with (A.), in
(14.1.4) p. 351 of the book.

§ 263. P. 352, Corollary 14.1.12. We also have the following corollary:

Let Uy C U be universes, let (A, T') be a Grothendieck U-category with trans-
lation, and let Ay C A be a fully abelian subcategory with translation. Assume
that Ap is a Grothendieck Up-category. Then the natural functor D.(Ay) — D.(.A)
is fully faithful.

This follows immediately from Corollary 14.1.12 (i).

§ 264. P. 352, Corollary 14.1.12 (iv). Here are slightly more precise statements:

(iii) the functor @ : K.(A) — D.(A) admits a right adjoint R, : D.(A) — K.(A),
this right adjoint is triangulated, satisfies () o R4 ~ idp,(4), and is isomorphic to
the composition of ¢ : K. pi(A) — K.(A) and a quasi-inverse of @ o ¢,

(iv) the right localization (D.(A), Q) of K.(A) is universal in the sense of Defini-
tion p.[93] (See §160] p. [94])

§ 265. Corollary 14.3.2 p. 356. Let us add one sentence to the statement:

Corollary 266. Let k be a commutative ring and let C be a Grothendieck k-abelian
category. Then (Ky;(C),K(C)°P) is Home-injective, and the functor Home admits
a right derived functor

RHome¢ : D(C) x D(C)°® — D(k).

If X and'Y are in K(C), then for any qis Y — I with I in Kyi(C) (such exist) we
have
RHome(X,Y) = Homg(e) (X, I) = Homp (X, I).

Moreover, H*(RHome(X,Y')) ~ Hompc)(X,Y) for X, Y in D(C).

§ 267. P. 357, Section 14.4. Having been unable to solve Part (iii) of Exercise
8.37 p. 211, I suggest the following changes to Section 14.4. (I might be missing
something. If so, thank you for letting me know.)

(a) Replace Assumption (14.4.1) p. 358 with: “C admits inductive limits indexed
by the ordered set N, and such limits are exact”.
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(b) Say (only for the duration of this comment) that a full saturated subcategory
A of a category B is closed by coproducts if the coproduct of any family of objects
of A which exists in B belongs to A.

(c¢) In Lemma 14.4.2 p. 359, replace “full triangulated” with “full saturated tri-
angulated”, and “closed by small direct sums” with “closed by direct sums (in the
sense of the above definition)”.

There are analog observations for the other statements of Section 14.4.

§ 268. Statement of Theorem 14.4.8 p. 361. I know that the statement is already
very long, but I shall consider here a minor variant which would make it even
longer! More precisely, (14.4.5) could be stated as follows:

Let X; be in K(C;) for i =1,2,3, and let P, - X; (i = 1,2) and X3 — I be qis
with X; in P; and I in Ky,;(Cs) (such exist). Consider the functorial morphisms of
abelian groups

Hompc,) (LG(X1, X3), X3) < Homp ey (G(Py, Py), I) <~
Hom c,) (G(P1, P2), ) ~ Homgc,)(Pr, F1 (P, I)) =
Homp(c,) (P, Fi(Py, T)) < Hompe,) (X1, RFy (Xy, X3)),

(138)

where the middle isomorphism is the obvious one. Then a, b, ¢, d are isomorphisms.
There is an analogous statement for F5.

§ 269. Step (f) of the proof of Theorem 14.4.8 p. 364. We already know that
a,b,c,d in ((138)) are isomorphisms. As explained in the book, we have morphisms

RHome, (LG (X1, X3), X3) —

RHOHlCl(RFl(XQ,LG(Xl,XQ),RFl(XQ,X3)) — (139)
RHomcl (X17 RFl(XQ, X3>>

Applying H® we get, in view of Theorem 13.4.1 p. 337 of the book, morphisms

HOIHD(C3) (LG(Xl, XQ), Xg) —
HOmD(C1)<RF1 (XQ, LG(Xl, )(2)7 RFl (XQ, Xg)) — (140)
HOHID(Cl)(Xl, RFl (Xz, Xg))

By (1.5.7) p. 29 of the book, Composition ((140)) coincides with Composition (138)),
and is, thus, an isomorphism. This implies that Composition (139)) is also an
isomorphism.
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17 About Chapter 16

17.1 Sieves and Local Epimorphisms

This section is about the beginning of Section 16.1 p. 389 of the book. Let C be a
category whose hom-sets are disjoint, let M be the set of morphisms of C, and for
each U in C let My C M be the set of morphisms whose target is U. A subset S
of My is a sieve over U if it is a right ideal of M, in the sense that S contains all
the morphisms of the form so f with sin S. If S'is a sieve over U and f : V — U
is a morphism, we put

SxgVi={W=sV|(W-=>V =U)eS}

One easily checks that this is a sieve over V.

To a sieve S over U we attach the subobject Ag of U in C* by the formula
Ag(V) := SN Home(V,U).
Conversely, to an object A — U of (C")y we attach the sieve S4 over U by putting

Sasy ={V—->A—-U}

Let 3y be the set of sieves over U. Let (I'y)yec be a subfamily of the family
(3v)vec and consider the following conditions:

Condition 270.

GT1: for all U in C we have: My € 'y,

GT2: forall U in C we have: 'y 2 S C S e€e¥y = S ely,

GT3: for all U in C we have: S €Ty, (V—-U)e M = SxyV ely,
GT4: for all U in C we have:

Sely, ey, 'xgVelyVV(V-sU)eS = §ely.

Consider the following conditions on a set £ of morphisms in C*:
LE1: idy is in & for all U in C,
LE2: if the composition of two elements of £ exists, it belongs to &,
LE3: if the composition v o u of two morphisms of C” exists and is in &, then v is

in &,

163



17.1 Sieves and Local Epimorphisms 17 ABOUT CHAPTER 16

LE4: a morphism A — B in C" is in £ if and only if, for any morphism U — B in
C" with U in C, the projection A xg U — U is in €£.

As proved in the book, £ contains all epimorphisms.

The elements of £ are called local epimorphisms.

Let (I'y)yec be a subfamily of the family (Xy)pec satisfying GT1-GT4, let U
be a universe such that C is U-small, and let

£=ET,U) (141)

be the set of those morphisms A — B in C” such that, for any morphism U — B
in C" with U in C, the sieve Sax ,u—v is in I'y.

Remark 271. A morphism A — U in C" is in € if and only if Sy, is in T'y.
Proof. This results easily from the following observation: In the setting
A—=U<+V

(obvious notation), we have Sax, vy = Sasu Xp V. ]

Let us check that & satisfies LE1-LEA4:
LE1 follows immediately from GT1.

LE2: Let A — B — C be a diagram in C", and assume that the two arrows are
in £. Consider the diagram of solid arrows with cartesian squares

in C" (with U in C). We have that Sg_y is in I'yy (because B — C'is in &) and
we must prove that Sp_,y isin I'y. Let V' — U be in Sg_,y, and let us complete
the diagram with cartesian squares as indicated. By GT4 it suffices to check that
Sr_yv isin I'y. But this follows from the assumption that A — B isin € (together

with a transitivity property of cartesian squares which has already been tacitly
used).

LE3 follows immediately from GT2.
LE4. We must check:
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A— Bisin &
<~
for any morphism U — B in C" with U in C, the projection A xp U — U is in &.
Implication = is obvious, and Implication < follows from Remark 271]

Conversely, given an object U of C and a set £ of morphisms in C" satisfying
LE1-LE4, put
I'y = {S € ZUl(AS — U) € 5}

Let us check that I'(€) := (I'y)yec satisfies GT1-GT4.
GT1 follows from LE1 and the equality (Ay,, — U) = idy.
GT2 follows from LE3 and the fact that, in the setting
IyaScS ey = Sely,
the morphism Ag — U factors as Ag — Ag — U.

To prove GT3, note that if S is a sieve over U and V' — U is a morphism in
C, then we have
ASXUV :AS XUV (142)

In view of LE4, this implies GT3.
The lemma below will helps us verify GT4.

Lemma 272. Let s : V — U be a morphism in C and S a sieve over U. Then s
s in S if and only if s factors through the natural morphism i : Ag — U.

Proof. By the Yoneda Lemma (Lemma (18| p. , there is a bijection
SN HOIHc(V, U) i) I‘IOIIch(‘/7 AS)
such that ¢(s)y = so for all W in C.

Assume that s is in S and let us show that there is a morphism v : V' — Ag
satisfying i ov = s. It suffices to prove i o p(s) = s and to put v := p(s). We have
for all W in C

(1o p(s))w =iw o p(s)w = iw o (s0) = so = sy .

Conversely, assuming that v is in Homen (V) Ag), it suffices to prove that i o v
is in S. We have

iov=(iov)oidy = (i ov)y(idy) = iy (vy(idy)) = vy (idy) € Ag(V) C 8.
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Lemma 273. Condition GT/ holds.

Proof. Let us assume
Sely, S eXy, 'xpyVelyV(V-=>U)eSs. (143)
It suffices to check S’ € T'y, or, equivalently,
(Ass = U) € €. (144)

Form the cartesian square

B —— Ag

L

Ag —— U.
As Ag — U is in € by assumption, it suffices, by LE2 and LE3, to check

(B — Ag) € €. (145)
Let V — Ag be a morphism in C” with V' in C, and let

Cc —V

|

B —— AS
be a cartesian square. By LE4 it is enough to verify
(C—V)ef. (146)

The morphism V' — U being in S by Lemma [272] the sieve S’ xi V' is in Ty by
(143)), and Ag/«,, v — V is in £ by definition of I'y,. We have

E> (AS/XUV — V) ~ (AS/ Xy V — V) ~ (C — V)

Indeed, the first isomorphism holds by (142) p. , and the second one holds
because the rectangle
C ——V

|

B—)AS

L

AS/—>U

is cartesian. This proves successively (146)), (145]), (144)), and the lemma. O
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We have proved that (I'y)pec satisfies GT1-GT4.

It is now easy to prove

Theorem 274. IfC is aU-small category, if T is a subfamily of (Xv)vec satisfying
GT1-GT4, and if € is a set of morphisms in Cj; satisfying LE1-LE4, then the
equalities € = E(I',U) and T' =T'(E) are equivalent.

Corollary 275. Let U C U’ be universes, let C be a U-small category, let T

be a subfamily of (Xv)vec satisfying GT1-GTY4 (see Conditions p. [163), let
u: A — B be a morphism in CJ), and let v : A" — B’ be the corresponding

morphism in Cf;,. Then u is in E(T,U) (see (141)) p. if and only if ' is in
er,u).

17.2 Brief Comments

§ 276. P. 390, Axioms LE1-LE4. The set of local epimorphisms attached to the
natural Grothendieck topology associated with a small topological space X can be
described as follows.

Let f: A — B be a morphism in C", where C is the category of open subsets
of X. For each pair (U, b) with U in C and b in B(U) let (U, b) be the set of those
V' in Cy such that there is an a in A(V) satisfying fy(a) = by, where by is the
restriction of b to V. Then f is a local epimorphism if and only if

v= |J v

Ves(Ub)

for all (U,b) as above.

Moreover, a morphism u : A — U in (Opy )" with U in Opy is a local epi-
morphism if and only if for all x in U there is a V' in Opy such that z € V and
AV) # 2.

§ 277. For any universe U, any U-small category C, and any subfamily I'" of
(Xv)vec satisfying GT1-GT4 (see Conditions p.|163)), let M(I",U) and Z(I',U)
denote respectively the set of local monomorphisms and local isomorphisms at-

tached to £(I',U) (see (141)) p.|164). Corollary p. implies:

Let U4 C U’ be universes, let C be a U-small category, let I be a subfamily
of (Xv)vec satisfying GT1-GT4, let uw : A — B be a morphism in Cj}, and let
v : A" — B’ be the corresponding morphism in C}},. Then w is in M(T",U) (resp.
in Z(I',U)) if and only if v is in M(T',U’) (resp. in Z(I',U")).
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§ 278. P. 395, Lemma 16.2.3 (iii). Consider the conditions

(b) for any diagram C' = A — B such that C is in C and the two compositions
coincide, there exists a local epimorphism D — C such that the two compositions
D — C = A coincide,

(c) for any diagram C' = A — B such that C is in C" and the two compositions
coincide, there exists a local epimorphism D — C' such that the two compositions
D — C' = A coincide,

(d) for any diagram C' = A — B such that C' is in C and the two compositions
coincide, there exists a local isomorphism D — C such that the two compositions
D — C' = A coincide,

(e) for any diagram C' = A — B such that C is in C" and the two compositions
coincide, there exists a local isomorphism D — C' such that the two compositions
D — C = A coincide.

Recall that (a) is the condition that A — B is a local monomorphism. Lemma
16.2.3 p. 395 of the book implies
Conditions (a), (b), (c), (d), (e) are equivalent. (147)

Indeed, Part (iii) of the lemma says that (a), (b) and (c) are equivalent. Clearly (e)
implies (c¢) and (d), and (d) implies (b). It suffices to check that (c¢) implies (e). Let
C' = A — B be as in the assumption (c), let D — C be the local epimorphism
furnished by (c), and let I be its image. The two compositions I — C = A
coincide because D — [ is an epimorphism, and I — C'is a local isomorphism by
Part (ii) of the lemma. q.e.d.

§ 279. P. 397, Notation 16.2.5 (ii). The fact that
such a w is necessarily a local isomorphism (148)

follows from Lemma 16.2.4 (vii) p. 396.
§ 280. P. 398, proof of Lemma 16.2.7: see p.[34

§ 281. Right after Display (16.3.1) p. 399 of the book, in view of the natural
isomorphism

A%(U) = Homen) . (Q(U), Q(A)),

the map A*(U’) — A*(U) induced by a morphism U — U’ can also be described
by the diagram
QU) = Q(U') = Q(A).
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Similarly, the map A(U) — A*(U) at the top of p. 400 of the book can also be
described by the diagram

A(U) ~ Homen (U, A) = Homeny,, (Q(U), Q(A)) =~ A*(U).

Then Lemma 16.3.1 can be stated as follows.

If
U< BS A
is a diagram in C" with U in C and s a local isomorphism, and if
v=Q(u) o Q(s)™" € AY(U) ~ Homer)..(Q(U), Q(A)),
then
vos=c¢c(A)ou. (149)

Indeed, ([149)) is equivalent to v o Q(s) = Q(u).

§ 282. P. 400, Step (ii) in the proof of Lemma 16.3.2 (additional details):

We want to prove that A — A® is a local monomorphism. In view of ((147))
p. it suffices to check that Condition (b) of §278 p. holds.

Recall that the functor
a: (LZy)® — Set, (B N U) — Homen (B, A)

satisfies colima ~ A*(U). Let i(s) : a(s) — A*(U) be the coprojection, and let
fi,f2 : U = A be two morphisms such that the compositions U = A — A®
coincide. By definition of the natural morphism A — A%, we have

i(idy) (f1) = i(idv)(f2)-

By the fact that L£Z;; is cofiltrant, and by Proposition 3.1.3 p. 73 of the book,
there is a morphism

0 (BSU)— (USS0)

in £Zy such that a()(f1) = a(p)(f2). This means that the compositions B —
U = A coincide. q.e.d.

§ 283. P. 401, Step (i) of the proof of Proposition 16.3.3. See ({147) p. and
(148) p. [168 (As already mentioned, B” — B should be B” — B'.)
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18 About Chapter 17

18.1 Brief Comments

§ 284. P. 405, Chapter 17. It seems to me it would be more convenient to denote
by f* the functor from (Cy ) to (Cx)°P (and not the functor from Cy to Cx) which
defines f. To avoid confusion, we shall adopt here the following convention:

If f: X — Y is a morphism of presites, then we keep the notation f* for the
functor from Cy to Cx, and we designate by f7 the functor from (Cy ) to (Cx)°P:

ft : CY — Cx, fT : (Cy)()p — (Cx)()p. (150)

In other words, we set f7 := (f*)°P.

We keep the same definition of left exactness (based on f*) of f: X — Y asin
the book.

The motivation for introducing the functor f™ can be described as follows: The

diagram
J d > [
C,

representing the general setting of Section 2.3 p. 50 of the book, is now replaced

by the diagram
Cy )P ! » (Cx)
A.

(See also p. and p. [171])

§ 285. P. 406. Recall that, in the first line of the second display, (Cy )" should be
Cy (twice). In notation (150]), Formula p. p4] gives, for B in C and U in Cyx,

N (B)U) ~ li H U, f{(V)) ~ li B(V). (151
(I B)U) = | colim  Homey (U, S(V) =~ colim  B(V). (151

op

(

For the sake of emphasis, we state:

Proposition 286. The functor (f*)~ commutes with small inductive limits (Propo-
sition 2.7.1 p. 62 of the book, Remarkp. . Moreover, if [ is left exact, then
()" is exact (Corollary 3.3.19 p. 87 of the book).
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If f: X — Y is a continuous map of small topological spaces, if B is in (Opy )"
and U in Opy, then (151)) gives

() (B)V) = colim B(V). (152)

§ 287. P. 407. Let f : X — Y be a morphism of presites and let A be a category
admitting small inductive and projective limits. In the notation of (150]) p. 7

we set fT:= (f7)" and f*:= (f7):
fT, fH: PSh(X.A) — PSh(Y; A).

Then (17.1.3) and (17.1.4) follow respectively from (2.3.6) and (2.3.7) p. 52 of the
book. For the sake of completeness, let us rewrite (17.1.3) and (17.1.4) (in the

notation of (150))):

"G U) = colim G(V), 153
PO = o) S8y o, EV) (153)

with G in PSh(Y,A),U in Cx, f7(V) — U being a morphism in (Cx)°" (corre-
sponding to a morphism U — fY(V) in Cx),

HENE lim G(V), 154
Fe)w) (U= F7(V)E((Cy)or)V ) (154)

with G in PSh(Y, A),U in Cx, U — f7(V) being a morphism in (Cx)°" (corre-
sponding to a morphism f*(V) — U in Cy).
§ 288. P. 408, comment preceding Convention 17.1.6. Let us recall the comment:

We extend presheaves over X to presheaves over X using the functor hﬁ( asso-
ciated with the Yoneda embedding h%; = he,. Hence, for F in PSh(X,.A) and A
in C%, we have

hti F)y(A) = 1 F(U).
(h F)(A) A (U)

By Corollary 2.7.4 p. 63 of the book, the functor
b : PSh(X, A) — PSh(X, A)

induces an equivalence of categories between PSh(X,.A) and the full subcategory

of PSh(X A) whose objects are the A-valued presheaves over X which commute
with small projective limits.

One can add that a quasi-inverse is given by

hx, : PSh(X, A) — PSh(X, A).
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§ 289. P. 408, Convention 17.1.6. Recall the convention: If F' is an A-valued
presheaf over X and A is a presheaf of sets over X, then we put

F(A) = (b F)(A) = o flli)rer%cx)A F(U). (155)

(Note that the same comment is made at the beginning of Section 17.3 p. 414.)
This convention of extending each presheaf F over X to a presheaf, still denoted
by F', over X which commutes with small projective limits implies that we have,
for A, B in C",

B(A) ~ Homey (A, B).

In the notation of §74] p. 53] Convention 17.1.6 can be described as follows:

If X is a site, if C is the corresponding category, if h : C — C” is the Yoneda
embedding, if F'is an A valued sheaf over X, and if A is an object of C*, then
Convention 17.1.6 consists in putting

F(A) = (hP)(F)(A).
§ 290. P. 409, Proposition 17.1.9 follows immediately from p. [48 p. [49
and p. .

§ 291. P. 410, Display (17.1.15): As already indicated in §11} Display (17.1.15)
p- 410 should read

Hompgh(X’A) (F, G) ~ Uhe%l HompSh(XA)(F, G)(U)
X

This follows from Theorem [39 p. B3]

§ 292. P. 411, Definition 17.2.1 of the notions of sites and of morphism of site.
Proposition [69] p. [62] implies:

If U is a universe, then there is a U-category A (see Definition |3 p. |8) whose
objects are the U-small categories (see Definition 4] p. [8) and whose morphisms are
are morphisms of sites.

§ 293. P. 412, proof of Lemma 17.2.2 (ii), (b)=-(a), Step (1): (f*)” is right exact
by Proposition p. [63] and Proposition 286 p.

§ 294. P. 412, proof of Lemma 17.2.2 (ii), (b)=-(a), Step (3). See §12 p.[16] This
is essentially a copy and paste of the book.

Claim: if a local isomorphism u : A — B in Cy is either a monomorphism or
an epimorphism, then (f*)™(u) is a local isomorphism in C%.
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Proof of the claim: Let V' — B be a morphism in C{ with V in Cy. Then
uy : AxgV — V is either a monomorphism or an epimorphism by Proposition [I03]
p.[63]and Proposition [10§p.[63] Let us show that (f*)™(uy) is a local isomorphism.

If uy is a monomorphism, (f*)”(uy) is a local isomorphism by assumption.

If uy is an epimorphism, then uy has a section s : V' — A xg V. Since uy is a
local isomorphism by Lemma 16.2.4 (i) p. 395 of the book, s is a local isomorphism.
Since

()7 (uy) o (f)7(s) = idyevy
is a local monomorphism, and (f*)"(s) is a local epimorphism by Step (2), Lemma
16.2.4 (vi) p. 396 of the book implies that (f*)” (uy) is a local monomorphism.
Since (f*)”(uy) is an epimorphism by Step (2), we see that (f*)” (uy) is a local
isomorphism. This proves the claim.

Taking the inductive limit with respect to V' € (Cy)p, we conclude by Propo-
sition 16.3.4 p. 401 of the book that (f*)”(u) is a local isomorphism.

§ 295. P. 413, Definition 17.2.4 (ii): see Remark [73| p. [53]

§ 296. P. 413. Lemma 17.2.5 (ii) and Exercise 2.12 (ii) p. 66 of the book imply: If
f: X =Y is weakly left exact, then (f*)” : C§ — C% commutes with projective
limits indexed by small connected categories.

§ 297. P. 413, Lemma 17.2.5 (ii). Here is a corollary:

Let f: X — Y be a weekly left exact morphism of sites such that (f*)™(u) is
a local epimorphism if and only if u is a local epimorphism. Then (f*)™(u) is a
local monomorphism if and only if u is a local monomorphism, and (f*)”(u) is a
local isomorphism if and only if u is a local isomorphism.

§ 298. P. 413, Example 17.2.7 (i). Recall that f : X — Y is a continuous map of
small topological spaces. As explained in the book, to see that f is a morphism
of sites, it suffices to check that, if w : B — V is a local epimorphism in (Opy )"
with V' in Opy, then (f*)"(B) — f~'(V) is a local epimorphism in (Opy)". This
follows immediately from §276|p. [167| and (152)) p. [171]

§ 299. P. 414, Definition 17.2.8 (minor variant):

Definition 300 (Definition 17.2.8 p. 414, Grothendieck topology). Let X be a
small presite. We assume, as we may, that the hom-sets of Cx are disjoint. A
Grothendieck topology on X is a set T of morphisms of Cx which satisfies Azioms
LE1-LE4 p. 390. Let T' and T be Grothendieck topologies. We say that T is
stronger than 77, or that T’ is weaker than T, if T C T.

173



18.1 Brief Comments 18 ABOUT CHAPTER 17

Let (7;) be a family of Grothendieck topologies. We observe that () 7; is a
Grothendieck topology, and we denote by \/ 7; the intersection of all the Grothen-
dieck topologies containing | J 7;.

§ 301. P. 415, Isomorphism (17.3.1). Recall briefly the setting. We have:
F ePSh(X,A), MeA UeCy,
and we claim
Hompsn(x,4) (M, F)(U) ~ Homy (M, F(U)). (156)

Here and in the sequel, we denote again by M the constant presheaves over X and
U attached to the object M of A. Note that, by §28§| p. [I71] this isomorphism
can be written

Hom 4(M, F) ~ Hom (M, F()).

To prove ([156f), observe that we have
/HomPSh(XyA)(M7 F)(U) ~ Hompgy (v, 4) (voxs M, iy xs F)

=~ HomPSh(U,A)<M7jU—>X* F),

the two isomorphisms following respectively from the definition of Hompgy(x,a)
given in (17.1.14) p. 410 of the book, and from the definition of the functor j,_, v,
so that we must show

HomPSh(U,.A)(MajUHX* F) ~ Hom (M, F'(U)).

We define maps
©
Hompsn(w,4) (M, ju_x. F) — Hom4(M, F(U))

as follows: If p: M — j,_ x. F' is a morphism in PSh(U, A), given by morphisms
p(V = U): M — F(V)in A, then we put p(p) := p(U v, U)ifa: M — F(U)
is a morphism in A, then we put ¥(a)(V < U) := F(c) o a; and we check that ¢
and 1 are mutually inverse bijections.

§ 302. P. 418, proof of Lemma 17.4.2 (minor variant): Consider the natural mor-
phisms

colima % colim o o 1% 0 AP 25 colim a o pCP 2y colim av.
We must show that g o f is an isomorphism. The equality Ao go f = ideolima 1S

easily checked. Being a right adjoint, utP is left exact, hence cofinal by Lemma
3.3.10 p. 84 of the book, and h is an isomorphism. q.e.d.
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§ 303. P. 419, proof of Proposition 17.4.4:
First sentence of the proof: see p.

Step (i), Line 4: The fact that K°P is cofinally small and filtrant results from
§85] p. [b6] together with Lemma 16.2.8 p. 398, Lemma 16.2.7 p. 398, and Proposition
3.2.1 (iil) p. 78 of the book.

Step (i), additional details about the chain of isomorphisms at the bottom of
p- 419 of the book: The chain reads

H FP(4)) 2 H colim  F(B;) 2 colim H F(B

(BiﬁAi)Gﬂl-Ai (Bi—A)ic1€K

—~

~ colim F (“ |_|”BZ-> < colim F(B) & F(A),

(Bi—)Ai)iGIEK (B—}A)E,CIA

~

and the isomorphisms can be justified as follows:
(a) definition of F?,
(b) A satisfies IPC,
(¢) F' commutes with small projective limits,
)

(d) an inductive limit of local isomorphisms is a local isomorphism by Proposition
16.3.4 p. 401 of the book,

(e) definition of F®.
§ 304. P. 419, proof of Proposition 17.4.4, Step (ii). More details: The morphism
ep(F?)(A) : F*(A) — F"(A) is obtained as the composition

Fb(A)i> colim  F°(A) % colim  F%B).
(B—A)ELT 4 (B—A)ELT 4

Moreover, f is an isomorphism by Lemma 2.1.12 p. 41 of the book, and ¢ is an
isomorphism by Lemma 17.4.2 p. 418 of the book.

18.2 Proposition 17.4.4 (p. 420)

We draw a few diagrams with the hope of helping the reader visualize the argument
in Step (ii) of the proof of Proposition 17.4.4.

An object of the category
M[J = K + M[I - K « K]]
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can be represented by a diagram

B B xp AL o W oA Cr
7| | J- | P
B A A A C,

and it is clear that this category is equivalent to £°P.

Recall that D := B “U"; C, let E be one of the objects A, B,C, or D, and
consider the “obvious” functors

% le
Cx

(pg is defined in the book, jg is the forgetful functor, and ¢g is the composition).
We also define rg : LZp — £ by mapping the object E” — FE of LZ g to the object

BXEE” (—AXEE”—> CXEE”

| | |

B < A s C

of £. One checks that (pg,rg) is a pair of adjoint functors. In particular pg is
cocofinal. We have

F*(D) Y colim F'(5p(y)) © Colign F(gqp(z))
xre

yeLTp

© . A b @
~ colim F' | qp(2) I_(I)qc(w) ~ colim(F(qp(2)) Xr(ga@) F(90(2)))
qa(z

—~

e) . .
2 (colip Fln(0)) ) Xeoim,ce s (colim Flac(2)))

(f) . . . .
:(wmwwawome@Mﬂmw(mmwwan

yELIRB yeLLc

()
~ Fb(B) XFb(A) Fb(C)

Indeed, the isomorphisms can be justified as follows:

(a) definition of F?,
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b) cocofinality of pp,

¢) definition of pg,

d) left exactness of F,

e) exactness of filtrant inductive limits in A,
f) cocofinality of pp,

g) definition of F°.

18.3 Brief Comments

§ 305. P. 421, first display:

F*(U)~ colim F(A).

(U—)A)GCIU

Lemma 16.2.8 p. 398 of the book, and its proof, show that F'* does not depend on
the universe such that C is a small category and A satisfies (17.4.1) p. 417 of the
book.

§ 306. P. 421, proof of Lemma 17.4.6 (i): The category LZy is cofiltrant by
Lemma 16.2.7 p. 398 of the book, small filtrant inductive limits are exact in A by
Display (17.4.1) p. 417 of the book, exact functors preserve monomorphisms by

Proposition p. [63

§ 307. P. 422, the first sentence of the proof of Theorem 17.4.7 (iv) follows from
Corollary p. [63

§ 308. P. 423, end of the proof of Theorem 17.4.9 (iv): the functor ( )* is exact
by Theorem 17.4.7 (iv) p. 421 of the book.

§ 309. P. 424, proof of Theorem 17.5.2 (i). With the convention that a diagram
of the form
G
LlTR
Cy

means: “(L, R) is a pair of adjoint functors”, the proof of Theorem 17.5.2 (i) in
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the book can be visualized by the diagram

PSh(Y, A)

it Tf*
(

PSh(X, A)
ol
(X, A)
§ 310. P. 424, proof of Theorem 17.5.2 (iv). As already mentioned, there is a

typo: “The functor fT is left exact” should be “The functor fT is exact”.

§ 311. P. 424, Definition 17.6.1. By Lemma 17.1.8 p. 409 of the book, a morphism

C\A/B

in C/ is a local epimorphism if and only if C'— B is a local epimorphism in C%.

§ 312. P. 424, sentence following Definition 17.6.1: “It is easily checked that we
obtain a Grothendieck topology on C4”. The verification of LE1, LE2, and LE3
is straightforward. Axiom LE4 follows from Parts (iii) and (ii) of Lemma 17.2.5
p- 413 of the book.

§ 313. P. 424, Definition 17.6.1. Here is an observation which follows from
p. and Lemma 17.2.5 (iii) p. 413 of the book:

In the setting of Definition 17.6.1, let B — A be a morphism in C%, let
u : C — B be a morphism in C%, and let v : (C — A) — (B — A) be the
corresponding morphism in C/4. Then w is a local epimorphism if and only if v is
a local epimorphism, u is a local monomorphism if and only if v is a local mono-
morphism, and u is a local isomorphism if and only if v is a local isomorphism.

§ 314. P. 425, proof of Proposition 17.6.3:

Step (i): j4_x is weakly left exact by Lemma 17.2.5 (iii) p. 413 of the book,
and (-)* is exact by Theorem 17.4.7 (iv) p. 421 of the book.

Step (ii): “f factors as X JAoX, 4 9 vy see Definition 17.2.4 (ii) p. 413 of
the book and Remark (73| p. . The isomorphism f~! ~ j;' \ og~! follows from
Proposition 17.5.3 p. 424 of the book.
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§ 315. P. 425, Display (17.6.1): Putting j :=j4_, x, we have the adjunctions
Sh(A, A)

AL L

Sh(X, A).

For the functor j, : Sh(X,.A) — Sh(A4, A), see Proposition 17.5.1 p. 423 of the
book.

For the functor j=! : Sh(A, A) — Sh(X,.A), see last display of p. 423 of the
book.

For the functor j* : Sh(4, A) — Sh(X, .A), see Proposition 17.6.2 p. 425 of the
book.

§ 316. P. 426, proof of Proposition 17.6.7 (i). The isomorphism

(f)"(V x B) = f{(V) x (f)"(B) (157)
follows from Proposition [286| p. and we have
iby (f8.(G)(V)) = f5.(G)(V x B = B) by (17.1.12) p. 409

~G((f")"(VxB)—= (f)"(B)) by (17.1.6) p. 408

~ G(fHV) x A— A) by (157),

as well as

F(Hasx (@) = jaLx (G)(F(V)

~G(f'(V)x A— A) by (17.1.12) p. 409.
§ 317. P. 427, proof of Proposition 17.6.8, Step (i). The isomorphism

Fox (asx(G)U) 2 jas,x.(G)(U x A = A)

follows from (17.1.12) p. 409 of the book. The fact that p: A x U — U is a local
isomorphism follows from the fact that the obvious square

AxU —— U

| !

A—— pty

is cartesian and the bottom arrow is a local isomorphism by assumption.
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§ 318. P. 427, proof of Proposition 17.6.8, Step (ii). Let v : V' — A be a morphism
in C%. Here is a proof of the fact that

tve) L yx4

\ (158)

A

v

is a local isomorphism in C/.

AsV x A — V is alocal isomorphism in C§ by 317, and V -V x A — V' is
the identity of V', Lemma 16.2.4 (vii) p. 396 of the book implies that V' — V x A

is a local isomorphism in C%, and thus, by §313| p. that (158)) is a local

isomorphism in C}.

§ 319. P. 428, just after Definition 17.6.10: (( )a,I'a( )) is a pair of adjoint
functors: this follows from Theorem 17.5.2 (i) p. 424 of the book.

§ 320. P. 429, top. By p- and Corollary p. , the functor I'(4; )

commutes with small projective limits.
§ 321. P. 430, first sentence of the proof of Proposition 17.7.1 (i). Let us make a

general observation.

Let X be a site. In this §, for any A in C%, we denote the corresponding site
by A’ instead of A. We also identify C/, to (C§)a (see Lemma 17.1.8 p. 409 of the

book). In particular, we get pt, ~ (A da, A) eCy.
Let A — B be a local isomorphism in C%, and let us write w for “the” terminal
object ptg ~ (B s, B) of C3,. We claim that
(A= B) - w (159)

is a local isomorphism in C%,.

Proof: (159)) is a local epimorphism by §311| p. . It remains to check that
(A B)— (A— B)x,(A— B)~(Axg A— B) (160)
is a local epimorphism. But this follows again from §311] p. [I78 O

Consider the morphism of presites B’ — A’ induced by A — B and note that
the square

J
XL)A/

| |

X — B

B x

commutes.
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§ 322. P. 430, proof of Proposition 17.7.3. The third isomorphism follows, as
indicated, from Proposition 17.6.7 (ii) p. 426 of the book. The fifth isomorphism
follows from (17.6.2) (ii) p. 426 of the book.

§ 323. P. 431, Exercise 17.5 (i). Put PX := PSh(X, A), SX := Sh(X, A), and
define PY and SY similarly. Let

ax [5¢

SX

be the obvious diagram of adjoint functors. We must show
axo flow oay ~ayo fI.
Let F' be in SX and G be in PY. We have (omitting most of the parenthesis)
Homsx(axfTbyayG, F)~ HOmpx(fTLyayG, txF) ~ Hompy (tyay G, fix F)

@ HOHlpy(Ly(lyG, Lyayf*LXF) ~ Homsy(aybyayG, ayf*bxF)

b c
(f:) Homgy (ay G, ay fuix F') ~ Hompy (G, tyay fux F) (f:) Hompy (G, fix F)

~ Home(fTG, LxF) ~ HOHISX(QXL]MLG, F)

where (a) and (c) follow from the fact that the presheaf f,.xF' is actually a sheaf
(Proposition 17.5.1 p. 423 of the book), (b) follows from the isomorphism

Ay Oly o ay X~ ay,

which holds by Lemma 17.4.6 (ii) p. 421 of the book, and the other isomorphisms
hold by adjunction.

§ 324. P. 431, Exercise 17.5 (ii). By §313|p. [17§ we have, for U in Cy and U — A
in C4, an isomorphism
,CIU_>A ~ /;IU

Exercise 17.5 (ii) follows immediately.
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19.1 Brief Comments

§ 325. P. 437, Theorem 18.1.6 (v). If X is a site, if R a ring, if F' and G are
complexes of R-modules, then the complex of abelian groups RHompg(F, G) (see
Corollary 14.3.2 p. 356 of the book) does not depend on the universe chosen to
define it (the universe in question being subject to the obvious conditions). This

follows from §263| p. and §305| p. [177]
§ 326. P. 437, proof of Theorem 18.1.6 (v). We prove
Homg (Ry, F) ~ F(U).

As
Homg (Ry, F) ~ Homg (i;%, x.(R|U), F) ~ Homgy(R|U, F|U),

we only need to verify
Homg iy (R|U, FIU) ~ F(U).

We shall define maps
©
p

and leave it to the reader to check that they are mutually inverse.

Definition of ¢: Let 6 be in Homg |y (R|U, F|U). In particular, for each mor-
phism f : V — U in Cx we have a map 0(f) : R(V) — F(V), and we put
p(0) := 0(idy)(1).

Definition of 9: Let = be in F(U). For each morphism f :V — U in Cx we
define ¢(z)(f) : R(V) = F(V) by ¢(2)(f)(A) :== AF(f)(x).

§ 327. P. 438, end of Section 18.1: I'y4 is left exact by §319 p. [I80] Moreover,
['(4; ) commutes with small projective limits by §320|p. [180} and is thus left exact

by Proposition p. [63]

§ 328. P. 438, bottom: One can add that we have Homg (R, F') ~ F for all F' in
PSh(R).

§ 329. P. 439, after Definition 18.2.2: One can add that we have
psh
R ®73 F~F
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for /' in PSh(R) and

for F' in Mod(R°P), as well as
psh
F®rR~F
for /' in PSh(R°P) and

for F' in Mod(R°P).

§ 330. P. 441. The proof of Proposition 18.2.5 uses Display (17.1.11) p. 409 of
the book and §323 p. [181]

§ 331. P. 441. In the notation of Remark 18.2.6 we have
Homg, (3M2 ®r, 2Mi,3Ms) ~ Homg, (2 My, Homg, (3M2, 3My)),
Homp, (s Mz ®ry oM, 3 Ma) = Homp, (2 My, Homp, (3Ma, 3My)),
Hongp(le ®R, 2M3,4M3) ~ Hongp(1M2, Homper (2M3, 4Ms3)),
HOngp(1M2 Ry 2 Mz, 4 M3) ~ Homzpge (1Mo, HOngp(zM?n 1Ms)).

More generally, if R, S, T are Ox-algebras, if F'is a (T ®o, R°P)-module, if G is
an (R ®o, S)-module, and if H is an (S ®o, T )-module, then we have

Homsg, 7(F ®r G, H) ~ Homgrg, s(G,Hom7(F, H)),
H0m$®OXT(F QSR G, H) >~ HomR®OX3(G, HomT(F, H)) (161)

§ 332. P. 442, proof of Proposition 18.2.7. Here are additional details.
Proof of (18.2.12): We must show

FAZRA®RF2]{7XA®I§XF~ (162)

We have

() ._ (b) ._ () ,._ (d)
Fa~inh v (Fla) 2 iahx (Rla®rp, Fla) = (45 (Rla) ®r F ~ Ry @r F.

Indeed, (a) and (d) hold by Definition 17.6.10 (i) and Display (17.6.5) p. 428 of
the book, (b) follows from §329, (c) follows from (18.2.6) p. 441 of the book.
The isomorphism F4 >~ kx4 ®g, F' is a particular case of the isomorphism Fy o~
R ®r F' just proved.
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Proof of (18.2.13): We must show
FA(F) Z%OWR(RA,F) ZHOWL]{;X(]{?XA,F). (163)

We have w
HOWLR(RA,F) é %omR(R ®kx kXA,F)

(b) ()
~ Homkx(kXA, HomR(R, F)) ~ HOka (kXA, F),

where (a) follows from (162)), (b) follows from Display (18.2.4) p. 439 of the book
(which is a particular case of (161])), and (c) follows from §328| Let us record the
isomorphism

HomR(RA,F) ~ 'Homkx(k:XA,F). (164)
We also have for G in Mod(R)

(a) (b) . .
HOII]R(G, ,)LLOka(]{ZXA,F)) ~ HOIIl'R(G ®kx /{ZXA,F) ~ HOIIIR(‘]Al_)X‘]A_)X* G, F)

(c) . .
o~ HomR(GaJ‘iA_»{JAeX* F)

where (a) follows from (161]) with

Y Homg (G, T4(F)),

(kX; kx,R, ]CX; kXA,G, F)
instead of
(OXaRv‘SaT)F7G7H)7

(b) follows from (162)), Definition 17.6.10 (i), and Display (17.6.5) p. 428 of the
book, (c) follows by adjunction, and (d) by Definition 17.6.10 (ii) p. 428 of the
book.

19.2 Lemma 18.5.3 (p. 447)

We give additional details about the proof of Lemma 18.5.3 of the book (stated
below as Lemma m p- [187) with the hope of helping the reader. We start with
a technical lemma.

Lemma 333. Let R be a ring, let A be a right R-module, let B be a left R-module,
let n be a positive integer, and let

(ai)?:h (bz)?zl

be two families of elements belonging respectively to A and B. Then Conditions
(i) and (ii) below are equivalent:
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(i) We have Y1, a; ®@b; =0 in AQg B.
(ii) There are positive integers £ and m with ¢ > n, and there are three families

(ai)fszrl, <)\2j>1<2<é 1<j<m (b;);nzl

SNl >

of elements belonging respectively to A, R, and B, such that, if we set b; = 0 for
n <1i</{, we have:

ZAwb;_b V1<i<O), (165)
l
Y ady=0 (V1<j<m). (166)
=1

Proof. Implication (ii)=-(i) is clear. To prove Implication (i)=-(ii), we assume
(i), and we choose a set I containing {1,...,¢}, where ¢ is an integer > n to be
determined later, such that there is a family (a;);e; which completes the family
(a;)1<i<n and generates A. We write C' for the kernel of the epimorphism

fiRET = A, () — Zai i -
icl

In particular we have exact sequences

cLRTL A0 ceoprBL BT L Ag,B 0,
with

g () @0)) = (uib),  f(E) =D a .
il
Put b; ;=0 for ¢ in I\ {1,...,¢}. The family (b;);cs is in Ker f’, and thus in Im ¢'.
The condition (b;) € Im ¢’ means that there is a positive integer m, a family
(Nijier1<j<m
of elements of R such that
()\U)Z eC C R@I
for 1 < j <m, and a family (b;)i<j<m of elements of B, such that

(bi)i = ¢ (i@‘ i ® b/> <Z Aij ]) :

=1

As (N\;); is in R® for all j, the set of those i in I for which there is a j such that
Aij # 0 is finite, and we can arrange the notation so that this set is contained in
{1,...,¢} with £ > n, and we get (165)). As (\;;); is in C for all j, we also have
(1166)). O
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Here is another technical lemma:

Lemma 334. Let R be a ring, let o : A" — A be a morphism of right R-modules,

let B be a left R-module, and let s be an element of Ker(A' ® g B — A ®g B).
Then there exist

e a commutative diagram

J—
f
F”L>Zlw 0
|
A A== A

of right R-modules such that F, F' and F" are free of finite rank,

e clementst € F' @p B, u € F" ®pr B such that the commutative diagram

F'"rB>t

b
P

weF'"@r B —— FQyrB

] Jo

SEA/®RB T) A®RB
satisfies g1(u) = s and ¥1(u) = f1(t).

Proof. Write

n

s:Za;®bl

i=1
with @} in A" and b; in B, and put a; := ¢(a;) € A, so that we have

i=1

By Lemma p. there are positive integers ¢,m with ¢ > n, and there are
three families

(@i)iny,  Mijh<icei<icm, ()7

Ik R
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of elements belonging respectively to A, R, and B, such that, if we set b; = 0 for

n < i < {, we get (167) and (166) p.[185] We have a commutative diagram of
right R-modules

Rm
|7
Y (167)

with g
f(@)i = Z Nij g, glz) = Za; zi,  h(z)= Zai Zi-
j=1 i=1 i=1
In particular, (166) p. implies ho f = 0. O

Let us turn to the proof of Lemma 18.5.3 p. 447. [As already pointed out,
there are two typos in the proof: in (18.5.3) M’|y and M|y should be M'(U) and
M(U), and, after the second display on p. 448, s; € ((R°?)®™ @z P)(U) should
be s; € (R°?)®" @ P)(U).]

For the reader’s convenience we state (in a slightly different form) Lemma
18.5.3 (see Notation 17.6.13 p. 428 of the book):

Lemma 335 (Lemma 18.5.3 p. 447). Let P be an R-module. Assume that for all
U inCx, all free right R-module F', F" of finite rank, and all R|y-linear morphism
u: F'ly — F"|y, the sequence

0 — Ker(u) @z, Plv = F'lv ®rw) Plv = F"|lv @)y Plu

is exact. Then P is a flat R-module.

(Recall that the notation ?|y is defined in Notation 17.6.13 (ii) p. 428 of the
book.)

Proof. Consider a monomorphism M’ — M of right R-modules and put
K :=Ker(M' @z P — M ®g P).
It suffices to prove K ~ 0. Let K, be the presheaf defined by

Ko(U) := Ker (M'(U) Qrwy P(U) = M(U) @rw) P(U>>a
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let U be an object of Cx, let s be an element of Ky(U), and let 5 be the image of
s in K(U). We shall prove s = 0. By Definition 18.2.2 p. 439 and Theorem 17.4.7
(iv) p. 421 of the book, K is the sheaf associated to K,. Hence, as U and s are
arbitrary, Equality s = 0 will imply that the natural morphism K, — K vanishes.
By (17.4.12) p. 421 of the book, this vanishing will entail K ~ 0, and, thus, the
lemma. Let us record this observation:

Equality 5 = 0 implies the lemma. (168)
By Lemma p. there exist

e a commutative diagram

FI(U) —— F'(U)
lf
F'(U) —— F(U) 0
M'(U) —— M(U) == M(U)

of right R(U)-modules such that F, F’ and F" are free right R-modules of finite
rank,

e clements ¢t € F'(U)@rw)P(U), u € F"(U)®@rw)P(U) such that the commutative
diagram

FI(U) @rw) P(U) 5t

Js

u € F'(U) @y PU) —2— F(U) @rq) P(U) (169)
gll lhl
s € M'(U) ®@rw) P(U) —5— M(U) @rw) P(U)

satisfies g1 (u) = s and 91 (u) = f1(t). The commutative diagram ((167]) also induces
the commutative diagram
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the top square being cartesian. Then (5, is a monomorphism by Proposition 17.6.6
p. 425 and Notation 17.6.13 p. 428 of the book (recall that M’ — M is a mono-
morphism by assumption). This implies go o ks = 0. Hence A is a commutative
diagram of complexes. The condition that the top square is cartesian is equivalent
to the exactness of

5 = (o SN S Flya Py — F\U>.

The sequence ¥ ®g|, Ply being exact thanks to the assumption in Lemma
p. we see that the commutative diagram of Complexes A ®g), Ply has a
carteswm top square, and that, by left exactness of I'(U; —) (see - p. - the
commutative diagram of complexes I'(U; A®x|, Plv), that is (see Notation 17.6.13
p. 428 of the book),

(N ®@g), Plu)(U) —— (F'@r P)(U) >t

| Js

€ (F" @ P)(U) —2— (F @r P)(U)

] Jn

s€ (M &g P)(U) —5— (M @x P) (U)

(commutative diagram which completes ((169))), has also a cartesian top square,
and satisfies ¢g;(u) =3 and

Y1(u) = fi(t). (170)

We have used the isomorphisms
r (U; M|y ®gy, P|U) o~ F(U; (M ®% P) |U) ~ (M @ P)(U), (171)

and similarly with M’ instead of M. Indeed, the first isomorphism in (171)) is a
particular case of (18.2.5) p. 441 of the book, and the second isomorphism in ([171])
results from the last two displays on p. 428 of the book. In other words, we have

(N ®ryy Plu)(U) ~ (F' @r P)(U) X(rarp)w) (F" @z P)(U). (172)
Note that (170) implies
€T = (t, u) € (F/ KRR P)(U) X(Fer P)(U) (F” KRR P)(U)

If y is the element of (N ®x|, P|v)(U) corresponding to x under Isomorphism (172)),
then we get ki(y) = u, and thus 5 = ¢1(u) = ¢1(ki(y)) = 0. By (168§]), this
completes the proof. O
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19.3 Brief Comments

§ 336. P. 452, Part (i) (a) of the proof of Lemma 18.6.7. As already mentioned,
Oy and Oy stand presumably for Ox|y and Oy |y (and it would be better, in the
penultimate display of the page, to write Oy instead of Oyl ), and, a few lines
before the penultimate display of the page, f;;' : O™ — O&™ should be (I think)
fol 1 O5 — 0%,

Also, one may refer to p. and p. to describe the morphism
of sites fyr : W — V. More precisely, we define, in the notation , the functor
(fw)™: ((Cy)v)* = ((Cx)w )" by

(fw) (V' = V)= (f1(V) = fT(V) = W).
Finally, let us rewrite explicitly one of the key equalities (see p. [171)):

T O@nm W) = colim O@nm 4 ?
IO (W) Fr(V)-We(Crym)w v

where f7(V) — W is a morphism in (Cx)° (corresponding to a morphism W —
ft<V) in Cx)
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