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Annotation

In this book we formulate and prove the variational extremum
principle for viscous incompressible and compressible fluid, from which
principle follows that the Naviet-Stokes equations represent the
extremum conditions of a certain functional. We describe the method of
seeking solution for these equations, which consists in moving along the
gradient to this functional extremum. We formulate the conditions of
reaching this extremum, which are at the same time necessary and
sufficient conditions of this functional global extremum existence.

Then we consider the so-called closed systems. We prove that for
them the necessary and sufficient conditions of global extremum for the
named functional always exist. Accordingly, the search for global
extremum is always successful, and so the unique solution of Naviet-
Stokes is found.

We contend that the systems described by Naviet-Stokes equations
with determined boundary solutions (pressure or speed) on all the
boundaries, are closed systems. We show that such type of systems
include systems bounded by impermeable walls, by free space under a
known pressure, by movable walls under known pressure, by the so-
called generating surfaces, through which the fluid flow passes with a
known speed.

The book is supplemented by open code programs in the MATLAB
system — functions realizing the calculation method and test programs.
Links on test programs are given in the text of the book when the
examples are described. The programs may be obtained from the author
by request at solik@netvision.net.il
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Introduction

In his previous works [6-25, 37, 38] the author presented the full
action extremum principle, allowing to construct the functional for
various physical systems, and, which is most important, for dissipative
systems. In [31, 34, 35, 36, 39] described this principle as applied to the
hydrodynamics of viscous fluids. In this book (unlike the first edition of
[34, 35]) used a more rigorous extension of this principle for power and
also is considered hydrodynamics of compressible fluids.

The first step in the construction of such functional consists in
writing the equation of energy conservation or the equation of powers
balance for a certain physical system. Here we must take into account the
energy losses (such as friction or heat losses), and also the energy flow
into the system or from it.

This principle has been used by the author in electrical engineering,
electrodynamics, mechanics. In this book we make an attempt to extend
the said principle to hydrodynamics.

In Chapter 1 the full action extremum principle is stated and its
applicability in electrical engineering theory, electrodynamics, mechanics
is shown.

In Chapter 2 the full action extremum principle is applied to
hydrodynamics for viscous incompressible fluid. It is shown that the
Naviet-Stokes equations are the conditions of a certain functional's
extremum. A method of searching for the solution of these equations,
which consists in moving along the gradient towards this functional's
extremum. The conditions for reaching this extremum are formulated,
and they are proved to be the necessary and sufficient conditions of the
existence of this functional's global extremum.

Then the closed systems are considered. For them it is proved that
the necessary and sufficient conditions of global extremum for the
named functional are always valid. Accordingly, the search for global
extremum is always successful, and thus the unique solution of Naviet-
Stokes is found.

It is stated that the systems described by Naviet-Stokes and having
determined boundary conditions (pressures or speeds) on all the bounds,
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belong to the type of closed systems. It is shown that such type includes
the systems that are bounded by:

o Impermeable walls,

o Free surfaces, HAXOAAIIIMICS TIOA U3BECTHBIM AABACHHEM,

o Movable walls being under a known pressure,

o So-called generating surfaces through which the flow passes

with a known speed.

Thus, for closed systems it is proved that there always exists a unique
solution of Naviet-Stokes equations.

In Chapter 3 the numerical algorithm is briefly described.

In Chapter 5 the numerical algorithm for stationary problems is
described in detail.

In Chapter 6 the algorithm for dynamic problems solution is
suggested, as a sequence of stationary problems solution, including
problems with jump-like and impulse changes in external effects.

Chapter 7 shows various examples of solving the problems in
calculations of a mixer by the suggested method.

In chapter 8 we consider the fluid movement in pipe with arbitrary
form of section. It is shown that regardless of the pipe section form the
speed in the pipe length is constant along the pipe and is changing
parabolically along its section, if there is a constant pressure difference
between the pipe's ends. Thus, the conclusion reached by the proposed
method for arbitrary profile pipe is similar to the solution of a known
Poiseille problem for round pipe.

In Chapter 9 it is shown tat the suggested method may be extended
for viscous compressible fluids.

Into Supplement 1 some formulas processing was placed in order
not to overload the main text.

For the analysis of energy processes in the fluid the author had used
the book of Nikolay Umov, some fragments of which are sited in
Supplement 2 for the readet's convenience.

In Supplement 3 there is a deduction of a certain formula used for
proving the necessary and sufficient condition for the existence of the
main functional's global extremum.

In Supplement 4 the method of solution for a certain variational
problem by gradient descend is described.

In Supplement 5 we are giving the derivation of some formulas for
the surfaces whose Lagrangian has a constant value and does not depend
on the coordinates.

In Supplement 6 dealt with a discrete version of modified Navier-
Stokes equations and the corresponding functional.
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In Supplement 7 we discuss an electrical model for solving
modified Navier-Stokes equations and the solution method for these
equations which follows this model.




Chapter 1. Principle extremum of
full action

1.1. The Principle Formulation

The Lagrange formalism is widely known — it is a universal method
of deriving physical equations from the principle of least action. The
action here is determined as a definite integral - functional

S(a)=[}? (K(q)~P(g))d 0

from the difference of kinetic energy K(g) and potential energy P(q),
which is called Lagrangian

A(q)=K(q)—P(q). )

Here the integral is taken on a definite time interval {§ St <1y, and ¢

is a vector of generalized coordinates, dynamic variables, which, in their
turn, are depending on time. The principle of least action states that the
extremals of this functional (i.e. the equations for which it assumes the
minimal value), on which it reaches its minimum, are equations of real
dynamic variables (i.e. existing in reality).

For example, if the energy of system depends only on functions ¢

. . . . 4 .
and their derivatives with respect to time { , then the extremal is
determined by the Euler formula

oAK-P) d(doK-P) 0 X
og dil og ?
As a result we get the Lagrange equations.

The Lagrange formalism is applicable to those systems where the
full energy (the sum of kinetic and potential energies) is kept constant.
The principle does not reflect the fact that in real systems the full energy
(the sum of kinetic and potential energies) decreases during motion,
turning into other types of energy, for example, into thermal energy (D, i.
e. there occurs energy dissipation. The fact, that for dissipative systems
(i.e., for system with energy dissipation) there is no formalism similar to
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Lagrange formalism, seems to be strange: so the physical world is found
to be divided to a harmonious (with the principle of least action) part,
and a chaotic ("unprincipled") part.

The author puts forward the principle extremum of full action,
applicable to dissipative systems. We propose calling full action a definite
integral — the functional

t
Dlg)= ]2 Ka)ds @
from the value

R(g)=(K(q)=P(q)= (), ®)
which we shall call energian (by analogy with Lagrangian). In it Q(q) is

the thermal energy. Further we shall consider a full action quasiextremal,
having the form:

o(K-P) d(o(K-P) 0 _,

oq dt\ o4 oq
Functional (4) reaches its extremal value (defined further) on
quasiextremals. The principle extremum of full action states that the
quasiextremals of this functional are equations of real dynamic processes.

Right away we must note that the extremals of functional (4)
coincide with extremals of functional (1) - the component corresponding

to Q(q), disappears

Let us determine the extremal value of functional (5). For this

©)

purpose we shall "split" (ie. replace) the function ¢(Z) into two

independent functions X(#) and J(f) , and the functional (4) will be
associated with functional

t
D3 (x, ) = [, o v, ), 0

which we shall call "split" full action. The function %Ry (x,y) will be

called "split" energian. This functional is minimized along function X(Z)
with a fixed function Y(f) and is maximized along function }(#) with

a fixed function X(¢). The minimum and the maximum are sole ones.
Thus, the extremum of functional (7) is a saddle line, where one group of

functions X, minimizes the functional, and another - ), maximizes

it. The sum of the pair of optimal values of the split functions gives us

the sought function ¢ = X, + V., satisfying the quasiextremal
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equation (6). In other words, the quasiextremal of the functional (4) is a

sum of extremals X, )V, of functional (7), determining the saddle

point of this functional. It is important to note that this point is the sole
extremal point — there is no other saddle points and no other minimum
or maximum points. Therein lines the essence of the expression
"extremal value on quasiextremals”. Our statement 1 is as follows:

In every area of physics we may find correspondence between full
action and split full action, and by this we may prove that full action
takes global extremal value on quasiextremals.

Let us consider the relevance of statement 1 for several fields of physics.

1.2. Energian in electrical engineering
Full action in electrical engineering takes the form (1.4, 1.5), where

2 2
L S ,
K(q)=g , P(q)= Z —Eq |, O(q)=Rq'q. (1)

Here stroke means derivative , ¢ - vector of functions-charges with

respect to time, £ - vector of functions-voltages with respect to time, L
- matrix of inductivities and mutual inductivities, R - matrix of

resistances, O - matrix of inverse capacities, and functions

K(g), P(g), O(q) present magnetic, electric and thermal energies

correspondingly. Here and further vectors and matrices are considered in
the sense of vector algebra, and the operation with them are written in
short form. Thus, a product of vectors is a product of column-vector by

row-vector, and a quadratic form, as, for example, Rq'q is a product of

row-vector q’ by quadratic matrix R and by column-vector (.

In [22, 23] the author shown that such interpretation is true for any
electrical circuit. The equation of quasiextremal (1.6) in this case takes the
form:

Sq+Lq"+Rq'—E=0. ®)
Substituting (1) to (1.5), we shall write the Energian (1.5) in expanded
form:
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S ,
R(g) = 7—7+Eq—qu : 3)

Let us present the split energian in the form
(Ly’2 - Sy2 +Ey— ny’)—
(Lx’2 _ S+ Ex—Rey)
Here the extremals of integral (1.7) by functions X(¢) and y(?), found
by Euler equation, will assume accordingly the form:
28x +2Lx"+2Ry'— E =0, (5)
28y +2Ly"+2Rx'—- E=0. (6)

By symmetry of equations (5, 6) it follows that optimal functions X() and

Ro(x,y)= @)

Y0 » satisfying these equations, satisfy also the condition

X0 =)o- )
Adding the equations (5) and (6), we get equation (2), where
qg=XoTVo. ®)

It was shown in [22, 23] that conditions (5, 6) are necessary for the
existence of a sole saddle line. It was also shown in [22, 23] that sufficient
condition for this is that the matrix L has a fixed sign, which is true for
any electric circuit.

Thus, the statement 1 for electrical engineering is proved. From it
follows also statement 2:

Any physical process described by an equation of the form (2),

satisfies the principle extremum of full action.

Note that equation (2) is an equation of the circuit without knots.
However, in |2, 3] has shown that to a similar form can be transformed
into an equation of any electrical circuit (with any accuracy).

1.3. Energian in Mechanics

Here we shall discuss only one example - line motion of a body
with mass M under the influence of a force f and drag force kq ,,

where K - known coefficient, ¢ - body's coordinate. It is well known
that

f=mq"+kq" (1)
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In this case the kinetic, potential and thermal energies are accordingly:

K@=mg*2, P@=~fg. Q@)=keg'. @
Let us write the energian (1.5) for this case:
R(g)=mq'” 2+ fg—kqq ©)

The equation for energian in this case is (1)
Let us present the split energian as:

72 !

my'™ + fy—kxy )—
12 ! '

mx' + fx—kx y)

It is easy to notice an analogy between energians for electrical

engineering and for this case, whence it follows that Statement 1 for this
case is proved. However, it also follows directly from Statement 2.

Ry (x,y)= @)

1.4. Mathematical Excursus

Let us introduce the following notations:

y= . p=[lya. (1)

There is a known Eulet’s formula for the variation of a functional of
function f(y,»,»",...) [1]. By _analogy we shall now write a similar
formula for function f(...,p, v,y ¥",...):

VACTS SN SN @)
d2

t ' \l d 1 1
var = ...—j'ofﬁdny —Efy, +dt—2fy" —.. 3)

In particular, if /() =xy', then var = —x";if f()=xp, then var=—x.
The equality to zero of the variation (1) is a necessary condition of the
extremum of functional from function (2).

1.5. Full Action for Powers

In this case full action-2 is a definite integral - functional
] ¢ ]
&) = jtz R(i)dt )
1

from the value

(i) = (R()+ PG) +0()), ®
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which we shall call Energian-2. In this case we shall define full action
quasiextremal-2 as

8(§+P+Kj

Ol
Functional (1) assumes extremal value on these quasiextremals. The
principle extremal of full action-2 asserts that quasiextremals of this
functional are equations of real dynamic processes over integral

=0. 3)

generalized coordinates I .
Let us now determine the extremal value of functional (1, 2). For
this purpose we, as before, will “split” the function i(¢) to two

independent functions X(¢) and (), and put in accordance to
functional (1) the functional

s (x.3) = [ o . ), @

which we shall call "split full action-2. We shall call the function

5%2 (x,y) "split " Bnergian--2. This functional is being minimized by

the function X(¢) with fixed function Y(#) and maximized by function
y(t) with fixed function X(Z). As before, the quasiextremal (3) of

functional (1) is a sum I = Xo t Vo of extremals Xy, ), of the
functional (4), determining the saddle point of this functional.

1.6. Energian-2 in mechanics

As in Section 3 we shall consider an example, for which the
equation (3.1) is applicable, or

f=m-i"+k-i (1)
In this case the kinetic, potential and thermal powers are accordingly:
. .. . . .2
K@) =m-i-i', PG)==f"i, O(q)=Fk-i". @)
Let us write the energian-2 (6.2) for this case:
RG@)=m-i-i'— fi+k-i°. 3)

VpaBHeHNE KBA3HIKCTPEMAAH B 9TOM CAydae puHuUMaeT BHUA (1).
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1.7. Energian-2 in Electrical Engineering

Let us consider an electrical circuit which equation has the form,
(2.2) or

Si+L-i'"+R-i—-E=0. (1)
In this case the kinetic, potential and thermal powers are accordingly:

KG)=L-i-i', PG)=S-i-i—-E-i, 0G)=R-i>. @
Let us write the energian-2 (6.2) for this case:

RG@)=L-i-i'+S-T-i—E-i+R-i’. 3)

The equation of quasiextremal in this case assumes the form (1).

Let us now present the “split” Energian-2 as
p p g

S _ L ’_’
1y .) = (9 —£v)+ L(xy' —x'y)+

+R(x2 —yz)—E(x—y)
The extremals of integral (6.4) by the functions X(¢) and )(¢), found
according to equation (4.3), will assume accordingly the form:
289 +2Ly"'+2Rx—-E =0, (5)
288 +2Lx"+2Ry—E=0. (6)

From the symmetry of equations (5, 0) it follows that optimal functions

)

Xo and ), satisfying these equations, satisfy also the condition

X0 =)o- %
Adding together the equations (5) and (6), we get the equation (1), where
qg=%Xo T Vo. ®)

Therefore, the equation (1) is the necessary condition of the existence of
saddle line. In [2, 3] it is shown that the sufficient condition for the

existence of a sole saddle line is matrix L having fixed sign, which is
true for every electrical circuit.

1.8. Energian-2 in Electrodynamics

In [22, 23, 38], the proposed method is also applied to
electrodynamics.
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1.9. Conclusion

The functionals (1.7) and (6.4) have global saddle line and therefore
the gradient descent to saddle point method may be used for calculating
physical systems with such functional. As the global extremum exists,
then the solution also always exists. Further, the proposed method is
applied to the hydrodynamics.
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Chapter 2. Principle extremum of full
action for viscous incompressible fluid

2.1. Hydrodynamic equations for viscous incompressible fluid
The hydrodynamic equations for viscous incompressible liquid are as
follows [2]:

div(v)=0, 1)

ov
pﬁt+Vp—,uAv+p(v-V)v—pF=0, ©)

where
L =const is constant density,
M - coefficient of internal friction,
P - unknown pressure,
V=1|Vy, Vy,VZJ - unknown speed, vector,
F= anFyanJ - known mass force, vector,
X,Y,Z,t - space coordinates and time.

The reminder notations VP, AV, (V : V)V are repeatedly given below

in Supplement 1. Further the letter "p" will denote the formulas given in

this application.

2.2. The power balance

Umov [1] discussed for the liquids the condition of balance for
specific (by volume) powers in a liquid flow. For a non-viscous and
incompressible liquid this condition is of the form (see (50) in [1] and
Supplement 2)

A)+P5(v)+1(p,v)=0, ©)
and for viscous and incompressible liquid - another form (see (80) in [1]
and Supplement 2)

R()+PB(v)+B(p,v)=0, (4)

where
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2

p=P
2 ot
v dPxx i dp Yoy dpy; i
Nde dy  dz
P =1v dpxy+dpyy+dpyz +
de  dy  dz
v dpxz + dp yz + dpzz
\ax  dy  dz )
Py=v-Vp,
P 1 v dW2+v dW2+v aw?
. 2/) Y dx Y dy “dz )

W2 =(v)26+vJ2,+v§)

Pxy and so on — tensions (see (p24) in Supplement 1).

®)

©)

()

8)

©)

Here B is the power of energy variation, Fj is the power of work of

pressure variation, F5 - the power of variation of energy variation for

direction change, and the value

Pi(p,v)=PF5(v)+ FB4(p,v)

(10)

is, as it was shown by Umov, the variation of energy flow power through
a given liquid volume — see (56) u (58) B [1]. In [2] it was shown, that for

incompressible liquid the following equality is valid

dPxx n dp Xy Apxz
dx dy dz

Pxy | APy | APy
dx dy dz

=Vp—u-Av

dx dy dz
This follows from (p24). From this it follows that

dpxz + dp Yz + dpzzj

(11)
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Py =v(Vp—p-Av). (12)
or subject to (6)

P =P -P (13)
where

Py=pu-v-Av (14)
- power of change of energy loss for internal friction during the motion.
Therefore, we rewrite (4) in the form

AW +B5(v)+F(p,v)-15(v) =0, (15)
We shall supplement the condition (15) by mass forces power
Fg=pFv. (10)

Then for every viscous incompressible liquid this balance condition is of
the form

A)+B5(v)+B(p,v)-B0)-F(v)=0. a7
Taking into condition(1) and formula (pla) let us rewrite (7) in the form
=div(v- p), (18)
Taking into account (p9a), condition(l) and formula (pla) let us rewrite
(8) in the form

P = div(v- Wz) (19)
From (18, 19) and Ostrogradsky formula (p28) we find:

deV mdwv pHY = ”Ps v,-ds, 20)

jﬂaﬁVzﬁww@Mﬂ%Vzﬂwzwwds (202)

|4 |14 S
ot, subject to (p15),

”J.Pst = ”I(V -GV :I W?.v,-ds. 1)
ReturningVagain to theV definitions of poixzers (7, 8), we will get

m("‘VPVV=”PS'Vn A (212)

V S

III(V'V(Wz))JV:IIWz "V, -dS 218)

V S

or

20



[[Jo-Gmav = ”Wz V- dS 210)
V S

2.3. Energian and quasiextremal
For further discussion we shall assemble the unknown functions
into a vector

CI[P][VVVJ (22)

This vector and all its components are functions of (X, V,z,t). We

are considering a liquid flow in volume V. The full action-2 in
hydrodynamics takes a form

T
D= {W(q(x, ¥z, t)dV}dt, 23)
oW

Having in mind (17) and the definition of energian -2, let us write the
energian-2 in the following form

1
W) =A0) = B0+ B+ BOV)-F0). @y
Below in Supplement 1 will be shown — see (p8, p15, p18):

dv
B=pv (25)
Ps=p-v-G(v), (26)
where
Gv)=(v-V. 27)

Taking this into account let us rewrite the energian (24) in a detailed form
dv 1 .
R(q) =p-vd—2,u-v-Av+d1v(v-p)+p-v-G(v)—va. (28)
t

Further we shall denote the derivative computed according to

0
Ostrogradsky formula (p23), by the symbol 870’ as distinct from
4%

ordinary derivative —— . Taking this into account (p19), we get
1%
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(A2 S tmo) s

TdtT ov
0 _|div(v) o A
o= O (BO.G)=plo- Vs @
% (rs(v) = pF-

In accordance with Chapter 1 we write the quasiextremal in the following
form:

;(H(V’ZDJF;ZZ(%(V)H;(P4(q))

q —o. (30)
+ aav (Ps(v,G(v)))— gi (Ps(v))

From (29) it follows that the quasiextremal (30) after differentiation
coincides with equations (1, 2).

2.4. The split energian-2
Let us consider the split functions (22) in the form

g =[p'V]=|p' Vi vy L], 31)
q"=[p"V']=p" Vi vy Vi ] (32)

Let us present the split energian taking into account the formula (p18) in
the form

dt  dt
Ra(q,q") =1+ 2(div(V'- p")—div(v"- p'))+ . (33)
p- (VGO =v'G()=p-F(v'~v")

p‘(v,d‘}_vﬂdv j—,U'(V’AV,_V”AV”)

Let us associate with the functional (23) functional of split full action

T
D, = J‘{fﬂ%z (q',q")dV}dt, (34)
0w

With the aid of Ostrogradsky formula (p23) we may find the variations of

functional (34) with respect to functions q'. In this we shall take into
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account the formulas (p22), obtained in the Supplement 1. Then we
have:

O R
JL%:bﬁ, (35)
p
0, R
072 = by, (36)
by =2div(v"), (37)
2p- ai; —2u-AV +2V(p")
bv’ = : 8\7” 8\/" ' (38)
+2p-| G| V", +G| V', -p-F
g [ )l aXﬂ g
So, the vector
b = [bpr,bvrj (39)
is a variation of functional (34), and the condition
b'=|b,, by|=0 (40)
is the necessary condition for the existence of the extremal line. Similatly,
b'=|b,r, by|=0 1)

The equations (40, 41) are necessary condition for the existence of a
saddle line. By symmetry of these equations we conclude that the optimal

functions q(') and q6, satisfying these equations, satisfy also the

condition
q0 = 40- 42)
Subtracting in couples the equations (40, 41) taking into consideration
(37, 38), we get
2div(v' +v") =0, (43)
d(V'+V")
dt _o- (44)

+2p- Gv",av +G v',av +G V,’é‘v +G v”,av
oX oX oX oX

For v/ =v" according to (p14a), we have

{G(v”)+ o2 )6t G(VS;’(H G0+

2p —2u- AV +V")+2V(p'+ p")-2p - F
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Taking into account (27, 45) and reducing (43, 44) by 2, moaygaem we get
the equations (1, 2), where

o "

9d=490 4. (46)
- see (22, 31, 32), i.e. the equations of extremal line are Naviet-Stokes
equations.

2.5. About sufficient conditions of extremum
Let us rewrite the functional (34) in the form

T
@y = [{4 {4 [ Ra(q'.q")dx (dy (dz it 47)
0Olz|ylx
where vectors q',q" are determined by (31, 32), X =(x,y,z,t) -

vector of independent wvariables. Further only the functions
q'(X) = [p'(X), V'(X)] will be varied.

Vector b, defined by (39), is a variation of functional @5 by the
function ¢’ and depends on function ¢, i.e. be(q'). Here the
function " here is fixed.

Let S be an extremal, and subsequently, the gradient in itis by =0.

To find out which type of extremum we have, let us look at the sign of
functional's increment

IDy =D, (S)-D,(C), (48)
where C is the line of comparison, where b =0>b, #0. Let the values

vector q' on lines S wu C differ by

qc—4s=4'—qs =01 =a-b, (49)
where b is the variation on the line C, @ — a known number. Thus,
ps| b
¢=qs+ab=""+a P (50)
Vs bv

where bp, bv are determined by (35, 36) accordingly, and do not

depend on ¢".
If
oDy =a-A, (51)
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where A has a constant sign in the vicinity of extremal by =0, then
this extremal is sufficient condition of extremum. If, furthermore, A is

of constant sign in all definitional domain of the function q' , then this
extremal determines a global extremum.
From (48) we find

My =Ry ()~ R (C) =Ry (g5)-Ra(q), (52)
or, taking into account (33, 50),

14

, d ,d\vi +ab,
_p.((vs+abv) C;t —y (VSdta V)j

= (v +aby )A(Vs +ab, ) —v"A(V"))
MRy =1+ 2((\/; +ab,)-V(p")-V"- V(pf9 +ab, ))
+2p-((v +ab, ) GOV —V'G(vi +ab,))
= p-F((vg +ab,)-")

VT

(53)

Taking into account (p21), we get:

G(Vy +aby) = G(vy) +a[Gy (v}, b, )+ Gy (vy, b, )|+ a%G(by). (54

Here (53) is transformed into
5932 = mzo +NRH1a+ mzzaz , (55)
where Rrg, Roy, Rpo are functions not dependent on @, of the

form
' dl” o d(va ))
P (VS a . dt

Rag = {- - (4804~ AL+ 205¥(p") =" V(pi ) 56)
+2p- (GO —v'G(v} )= p- F(v —")

av" ,db .,
P (bv di v d;) —H (vaVs + VSA(bV ))

Ry =1+2(b, - V(p")-v"-Vlb, )+ , 57)
ZP(bVG(V”) - V”(Gl (V:wbv)"' Gy (V;va )))_ p-F-b,
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Rop =—wb,A(b,) =2pv"G(by). (58)

Now we must find
2
0~ (M,)
5a2

This function depends on ¢'. To prove that the necessary condition

=Ry (59)

(40) is also a sufficient condition of global extremum of the functional

. . ! .
(47) with respect to function ¢ , we must prove that the integral

82CD T
“ = {oRa(ggnav i (60)
oa® o ly
or, which is the same, the integral
2 T
‘ cD? = [ §RypdV (1)
661 0l

is of constant sign. Similarly, to prove that the necessary condition (41)
is also a sufficient condition of a global extremum of the functional (47)

with respect to function ¢ " we have to prove that the integral similar to
(60) is also of the same sign.

Specifying the concepts, we will say that the Navier-Stokes
equations have a global solution, if for them there exists a unique non-
zero solution in a given domain of the fluid existence.

In the above-cited integrals the energy flow through the domain's
boundaries was not taken into account. Hence the above-stated may be
formulated as the following lemma

Lemma 1. The Navier-Stokes equations for incompressible fluid
have a global solution in an unlimited domain, if the integral (61, 58) has
constant sign for any speed of the flow.

2.6. Boundary conditions

The boundary conditions determine the power flow through the
boundaries, and, generally speaking, they may alter the power balance
equation. Let us view some specific cases of boundaries.

2.6.1. Absolutely hard and impenetrable walls

If the speed has a component normal to the wall, then the wall gets
energy from the fluid, and fully returns it to the fluid. (changing the
speed direction). The tangential component of speed is equal to zero
(adhesion effect). Therefore such walls do not change the system's
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energy. However, the energy reflected from walls creates an internal
energy flow, circulating between the walls. So in this case all the above-
stated formulas remain unchanged, but the conditions on the walls
(impenetrability, adhesion) should not be formulated explicitly — they
appear as a result of solving the problem with integrating in a domain
bounded by walls. Then the second lemma is valid:

Lemma 2. The Navier-Stokes equations for incompressible fluid
have a global solution in a domain bonded by absolutely hard and
impenetrable walls, if the integral (61, 58) is of the same sign for any flow
speed.

2.6.2. Systems with a determined external pressure

In the presence of external pressure the power balance condition
(17) is supplemented by one more component — the power of pressure
forces work

PS = pS : vn > (62)
where
Dy - external pressure,
S - surfaces where the pressure determined,

Vj, - normal component of flow incoming into above surface,

In this case the full action is presented as follows:

T
® = [ {R(q(x, y,2.0dV + | Ry(q(x, . z.0dV pdt- (©63)
ow S

For convenience sake let us consider the functions Q , determined
on the domain of the flow existence and taking zero value in all the

points of this domain, except the points belonging to the surface S.
Then the restraint (63) may be written in the form

T
O = j fﬁf{(q(x,y,z, Hdv dt, (64)
oW
where energian
R(q)=R(q)+0-R(vy). (65)

One may note that here the last component is identical to the power of
body forces — in the sense that both of them depend only on the speed.
So all the previous formulas may be extended on this case also, by
performing substitution in them.
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F=F+Q-ps/p. (66)
Therefore the following lemma is true:

Lemma 3. The Navier-Stokes equations for incompressible fluid
have a global solution in a domain bounded by surfaces with a certain
pressures, if the integral (61, 58) has constant sign for any flow speed.

Such surface may be a free surface or a surface where the pressure
is determined by the problem's conditions (for example, by a given
pressure in the pipe section).

Note also that the pressure Pg may be included in the full action

functional formally, without bringing in physical considerations. Indeed,
in the presence of external pressure there appears a new constraint -
(21a). In [4] it is shown that such problem of a search for a certain
functional with integral constraints (certain integrals of fixed values) is
equivalent to the search for the extremum of the of the sum of our
functional and integral constraint. More precisely, in our case we must
seek for the extremum of the following functional:

T
O = [ {Rg(x,y,z,04V dt, (67)
ow

(68)

R(G(x, y.2.0) = {m(q(x, Y,2,0)) + }

ﬂ-(-v-Vp+Q-pS-vn)

where A — an unknown scalar multiplier. It is determined or known

initial conditions [4]. For A=1 after collecting similar terms the
Energian (68) again assumes the form (65), which was to be proved.

2.6.3. Systems with generating surfaces

There is a conception often used in hydrodynamics of a certain
surface through which a flow enters into a given fluid volume with a
certain constant speed, i.e., NOT dependent on the processes going on
in this volume. The energy entering into this volume with this flow,
evidently will be proportional to squared speed module and is constant.
We shall call such surface a generating surface (note that this is to some
extent similar to a source of stabilized direct current whose magnitude
does not depend on the electric circuit resistance).

If there is a generating surface, the power balance condition (17) is
supplemented by another component — the power of flow with constant
squared speed module.
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P9 = WS2 'Vn 5 (69)
rAe
VVS - squared module of input flow speed,
S’ - surfaces where the pressure determined,
Vj; - normal component of flow incoming into above surface,

One may notice a formal analogy between WS‘ and Pg. So here

we also may consider the functional (64), where the energian is

R(@)=R(g)+0-RB(vy), (70)
and then perform the substitution
F:>F+Q-W82/p. (71)

Consequently, the following lemma is true:

Lemma 4. The Navier-Stokes equations for incompressible fluid
have a global solution in a domain bounded by generating surface with a
certain pressure , if the integral (61, 58) has constant sign for any flow

speed.
Note also that WS‘ the pressure Pg¢ may be included in the full

action  functional  formally, without bringing in  physical

considerations.(similar with pressure Pg ). Indeed, in the presence of

external pressure there appears a new constraint - (21c). Including this
integral constraint into the problem of the search for functional's
extremum, we again get Energian (70).

2.6.4. Closed systems

We will call the system closed if it is bounded by
o absolutely hard and impenetrable walls,
o surfaces with certain external pressure,,
O generating surfaces, or
o not bounded by anything.

In the last case the system will be called absolutely closed. Such case
is possible. For example, local body forces in a bondless ocean create
such a system, and we shall discuss this case later. There is a possible
case when the system is bounded by walls, but there is no energy
exchange between fluid and walls. An example — a flow in endless pipe
under the action of axis body forces. Such example will also be
considered below.

In consequence of Lemmas 1-4, the following theorem is true:
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Theorem 1. The Navier-Stokes equations for incompressible fluid
have a global solution in a given domain, if

o the domain of fluid existence is closed,

o theintegral (61, 58) has constant sign for any flow speed.

The free surface, which is under certain pressure, may also be the
boundary of a closed system. But the boundaries of this system are
changeable, and the integration must be performed within the fluid
volume. Tt is well known that the fluid flow through a certain surface S
is determined as

ws ={[p-div(v)-d®. (72)
S

Thus, the boundary conditions in the form of free surface are fully
considered, by the fact that the integration must be performed within the
changeable boundaries of the free surface.

We have indicated above, that the power of energy flow change is
determined by (10). In a closed system this power is equal to zero.
Therefore for such system the Energian (24) or (28) turns into Energian
(accordingly)

R(@)=BM)+BV)-FV), (73)
d
‘R(q):p-v;:ﬂu-v-Av—va. (74)
For such systems the Navier-Stokes equations take the form (1) and
ov
Pa—HAV—PFZO, (75)

Some examples of such system will be cited below.

2.7. Modified Navier-Stokes equations
From (p19a) we find that

(v-v)-v=A?)2. (76)
Substituting (706) in (2), we get
(v-v)-v=A?)2. a7
Let us consider the value
D:(p+'[2)W2), (78)

which we shall call quasipressure. Then (77) will take the form
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Ov
pa—y-Av+VD—p-F:0, (79)

The equations system (1, 79) will be called modified Navier-Stokes

equations. The solution of this system are functions v, D, and the
pressure may be determined from (9, 78). It is easy to see that the
equation (79) is much simpler than (2).
The above said may be formulated as the following lemma.
Lemma 5. If a given domain of incompressible fluid is described
by Navier-Stokes equations, then it is also described by modified Navier-

Stokes equations, and their solutions are similar.
Physics aside, we may note that from mathematical point of view the

equation (79) is a particular case of equation (2), and so all the previous
reasoning may be repeated for modified Navier-Stokes equations. Let us

do it.
The functional of split full action (34) contains modified split

Energian
R ok (v’dl - d_vj —u- (VA —V'A")
R,(q,q") = dt dt . (80)
+(div(v' - D") = div(v"- D))~ p- F( =v")
- see (33). Gradient of this functional with respect to function q' is 37)
and
av’ . y
by =12p-— = 2u Ay +2V(D")-p-F¢. (81)

- see (38). The components of equation (55) take the form

—p(b dv v"”jj’;j—n(bvm;w;A(bv))

R, = Vdr , (82)
IR W
R,, =—ub,A(D,) . (83)

Thus, for modified Navier-Stokes equations by analogy with
Theorem 1 we may formulate the following theorem
Theorem 2. Modified Navier-Stokes equations for incompressible
fluid have a global solution in the given domain, if
o the fluid domain of existence is a closed system
o the integral (61, 83) has the same sign for any fluid flow speed.
Lemma 6. Integral (61, 83) always has positive value.
Proof. Consider the integral
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T
J= ,uj §v-A(v)dV dt 84
0w
This integral expresses the thermal energy, evolved by the liquid due to
internal friction. This energy is positive not depending on what function
connects the vector of speeds with the coordinates. A stricter proof of
this statement is given in Supplement 3. Hence, integral (84) is positive
for any speed. Substituting in (84) V = bv , we shall get integral (61, 83),
which is always positive, as was to be proved.
From Lemmas 5, 6 and Theorem 2 there follows a following.
Theorem 3. The equations of Navier-Stokes for incompressible
fluid always have a solution in a closed domain.
The solution of equation (1, 79) permits to find the speeds.
Calculation of pressures inside the closed domain with known speeds is
performed with the aid of equation (78) or

Vp+p(v-Vy=0. (85)

2.8. Conclusions

1. Among the computed volumes of fluid flow the closed volumes
of fluid flow may be marked, which do not exchange flow with adjacent
volumes — the so-called closed systems.

2. The closed systems are bounded by:

o Impermeable walls,

o Surfaces, located under the known pressure,

o Movable walls being under a known pressure,

o So-called generating surfaces through which the flow passes
with a known speed.

3. It may be contended that the systems described by Naviet-Stokes
equations, and having certain boundary conditions (pressures or speeds)
on all boundaries, are closed systems.

4. For closed systems the global solution of modified Navier-Stokes
equations always exists.

5. The solution of Navier-Stokes equations may always be found
from the solution of modified Navier-Stokes equations. Therefore, for
closed systems there always exists a global solution of modified Navier-
Stokes equations.
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Chapter 3. Computational
Algorithm

The method of solution for hydrodynamics equations with a known
functional, having a global saddle point, is based on the following

outlines [22, 23]. For the given functional from two functions g1, ¢»

two more secondary functionals are formed from those functions

q1> q2. Each of these functionals has its own global saddle line.

Secking for the extremum of the main functional is substituted by
seeking for extremums of two secondary functionals, and we are moving
simultaneously along the gradients of these functionals. In general
operational calculus should be used for this purpose. However, in some
particular cases the algorithm may be considerably simplified.

Another complication is caused by the fact that in the computations
we have to integrate over all the flow area. But the area may be infinite,
and full integration is impossible. Nevertheless, the solution is possible
also for an infinite area, if the flow speed is damping.

Here we shall discuss only these particular cases.
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Chapter 5. Stationary Problems

Note that in stationary mode the equations (2.1, 2.2) assumes the

form
div(v) =0,
Vp — uAv+p(v-Viv—pF =0

The modified equations (1, 79) in stationary mode take the form:

div(v) = 0,

— - Av+VD—-p-F=0.
In Appendix 6 we considered the discrete version of modified Navier-
Stokes equations for stationary systems (2). It was shown that for
stationary closed systems the solution of modified Navier-Stokes
equations is reduced to a search for quadratic functional minimum (and

not a saddle points, as in general case). After solving these equations the
pressure is calculated by the equation (2.78), 1.e.

2
p=D—/2)W . ©

M

@)

or
Vp=VD-p(v-V)y=0 )
The equation (75) for absolutely closed systems in stationary mode
takes the form

— tAv — pF =0. ()

The solution of equation (2) has been discussed in detail in Supplement
4. After solving it the pressures are calculated by the equation (4).
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Chapter 6. Dynamic Problems

6.1. Absolutely closed systems
Let us consider the equation (2.75) for absolutely closed systems and
rewrite is as

ov

o nAv—F =0 1)
where

n= z - @

Assuming that time is a discrete variable with step df, we shall
rewrite (1) as

Yin = V-1

P =0, ©)
where 1 =1,2,3,... — the number of a time point. Let us write (3) as
A%
£_U'Avn_Fn1=O- (4)
where
v
F. =|F,+ "1 ] 5

For a known speed V,_1 the value V, is determined by (4).

Solving this equation is similar to solving a stationary problem — see
Supplement 4. On the whole the algorithm of solving a dynamic problem
for a closed system is as follows

Algorithm 1
1. Vv,_] and Fn are known

2. Computing vV, by (4, 5).
3. Checking the deviation norm
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E= % — avn_l (6)
ot ot
and, if it doesn't exceed a given value, the calculation is over.
pacder 3akanunBaerca. Otherwise we assign
Vn-1<="Vn (7
and go to p. 1.

Example 1. Let the body forces on a certain time point assume
instantly a certain value — there is a jump of body forces. Then in the

initial moment the speed V,, =0, and on the first iteration we assign

V-1 =0. Further we perform the computation according to
Algorithm 1.

6.2. Closed systems with variable mass forces and external

pressures

Consider the modified equation (1, 79) in the case when the mass
forces are sinusoidal functions of time with circular frequency @. In this
case equations (1, 79) take the form of equations with complex variables:

div(v) =0,

. 8
jo-pv-—u-Av+VD—-p-F=0, ®

where J - the imaginary unit.

In Supplement 6 the discrete version of these equations is
considered. There it is shown that their solution is reduced to the search
of saddle point of a certain function of complex variables. After solving
these equations the pressure is calculated by equation(4).
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Chapter 7. An Example:
Computations for a Mixer

7.1. The problem formulation

Let us consider a mixer, whose lades are made of fine-mesh material
and are located close enough to one another. Then the pressure forces of
the blades on the fluid may be equated to body forces.

The body forces might have a limited area of action ® (less than
the fluid volume) It mean only that outside this area the body forces are
equal to zero. In addition, these forces may be a function of speed,
coordinates and time. Let us discuss some cases. For example, the blades

of a mixer work in a closed fluid volume @, and the force F,,,, applied

to the blades, is passed to the fluid elements. The body force /' may be
determined as

E, =ﬁ(y-Av+pF)d®,
e

Let us assume also that the mixer is long enough, and so in its
middle the problem of calculation of the field of speeds may be
considered as a two-dimensional problem. Let us first consider a structure
without walls. In such a problem there is no restraints, and so the system
is a closed one (in the sense that was defined above). Let us use for our
calculations the method described in Chapter 5.

Let us assume that the body forces created by mixet's blades and
acting along a circle with its center in the coordinate origin, are described
as follows

F(R)=e0(R=a) (1)

b
where
R is the distance from the current point to the rotation axis,

O, A j;re certain constants.

Function (1) is shown on Fig. 1, and gradient of forces (1) is shown on
Fig. 2.
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7.2. Polar coordinates
If body forces are plane and do not depend on the angle, then the
Naviet-Stokes equations assume the form [2]:

2

r por
2
ov 1lov v
F+u -+ = |=0
P ﬂ@rz - or r2 : ©)

Interestingly enough in this system the equation for the calculation
of pressure using speed is extracted from the main equation. Physically it
may be explained by the fact that our system is absolutely closed (in the
determined above sense). It confirms our assertion that speed calculation
and pressure calculation in a absolutely closed system may be parted. The
condition of continuity in this system is also absent, which also
corresponds with our statement for absolutely closed system.

Thus, as the pressure in this case is not included into equation (3),
the latter cannot be solved independently, and the pressure may be found
afterwards by direct integration of the equation (2). But the equation (3)
may not be solved by direct integration. Indeed, depending on the
direction of integration (from infinity to zero or vice versa) the results
will be quite different. When integrating "from the zero:" the result
depends on initial values of speed and on its derivative, which are not
determined by the problem's conditions.

Nevertheless, the unique solution should exist, and it may be
obtained by the proposed method. To achieve it, we must better return
to Cartesian coordinates..

7.3. Cartesian coordinates
Projections of forces (1) on coordinate axes are

2
Fx(x,y)=;e_‘7(R_a) , (4a)

_ PAY
Fylxy)=—"e olR=a) ()

The equation for this absolutely closed stationary system is as follows:

W-Av+plF =0, ()
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To solve the equation (5) use the method described above in Chapter 5.
This method is realized in the program testPostokPuas2Z
(mode=1), which builds the following graphs

1. Logarithm of relative mistake function

&l = ﬁ (,u -Av+ plF )2dxdy ﬁ (pF )2dxdy )
X,y X,y

— of the residual of equation (2.70) in dependence of iteration
number — see the first window on Fig 3;

2. Logarithm of relative mistake function

2 d 2
& = [[(divey)Ydxdy | {f (d"XJ +[ ;yy] dxdy ®)
X,y

dx
X,y

- of the residual in the continuity condition in dependence of
iteration number — see the second window on Fig. 3; note that
this mistake is a methodic one — it is caused by boundedness of
the surface of integration plane and decreases with the surface
extension;

3. speed function Vp (on the last iteration) in dependence of radius
— see the third window on Fig 3; thus, this Figure shows the
problem solution;

4. force function pPF and Lagrangian function f-Av in
dependence of radius — see the fourth window on Fig 3, where
these functions a denoted by dot line and full line accordingly.

The calculation was performed for

=01 a=5 u=1, p=1, n=35, whete WXN - the

dimensions of the integration domain. The dimensions are chosen
large enough, so that the speed on a large distance from center would
be close to zero, and thus the system may be considered absolutely

closed. Here &1 = 0.01, & = 0.007, k=286, where k is the

number of iterations.
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7.4. Mixer with walls

Contrary to the previous case (in Cartesian coordinates) we shall
now consider a mixer with cylindrical walls, located on the circle with
radius RS- We have shown above that the walls create a closed system
and do not change the power balance in the system. In essence, the
calculation is done in the same way, by (5.2) and the program
testMixerModif, mode=2, as in the previous case. The integration
area is restricted by the circle with radius RS. Calculation results are

shown on Fig. 4. In this case
g =510""1 £ =00026 k=7000, R, =20. 1 s

important to note that on the circle of radius RS the speed is V = 0.

This answers the known fact that due to vicious friction the speed of fluid
on the surface of a body surrounding it, is equal to zero. It is also
important to note that to get this result we had not have to add more
equations in the main equation - it was enough to restrict the integration
domain.
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7.5. Ring Mixer
Let us consider now a mixer with internal and external cylindrical
walls, located on circles correspondingly with radius Rl and Rz. Fig.
4a shows the result of computation by (5.2), by the program
testKolzoModif, variant=2,, which has built the following
graphs:
1. function (2.7) — see the first window;
2. function (2.8) — see the second window;
3. the speed function Vg depending on radius — see the third
window;
4. the speed module function V depending on Cartesian
coordinates — see the fourth window.
The calculations have been made for

0=01, a=25 wu=1, p=1, r=33 and Ry =30, R, =70.

Wegot & =4-107%, £ =0.0028 k =500,
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In the similar way we shall consider a mixer where interior part has

the form of a square with half-side of Rl. Fig. 48 shows the result of
calculation by (5.2), by the program testKolzoModif, variant=1. We got

£ =0.0045 £, =0.0432, k=500

Fig. 4c and 4d show the speed gradient distribution for a round and
square interior parts accordingly.

7.6. Mixer with bottom and lid

10

Hi

|
|
---------------1---------------

Fig. 5.

Let us consider now a mixer with bottom and lid — see Fig. 5, where
(9,10,11,12) — unlimited integration domain,,
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(2,3,6,7) —the area of mixet's blades,

(1,8) — the mixer's bottom,

(4,5) — the mixer's lid,

(1,4; 5,8) — the mixer's cylindrical wall,

OX - the axis passing along the diameter through the mixer's center,
OZ - the axis passing along the rotation axis of mixet's blades,

RS - the radius of mixer's can,

Ri - the radius of initial integration domain,

H s - half-height of the mixer's can, bounded by bottom and lid,
H m half-height of mixer's blades,

H j - half-height of initial integration domain.

Bottom, lid and walls of the can create a closed system and do not
change the power balance in the system. The calculations are performs
exactly as in the previous case. The calculations results are shown on Fig.

4. It is important to note that on the circle of radius RS, along the

bottom and along the lid the speed is V = 0 - see further. This answers
the already mentioned fact that due to viscous friction the fluid's speed on
the surface of a body surrounded by the fluid, is always equal to zero. It is
significant that to get this result it was no need to add any more
conditions to the main equations — it was enough to restrict the
integration domain in the course of calculations. The calculations were
performed by the program testMixerModif3 (mode=1), which
has built the following graphs:
1. the function (2.7) — see the first window on the first vertical line
on Fig 6;
2. the function (2.8) — see the second window on the first vertical
line on Fig 6;
3. the function of speed Vp depending on radius — see the first
window on the second vertical line on Fig 6;
4. the function of speed Vp depending on the distance along the

height up to the mixet's center for constant value of radius equal
to @ — see the third window on the second vertical line on Fig 6;
the rectangle in this window depicts the force action area;

5. the function of force PF and function of Lagrangian t-Av
depending on radius — see the fourth window on Fig. 6, where
these functions are depicted by dot line and full line accordingly.
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The calculations were performed for:

c=0.1, a=5 u=1, R =35
R, =15 H;=15 H, =3, H =7, r=33.
We got & =0.004, & =0.004, k=133,

testMixerModif3
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Fig. 6.

7.7. Acceleration of the mixer

In Section 2 we have discussed the case of steady-state movement of
the fluid in the mixer. Now we shall consider the period of acceleration,
assuming (as in Example 1 in Section 6.1), that the body forces in a
certain moment instantly assume a certain value — there occurs a jump of

body forces.. Then in the first moment V(1)=0 and on the first

iteration we assume V(1)=0, and then we calculate the transient
process according to algorithm 1 from Section 6.1. This algorithm is
realized in the program testRagonMixerZ2, which builds the
following graphs (see Fig. 8):

1. the speed function with radius 5.

2. the relative residual function (6.4);

3. the relative divergence from zero function.

47



The computation was performed for the conditions taken in Section 2,

0.1, a=5 u=1, p=1, n=35.

1e.0 =

testRagonMixer2; dynamic22
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Fig. 7.
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Chapter 8. An Example:
Flow in a Pipe

8.1. Ring pipe
We shall begin with an example. Let there be a ring pipe with
rectangular section — see Fig. 1, where O 1s center of construction, S —

center of rectangular pipe section, R — the distance from 0Z axis of the

ring to a certain point of pipe section measured along the axis OX, also
the Figure shows the main dimensions of the construction and the
directions of Cartesian coordinates axes.

Oz

A

Zo

Fig. 1

Such ring pipe is a closed system. Let us assume that in this system
the body forces directed perpendicularly to the section plane of the pipe
are in effect. Such forces do not depend on the Zcoordinate and are
defined by formulas
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Fx(x,y,z):FOZ ey

b

=

X
Fy(x,y,z)=-F, o @)
F.(x,3,2)=0. ©
The definitional domain of body forces is the interior of the pipe.
At this

Fr(R)= | (Fy(ep2)} + (5 (2P ®
or
Fp(R,z)=1. ©)
The calculation is performed by program testMixerModif3
(mode=2) and, in accordance with Chapter 5, in two stages: the speed

was calculated by the equation (5.2), and the pressure derivatives — by
equation (5.3) for given speed. The following initial data was used:

F =2, p=17 u=07, r,=12, z, =11, R, =17.

The calculations were performed for

vp(Rz)= (e (er 2P + 2P o

2
dp(R.z) _ (dp(x,y,Z)jz NEUCSEI)
dr dx dy - O

Let us further denote the distance from a point in the section to the

center of the section along OX axis as
r=R-R,. ©)
The calculations results are shown on Fig.. 2 as follows:

1. function (7.2.7) — see first window on the first vertical;
2. function (7.2.8) — see the second window on the first vertical

3. the speed function Vp depending on radius and on the
coordinate X for constant z =0, =0 — see the first window
on the second vertical;

4. the speed function Vp depending on the distance by height to

the center of the pipe section with constant radius RO — see the

second window on the first vertical,
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5. the pressure derivative function dp / dR depending on the radius
— see the second window on the second vertical.
testMixerModif3, mode=2
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The mentioned calculation (see the first window) shows that this
speed satisfies equation (5.2). It is important to note that the solution
obtained by the proposed method without indicating the initial
conditions, knowing only the domain of the flow existence. Distribution

of speeds vy (R, z) along the pipe section drawn by the plane y =0 is
shown on Fig.. 3. The same function depending on the coordinates of
one pipe section will be denoted as vy (r,z) or vi1(7,z). From (5.2)

it follows that this function has a constant value of Lagrangian on its
definition domain — the pipe section. We shall call such functions —
functions of constant Lagrangian. Since for each form of section these

functions have different form, we shall denote the function v y (r,z) for

a rectangular section as v (7,2).
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testMixerModif

Fig. 3.

BaxaOo OTMeETHTB, YTO 3TO pEIEHHE IIOAYICHO IIPEAAOKECHHBIM
METOAOM 0€3 yKa3aHHUA HAYAABHBIX YCAOBHH, 2 TOABKO C VKa3aHHEM
obaacTu cymecTBoBaHus TedeHns. Zero values of speed on the pipe walls
appeared as the result of computations. PacrpeaeseHme ckopocreit

Vy (R,z) mo cewennio Tpybmr, mposeacrHOMy 110 11AOCKOCTH ) = (),

ITOKa3aHo Ha ur. 3.

8.2. Long pipe

Here we shall discuss flow in a infinitely long pipe of arbitrary
profile in which body forces are in action. Let us mark a certain segment
of this pipe and assume that the section forms and speeds on both ends
of the segment are similar. Then instead of this segment we may consider
an equivalent system of such segment where the ends are connected in
such way that the fluid flow from, say, the left end flows directly into the
right end. Such system is a closed one and we can use the proposed
method for its calculation. Evidently, the flow in every part of an
infinitely long pipe coincide with the flow in the built system.

For example, let us look at a "connected" in the described way

segment of pipe of the length Z,, where constant body forces £, are
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acting, directed along the pipe's axis OZ. Let also the pipe's section is

determined in coordinates (X, )) and is a square with half-side 72, and

the following values are known:

F =1, p=1, u=1, n=13 z,=27.

testDawleModif (mode=2)

Error1

1
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iterrations
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|
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. |
b 05p--4----- b b
|
1
O |
-20 0 20
x, y=0, z=1
Fig. 3.

This system is absolutely closed, because the fluid does not interact
with the walls. The computation is performed according to (5.5). The
result of calculation using the program testDawleModif (mode=2)
are depicted on Fig 3, where the following functions are shown:

1. function (2.7) — see the first window on the first vertical,

2. function of speed V,(X,)) for constant z — see second
window on the first vertical,

3. Lagrangian function f£+AV in dependence of coordinates
(x, ) of the section for constant z — see the first window on
the second vertical,

4. functions OF and Lagrangian £+ AV depending on X with

y = 0 and with constant Z — see the second window on the
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second vertical where these function are depicted by straight and
broken lines accordingly.

The speed divergence and the pressure gradient are equal to zero.
Thus, for constant body force the pressure in a linear pipe is constant.
From (5.5) it follows that for constant body force the Lagrangian also has
a constant value on all pipe section, excluding the boundaries, where the
force and the Lagrangian experience a jump — see Fig. 3. The function
of speed distribution on the pipe section, which corresponds to the
constant Lagrangian, is shown on Fig. 3. We shall call such functions the
functions of constant Lagrangian. As for each form of pipe section the

functions are different, we shall denote the function v,(x,)) for a

rectangular section as Vp (X, ).

So, on a rectangular section of a pipe the speeds are distributed
according to the function Vp(7,z) with a constant Lagrangian.

In Supplement 5 it is shown that elliptic paraboloid is also a function
with constant Lagrangian. Therefore, in a similar way we may prove that
on an elliptic section of ring pipe the speeds are distributed according to
a function V,(7,z) of elliptic paraboloid. In particular, the speeds on a
circular section of ring pipe are distributed according to paraboloid of
revolution function.

Let us consider now another mode of flow in pipe; we shall call this

mode a conjugated mode (with regard to the above considered mode). In
this mode the body forces are absent, but beside the pressure p there

exists a certain additional pressure p 1 If

foZ—p-F, (12)
then the equation (5.5) may be substituted by equation
Vpr—p-Av=0. (13)

From (12) there also follows that the gradient has a constant value in the
direction perpendicular to the pipe section , i.e.

Vp f= E (14)
and
dp =4u-Av (15)
dy
or




dp _ =—p-F, (16)

dy
Thus, in a pipe the speed along the pipe is distributed according to the
function V(7,z) of a constant Lagrangian, if only the pressure is
constant on all the points of the pipe section, and is changing uniformly
along the pipe. The difference of pressures between two pipe sections

spaced at a distance L, is equal to

)
pi-py =LY (17)
dy
and, taking into account (15),
plez_y-Av, (18)

Evidently, the same conclusion may be reached regarding any part of a
pipe. Therefore,
The speed in a part of the pipe with rectangular section is constant
along the pipe and is changing on the section according to

function Vg (7,z), if there exists a constant difference of

potentials on the ends of the pipe.

If the analytical dependence is known:

v (%, ) = Avy - f(x, ), (19)
then, as it follows from (18),
V(e ) =P E2 r (). @0
L-u

In a similar way we may get the function V4(#,z) of speed
distribution in a pipe with elliptic section, and, particularly — with a
circular section. In this case there exists an analytical dependence of the
form (19), namely dependence (c16) — see Supplement 5. Specifically, for
circular section it has the form (c22), and then the formula (20) becomes:

PrL—P 2 2,2
Vk() iL-yz (ro —(r +z )) 1)

where I, is the radius of circular pipe section. The latter formula

coincides with the known Poiseille formula [2]. This may serve as an
additional confirmation of the proposed method applicability.
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In the same way we may calculate the flow in a pipe of arbitrary
section and/or in a pipe bent in arbitrary way (if only the form of
sections and speeds on both ends of the segment are the same). Thus, an
infinite system is formally transformed into a closed system.

8.3. Variable mass forces in a pipe

Here we shall assume that in a long pipe there are mass forces
varying sinusoidally with time. Then for speeds calculation we may use
the equations (6.8) and their solution method , given in Supplement 6.
Fig. 3a and Fig. 1 show the results of calculations by the program
testDawleModifTime (mode=2) for

F, =100, p=1, n=13, z, =27
and for several values of K, @. Fig. 3a presents the speeds V,

distribution for Z=0, and the table shows the values of speeds
amplitudes and cosine of phase-shifts of speed sinusoid from mass forces

sinusoid in the point X =10, y =10,
We may note that for high frequency the distribution function of the

>
speed V. by pipe section tends to a constant, with the exception of

section contour, where it is always equal to zero. However in this process

the speed V, amplitude decreases significantly.

Table 1.
Variant H @ Amplitude Cosine
1 1 0 62.12 1
2 1 100 0.01 ~()
3 100 1 0.58 0.92
4 1 10 0.10 ~0
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Fig. 3a.

8.4. Long pipe with shutter
Here we shall discuss the flow in an infinitely long pipe with square

section with square side 7, in which an absolutely hard cube with half-

side R, is placed. As in the previous case, we shall consider a

"connected" pipe segment of length £, where constant body forces

F, | are acting, directed along axis 0Z — see Fig. 4. Let also the pipe
section be defined in coordinates (X, )’) and be a square with half side
N | and also the following values are known

F, =100, p=1, u=1, u=1, r=39, n=27, z, =57, R, =4.

%
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Fig. 4.

This system is closed, and in it the fluid interacts with the cube's
walls. The calculation is performed according to (5.2). The ruslts of
calculation with the aid of program testDawleModif (mode=8) are
presented on Fig. 5, 6, 7. The values obtained are:

£ =0.0035 & =0.06, k=922

On Fig. 4 the vertical lines (-6,-5,-4,-3) are drawn, passing through
the centers of sections distant by (-6,-5,-4,-3) from the cube's center.. Fig.

5 shows distribution of speeds V., by these sections, and Fig. 6 shows
distribution of speeds Vy by the same sections. Fig. 7 shows distribution
of speeds V, and Vy by the axis of these sections for fixed value of

y= 0. These figures permit to give a picture of speeds distribution

when flowing around the cube under the influence of body forces in an
infinitely long pipe.
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b

8.5. Variable mass forces in a pipe with shutter

Here we, as in Section 8.3, shall assume that in a long pipe with
shutter the body forces, varying sinusoidally with time, are acting. Then
for speeds calculation we may use equations (6.8) and methods of their
solution given in Supplement 6. Fig. 7a, 7b and Table. 2 show the results
of calculation by the program testDawleModifTime (mode=5) for

Fo =100, p=1, n=13 z, =23
and for several values of K, @. Fig. 7a and 7b present the speeds

distribution V; and Vy accordingly by the pipe section for Z = 0.
Table shows the values of speeds amplitudes for Vv, (—10,—10,0) and
Vx(_ 8,—8,—6) cosine of phase-shifts of speed sinusoid from body

forces sinusoid in the point.
We may note that for high frequency the distribution function of the

speed V, by pipe section tends to a constant, with the exception of

section contour, where it is always equal to zero. However in this

process the speed V, amplitude decreases significantly. The amplitude of

speed V. also decreases with frequency growth.
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Table 2.

Variant | # | @ | Amplitude | Cosine | Amplitude | Cosine
Vz Vz Vx Vx
1 1 0 1319 1 100 -1
2 1 | 100 1 ~0 0.00001 0.42
3 100 | 1 104 -0.03 3.15 0.78
4 1 10 10 ~0 0.057 0.56

8.6. Pressure in a long pipe with shutter

Let us return to the example in section 8.4 and analyze the
distribution of pressures in a pipe with shutter. For this purpose we shall
analyze the following values:

- quasipressure — see (18) in Appendix 6 or

D =—r-div(v);

M

- gradient of quasipressure, as derivatives of (1) or by (2.77), i.e.
VD = pAv + pF .

- gradient of dynamic pressure — see (p19d) or

APy)=p-G

ot, taking into account (p19a, p19c, p19d),

A(Pd)zfz)v(Wz):p.G;

- gradient of pressure — see (2.78) or

Vp=V —’2’ (WZ)

or, taking into account (4),
Vp=VD-p-G.

Furtherfore, we shall calculate average values by pipe's section

Pzmid :[

D,mig = |:

dp
dz

dD

y4
e (x,¥)

“(x,¥)

:lmid

:l for a fixed value of z, and also average value
mid

z
of pressure PZ = Ipzmiddz.
zmin

Gomid = [

dG
dz

2)

(3)

)

®)

©)

Z(an’):l ?
mid
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dp,G,D,P(2)

dp(z)

Fig. 8.

Fig. 8 shows the results of the calculation program testDawleModif
(mode = 8):
1. functions p,i4s Guimids Dzmid> Fr ©f Z — see the first
window on the first vertical ;
2. functions p,, G,, D, of z for fixed values of X =) = 9 -
see the first window on the second vertical ;

3. functions p, of z for fixed values of X =) = 9 (the upper

curve) and X =) = —11 (the lower curve) — see the second
window on the first vertical ;
4. functions p, of y for fixed values X =10 and z=1 (the

upper curve) and Z = 19 (the lower curve) — see the second
window on the second vertical.
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Fig. 9.
Fig. 9 shows distribution functions dp(x,y) for fixed values of
z
1 -4
6 -20

One may notice the following:.
1) Quasipressure is equal to zero (a closed systeml).
2) Average pressure gradient by every section is equal to zero.
3) Difference of pressures, as an integral of pressures gradient on the
ends of the pipe —are equal to zero, i.e.

Zmax

[pdz=0. 0

Zmin
4) The distribution of pressure gradient by the pipe's section is irregular.
5) The proposed method permits to calculate the pressure distribution in
the pipe with shutter for given body forces. We must note that the
precision of calculation increases with the extension of the pipe's
segment length, due to the fact that as the distance between the
segments ends and the shutter grows, the dependence of speeds
distribution on the ends decreases, and the distributions themselves
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become equal — this same assumption is made when we "connect"
the ends of infinite pipe.

Let us now consider the case when the body forces are absent, but
there is a difference between pressures on the ends of the segment. In the
above treated problem the equation of the type (5.1) has been solved. We
shall now rewrite the last of equations as

Vp —uAv + pG — pF =0, ®)
Let us perform a substitution
pF=Vp', 9

and call the value p' a force pressure.. Then the equation (8) will take
the form

V(p")— pAv + pG =0. (10)

Here
p'=p-p. (1
We have:
Zmax
jp'dZZL'F, (12)
zmin

where L - length of the pipe. From this and from (7) it follows that the
solution of equation (10) satisfies the constraint

Zmax
Ip”dZ = é]), (13)
zmin
where
OP=L-F (14)

- the known pressures difference on the pipe ends. Consequently, the
solution of equation (8) is also solution of equation (10) with constraint
(13). But it was shown above that the solution of modified equations (1,
77) is unique. Therefore, the solution of equation (8) always is the
solution of equation (10) with constraint (13).

So, the solution of equation (10) with constraint (13), i.e. calculation
of speeds in a pipe with shutter and pressures difference of the pipe's
ends, may be substituted by solution of equation (8), where

F=06P/L. (15)
For brevity sake we have omitted here to mention that the equations (8)
and (10) should be solved together with the equation (2.1).
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Chapter 9. Principle extremum of full
action for viscous compressible fluid

In this section we shall use this principle for the Navier-Stokes
equations describing compressible fluid.

Navier-stokes equation for viscous compressible fluid are
considered. It is shown that these equations are the conditions of a
certain functional’s extremum. The method of finding the solution of
these equations is described. It consists of moving along the gradient
towards the extremum of his functional. The conditions of reaching this
extremum are formulated — they are simultaneously necessary and
sufficient conditions of the existence of this functional’s global extremum

9.1. The equations of hydrodynamics
Recall the equation for a viscous incompressible fluid (2.1.1, 2.1.2):

div(v) =0, (1)
ov
p5+Vp—/,z-Av+p-G(v)—p-F=O, )
where
G()=(v-V ©)

In contrast with the equations for viscous incomptressible fluid, the
equations for viscous compressible fluid have the following form [2]:

‘Zf +div(p-v)=0, (4)

ov
p&+Vp—ﬂ-AV+p-G(V)—p-F—élQ(V)=0, 6
where

Q(v)=Vv(Vv). ©)
The Supplement 1 functions (3) and (6) are presented in expanded form -
see (p14, p29, p30). For a compressible fluid density is a known function
of pressure:

p=f(p). ™

66



Further the reasoning will be by analogy with the previous. In this
case we have to consider also the power of energy loss variation in the
course of expansion/compression due to the friction.

&(v)=‘3‘v-ﬂ<v). o)

We have also:

2 (RO)=400). (10)

We may note that the function €(V) in the present context

behaved in the same way as the function A(V). This allows to apply the
proposed method also for compressible fluids.

9.2. Energian-2 and quasiextremal
By analogy with previous reasoning we shall write the formula for
quasiextremal for compressible fluid in the following form:

g\ p

vi
dt

ov 27 ov

+2 (o v G)- 2 (pF ) ~0- @D
ov ov

_ofpop _lﬁ.ai(v.g(v))
plpar) 23 ov

9.3. The split energian-2
By analogy with previous reasoning we shall write the formula for
split energian-2 for compressible fluid in the following form:

. (V'ddvt — v” dd‘;j — ,Ll . (V,AV, _ V”AV”)

2
A ((div(p-v'- p")—div(p-v"- p)))+
Ry(q9") =4 P . (12)
p- (VGO —V'GH))—p-F(V —v")—
2 4 dp " dp /,l / ' " "
— ——p" = |-=-(V'QW)-V"Q

(p ar 7 dzj 3 rab)-val)
With the aid of Ostrogradsky formula (p23) we may find the variations of

functional of spilt full action-2 with respect to functions ¢ g
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aOER2

—b, 13
o by (13
ag?:m“ (14)

These variations are determined by varying the functions p’ and V',

whereas the functions o, p”,v" do not change. Then we shall get:

1) g -(v’dvn—v"wj =2 '
ol P T a T a )T

2 8(?/’ [~ u- (vav' - V"Av")] ==2u-AV,
3 2 [pVGn -vG)=2p- Hv", z}j - G(V', i}ﬂ

4) a‘i’[—p-F(v'—v”)]:—p-F,

5) o -4 o) -vaw) |- a)
a _2 : 4 14 : 14 ! | 14
6) P —(dlv(p-v - p )—dlv(p-v - p )) :2grad(p ),
LP
02 i N 2
7) P Z(div(p-v'- p")—div(p-v"- p')) |=—"div(p V"),
PP P
ol 2( .d d 2 dp =
8) ,—(p'p—p”pﬂz—.
op dt dt p dt

Remarks for these formulas:
1, 2, 3, 4) — the derivation is given below,
5) — is similar to formula 2),
0, 7) — the derivation is given in the Supplement 1 — see (p34, p35)

accordingly
Then we have:
dp .
b, =-"2"=2div(p-v"), 16
» 4 (p-v") (16)
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d " 2 ’ "
2p- dv—2u AV')- 3# -Q(v')+2V(p")

by = - (17

av” 8‘/”
+2p- GV, — |+G|V,— ||-p - F
P { (" an (V aXﬂ p

As was shown above, the condition

b'=|p,, by|=0 (18)
and the similar condition
:[b ,, bV”JZO (19)

Are necessary conditions for the existence of a saddle line. From the

symmetry of these equations it follows that the optimal functions qb and
q6 , satisfying the equations (18, 19), must satisfy also the condition
q0 = 90- (20)

Subtracting in pairs the equations (18, 19) taking into account (16, 17),
we get

" o_

1)

. d(v' +v")

+2p —2u-A(V +V") - 3 Q(V +v")+

G(v” v j+ G(v 6‘\/)4_ =0-(22)
oX oX

+G(v avj+G( avj
oX OX

Taking into account (1.45) and cancelling (21, 22) by 2, we get the
equations (4, 5), where

o "
9 =490 40, (23)
Le. equations extreme lines are the Navier-Stokes equations for
compressible fluids.

+2V(p'+p")-2p-F+2p

9.4. About sufficient conditions of extremum

Above we have proved for incompressible fluid , that the necessary
conditions (18, 19) of the existence of extremum for the full action-2
functional are also sufficient conditions, if the integral

69



T
1:.[ §i}{22dV dt (24)

0w
has constant sign, where
Ry = by A(b,) = 2pV'G(by). o)

For compressible fluid the necessary conditions (18, 19) of the existence
of extremum for the full action-2 functional are also sufficient
conditions, if the integral (24) has constant sign , where, contrary to (25),

Wz ==y Aby) = BB, =2 Glby). 2o

For closed systems with a flow of cucrem incompressible fluid we
have shown above that the value (25) assumes the form

ER22 = _/Uva(bv)- 27)

Similarly, for closed systems with a flow of compressible fluid the value
(26) assumes the form

Rz = b, ABy) = DQAB,). @

Let us consider now, similarly to (24), the integral

T
J = [{ [ RondV bt (29)
ol
where
Ry =—p-v-A)- élv - Q(v). (30)

(i.e. in this formula instead of the function bv there is the function of

speed). As the proof of the integral’s constancy of sign must be valid for
any function, it is enough to prove the constancy of sign of integral (29)
with speeds. For this we must note that:
o the first term in (30) expresses the heat energy exuded by the
fluid as the result of internal friction,
o the second tem in (30) is the heat energy exuded/absorbed by the
fluid as the result of expansion\compression.
The first energy is positive regardless to the value of vector-function of
speed with respect to the coordinates (A more exact proof of this fact
for the first term is given in [4, 5]). The second term is equal to zero (as
in our statement the temperature is not taken into account, i.e. assumed

70



to be constant). Therefore, integral (24, 30) is positive on any iteration,
which was required to show.

Thus, the Navier-Stokes equations for incompressible fluid have a
global solution.
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Discussion

Physical assumptions are often built on mathematical corollary facts.
So it may be legitimate to build mathematical assumption on the base of
physical facts. In this book there are several such places

1.

2.

The equations are derived on the base of the presented principle
of general action extremum.

The main equation is divided into two independent equations
based on a physical fact — the absence of energy flow through a
closed system.

The exclusion of continuity conditions for closed systems is
based in the physical fact — the continuity of fluid flow in a
closed system

Usually in the problem formulation we indicate the boundaries
of solution search and the boundary conditions — for speed,
acceleration pressure on the boundaries These conditions
usually are formed on the base of physical facts, for example —
the fluid "adhesion" to the walls, the walls hardness, etc. In the
presented method we do not include the boundary conditions
into the problem formulation — they are found in the process
of solution.

The solution method consists in moving along the gradient towards
saddle point of the functional generated from the power balance
equation. The obtained solutions:

a.

b.

C.

d.

may be interpreted as experimentally found physical effects (for
instance, the walls impermeability, "sticking" of fluid to the walls,
absence of energy flow through a closed system),

coincide with solutions obtained earlier with the aid of other
methods (for instance, the solution of Poiseille problem),

may ue seen as generalization of known solutions  (for instance,
a generalization of Poiseille problem solution for pipes with
arbitrary form of section and/or with arbitrary form of axis line),
belong to unsolved (as far as the author knows) problems (for
instance, problems with body as the functions of speed,
coordinates and time) .
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We may point also some possible directions of this approach
development , for example
o for compressible fluids,
o for problems of electro- and magneto-hydrodynamics
o for free surfaces dynamics (in changing boundaries for constant
fluid volume).

The proof of global solution existence belongs to closed systems
Practically, we must analyze the bounded and closed systems. Therefore
above we have discussed some methods of formal transformation of
non-closed systems into closed ones, such as:

1. long pipe as the limit of ring pipe,

2. transformation of a limited pipe segment into closed system

At the same time it must be noted that the solution method has not
been treated here on a full scale — we considered only special cases of
stationary flows and changing with time flows.
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Supplement 1. Certain formulas

Here we shall consider the proof of some formulas that were used

in the main text. First of all we must remind that

ov
div(v):{ag;+ y+5avzz}

oy

div(v-Q)=v-VQ+Q-div(v),

vp| @ @ ]
ox’ oy’ oz

Av, =

2 2 2
8vx+8vx+8vx

&x2

Qyz

822

[ A2 2 2
07 v, N 0 v, +_6 Vy

8x2

2
o°v
Av = J

ayz

azvy 62v

822

Y

8x2

82v2

+

ayz
62vz

+

822

azvz

8x2

822

D)

(pla)
P2)

P3)

()

(P>)

Y. (p6)

I ) oz
From (2.5, 2.7a) it follows that

B —pd(vyzc +v2 +v§),

- 7
2 dt Y ®7
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1e.

dv

P = -
1= ,Uth
Let us consider the function (2.7) or
d(z 2 2)
Ve vy +Vy v
X e VX y Tz
P o1 d
=h RPN +vy(v)%+v)2,+v3)
p 2 dy
d(z 2 2)
+v, —Wy +Vv, +v
Z g VX y z
or
P5:';)V-A(W2).
Differentiating, we shall get:
de dvy dVZ
Vel Vy —F+V), —— 4V +
x( Yae Y odax 7 odx
Ps dv, dv,, dv,
= =y, v +v, ——+V +
y( Yaxe Y odax 7 odx
dv, dv,, dv.,
v,|v +v +v
Z( Yae Y ode 7 odx

After rearranging the items, we get

ydy Z dz

Let us denote:

dv, Ty dvxj_'_

d
&: ( vy+vz VyJ+
yo

2

®9)

(P92)

(p10)

(P11
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d d
dy dz
dv dv dv
dz
[ dv, Vv, + v, dv, j
dz
Let us consider the vector
gx
G= gy
8y
or
v OV ‘v, ovy v, Oy
ox oy 0z
ov ov ov
G=|vy y+vy y+vz |
ox oy 0z
X ov, ‘v, ov, v, ov,
| Ox oy oz |

Note that

;G(v) =2G(v/2)

From (p11-p14) we get

Ps/p=v-G,

oPs(v,G(v))
ov

=pG(v),

Comparing (p6) and (p14), we find that

G(v)=(v-Vv.

Thus,

B-G)_ vy,

ov

Comparing (p9a, p15, p18), we find that

(P12

(P13)

)

(pl4a)

(p15)
(p16)

(p18)

(P19)
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A?)=2-(v-V)-v. (p192)
As dynamic pressure is determined [2] by
P, = pW2/2, (p19¢)
then from (p18, p19a) it follows that the gradient of dynamic pressure is
AP;)=p-G. (p198)
Let us consider also
G(v+b)=G(v)+G(b)+ G (v,b)+ Gy (v,b), (p20)
where
v ob,, v, ob,. ‘v, ob,.
ox oy oz
ob ob ob
G (v,b)=|v, 2+ vy Ly, — 2|, (p20a)
ox oy oz
v ob, vy ob, v, ob,
| T Ox oy oz |
by Oovy b, vy b, vy
ox oy 0z
ov ov ov
Gy(v,b)=|b, > +b,— Y +b, (20m)
2(70)=| by by oy Y e
b, ov, b, ov, b, ov,
T Ox oy oz |

If b=a-b,, then

G(v+a-b,)=Gv)+a’G(b,)+aGy(v,b,)+aG,(v,b,). p21)
We have

80( ) dv’) av'" 0, ( ) dv'j dv'

.,V = ’ v = ’
ov' dt dt o' dt dt

80, (VAV)=2Av",

ov

0 (60 =-6(v. 27 |

o' oX

aO
o'

('G()=G(),
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% (- V()= V(") 220 V(p")=—div(y)

ov op
a0 : ! " "” a0 : ! " : !
,le(V -p")=V(p"), - dlv(v - p )= —le(V )-see (pla).
ov op
(p22)
The necessary conditions for extremum of functional from the
functions with several independent variables — the Ostrogradsky

equations [4] have for each of the functions the form

Wf U 5 {a((af ﬂ 0, (23

OOV o(dv/da)

where f — the integration element, V(X,,Z,t) — the variable function, @ —
independent variable.
The tensions (in hydrodynamics) are determined in the following
way [2]:
vy vy ov,
Pxx =—P+2u—— 0 Pw T P+2ﬂE, Pzz=—P+2u—=

82
ov, 0vy ovy, Ov
ny:pyx:ﬂ(a;"‘ax} Pxz =Pzx = ( ézx+ 8;)

av av
y z
Pyz =Dz = ,U[ PR j

Let us consider formulas
dy =VyDxx + VyPxy TVzPxz>
dy =VxPyx TVyPyy TVzPyz>

d; =VyDxx TVyPxy T VzPyxz- (p25)
From (p24, p25) we find

(p24)

V V v
; N Yox Yoy oz

) e V %+v avy+v Ovz |
Y ox Y ox Z ox
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dy,=-p+u

d,=—p+u . (p206)
: [ 8Vx 8Vy 8VZJ

From this it follows that the double integral in formula (81) in [1]
and in Supplement 2 may be presented in the following form

cosnx(—p+J81x(v))+
J31 =”dc7 cosny(—p+J81y(v))+ : (p27)
Cosnz(—p+J812(v))

The Ostrogradsky formula: integral of divergence of the vector field
F, distributed in a certain volume V', is equal to vector flow F
through the surface S, bounding this volume:

diviF dV =||F-n-dS. 28)
Jf[div(F)v =]f ®
4 S
Q(v):{6(dlv(v)),8(dlv(v)),a(dlv(v))}’ o)
ox oy oz
_62vx 52Vy 82\/2_
+ +
o2 OxOy  OxOz
Q)= o, 82vy G ’ (P30)

5+
xdy g2 ovoz

szx 32Vy 62\)2
+ +
ox0z 0yoz  pg?

If p, p are scalar fields, and V is a_vector field, then
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div(p-v)=v-grad(p)+ p-div(v), ©31)
div(p-p-v)=p-v-grad(p)+ p-div(p-v), (p32)

ie.

div(p- p-v) = p-v-gradp)+ p-v-gradp)+ p- p-div(v). (33)

Consider div(p-p'-v") and suppose that the extremum of a
certain functional is determined or by varying the function p’, or by

varying the function V". Then, differentiating the last expression by
Ostrogradsky formula (p23), we shall find:

2",[div(p-p'-v">]=0+v"-grad(p)+p-div(v">,
P

o [div(p- p'-v")]= p- grad(p')+ p'- grad(p) - p'- grad(p)
or
% [div(p- p' ")) =div(pv"). o34
op
a : ! 14 14
o [div(p- p'-v")]= p- grad(p’). (p35)
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Supplement 2. Excerpts from the
book of Nicholas Umov

http://nn.mi.ras.ru/Showbook.aspx?bi=171

JPARMIEALSE
ABMKEHIA 9HEPI'INA

Bb THBAAKD.

PRAYIN

BEHEOJIAH YMOBA.

BREERA,
BF THROOTEADIN FILPEREA E TOFABLE

1874.
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HOME 1 MOMS KOXWSECTElh SHepliu, aporodAweMs 4epess Wuzd
83 Geawonewny Maxnd sieMeMmsz SpeMeHu, DPOAN.

§ 8 Fpasuenia deusicenia anepiu 63 mmIGTS HoUIKULS.
Pa3ciiorpmys ¢Eatala ®uiEocTs, Be o0pamas BENMAHIA B4 TAED HASH-
BAEMO® BEYTPENECE TDelle UACTENT mUERocTH. O3HATAL TEDEED W, 1, 10
CEOPOCTH JBHEEHLA UACTENE ®OJEGeTH 0T ofHoff m Toll me Toupd
OpPOCTPAHCTES, UERERE P —- RABNGHIE H p— LIOTHOCTS, My mubexg
CABAYBIIA JPABARHIA TBAPOJHEANERE :

1dp du du
' a .:am“{“ dy+wa‘-z

&
EI

dv dv ;
e T da"‘“da,"' dy+wdﬂ (34)

1dp dw dw die dip
T s T @ T e TV gyt vy

Ma enoss onyesacn® coyuadl pbifcrein pRBMERXT AT A YACTHOM
&ujrocri. Hpowd dpweefemEm¥s coormomeHil MH mwheN® 6N
c1biyomia:

dp  d{pu) f-f(F'!ﬂ d(gew)
at T ~dr T + " =0

(55)
1 dp it dw diw
cdt Tde T dy T Hm=0

Yunoman pupazerin (54) coorsbrerseEso ma udf, vdf, wdi, cEaa-
Aupad, RBIf Ba df M MATETPEPYA [EE BOETO OOBEMA cpeXH, HAXO-
JME

JJ Jfutorovarimin f [ f logareo oy

+ pﬂdE (1 +v2+107)4-pio ;— [ﬂ2+u“+w5’]] dw

+fff( +1: %)M=a (56)
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[Tepras TWaeTe 3TOTO DHpAZeHid HOcIh HATEIpAMID mO TACTIND Dp8i-
eTaBETCH BB BEXE:

3 t:*—[—m i I
ff.f%iu:{“ﬁ'i-ﬂ*-l- )+ = - 7 di“ﬁfjﬂd{'] 0

+JS +p] lmm[m]+-vms{ﬂ _f]-]-’f{'ﬂ'{r‘:{ﬂ-ﬂ.-:i] do=

[ {u3+v“+w“}
rat ds eere sxewentt Tpapmms o (0 pyGmrecye nACME[emie. -iTO
BHpAKeRie uomers OHTh NANFCANO €ME LB Tanout BOATL:

-fff [E?r{:;f{“z’l‘““"l-wi}]—m]m

{_315:5]
+ 1. f [ Mﬂ—}+p] [‘eacus[mn}+vcus[wy}q—wm[ns]]d:=n

Tpoftaoll worerpans, exofamifl 5% 3To BHpamenmie, NPELLTABITETE
cyuwy wsnbmeniit smeprim Bo BrBXD DREMERTAYT WPOLTPLULTEA 3A-
narare epenon. JEHeremrensao mepemll wieHt HOLTLRNTErpagnnol
fyremin rpoliaare worerpaxs mpejcraiiers mawbnenie manol cuwIm
¢h RpEMEHEMT BD OJEOND W TONE &e orementh ofnema cpeju;
propolt ®me wiemt rolf me mognmETerpadnmodl (YERNIM EpejcTAB-
aagrs mukmenie paGorm Japxewil BT ojRONT W TOND He sxcuentl,
BIITOE ¢h DAJICRANHEET SHARONE., Oremja cabiyers, wro apoilnoit
mATerpalts Bupamenia (558) nNpejcTaBiAeTd EOINYECTLO IHEprin
BXOJANEE BE ePely Uopea® ¢f rpasroH. CaljgoBarennuo supume-
Hie (58) mpeicTaBIEEYE 3ALORT COXDPANGHIN smeprim jpam peel wu-
ol cpefsl m motoMy OHG TomecTRenw0 o5 ypanmenient (7). Iuoil-
goll morerpans ypesuemin (58) jfoimens Ourn TORSCTBLNE B
JBOHEEND HETErpaIoN® ypabmesla (V) H cxBioparcanno XOIzent
npeolpasoBHBATECT B Tpolinoll METErpan® TOMECTEENAEN ¢0 BTOMINE
TpoliguND RETerpanont supamenin (6 ). [bHersurearso auolnoll nate-
Ipads pHpamEenic (58) womers Gure mpeofpazonass BB Tpolftuolt
EETETpAls cABITOMATG BEJA:
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(4 8[ufp + A ED DY)

)
J I Joo! 45 el + =)
I

=

(59)

+igo(p + )

Tlopwmaterpatsnan YAENiT BIOZAmAT DL OTO BHpaZeRie mpef-
CTALLAETL TRE ROIHUECTEO Smeprin Upoufcimmell BD eRmHAmy Bpe-
MEHN BT OAMUT T T0Th e oIeNenth odbema smuggocrd, Copaseg-
TUBOGTH WTOTY JALXMYeNin MOHKLTD 0UTh mopbpems memocpeicTEenno,
npeofneaospEa  LORBNETCEPAILET  Qyusmin Tpolsare MATErDAIL
wipamenin (58) WM MONOUIN DpIBGXCMNHXT BHNNG TABHeHil
e (L s 1oas meeerpaxerad GynEnin pupamenia [59}
PORECTLEA  ©h  HOXTUnTerpastuoll yrcuied wroparo rpoHdaro
HOTELpAlE Bl pameni [7] K c0 DTOPOM WitTL) OCHOBRATD YPAB-
wenia (I). Han ororo romecrss murenamtd cxbBiyomiz coordome-
Hid MeEZY SALONAMN OHEPTIN H BUEOHAMN YACTHYEHXD ABEmenil
SEAREXD CJRIE:

i

o, = v (p+5) (6)

TAk @ 00TH CKOPOCTh JBREENUIA TRCTHIE BUAEDCTH, T. &
‘ -
it = u? + o 4 w? (61)

Has pupamenit (B1V) cobayers, osHAYAN uBDe3D € CEOPOCIH JBE-
Heuin ameprie, 1. 6.




[ 1 —

orono ocell 2, ¥, 5. Eexn B ZEIEOCTH BpAMATRIBNHA NBEZCHIE
né CYUWECTBYNTE, TO BHpaReslt (75) NPHEAMAILE BHAD:

o=25+ % (77)
Eeim o ecrs moTemNiaNt cuopocrelf, To

7. 8. OTPHIATEIBNAR YACTHAA NPOHSBOJEAA OTEH MOTEEIiaZa ckopocTeil
[0 BPENAEN JABAG N0JOBHAD DpoHsBeeHif CKOPOCTH JBHECHLI BHEPTLN
HO CEOPOCTL ABUAEHIT Yacrunb. Dymmmia Bpemenny, ROTOpaAs NOXEAL
s npadaniens &5 supazmenin (78), morpasyybrasTen M01'5 3HARONE 3.

§ I0. Fpagnenin Oeudscenin anepiiv 3 Heudroemars ca
mpeniens. Doxbe ofmie gmjifepeniaabeae sakony IBAZENIT HHI-
nocTell Doy TanTed, KAES n3nhoTHO, IPANKEYAR cYMecTEOBARIe XabTexil,
HANPAEICORHXD KOCHENNO KT HXOCKONY SIEMEHTT BRAYTPE BEILOCTH,
CTOPONM EOLTO DAPAIICISEH NI0CKOCTANS KOOGDAHEATS; ME 0IRAYENE
CIATANNA LOCBONNHXTE JABICHIH MODHTHBAGMHXT TPOMA ¢TOPOHANE
sleneRTd (IumalimuMl KB HAYANY EOODANHATE UELEdD P Py,
Pus Prys Ppsy Poxs SHAUEHIE JUOTPECACRBHXE 31BCH NHISRCOBT
waeberwo, Mu mwbews cabayomin pmfdepennisdbrEs  ypasienia
¢F UACTHUMN NPOEIBONAENE, Dpefmnorarad, wro pnbmmis cuxs me
Ihilersynrs HA SIEMEHTH REIEOCTH:

1gdp  dpy | dpo\_du du dus du
— (B E)=at mt gt

1dp,  dpy, , dp.y dv dv  dv db
_E('rﬂx;+d_;+_&;_)_d£+ﬂdm+ﬂdy+wdﬁ gk

1(dp | dpy  Opo) 0w | do o d
—";(—E“F'@"l“ﬁ)ﬂf TG Ty TG
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HEpouh srexs smpamenilt fia TpymExes muanocrell ocTabTed B
emrd coormomemia (55).
B0E0ED COXPAEEELT BEEPLIE JIA Boell MASCH RELEOCTE Gyaers

jff{%%(ﬂ%iﬁr}-m*) + l[rl,il'!'!. (n + 2 —]—ir-) +

+ Pﬂaﬁ;{u*-l-v“*—l-w‘} + Pw;l(ﬂ“—l—f+ 14':-*) ;l ; tlw
(& + %+ %)

+J‘ffdm n ﬂ(tﬂhr i {fﬂj n dgg) —0 (80)

ap.. | dp, | dp.
m( - - ——J
LA W i S =
Irrerpupys oo BUPAGERIE 0 YAGTAND HAXOLHAT:

. I d ] i il i
SIS [E i+ ) { ~Pocdy ~Priy " Pz
du d-tl) d do  diry
~ Per (@+ dz n(dﬁm) (:L'i" n"y” £

Fﬂip (#+o+w?) \
3

+ e R +psext‘5+ﬁ T‘H}m?ﬂ

vp (#*+07+w?) )
+J fdsi+ wmﬁ[ 9 +Pxfﬁ+ﬁﬁt+pﬁ =0 (81)

wp (W34 02410t 1
I+{}DSRE[ dt 3 )+p,.u+;a:l,,u+p,,m

E

Ilpocroit meTerpart Bxogamil ®: 970 BHpAmERie MpeLCTABITETH
nanbremie sneprin Beell megsod MaccH OTHeoHHOE KD efummnb
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RpEMERT ; TROMEOE Me MATEIPANT pacmpOCTpaECHERHE HEa BAeNeRTH
MOBEPXHOCTA REAKOH MACLH DPeECTABIAETS EOIHUECTBO DHEPILM ,
prognmell BT EuIkocrs E3pub. drort gpolimol ARTETDAT MOEETE
(HTH NpeicTABAEAT BT (opr® Tpolimaro mArerpaia caBiymmare
BHYA T '

A

¢ I']’- ! 2 'ﬂ
2 E{ﬂ_ﬂ“ ; +?) + Pt po v+ pap E

N (' +o* 4w’

1 f Jdw + dy i 5 + PoliPy 01+ Pat0) | (82)

2 2 3
-I_d % {!E +ﬂ +w] +Pr:ﬂ+Py:v'+_Pu'w} |

L}

[logeuarerparsmad (PYUENLE 97070 BHDAEOHI OPejCTABIASTS EOIM-
UELYBO UHEDTIN, DPOEMEAIINES BB OLEET E TOTE ®E HIENEHTE
ofsena ®EIE0CTA OTH enbmnuxd vactell ZEmgmocrm. Iyrews sa-
EIpuenilf cxogMuy® ¢b YOOTpeGIeHERME BB DpejPEIJIEXD DApA-
rpadass MH JOBAEMGH, UTO 374 NO[TEETEIPAIRHAA YEENIE TO-
WECTBENNA €0 BTOJOM ¥asThl) ocmomEare ypasmesin (I). Mavewmarn-
UeLEOR BHpAmEAs BTOT0 TORECTSA WpefeTaBRTCA cXBIFREMME ¢0-
OTEOTEHLANE ©

'] 2 ')
le-.; = '!,I'-Fl_['i_!I ﬁ__;::'?]-in J +Pnﬂ+PHi-:+pu'w
k] b3
ol = oEETEED L tpootpw (83)
EJ 2 2
Al.=uw i -HJ L ]+ﬁnu-+flnv + Pt

JAROEH JBEMEELl 9ACPTIN IPEJCTABIARTE FB IAEEONT cayuah
cpefnny Memiy sakomami uwBEUINT whero Aan TRy FOpyTATO H
s This ZEJIEATO.
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Supplement 3. Proof that Integral

fv-amar  1s ot Constant Sign
V

Here we shall consider in detail the substantiation of the fact that
integral (2.84) always has positive value. In other words — we shall prove
that the integral is of constant sign.

Ji={v-A@)v. (1)
v

Let us first consider the two-dimension case. Let us substitute the
Laplacian by its discrete analog. To do this we shall take a two-

dimensional speeds network Vim > where m =1,n - the number of

point on the axis OX, k= 1,7 - number of point on tee axis OV. The

value of discrete Laplacian in each point is determined by formula (see,
for example, the function DEL2 in MATLAB):

1
Liem = 4( keym=1 T Vi,m+1 T Vi—1Lm T Vi+1,m )- Vim: @
According to this the discrete Laplacian may be found by the formula
L=v-4, 3

where row vector

vljl,...,vl,m ,...,Vl,n )

V2’1,...,V2’m,...,V2’n,

< |
Il

, )

Vk,ls""vk,m ,...,ijn,

Vi Lo Vo> Vi
and A is a matrix built according to formula (2). For illustration Fig 1
shows matrix A for n =35, built according to formula (2) — see for

example, [27]. This Figure shows also the numbering of vector Vi »,
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elements. According to formula (3) the Laplacian also is presented in the
form similar to (4). The discrete analog of integral (1) is

leTz-A-TzT. ©)

To verify that the matrix A is of constant sign, let us find for it the
Kholetsky expansion

4=U"U, ©)
where U is the upper triangular matrix. It is known [28], that if matrix a
A is symmetrical and positively defined, then it has a unique Kholetsky
expansion. The program testMatrix.m computes expansion (6) and

shows that matrix .4 is symmetrical and positively defined. It means that

for any vector vV

v-A-vT >0. ©)
Thus, it is proved that the value (5) in two-dimensional case is
positive. Decreasing the network spacing, in the limit we get that the
integral (1) in two-dimensional case has positive value. In the same way
it may be shown that in three-dimensional case integral (1) is positive,
which was to be proved.

Vikm) 1,

=

1,2 1,314 1511012 1,3 14 15 1112 1,314 15 11 12 13 14 15 11 12 13 14 15
1

= b

1

==
= I =
= e
k-

(LR L R e L AE L R R B R R e R e AT L R o R el S B L R R
-
=
1S
=
=

Fig. 1.

89



Supplement 4. Solving Variational Problem
with Gradient Descent Method

Let us consider the functional

Dy = (R, (v(x,y,2)dV M
V

where

SRZ(v)z{;O'-vz—;,u-v-Av—p-F-v}. 2)

In accordance with the equation Ostrogradsky the necessary condition of
extremum for this functional has the form

o v—u-Av—p-F=0, 3)
To prove that this condition is also sufficient, we shall reason in the same

way, as in section 2.5.
Gradient of the functional (4) has the form:

b=c-v—u-Av—p-F (5)
Let S be an extremal, and therefore the gradient on it - by =0. To

reveal the nature of this extremum we must analyze the sign of
functional's increment.

8Dy = D5 (S)-0,(C), ©)
where C'is the line of comparison b= bc # 0. Let the values S and C
differ by

v—vg=a-b, )
where b is the variation on the line C, @ — a known number. If

oDy =a-A, (8)
where A is a value of constant sign in the vicinity of the extremal
bs =0, then this extremal determines a global extremum. If, in addition,
A is a value of constant sign in all the domain of definition of the
function V, then this extremal determines the global extremum..

From (2.55) we find

Ry =R+ Ry -a+Ray-a?, ©)
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where mzo, mzl, 9{22 are functions not depending on & of the

form
1 7 1
ERZOZEG'VS _2/"VSA(VS)_/O’F’VS’ (10)
1
9121=0'-b-vs—Ey-(bAvS+vSA(b))—p-F-b,(11)
1 1
m22=2a.b2—2y-b.A(b). (12)
Let us now find
2
0° (R
Ty, (13

oa*
This function depends on V. To prove that the necessary condition (3)

is also a sufficient condition of global extremum of functional (1), we
must prove that the value of integral

2
0 q? = foRy(v)aV (14)
oa Vv
or, which is the same, of integral
2
0 ®22 = [ RppdV (15)
oa Vv
ot, finaly, of integral
2
‘ q)z2=§(a-b2—y-b-A(b))W (16)
oa Vv

is of constant signs. Positivity of the first component is evident, and
positivity of the second component has been proved above. For certain
proportion between the constants ¢, w the integral (14) is of constant

sign. In particular, for o =0 (which is always so for stationaty problems)
the integral is of constant sign. Therefore, the necessary condition (3) is
also a sufficient condition of functional (1) global extremum in stationary
problems.

Further we shall use the following algorithm.
Algorithm 1. On each iteration:

1. the gradient b is calculated according to (5) for given functionV';
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2. the coefficient @ is calculated according to

a=-Dy1 /Dy, (17)
Dyp =Ry dV, ©op{RppdV, (18)
v v

3. anew value of the function is calculated as V:=v+ab.
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Supplement 5. The Surfaces of Constant
Lagrangian

1. Let us consider an elliptic paraboloid of speeds bounded by a
plane perpendicular to its axis. The surface of such paraboloid is
described by the following equation:

(r2)=vp -1y
Vy r,Z)=Vo =V r Vy-Z | (c10)
where (7" yZ ) are the coordinates of the plane that the paraboloid rests

on. On the borders of this base plane Vy(l",Z):O. Denoting as

Ih »Zp the semi-axes of the ellipse in the base of paraboloid, for

(I"ZI"O,ZZO) and for (I"ZO,ZZZO) from (c10) we find
accordingly

Vo = Vl’”oz, (c11)

2
Vo = V220 - (c12)
Superposing (c10, c11, c12), we get

( )_ Vo |.2.2 2.2 272
Vy r,z )= ) "oZo =V Zp9 12 | (c13)
' %o
Let us find the speed Laplacian. From (c10) we find
Avy, ==2(v +vy). (€14
Superposing (c11, c12, c14), we get
—2v, (2 2)
Avy: 7 9 h T2, (c15)
10 %0

From (c13, c15) we find

—Av,, (22 22 22
2

vy(r,z): 7 "oZp =V Zp 1,2 ) (c16)
2\ +z,
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2. Let us now consider a circular paraboloid of speeds. From the

previous considerations for (7"0 = ZO) we get:

Vy (r,z) =V, V- (rz + 22 ) (c20)
—4v
Av, =—— o (21)
1o
—Av
vy(r,z) = 4 J (r02 — (r2 +22)), (c22)
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Supplement 6. Discrete Modified
Navier-Stokes Equations

1. Discrete modified Navier-Stokes equations for stationary

flows

Let us now consider the discrete version of modified Navier-Stokes
equations (2.1, 2.79) for stationary flows. For this purpose we shall

present functions of three variables (speed projections VisVysVz, force
projections Fx,Fy, F, and quasipressure D) as row-vectors (shown, for

instance, for two-dimensional case in formula (4) of Supplement 3). The
derivatives and Laplacians of these functions may be presented as
product of some matrix by such functions. For example, we may
construct a matrix — discrete Laplacian (for two-dimensional case the
discrete Laplacian has been considered in Supplement 3) and a matrix —
discrete derivative.

Further we shall take a stationary system in which the pressures
P, Py’ P, are determined, acting on the surface Q,, Qy’ 0., in the

direction perpendicular to coordinate axes X, V, Z.

Then the modified Navier-Stokes equations will become:

(vazcw +Byv)7; +B2v5)z0, (1
—p- Aw{ +B.D" - p-Fy = PO, @
—u- Ay, +B,D" —p-F,=P,0,, 3)
—p- Ay} +B.D" —p-F, =P,0., @

where A — matrices — discrete Laplacians of speeds, B — matrices —
discrete derivatives of speeds and quasipressures, and the upper subscript
"T" means transposition. The form of these matrices does not depend
on the fact, to what functions they are applied; it depends only on the
configuration of the domain of the fluid existence. Formally these
equations may be considered as a linear equations system with respect to

unknown vectots vx,vy,v D, where the matrices A, B, Q, and

zZ°
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vectors I, P are known. To solve this equations system let us consider
the function

1
5 u- (vaxv){ + vyAyv§ + VZAZVZT )

r T T T)Z
= +2-(vax +Byvy +B,v, , 6
+p~(va£ +Fyv)7; +FZVZT)

T T T
+ (Pxvax + Pyvay +P,0.v, )

where 7 is a constant. It is easy to see that the necessary conditions of

this function's minimum by the variables V. »Vy,Vz are as follows:

w- Ayl + B Jr+p-F,+P.Q, =0, ©)
T
,u-Ayvy +Ber+p-Fy+PyQy:0, 7
u- Ay +B_Jr+p-F, + PO, =0, ®)
where
J= (vaf +B,v) +BZvZT). ©)

To analyze the sufficient conditions of the minimum existence we
shall transform the function (5) to the form

1 r T\ T
vx(z,u-Ax +§-BxBx jvx +

1 r T\ T

1 r T\ T
VZ[ZIL[-AZ +5'BZBZ jvz

where ® - the component depending on the first power of speeds.
Thus, the considered function is a quadratic one and therefore has one
minimum, if the matrices of the form

Mx:(;,u'Ax'*';'BxB){) 1n

are negative-definite. For these matrices analysis we must note that the
discrete Laplacians of the speeds are positive-definite (see Supplement
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. T .. . .
5), and matrices BxBx are also positive-definite. Therefore, matrices

of the form (11) are positive-definite and the function under discussion
has a unique minimum.
It may be shown [32] that
J =0 for r > 0. (12)
- see also Supplement 7. From this and also from (9) it follows that for
sufficiently large 7

(va){ +Byv§ +BZVZT)zO. (13)

So, for certain values of 7 the equations (13, 6-8) coincide with
equations (1-4), if we denote

Dl =—Jr, (14)
and gradient descent along the function (5) permits us to find the values
of variables that give a solution of equations (1-4). The method of such
gradient descent is considered in Supplement 7.

Let us now return from the formulas of discrete form to the
analogous form. Then we shall get, that from (13) it follows

div(v)=~0, (15)

and the function (5) turns into the functional

1
E,U . (vavx + vyAvy + vZAvZ)

O =| +-—-(div(y)? + p~(vax +Fyv, +szz) .6

NORE

+ (PxQxVx + PyQyVy + Pzszz)

Thus, for sufficiently large values of 7 minimum of the functional (16)
is reached for
—u-Av+VD—-p-F=PQ, (17)
D =—r-div(v). (18)
Thus, the method for solving continuous equations (17, 18) is
reduced to the method for solving the corresponding discrete equations,
given in Supplement 7.
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2. Discrete modified Navier-Stokes equations for dynamic

flows

Let us consider the discrete version of modified Navier-Stokes
equations (6.8) for dynamic flow in the case when the body forces are
sinusoidal functions of time with circular frequency @. As previously a
discrete analog may be built for them in the form:

—jo-vy +,u-Axv§ +B, Jr+p-F. + PO, =0, (19)
. T

—jo-vy,+u-Ayy, +ByJr+p-F,+P,0, =0, (20)

—ja)-vz+y-AZvZT+BZJr+p-FZ+PZQZ =0, (21)

and (9), where j - imaginary unit. And in this case we may also show an
analogy between the equations (9, 19-21) and the equations of an electric
circuit with sources of sinusoidal voltage, considered in Appendix 7. The
latter are solved by gradient descent method, descending to the saddle
point of a known function. Thus, the method for solving continuous
equations (6, 8) is reduced to the method for solving the corresponding
discrete equations (9, 19-21, given in Supplement 7.
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Supplement 7. An Electrical Model for
Solving the Modified Navier-Stokes

Equations

Here we shall deal with electrical model for solving modified Navier-
Stokes equations and the solution method following this model.

The electrical circuits described below contain direct current
transformers or transformers of instantaneous values. Such transformers
have been first introduced by Dennis [33]. So we shall in future call them
Dennis transformers and denote them as TD. Dennis has presented the
transformers as an abstract mathematical structure  (for mathematical
theory interpretation) and has developed the theory of direct current
electric circuits including TD, resistors, diodes, current sources and
voltage sources.

In [32] such electric circuits are considered. They contain TD and
are used to simulate various problems of regulation and optimal control.
The analysis of such circuits permits to formulate algorithms for solution
of appropriate problems.

To solve our problem we shall analyze the electric circuit shown on
Fig. 1, where

Ry, Ry, R3, 1 -resistors,

i1, Iy, 13, J - currents in these resistors,
Ey, E,, E3 - direct voltage sources,
IDy, TD,, TDj5 - Dennis transformers,
Ll R L2 R L3 - inductances,

kl R kz R k3 - transformation ratio of these transformers.

First we shall consider of direct current circuit without inductances.
In [32] it is shown that such circuit is described by the following
equation:
R-i—-E=0, (1)

where
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i=i2,E=E2,, 2
B3 E3
R, 0 0 K kky  kiks

R=0 Ry 0 +rkky k3 Ioks, 3)

0 0 Ry |kiky koky K3
and
J=k1'i1+k2'i2+k2'i2 “)

and all the value included in these formulas, may also be vectors (in the

\
/

E
R1 IH 1

i2

R2 4 =
= [s

/
Rs @ I
- F

Fig. 1.

' 4?4?4?

In [32] it is shown that equation (1) is the necessary and sufficient
condition of the following function's minimum:

(D:Gi-RiT—E-iT), 5)
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where
J >0 for r > o, (6)
The minimum of function (5) and, consequently, the solution of
equation (1) may be found by gradient descent method
b=R-i—E, (7
for the function (5), where the gradient step is determined by the
formula

T
b" -R-b
and
Inext =1 prev —4* b. ©®)

Then we shall consider a circuit with sinusoidal voltage sources

Ey, Ey, E3 with circular frequency @ and inductance

Ly, Ly, L3. In [22, 23] it is shown that such circuit is described by

the following equation
w-j-Li+R-i—E=0, (10)

where j - imaginary unit, the values 7, E are vectors with complex

components and are determined by (2), Ris determined by (3), and

L, 0 0
L=0 L, 0. (11)
0 0 I

In [22, 23] it is shown that the equation (10) is the necessary and
sufficient condition for the existence of a unique saddle point of a
function of split currents — see also Section 1.2. The solution of equation
(10) may be found by gradient descent method, when on each step the
new value of current is found from

inext:iprev_a'b' (12)
where
b=w-j-L-i+R-i—FE, (13)
T
a b™-b (14)

T (w0 jL+R)b

Here, as in the case of direct current, the condition (6) is fulfilled.

101



References

10.

11.

12.

Umov N.A.. The Equations of Energy Movement in a Substance -
Odessa: Printing house of Ulrich and Shultz., 1874. - 56 p. (in
Russian), http://nn.mi.ras.ru/Showbook.aspxrbi=171

N.E. Kochin, I.A. Kibel, N.V. Rose. Theoretical Hydromechanics,
part 2. State Publishing house. "Fizmatlit", Moscow, 1963, 727 p. (in
Russian).

Tzlaff L. Calculus of Variations and Integral Equations. M.: Nauka,
1966, 254 p. (in Russian)

Elsgoltz L.E. Differential Equations and Calculus of Variations,
Editorial URSS, Moscow, 2000 (in Russian).

Petrov B.M. Electrodynamics and radio waves propagation. Moscow,
publ. "Radio i swiaz", 2000. 559 p. (in Russian).

Khmelnik S.I. Maximum Principle for Alternating Current Electrical
Circuits M.: Power Industry All-Union Research Institute, deposited
in InformelectroNe 2960-EI-88, 1988, 26 p. (in Russian)

Khmelnik S.I. Variational Principles in FElectric Models of
Continuous Mediums The Problems of Technical Hydrodynamics.
Collection of Articles. M.: Nauka, 1991, 148-158 p. (in Russian)
Khmelnik S.  Program  System for  Alternating Current
Electromechanical Systems IV International Conference “Creative
Search of Israeli Scientists Today” Israel, Ashkelon, 1999, 148-155 p.
Khmelnik S.I. Direct Current Electric Circuit for Simulation and
Control. Algorithms and Hardware. Published by “MiC”
Mathematics in Computer Comp., printed in USA, Lulu Inc. Israel-
Russia, 2004, 174 p. (in Russian)

Khmelnik S.I. The Principle of Extreme in Electric Circuits,
http:/ /www.laboratory.ru, 2004.

Khmelnik S.I. Extremum Principle In Electric Circuits. Raising the
Power Systems Efficiency: IGEU transactions. Issue 6. M.
Energoatomizdat, 2003, cc. 325-333, ISBN 5-283-02595-0 (in
Russian).

Khmelnik S.I. Variational Extremum Principle for Electric Lines and
Planes. «Papers of Independent Authors», publ. «DNA», printed in
USA, Lulu Inc., ID 124173. Russia-Israel, 2005, issue 1 (in Russian).

102



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Khmelnik S.I. Poisson Equation and Quadratic Programming.
«Papers of Independent Authors», publ. «DNA», printed in USA,
Lulu Inc., ID 172756. Russia-Israel, 2005, issue 2, ISBN 978-1-4116-
5956-8 (in Russian).

Khmelnik S.I. Maxwell Equations as the Variational Principle
Corollary. «Papers of Independent Authorsy, publ. <DNA», printed in
USA, Lulu Inc., ID 237433. Russia-Israel, 20006, issue 3, ISBN 978-1-
4116-5085-5 (in Russian).

Khmelnik S.I. Variational Principle of Extreme in electromechanical
Systems, Published by “MiC” - Mathematics in Computer Comp.,
printed in USA, Lulu Inc., ID 115917, Mspauas-Poccua, 200 (in
Russian)

Khmelnik  S.I.  Variational  Principle of Extremum in
electromechanical Systems, second edition. Published by “MiC” -
Mathematics in Computer Comp., printed in USA, printed in USA,
Lulu Inc. ID 125002. Israel-Russia, 2007, ISBN 978-1-411-633445.
Khmelnik S.I. Variational Extremum Principle for Electric Lines and
Planes. «Papers of Independent Authors», publ. «DNA», printed in
USA, Lulu Inc., ID 124173. Russia-Israel, 2005, issue 1 (in Russian).
Khmelnik ~ S.I.  Variational — Principle of Extremum in
electromechanical Systems and its application (in Russian),
http://www.sciteclibrary.ru/ris-stat/st1837.pdf

Khmelnik S.I. Maxwell Equations as the Variational Principle
Corollary. «Papers of Independent Authorsy», publ. <DNAy, printed in
USA, Lulu Inc., ID 237433, Russia-Israel, 2000, issue 3, ISBN 978-1-
4116-5085-5 (in Russian).

Khmelnik S.I. Maxwell equations as the consequence of variational
principle. Computational aspect. "Papers of Independent Authors",
publ. «DNA», printed in USA, Lulu Inc. 322884, Israel-Russia, 2000,
1ss. 4, ISBN 978-1-4303-0460-9 (in Russian).

Khmelnik ~ S.I.  Variational — Principle of Extremum in
electromechanical Systems, second edition. Publisher by “MiC”,
printed in USA, Lulu Inc., ID 172054, Israel-Russia, 2007, ISBN 978-
1-4303-2389-1 (in Russian).

Khmelnik ~ S.I.  Variational — Principle of Extremum in
electromechanical and electrodynamic Systems, third edition.
Publisher by “MiC”, printed in USA, Lulu Inc., ID 1769875. Poccus-
Nspanap, 2010, ISBN 978-0-557-4837-3 (in Russian).

Khmelnik ~ S.I.  Variational  Principle of Extremum in
electromechanical and electrodynamic Systems, second edition.
Published by “MiC” - Mathematics in Computer Comp., printed in

103



24.

25.

206.

27.

28.

29.

30.

31.

32.

33.

34.

35.

USA, printed in USA, Lulu Inc. ID 1142842. Israel-Russia, 2010,
ISBN 978-0-557-08231-5.

Khmelnik S.I. Functional for Power System. Published by “MiC” -
Mathematics in Computer Comp., printed in USA, printed in USA,
Lulu Inc. ID 133952. Israel-Russia, 2005.

Khmelnik S.I. Functional for Power System. Publisher by “MiC”,
printed in USA, Lulu Inc., ID 135568. Poccus-M3paunas, 2005 (in
Russian).

Pontryagin L.S., Boltyansky V.G., Gamkrelidze R.V., Mishchenko
E.F., Mathematical Theory of Optimal Processes, publ. «Nauka», M.,
1969, pp. 23-26. (in Russian).

S.V. Porshnew, Use of the package MATHCAD for the study of
iterative methods for solving boundary value problems for two-
dimensional differential equations of elliptic type. Computational
methods and programming. 2001, T.2, p. 7-14 (in Russian).

D.V. Beklemishew, Course of analytical geometry and linear algebra,
10 edition, M.: publ. "Fizmatlit", 2005, 304p. ISBN 5-9221-0304-0 (in
Russian).

Bredov. M.M., Rumyantsev V.V., Toptygin ILN. Classic
Electrodynamics, Publ. House “Lan” 2003, 400 p. , (in Russian).
Khmelnik S.I. Existence and the search method of a global solutions
for Navier-Stokes equations, "Papers of Independent Authors", publ.
«DNA», Israel-Russia, 2010, issue 15, printed in USA, Lulu Inc., ID
8976094, ISBN 978-0-557-52134-0 (in Russian).

Khmelnik S.I. Principle extremum of full action, "Papers of
Independent Authors", publ. «DNA», Israel-Russia, 2010, issue 15,
printed in USA, Lulu Inc., ID 8976094, ISBN 978-0-557-52134-0 (in
Russian).

Khmelnik S.I. Direct Current Electric Circuit for Simulation and
Control. Algorithms and Hardware. Published by “MiC”
Mathematics in Computer Comp., printed in USA, Lulu Inc., ID
113048, Israel-Russia, 2004, 174 p. (in Russian)

Dennis J.B. Mathematical Programming and Electrical Networks,
New York, 1959, Pages V1, 186 p.

Xnmeaprux C.M. Navier-Stokes equations. On the existence and the
search method for global solutions. "Papers of Independent
Authors", publ. «DNA», Israel-Russia, 2010, issue 16, printed in
USA, Lulu Inc., ID 9487789, ISBN 978-0-557-72797-1, (in Russian).
Khmelnik S.I. Navier-Stokes equations. On the existence and the
search method for global solutions. Published by “MiC”
Mathematics in Computer Comp., printed in USA, printed in USA,

104



30.

37.

38.

39.

Lulu Inc., ID 8828459, Israel, 2010, ISBN 978-0-557-48083-8, (in
Russian).

Khmelnik S.I. Navier-Stokes equations. On the existence and the
search method for global solutions (first edition). Published by
“MiC” - Mathematics in Computer Comp., printed in USA, printed
in USA, Lulu Inc., ID 9036712, Israel, 2010, ISBN 978-0-557-54079-
2.

Khmelnik S.I. Principle extremum of full action. «The Papers of
Independent Authors», Publisher «DNAw, Israel, Printed in USA,
Lulu Inc., catalogue 9748173, vol. 17, 2010, ISBN 978-0-557-88376-9
Khmelnik S.I. Principle extremum of full action in electrodynamics.
«The Papers of Independent Authors», Publisher «DNAy, Israel,
Printed in USA, Lulu Inc., catalogue 9748173, vol. 17, 2010, ISBN
978-0-557-88376-9

Khmelnik S.I. The existence and the search method for global
solutions of Navier-Stokes equation. «The Papers of Independent
Authors», Publisher «DNAy», Israel, Printed in USA, Lulu Inc,
catalogue 9748173, vol. 17, 2010, ISBN 978-0-557-88376-9

105



