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Abstract

About 380 years ago, Pierre de Fermat wrote the following idea to
Diophantus’s ” Arithmetica”.

Cubum autem in duos cubos, aut quadratoquadratum in duos quadra-
toquadratos, et generaliter nullam in infinitum ultra quadratum potes-
tatem in duos eiusdem nominis fas est dividere cuius rei demonstrationem
mirabilem sane detexi. Hanc marginis exiguitas non caperet.

Later, this proposition(Fermat’s Last Theorem) has continued to be a
presence, such as the One Ring that appeared in J-R-R-Tolkien’s ”Lord
of the Rings”. Finally in 1994, it has been proven by Sir Andrew Wiles.
However, interesting Fermat’s proof is still unknown. Perhaps this is as-
sumed to algebra category.
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1 introduction
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1.1 Fermat’s Last Theorem
Theorem 1 (Fermat’s Last Theorem)
HARE n OFEIZDODWT, A ROEFERNZH72T 2, y, 2 DEARBIRITFIEL 2V,
"yt £ O<zr<y<z, nz3)
NPT EFRETH 5,
2P +yP £ 2P (pE3LULEDHEK Tz, vy, 2 IFHWVITEE)

1.2 Casel (p L zyz)
Theorem 2 (Fermat’s little theorem) A % HARE pMWFEMTp L ADLE
AP =1 (mod p) (1)

2P +y?P — 2P =0 modp
2P re 4Py — 2Pl =0 modp
(1) &b x+y—2=0 modp
Proposition 3 R=1 mod p

L={(z+y),(¢~y),(z—2)} , R={"a",p"}
Proof 4 p=5 %zfl& 95,

Yo+ 5y (z —y) + 1097 (2 — y)® + 10y%(z — v)® + By(z — ) + (. — y)°
P =y" + 5yt (z —y) + 10y (2 — y)? + 103 (2 — 9)® + 5y(z — ) + (2 — y)°

2=y’ =(z—y)By +10°(z —y) + 107z —y)> + 5y(z —y)* + (2 —y)") ()

4 5

(—y+(@+y)° =—y" +5y(x+y) —10y°(x +y)* + 10y*(x + y)* = by(z +y)' + (z + y)
2® = —y® + 5yt (x +y) — 10y°(z + y)® + 10y°(z + y)°* — 5y(z + y)* + (z + y)°

2 +y° = (z +y) 5y =10y’ (z +y) + 10y*(z +y)? = Sy(z + 9)° + (z +y)*)
R=py* = 2py*(z +y) + 2p9° (2 + 9)* — py(z + y)* + (& + y)"
DU DWW T H [k D T— MBI
(z—y)P t=(r+yP '=R=1 modp



Proposition 5
L1R

Proof 6 2P +y? = L-RIZBWVT, ¢ |(x+y) i &

L=0 mod/¢
R=py?! mod ¢
d LpymdDT

L1R=pyP' modd

2P —aP, 2P —yP IZDWTHHEKTH B,

Proposition 7 ¢|RD & E (qldp THRWVWER)
¢g=1 modp (q#p)

Proof 8 ¢#1 modp (q#p) LIRET 5,

qlaP DL E, qRIELT Dy, 2DRY g, h(<q) 2iBL,

y=g modq
z=h mod q
z—y=h—-—g modgq

g#Zh modgq
y" = (aN1 +g)"
2P = (qNy + h)P
2P —yP =aP o
(¢N1 +g)” = (gN2 + h)"  mod ¢
q L 2y 72D T Fermat’s little theorem & D

(gN1 + )" = (gNo + 7)™ mod ¢



qg#1 mod p72dDT

g—1=pN+k (0<k<p)
(q—1kP™2 =pN .- kP2 kP!

p Lk TdH5H 5 Fermat’s little theorem & 9
(q—1DkP"2=1 mod p

M) &9
(gNy + )7 = (qNy + ) TR mod ¢

(q—DkP2=pm+1LEIFTHDT

(gNy + )" = (gNo + 1)P™ ! mod ¢ (8)
(gN1 + g)"™ = (N2 + h)’™  mod ¢ 9)

(gN1 +9) = (gN2 + h) mod ¢

g=h modgq
Zhid (5) ITRT 5,

RPN N ST RAN 5 Qi A



Proposition 9 2P +y? =2 = p?|(v+y—2)

Proof 10

3) &b

4) &b

£oT

(10) & b

R=q® & ¢

a, = (pk +1)?
@ = (pk)? +p*(...) +1
¢® =1 mod p?

R=1 mod p? (10)
2P +yP — 2P =0 mod p?

2P = 2P —y? mod p?
y? = 2P — 2P mod p?

2P = 2P + 4P mod p?

2 =(z—y)-1 mod p?
y*=(z—x)-1 mod p?
2= (zx+y) -1 mod p

aP 4P =P =(z—y)+ (2 —2) - (x+y) modp’
0=22z—(r+y)—(r+y) modp?
0=2z—2(z+y) mod p?
=2z +y—2) modp?
0=z+4+vy—2z modp?



1.21 p=3
Proposition 11 2% + 9% = 23 = 3 | zyz
Proof 12
(@+(y—2)° =a® +32°(y — 2) + 3a(y — 2)* + (y — 2)°
(x+y— 2)3 = 23 4+ 322y — 3222 4 3x(y® — 2yz + 22) + ° — 3y + 3y — 2
= 23 + 32%y — 32%2 + 3zy? — 6ayz + 3x2% + y® — 3Pz + 3y2? — 23
= 23 + 322y + 3xy”® 4 3222 + 3 + 3y2? — 3272 — 6wyz — 3yPz — 23

3

B4y -2 =0RDT
= 32y + 3xy® + 322 + 3y2? — 322 — 6xyz — Y2
=3 (a:Zy +ay? + 2% +y2® — 2?2 — 2wyz — y2z)
:3(xy(x+y)+zg(x+y) —z(x2—|—2xy+y2))
=3 (oy(@+y) +22 (@ +y) —2(@+y)°)
=3(z+y) (zy +2° — 2 (x +y))

(+y—2)°=3@+y)(z-2)(z—y)
3 | (x+y—2)° mDT

3@ +y)z—2)(z—v)
z24+y—2=0 mod3 THBIH5H

r+y=2z mod3
z—rx =y mod3

z—y=x mod 3

£oT
3| zyz



1.2.2 p=5
Proposition 13 zP + yP # 2P

Proof 14
Definition 15
o 01 zyz
e 012
2P +szP" L =ty mod 6

ZIZTs, tIZOWTllINEREELRT 5,

2P +s2P71 = tyP"! mod @
2P —yP +52P7 = tyP7! mod @
P 4s2P7l = P +tyP7t mod 6
P Hz4+s) = yPHy+t) modh
P zy+sy) = yoy’ ' (y+1t) modd
DN ofiEz s <,
zy = st mod 6
PN st+sy) = yPly+t) mod b
s2PHy+1) = yP(y+t) mod
IR
P(z+5) = y? Hey+2t) mod 0
Pz+s5) = yP Hst+2t) mod 6
P(z+s) = tyP " (z+s) modh
XoT

2Pt =yP mod 0

tyP"' = 2P mod 6

727200 Lx 72D Ty? # 2P mod 6

s#Zz modl |, t#£y mod¥d

(11)

(13)



P — 2P = —yP &V
s=—z , t=—yl¥(11),(12) 2=,

0 = p ® & Z Fermat’s little theorem & 0

(13) £

22"1=1 mod p

yP"1=1 modp

s=y modp

t=2z modp

Remark 16 y,z WEEo7-fHED L &, (13) BT 5 s, t F—HKZHLBDT

—Zz

z+y

r DL ZTHREKRDT

z+x

=y modp
=0 modp

=0 modp

BUs , tiZOWTHlil I NESEeEET 5,

—tyP "t + 5Pt = 2P mod @

ftypfl + sgP !
—tyP~! 4 saP!
— P 4 gyP !
—2P 1z — )

—aP " (zy — sy)

Brofez s <,

FIRkIZ

—aP7(—st — sy)

= 2z mod?¥6

2 + 4P mod 6

y? +tyP~t mod @
y?" Yy +t) mod 6
y-y? Hy+t) mod 6

ry = —st mod 0

yP(y+t) mod @

seP Yy +t) = ¢yP(y+t) mod @
—2P(x—s) = y* xy+at) modd
—aP(x—s) = yP Y(—st+wxt) mod b
—2P(x—s) = ty? '(z—s) modf

(14)

(15)



£oT
saP"t=9P mod @
—2P =ty?~! mod 6
7272060 L 272D T —xP £y mod 0
s#Z—x modf , t#£y mod0

yP+aP =2P £
s=x , t=—yl¥(16),(17) ZE7=7,

0 = p ®& Z Fermat’s little theorem & O
2P"'=1 modp
y*"'=1 modp

(18) &1

s=y modp

t=—x modp

Remark 17 z,y WEE > 7ZED & &, (18) ITHB T 5 s,t lE—EMWITREHDT

x =y modp
x—y =0 modp (19)

(14)(15)(19) £ b

(x+y—2)+(x—y)+(2+2)=0 modp
(x+y—2)+2r—y+2)=0 modp
3r=0 modp

(@+y—2)+@y—2)+(2+y)=0 modp
(t+y—2)+(—z+2y+2)=0 modp
3y=0 mod p

—(r+y—2)+(z+2)+(2+y)=0 modp
—(x4+y—2)+(x+y+22)=0 modp
32=0 mod p

Il p Layz (p25) DEIRIZKT %, O



1.3 Case 2 (p|zyz)
Proposition 18

ple ,plyz = p'le (n22), p1|L
Proof 19

P +yP—2P=0=p|(x+y—2)?
£-T pl(z-y) BT B, (2) 25 MBI

| |
D (,_ p—1_ P o2 T L _)P2 _ 2 \p—1
a? = (z y)(py oY (z—y)+ +1!(p_1)!y(z Y+ (z-y) )
! !
R=py? 4 P2 (e =) oo

1
(»—2)21”

Ty LG R CE

P’ | RBSIEp|yPt &R oTLES D
P IR

Kp BRE,
L1R

Definition 20 p | abc
o z—y=aPpr!
o z—x =10
o r+y=c"
(2-2) = (z+y) = — @
(z—y)—2x=b —c"=0 modp
p|Lep| RBOT, Dl dp? [P —cP

aPpPl =22 =0 — =0 mod p?

P (20)
! ) R ) .
<x—(z—y>>p:xp—(p_p—1)mxp (z—y>+mx (2~ ) ‘ﬁ 3z -
T U CR

2P = (z—y) pa? LiEE, ERITRAT S,
! !
(x+y—2)"=(2-y) (m” - ﬁx“ +ot ﬁw(z —y)P = (2 - y)’”)

10



! !
K = pa? — S~ N 7)'33(2 —y)P 2 — (2 —y)Pt

(p— D! 1U(p -1

(20) £V z = ap’a LEITZHDT

(—(z—y) =(-y K
(ap*a — aPp? )P = aPpP K
app2p(a _ apflpp*f%)p — apppflK
P a—a PP = K

PP K

(21) , pLa? &0
pt | K THRITER S 720,

£oT
Pl = pP ' (z—y)
— Rz
Pt (n22)=p" | = p””_1|L
F7-

ry—z=a—(:—y)
4y —z=pac —pP"la?

T4y —z=p"(ac — pnPH1gP)

Pt ty—=z

11

(21)



1.31 plz

x =pTaa z—y=pl"laP
y=>bp z—x =10
z=cy r+y=cP
p L aayzS 2146

Proposition 21 z+z—y=p"aS , §|S = 0 Lzyz
Proof 22
pn—1

r+z—y=plaa+p a?

_ pna(a +p(pfl)nflapfl)

pa? =R=py" ' + (2 —y)(...)
R=py?' moda
pyPt La
ala
§5|1S ,0laRolFPET S, £oT
0 Lx
2t=(+y—2)+@+z-y)
belaxty—z
x L be
§|bebiXd | 20 THRIFNIZRSTFET S, £oT
0 L be
S| B5IES|x+2
r=-—z mod§
2P = —2P mod §
2P 4+2P=0 mod
2P —2P =y?P =0 mod § DT
P + 2P — (2P —2P) =0 mod §
22 20 mod §

£oT 0L p
Sy , 0|z—yRoXFBRIZ

2 —yP + (2P +¢yP) =0 mod ¢
227 20 mod ¢
XoT 0L~y

12



Proposition 23 2p |z , 2p L yz D& & 2P + yP £ 2P
Proof 24
0 L ayz 72D T
y? £ 2P mod 4§, (2P Z 2P mod ) , 2P # -y’ mod o

(13)(18) &b, =07 5IF
—2P=y? modd , (=2 =2 mod)J)

2P =yP mod §

(2P + 9P — 2P) + (2P —yP) + (2P + 2P) =0 mod §
(xP +yP — 2P) 4+ (227 —yP +2P) =0 mod &
0

32P = mod §

(aP +yP — 2P) 4+ (4P —2P) + (2P +4P) =0 mod §
(27 +y" —2") + (2" + 29" +2") =0 mod §
3y? =0 mod ¢

—(zP +yP — 2P) 4+ (2P 4+ 2P) + (2P +¢yP) =0 mod &
—(@" +yP = 2") + (2" + 9" +2:7) =0 mod
32P=0 mod ¢
T L xyz OFIRICIKT 5, £oTS=2F
z+z—y=p"a2"
2|z, 2LlyzDEE

=2~y =Gy "+ (z—y)(..))

2| L=p" ta?
2]a

21 R=pa?
21«

T4z —y=pala+pPIn"lgrl)
2k . _’_p(pfl)nflapfl
2k =1
LD U, a+p®-Dn=lgr—1 > 1 2D TFHFET 5,

13



xr =p"aa z—y=p" taP

y=0b0 z—x =10
z=cy r+y=c’
p L aayzU 216"

Proposition 25 z —z+y=0U , §"|U = § Lzyz

Proof 26
z—x+y=5b+b0
= (" + )
BLb

SIU S| bBSEFET B, koT
5”J_y
2y=(z—x+y) +(r+y—=2)

aclz+y—z

y Ll ac
8" ac 251X 6" | 2y TIRIINIE RS TFIET S, o T
8" L ac
3 amolXd | z+y

y=—z mod §"
y? = —2P mod §”
y?P+ 2P =0 mod §”

2P —yP =2 =0 mod 6"’ 72D T

Y+ 2P — (2P —y?) =0 mod §”’
27 £0 mod 5"

foT 8 L a
8y o, 8 |y — xR SIXFERRIC

y? — 2P + (2P +y?) =0 mod §”
2y? 20 mod §”

XoT 0" Ly

14



Proposition 27 p |z , pLlyz , 2|y, 2 Laz D& & aP +yP £ 2P
0" L ayz 7DT
y? #£ 2P mod §”, (2 # 2P mod ") , 2P # —y? mod §”’

(13)(18) £ b, 6=6" 5 iE

—2P=y? mod ¢’ , (=2 =2P mod §")

2 =y? mod §”

(@ +yP = 2P) + (2" —y") + (¥ +2P) =0 mod &"
(@” +yP —2P) + (227 —yP +2/) =0 mod &"
32P =0 mod 6"

(2P + 4P — ")+ (P — 2P) + (2" +4*) =0 mod §”
(@497~ ) + (= + 27 + ) =0 mod
3yP =0 mod §”

—(@P P — )+ (P +2P)+ (2P +yP) =0 mod §”
—(a? +yP = 2P) + (2P +yP +227) =0 mod §"
32 =0 mod §’

T L xyz ORHEICK T %, EoTU =2k
z—x+y=0b2k
2|y, 21lzzDEE

yP =2 —aP = (z—2)(paPt + (2 —2)(...))

2| L=1b"
20b
21 R=4°
218

z—x+y=>bb""t+p)
2" =+
2k =1

UL, WP L4 B>1RDTHFET 5,

15



x =plax 2z —y=pP" taP

y=bp z—x =10
z=cy r+y=cP
p L aayzT 2 1le

Proposition 28 4+ y+z=¢cT , €|T = €l xyz

Proof 29
r+yt+z=c+ey
= (™ + )
vlec

elT |, elcBbEFET S, £oC
elz
2z=(x+y+z)—(x+y—2)

ablx+y—z
z 1l ab

elabZ ol e| 2 THRIINERSTFIET D, £oT

el ab
e|BoSielz+z
r=-—z mode
2P = —2P mod e

2P+ 2P =0 mod e
2P —aP =yP =0 mod e XD T

2P+ 2P+ (2P —2P) =0 mod e

2zP 20 mod e

£oT el p
ela , ely+z2oIXFKIC

yP+ 2P+ (2P —yP) =0 mod e
2P 20 mod e

£oT el a

16



Proposition 30 p |z , pLlyz , 2|z, 2 Lay D& & aP +yP £ 2P
€L xyz 72DT

y? Z£ 2P mode, (2P £ 2P mode) , 2P £ —y? mode

(13)(18) &b, =€ 5lF
—zP=y? mode , (—2 =2 mod e)

2P =y? mod e

(2P +y? — 2P) + (2P —yP) + (2P + 2P) =0 mod €
(@7 +y" —2")+ (227 —yP +27) =0 mod e
327 =0 mod €

(P +yP = 2P) + (yP —aP) + (2P + 4P mod €

)=0
(@ +y? —2") + (=2 +2y" +2P) =0 mod €
0 mod €

—(@P P —P)+ (P +aP)+ (2P +yP) =0 mod e
—(@"+y" = 2") + (2" + 9y’ +22") =0 mod e
32P =0 mod e

Ihide L ayz ODFHRIZNK T 5, o TT =2k
r+y+z=c2"
‘2|z ,2layDeE
P =aP +yP = (x+y)py" "+ @+ )

2| L=cP
2] ¢
21 R=+~*
21y

r+y+z=c(c+7)
2" =P 4y
2k =1

UL, P Ly >1RDTFHFET S,

17



1.3.2 plz

T = ax z—y=aP
y =00 z—xz =10
z=7p"cy x4y =pP P
p L zycyS 216

Proposition 31 z+z+y=p"cS , &S = & Layz
Proof 32
z+a+y=pley+pTlcP
=pe(y +p@ e

P =R=pyP "t +(x+y)(...)
R=py*"' modc
pyPt Le
vlec
818 8| cmolEFETSE, £oT
8 Lz

2z2=—(z+y—2)+(z+z+vy)

ablx+y—z
z 1 ab
§ 1 ab72 51X 6 | 2z THRITFNWER ST FIET 5, £oT
& L ab
S| B#oIE |2+
z=—x mod ¢
2P = —aP mod §

24+ 2P =0 mod ¢
2P —aP =y?P =0 mod ¢’ RDT
P +aP+ (P —2P)=0 mod
22 20 mod ¢
£oT o LB
§ o, 8| z+y koI AEBC
P4+ yP+ (2P —9yP)=0 mod ¢
22 %20 mod &
XoT 1l

18



Proposition 33 2p |z , 2p Loy D& & 2P + yP #£ 2P
Proof 34
0" L xyz 72D T
y? £ 2P mod &, (2P £ 2 mod §') , 2P £ —y* mod &

(13)(18) & b, =6 7251

2P =y? modd , (=2 =2 mod §)

2P =y? mod &

(a7 +y" =) + (2" —y") + (" +2") =0 mod &
(a? +y? —2P) 4+ (22? —yP +2P) =0 mod &’
32P =0 mod ¢

(2P +yP —2P) + (P — 2P) + (P +4P) =0 mod &
(aF +y” = 2P) + (=a? + 2" +2/) =0 mod &'
3y =0 mod ¢

—(aP+yP —2P)+ (P 4+ 2P)+ (2P 4+ yP) =0 mod 8
—(@" +y" —2") + (@ + 9" +227) =0 mod ¢
32P=0 mod ¢

T L ayz DREHRICNT S, £oT S =2F
z4 x4y =pc2F
‘2|z ,2layDeE

P =aP +yP = (x+y)(py" "+ (@ +y)(...)

2| L=pmteP
2]|¢

21 R=py?
21y

2+ ty=pe(y+pPTnTerT
2k; =~ _’_p(pfl)nflcpfl
2k =1

LU, v+ pe-Dn=lep=1 5 1 D TFET 5,

19



T = ax z—y=a"

y=>bp z—x =10
z=p"ey wty=phie
p L zyeyT 21 ¢

Proposition 35 z —y+x=aT , € |T = € Luzyz
Proof 36

z—y+z=d +ax

= a(ap*1 + )

ala
€T , élaRolEFPETS, £oT
€ L
2r=(z—y+z)+(x+y—2)

belx+y—z
a L bc

€ |bcmbiXe |20 THRITINIXRSTFIET S, £oT

€ 1 be
€lpmoldd|z+a
z=—x mod €
2P =—2P mod ¢

2P +2P =0 mod ¢
P —aP =yP =0 mod € DT

P 4aP — (2P —2P) =0 mod €

227 20 mod ¢

£oT € 1Lp
€ly , €|z—yRSIXFKIC

2P —yP+ (2P +y?) =0 mod €
227 20 mod ¢

£oT e L~

20



Proposition 837 p|z , play , 2|z, 2 LyzD& & aP +yP £ 2P
Proof 38
€ 1L xyz 78DT

yP? £ 2P mod €, (2P # 2P mod€) , aP £ —y? mod ¢

(13)(18) £ 0. O =€ B 51

—2P=y” modée , (—2P=2P mod €)

2 =y? mod ¢

(@ +y? = 2P) + (2" —y") + (¥ +27) =0 mod ¢
(2P +y? —2P) + (22 —yP +2P) =0 mod ¢

32 =0 mod ¢

(2P + 1P — 2P) + (P —2P) + (2P +y*) =0 mod ¢
(2P +yP = 2P) + (—aP +2y7 +2P) =0 mod €

3yP =0 mod ¢

—(@P 4y — )+ (P +2")+ (2P +yP) =0 mod ¢
—(aP+yP —2")+ (2" + yP +22°) =0 mod €
32 =0 mod ¢
ZHiE e Layz: DEHRIZK T 5, o TT =2*
z—y—i—x:a2”c
2|l , 2LyzDEE

ol =2 =y = (2 =)y’ + (- y)(- )

2| L=a"
2]a
21 R=a"
21«

z—y+z=ald ! +a)
2" =a? ! +a
2F =1
UL2U, a? '+ a>145DTHET 5,

21



