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Abstract

In this paper, we have used the partial Euler product to examine the validity of the Rie-
mann Hypothesis. The Dirichlet series with the Mobius function M (s) = Y72, u(n)/n® has
been modified and represented in terms of the partial Euler product by progressively elimi-
nating the numbers that first have a prime factor 2, then 3, then 5, ..up to the prime number
pr to obtain the series M (s, p,). It is shown that the series M (s) and the new series M (s, p;)
have the same region of convergence for every p,. Unlike the partial sum of M (s) that has ir-
regular behavior, the partial sum of the new series exhibits regular behavior as p, approaches
infinity. This has allowed the use of integration methods to compute the partial sum of the
new series to determine its region of convergence and to provide an answer for the validity
of the Riemann Hypothesis.
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vergence, Euler product.
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1 Introduction

The Riemann zeta function ((s) satisfies the following functional equation over the complex
plain [1]
C(1 —s) = 2(2m)2 cos(0.5sm)T(5)(s), (1)

where, s = o + it is a complex variable and s # 1.

For o > 1 (or R(s) > 1), ((s) can be expressed by the following series

=1

C(S) = = Ea (2)

or by the following product over the primes p;’s

1 o0 1
C(s)_iHl<1_pf>' 3)

where, p1 = 2, [[:2,(1 — 1/p;®) is the Euler product and [[;_;(1 — 1/p;®) is the partial Euler
product. The above series and product representations of ((s) are absolutely convergent for
o>1



The region of the convergence for the sum in Equation (2) can be extended to %(s) > 0 by
using the alternating series 7(s) where

n 1

Z 4)

3
—_

and

=i n(s). 5)

One may notice that the term 1 — 2!7% is zero at s = 1. This zero cancels the simple pole that
((s) has at s = 1 enabling the extension (or analog continuation) of the zeta function series
representation over the critical strip where 0 < R(s) < 1.

It is well known that all of the non-trivial zeros of ((s) are located in the critical strip. Rie-
mann stated that all non-trivial zeros were very probably located on the critical line (s) = 0.5
[2]. There are many equivalent statements for the Riemann Hypothesis (RH) and one of them
involves the Dirichlet series with the Mobius function.

The Mobius function p(n) is defined as follows
p(n)=1,ifn =1.
pu(n) = (=1)%, ifn = Hle pi, pi’s are distinct primes.

p(n) = 0, if p?|n for some prime number p.

The Dirichlet series M (s) with the Mobius function is defined as

_ - Al
25

(6)

This series is absolutely convergent to 1/((s) for R(s) > 1 and conditionally convergent to
1/((s) for R(s) = 1. The Riemann hypothesis is equivalent to the statement that M (s) is
conditionally convergent to 1/((s) for (s) > 0.5. It should be pointed out that our defi-
nition of M(s) is different from Mertens function M (z) defined in the literature as M (z) =
Y 1<n<gz t(n). If we denote M (s; 1, N) as partial sum of the above series M (s), then

N
M(s;1,N) = z ?)

and the Mertens function is given by M (0; 1, N). On RH, we then have [7]
M(0;1, N) = O(N'/?*e),

where € is an arbitrary small number. By partial summation, on RH, we also have
M(1;1,N) = O(N~Y/2+e),

The irregular behavior of the Mobius function p(n) has so far hindered the attempts to esti-
mate the asymptotic behavior of any of the above two sums as IV approaches infinity.



The Riemann hypothesis is also equivalent to another statement that involves the prime
number function 7(x) (defined by the the number of primes less than x). The prime counting
function can be computed using Riemann Explicit Formula

:U' 1/n /
Li(z”) L —1 _
Z i(x +Z i 0g(2) + 2-1) logt

where Li(z) is the Logarithmic Integral of x and the sum 3~ Li(z”) is performed over the
nontrivial zeros p; = o; + i7; . This sum is conditionally convergent and it should be per-
formed over the nontrivial zeros with |y;|< T as T approaches infinity. The distribution of
the prime number can be also analyzed by defining the function v(z) as

Z log p;

pi"<w

and using Von Mangoldt formula given by

It is well known that as x approaches infinity, the prime counting function is asymptotic to
the function Li(x). Therefore, if we consider that 7(z) is comprised of two components, the
regulator component given by Li(x) and the irregular component J(z) given by

J(x) = m(x) — Li(x) (8)

then on RH, we have .
J(z) < 8—\/510gx for = > 2657
™

It is also given by [7, lemmas 5 and 6]

J(z) = Ylx) —= +0 (\/5>

log log
or
T
_ Z o V2 ©)
log T log =

Our method to examine the validity of the Riemann Hypothesis is based on represent-
ing the Dirichlet series M (s) (defined by Equation (6)) in terms of the integral [ dJ(x)/z. In
order to do that, we need to smooth the irregular behavior of the function M (s) by introduc-
ing a method to represent the series M(s) in terms of the partial Euler product. This task is
achieved in section 2 by first eliminating the numbers that have the prime factor 2 to generate
the series M (s, 3) (i.e, the series M (s, 3) is void of any number with a prime factor less than
3). For the series M (s, 3), we then eliminate the numbers with the prime factor 3 to generate
the series M (s, 5), and so on, up to the prime number p,. In other words, we have applied
the sieving technique to modify the series M (s) to include only the numbers with prime fac-
tors greater than or equal to p,. In the literature [10], numbers with prime factors less than y
are called y-smooth while numbers with prime factors greater than y are called y-rough. In
essence, our approach is to compute the Dirichlet series over p,_1-rough numbers. In section
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3, we have shown that the series M (s) and the new series M (s, p,) have the same region of
convergence (Theorem 1).

We will then present two methods to represent the series M (s, p,) in terms of the integral
[ dJ(x)/x. The first method is based on complex analysis (section 4). With this method,
we have provided a functional equation for ((s) using its partial Euler product. The second
method is described in section 5 and it is based on integration methods to represent the series
M(s,p;) in terms of the integral [~ d.J(z)/x.

Gonek, Hughes and Keating [3] have done an extensive research into establishing a re-
lationship between ((s) and its partial Euler product for %(s) < 1. Gonek stated ”Analytic
number theorists believe that an eventual proof of the Riemann Hypothesis must use both
the Euler product and functional equation of the zeta-function. For there are functions with
similar functional equations but no Euler product, and functions with an Euler product but
no functional equation.” In section 4, we will present a functional equation for {(s) using its
partial Euler product. The method is based on writing the Euler product formula as follows

N T
_izl Py _i:1 pi) p;)

The above equation is valid for o > 1. To be able to represent ((s) in term of its partial Euler
product for o < 1, we need to replace the term [[°>° (1 — 1/p]) with an equivalent one that
allows the analytic continuation for the representation of ((s) for & < 1. Thus, the new term
(that we need to introduce to replace []>° (1 — 1/p{)) must have a zero that cancels the pole
that ((s) has at s = 1. In the section 4, we will use the complex analysis to compute this new
term and then represent ((s) in terms of its partial Euler product. This functional representa-
tion is given by Theorem 2. We have then used this theorem to represent the series M (s, p,)
in terms of the integral [ dJ(z)/x (Theorem 3).

As mentioned before, the efforts to use the series M (o) to examine the validity of the Rie-
mann Hypothesis have so far failed due to the irregular behavior of the partial sum of the
series M (o) (due to the irregular behavior of the Mobius function s(n)). In sections 5 and
6, we have shown that the partial sum of the new series M (o, p,) exhibits regular behavior
as p, approaches infinity. This has allowed the use of integration methods to compute the
partial sum of the new series. We have then shown that partial sum of the series M (1, p,) can
be decomposed into two terms (Theorem 4). The first term, that we have called the regular
component, is generated by the regular component of the prime counting function Li(z). The
second term is the irregular component.

In section 7, we have used theorem 3 and the Fourier analysis to derive a second rep-
resentation for the partial sum of the irregular component of the series M(1,p,). The two
representations of the irregular component of the partial sum of the series M (1, p,) are then

compared to examine the validity of the Riemann Hypothesis. This comparison analysis in-
dicates that non-trivial zeros can be found arbitrary close to the line R(s) = 1.

2 Applying the Sieving Method to the Dirichlet Series 1 (s).

The Dirichlet series M (s) with the Mobius function is defined as
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where 1(n) is the Mobius function. Thus,

1 1 0 1 1
Next, we introduce the series M (s, 3) by eliminating all the numbers that have a prime
factor 2 (or keeping only the number with prime factors greater than or equal to 3). Thus,

M (s,3) can be written as

M(s,3)=1—— — — — o — .

Our analysis to test the conditional convergence of these series (M (s) and M(s,3) for
o < 1) is based on comparing correspondent terms of these two series. Therefore, rearrange-
ment and permutation of the terms may have a significant impact on analyzing the region of
convergence of both series. Thus, it essential to have the same index for both series M (s) and
M (s, 3) refer to the same term. Hence, we will represent M (s, 3) as follows

or

M(s,3) = 3 A3, (10)

where
w(n,3) = u(n), if n is an odd number,
wu(n,3) =0, if n is an even number.

The above series M (s, 3) can be further modified by eliminating all the numbers that have
a prime factor 3 (or keeping only the number with prime factors greater than or equal to 5) to
get the series M (s, 5) where
1 1 1 1 1 1 1 0

M5 =1— — — — — — &~ =
(5,5) 5 7 115 137 177 19° 935 T 255

or more conveniently

0 0 0 1 0 1 0
M(S75):1+§_§+475_§+§_%_§”“’

and so on.
Let I(p,) represent, in ascending order, the integers with distinct prime factors that belong

to the set {p; : p; > p,}. Let {1,1(p,)} be the set of 1 and I(p,) (for example, {1,1(3)} is the
set of square-free odd numbers), then we define the series M (s, p,) as

M(s.pp) = Yo ), a
n=1
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where

w(n,py) = p(n),ifn € {1,1(pr)},
otherwise, u(n, p,) = 0.

It can be easily shown that, for every prime number p,, the series M(s,p,) converges
absolutely for R(s) > 1. Furthermore, it can be shown that, for R(s) > 1, M (s, p,) satisfies
the following equation

r—1
1
M(s) = M(s,p,) [ ] <1 - p$> : (12)
i=1 i
Since
1 s 1
M(s) = — = 1— — ,
W= -1l ( pf>
therefore we conclude that, for R(s) > 1, M (s, p,) approaches 1 as p, approaches infinity. It

should be pointed here that with this definition of M (s, p,), M(2, s) is equal to M (s).

3 The region of convergence for the series M (s) and M (s, p,).

In this section, we will deal with the question of the relationship between the conditional
convergence of the two series M (s, p,) and M (s) over the strip 0.5 < £(s) < 1. Theorem 1
establishes this relationship.

Theorem 1. For s = o + it, where 0.5 < o < 1 and for every prime number p,, the series M (s)
converges conditionally if and only if the series M (s, p,) converges conditionally. Furthermore, M (s)
and M (s, p,) are related as follows

o) = a6 1T (1- ). 13

S
i=1 D;

The proof of this theorem can be achieved either by applying the Cauchy convergence
criteria or more conveniently by applying the complex analysis where we take advantage of
the fact that both functions ¢(s) and ¢(s) [[/—] (1 — 1/p$) have the same zeros (and a simple
pole at s = 1) to the right of the line R(s) = 1/2.

In the following, we will use the complex analysis to prove Theorem 1 by using a method
similar to the one outlined by Littlewood Theorem that shows that the Riemann Hypothesis is
valid if and only if the sum 72 ; 11(n)/n® is convergent to 1/((s) for every s with o > 0.5. The
prove of this theorem can be found in [7, Theorem 14.12] and it depends mainly on Lemma
3.12 of the same reference [7]. This Lemma states: Let f(s) = > o2, a,/n°, where 0 > 1,
an = O(¢(n)) being non-decreasing and ;> ; |a,|/n? = O(1/(0c — 1)¥) as 0 — 1. Then, if
¢ > 0,0+ c> 1, xis not an integer and [V is the integer nearest to =, we have

an 1 et v x¢ Y(2z)z! =7 log P(N)xt=°
2 ns 2mi /C_Z-T J(stw)ssdwtO (T(U +c— 1)a>+0 ( T >+O ( T)z — N| )

n<x




To prove the first part of Theorem 1 (i.e. for s = o + it and 0.5 < ¢ < 1, the series M (s, p;)
converges conditionally if M (s) converges conditionally), we note that for o > 1,

= pn) 1
=L T

and
o

M(s,pr) = uin, pr) = 1 .
( p) nz::l ns <<3> ::_11 (1_%)

If we assume that M (s) is convergent for ¢ > h > 0.5, then ((s) has no zeros in the
complex plane to the right of the line %(s) = h [7, Theorem 14.12]. Consequently, the function
¢(s)TT5=} (1 — 1/p?) has no zeros in the complex plane to the right of the line %(s) = h. Thus,
we may apply Lemma 3.12 [7] with a,, = p(n,p;), f(s) = 1/(((3) - 1/pf)>, c¢=2and
z half an odd integer to obtain (refer to [7, Theorem 14.12])

N n pr 1 /2+iT 1 W 2
= Y dw+O| =
D T T b w+O T

n<z 2—iT C(s 4+ w) H;-:ll (1 — pslﬂ,> w

However, by the calculus of residues we have

1 /~2+iT 1 W B 1
; ] )
R s (1o A ) Y SO (1 5)

211 + +

—iT h—o+~vy—iT h—U+’Y+iT> N w
C(S +w)H <1 ps+w>

1 h—o+y—iT h—o+~+iT 24T
/2

where, 0 < v < o — h. Since, along the line of integration and for an arbitrary small €, we
have 1/((c +iT) = O(T*) [7], therefore the first and third integrals on right side of the above
equation are given by O(T~!¢x2) while the second integral is given by O(2"~7T7T*¢). Hence

anr _ 1
Zw T )

+O(T™a?) + O(Tz"~7+7)

Taking T' = 23, the O—terms tend to zero as = approaches infinity. Consequently, the partial
sum M (s, p,; 1, ) is convergent as x approaches infinity and it is given by

e}

M(s,pr) = e - 1 |
(sopr) = 32 =55 )T (1- %)

or

M(s sprl;[<1>.

The second part of the theorem can be also proved by first defining M (s, p,; N1, N2) as the
partial sum



n
M(s, pr; N1, Na2) = Z (r: pr) pr (14)
n=N1

where Ny > Ny > p,.. Then, we have

M(S7p7‘—1;1)Np7’) :M(SapT;laNpT’)_ M(Svpr;lvN)' (15)

Pr

Since the series M (s, p,) is conditionally convergent, then the partial sums M (s, p,; 1, Np;)
and M(s,p,; 1, N) are both convergent to M (s,p,) as N approaches infinity. Hence, as N
approaches infinity, we obtain

: 1
M(s,pr—1) = lim M(s,pr—1;1, Npr) = M(s, pr) (1 - — ) .

By repeating this process r — 1 times, we then obtain

r—1 1
M(s) = M(s,pr) H <1— S) :

i=1 p;

4  Functional representation of ((s) using its partial Euler product.

In this section, we will use the prime counting function to derive a functional representation
for ((s) using its partial Euler product. We will start this task by first writing ((s) for o > 1

as follows
1/¢(s) H<1—> ﬁ<1—p>ﬁ<1—;>. (16)

For o > 0.5, we have
r2 1
log H (1 — ) Z log (1 - ) + 2miN,
i=rl D i=rl p7’

where N is zero, positive or negative integer to account for the ambiguity in the phase of the
logarithm of complex numbers. Since 1/|pj|< 1, hence,

2 1 1 1 ,

1=rl Z i=rl

Let 6(pr1,pr2, s) and d(p,1, s) be defined as the sums

St pras) = 3 == (17)
DPr1, Pr2, = - s 35 5 ) -
S\ 2p 3ps dpgt
and
e 1 1 1
o(pr1,8) = E — — — . 18
(p 1 S) irl( 2pi28 3pi35 4pi45 ) ( )
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Thus,

r2
1
log H (1—> =-> ];4‘5(}71"1,%2,3)‘1'2“]\7- 19)
1=rl p; i=r1 £

Since ‘6(p7"17pr27 )|< Z n=pri (2112"7 + 37333 + 4An 45"') thus ‘5(1)7"17]97'27 )|: (p71n1_20/(20' - 1))
Furthermore, if 20 — 1 is a fixed positive number, then |5,,, ,.,|= O(p:; 7).

Using the Prime Number Theorem (PNT) with a suitable constant a > 0, the number of
primes less than «z is given by [4, page 43]

7(x) = Li(x) + J(z), (20)

where Li(x) is the Logarithmic Integral of  and

J(x) =0 (aze“\/@) , (21)
or
J(x) =0 (x/(log w)k) , (22)

where £ is a number greater than zero.

r2
i=rl p;o

Z 1 /p'r2 dzgx) . 23)

i=rl pl T=pPri

Using Stieltjes integral [5], we may write the sum = for 0 > 1 as follows

Using Equation (22) for the representation of 7 (), we may then write the integral in Equation
(23) as [5, Theorem 2, page 57]

r21

2:—/M]'1 m+o<:l> (24)
7 Jpa x%logz (logpr1)k )’

i=r1 Pi

where £ is a number greater than zero. Therefore,

/ /mllcm+0<1> (25)
1 pz Pr1 "BU 10g$ DPr2 x? logﬂj (logprl)k .

Recalling that the Exponential Integral F(r) is given by

Ey(r) :/ e—du,

u

and using the substitutions v = (0 — 1) logz, du = (0 — 1)dz/x and 27 /x = €*, then for o > 1,
we may write Equation (25) as

r2
;pl — By (0 — D) logpr) — Er (0 — 1) log pya) + O <(log]19T1)k) . (26)

Combining Equations (19) and ((26)) and noting that, for ¢ > 1, Ej ((c — 1) logpr2) ap-
proaches zero as p,2 approaches infinity, we may write Equation (16) for s = c and o > 1

as
=1

—log¢(o Zlog (1=25) =3 = + orin,0),

j=p £

9



or

r—1 1
mawﬁij%@—pJ—Emw—m%m:a
=1 3

where ¢ = O(1/(logp,1)¥) is an arbitrarily small number attained by setting p, sufficiently
large. Therefore, by taking the exponential of both sides of the above equation, we then have

r—1
¢(o) H (1 - 10> exp (—E1((0 — 1) logp,)) = 1 + € + O(€?). (27)

i=1 (

As p, approaches infinity, e approaches zero. Hence, the right side of the above equation ap-
proaches 1 as p, approaches infinity.

Similarly, for R(s) > 1, we can use the following expression for E(s)

EI(S) :/l ‘ dl‘)

T

to show that
r—1
1 .
log ¢(s) + Zlog (1 - ps) — E1((s—1)logp,) = €+ 2miN.
i=1 i

Taking the exponent of both sides and allowing r to approach infinity, we then have

r—1
1m{mﬂl@é%w<&wm%mﬁzl (28)
i=1

T—00
(2

Let the function G(s, p,) be defined as

r—1
G(s,pr) =¢(s) [ (1 - pt) exp (—Er((s — 1) logpr)) (29)

i=1 ?

where, G(s,p,) is a regular function for R(s) > 1. Referring to Equation (28), the function
G(s, pr) approaches 1 as p, approaches infinity. It should be noted that, for every p,, the func-
tion exp (—E1((s — 1) log pr41)) is an entire function, the function ((s) is analytic everywhere
except at s = 1 and the function [T/ (1 — 1/p$) is analytic for R(s) > 0. Thus, for any o > 1,
the function G(s, p,) can be considered as a sequence of analytic functions. Furthermore, as
pr (or r) approaches infinity, this sequence is uniformly convergent over the half plane with
o > 1+ € (where, € is an arbitrary small number). Therefore, by the virtue of the Weiestrass
theorem, the limit is also analytic function [6] (Weiestrass theorem states that if the function
sequence f, is analytic over the region 2 and f,, is uniformly convergent to a function f, then
f is also analytic on 2 and fn, converges uniformly to f "on ). If we define this limit as G (s),
where

G(s) = lim G(s,pr) (30)

then, G(s) is analytic over the half plane R(s) > 1 and it is equal to 1 by the virtue of Equation
(28).

10



Next, we will extend the above results to the line s = 1 + 7t. We will then show that if RH
is valid, then for the strip s = o + it where 0.5 < ¢ < 1, the above results will also be valid
with the limit of G(s, p;) is 1 as p, approaches infinity.

We will start this task by showing that although both ((s) and E;((s — 1) log py+1) have a
singularity at s = 1, the product G(s, p,) has a removable singularity at s = 1 for every p,..
This can be shown by first expanding ((s) as a Laurent series about its singularity at s = 1

s — 2 5 — 3
( 2!1) s 3!1) +o. (31)

((s) = =< +y =l = 1)+

where v is the Euler-Mascheroni constant and ;s are the Stieltjes constants. For s = 1 + ¢,

where € = € + i€y, €1 and ¢y are arbitrary small numbers, the above equation can be written

as
62 63

1
C(S)=;+V—716+725—73§+--- (32)

Furthermore, for 0 > 1, using the definition of the Exponential Integral, we may write

Eq(s) as
32 83 34

Thus, for s = 1 + ¢, we have

log p, )2 lo 3
exp (—F1((s — 1) logp,)) = €€ log p, exp <—elogp,« + (e 2g21'9 G 3%31'%) + ) . (34)

By taking the product ((s)exp (—FEi((s — 1)logp,)) and allowing |e| to approach zero, we
then have

lim {¢(s) exp (~F1((s — 1) logp))} = ¢ logpr. (35)
However, it is well known that the partial Euler product at s = 1 can be written as [8]
r—1 —
1 e 1
- ) =40 (o) 36
g ( pi log pr—1 (log pr—1)* (36)

Multiplying Equations (35) and (36), we then conclude that at s = 1, G(s, p,) approaches 1 as
pr approaches infinity. Furthermore, for s = 1 + it and ¢ # 0, the value of exp(—E (itlogp,))
approaches 1 as p, approaches infinity and since

r—1
Tli_{go{C(S) 11 (1- pl)} 1,

therefore, for s = 1 + it, we have the following

r—1
lim G(s,p,) = lim {C(S) II (1 - ;) exp (—E1((s — 1) 10ng))} =1

r—00 .
i=1 ?

So far, we have shown that the function G(s, p,) is uniformly convergent to 1 when R(s) >
1. We have also shown that G(s,p,) is convergent to 1 for R(s) = 1. In the following, we

11



will show that, assuming the validity of the Riemann Hypothesis, the function G(s,p,) is
uniformly convergent to 1 for every value of s with (s) > 0.5+¢, where € is an arbitrary small
number. Toward this end, on RH, we will first show that the function G(s, p,) is convergent
for any value of s on the real axis with ¢ > 0.5. This can be achieved by first writing the
expressions for G(o, py1) and G(o, py2) (Where 12 is an arbitrary large number greater than r1)

rl—1

G(o,pr1) = ((0) exp (=E1((o — 1) logpn)) ] (1 - plo> ; (37)
i=1 i
r2—1 1

G(o,pr2) = ((0)exp (—E1((0 — 1) log pr2)) H (1 - p") : (38)
i=1 i

Since the function G(s, p,) is analytic that is not equal to 0 for o > 0.5, hence we can divide
Equation (38) by Equation (37) and then take the logarithm to obtain

G .y r2—1 1
log <GEU,§Z;> = Fy ((c —1)logpr1) — E1 ((0 — 1) log pro) + log (Zgl <1 - M)) - (39

To compute the logarithm of the partial Euler product in Equation (39), we recall Equation
(19) with N =0 for s =0 +i0and o > 0.5

r2—1 r2—1 1
lOg H (1 — > = — Z ZF + 6(pr17pT2—170)7
i=rl I
where 6(p,1,pra_1,0) = O(pi7%? /(20 — 1)). Furthermore, we have
m(x) = Li(x) + J(z), (40)
where Li(z) is the Logarithmic Integral of « and on RH, we have

J(z) =0 (Vz logz) . (41)

Using the above equation for the representation of the prime counting function, we may then
obtain (Appendix 1)

Z — = E1((0 —1)logp1) — E1((0 — 1) log pra—1) + €(pr1, pra—1,0),

where
DPr2

5(10r17pr2,8)=/ dJ(z)/z?,

Pri

cp,s) = | dJ(z))z*

Pri

and |e(pr1,pr2, 8)|= O (pr1°°~7 log pr1/(c — 0.5)2) (on RH and for o > 0.5) . Hence, Equation
(39) can be written as

Glo. prl)) = —e(pr1, pro—1,0)+0(pr1, Pra—1,8)+ E1((c—1)logpra—1)— E1((0—1) log py2).

12



Taking the exponential of both sides, we then have

G(o,pr2) — e—&(Pr1,pr2—1,0)+6(pr1,pr2—1,8)+E1((0—1) log pra—1)—E1((0—1) log pr2)
G(U’ prl)

Since Ei((c — 1)logpre—1) — E1((0 — 1)log py2) approaches zero as p,o approaches infinity.
This follows from Cramer’s theorem on the gap between primes. This theorem states that on
RH, the gap between the prime number p,_; and p, is less than k,/p_log p, for some constant

k. Hence

lim M = e_E(Prl’U)+5(Pr1,U).
Pra—r00 G(J>pT1)

For the above equation, it should be pointed that we have kept p,; fixed while we allowed
pr2 to approach infinity. Hence, G(o, p,) for any arbitrary large p, is bounded. Furthermore,
for o > 0.5 + ¢, the term —&(py1,0) + 0(pr1,0) can be made arbitrary small by choosing p,1
arbitrary large, thus the limit of G(o, p,) as p, approaches infinity exists and it is given by

G(o) = lim G(o.p,) 2)

This proves that, on RH, G(o, p;) is convergent as p, approaches infinity and thus G(o) exists
for o > 0.5.

Similarly, we can follow the same steps to show that G(s,p,) is convergent as p, ap-
proaches infinity and thus G(s) exists for (s) > 0.5. Following the same steps to obtain
Equation (39), we can also show that

G(s, pr2) 1 .
log <G(8,pr1)) = By ((s — 1)logpr1) — B1 ((s — 1) logpya) — Y o +6(pr1, pra—1,5) +2miN,
(43)

where N is zero, positive or negative integer. In Appendix 2, we have shown that, on RH
and for R(s) > 0.5, we also have

i=rl £

r2 1

Z; = El((s - 1) Ingrl) - El((s - 1) 10gpr2) + E(prlypr% 5)7 (44)
i=rl £

where ¢(pr1, pro, 8) = 5:12 dJ(x)/x*, |e(pr1, pr2, 8)|= O (% P07 logprl) (on RH and
for o > 0.5) and e(p;1,s) = [ dJ(z)/x°. Hence

lim G(s:pr2) _ o= <(Pr1,5)+6(pr1,5)
Pr2—r00 G(Sap’r’l)

Therefore, the limit of G(s, p,) as p, approaches infinity exists and it is given by

G(s) = Jim G(s,,) 5)

It should be noted that, while the function sequence G (s, p,) is not uniformly convergent
when the region of convergence is extended all the way to the line ¢ = 0.5, it is however
uniformly convergent for any rectangle extending from —i7" to iT" (for any arbitrary large 7')
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and with o > 0.5 + € (for any arbitrary small €). This follows from the fact that, on RH, ¢,
(or, the O term) is bounded for any ¢ > 0.5 + €. Since G(s,p,) is analytic for #(s) > 0 and
it is uniformly convergent for R(s) > 0.5 + ¢, thus G(s) is analytic for the half right complex
plain with R(s) > 0.5 + € (Weiestrass theorem [6]). Since we have shown that G(s) = 1 for
R(s) > 1, thus on RH, G(s) = 1 for R(s) > 0.5 + €. Hence, we have the following theorem

Theorem 2. For s = o + it and o > 0.5, the following holds if RH is valid

r—1
Jim {C(S) 11 (1 - pt) exp (—E1((s — 1) 10gpr))} =1 (46)
i=1 i
Tlggo {M(s,pr)exp (F1((s —1)logp,))} = 1. 47)

It should be also pointed out that Theorem 2 can be generalized to the case where there
are no non-trivial zeros for values of s with (s) > h (where h > 0.5). For this case,
Equation (46) is valid for every s with R(s) > h and |e(p,1, 5)| in Appendix 2 is given by

O ((Jl L)Q prl Ingrl)-

Equation (46) of Theorem 2 can be written as follows

r2—1
log ¢(s) + log H (1 - ) — E1 ((s —1)logpr2) + 2wiNy = 0,
where N, is zero, positive or negative number and the equality of both sides is attained as
r2 (Or pr2) approaches infinity (or more appropriately, for sufficiently large p,2, the right side
can be made arbitrary close to zero). It should be noted that while both functions log {(s) and
E1((s — 1) log pr2) have a branch cut along the real axis where 0.5 < o < 1, the difference (i.e.
log ¢(s) — E1((s — 1) log py2)) does not have a branch cut. For » < r2, the above equation can
be then written as

r2—1
log((s) = E1 ((s — 1) logpr2) Z log <1 — ) Z log (1 — pl> + 27iNs.

i=r ?

where N is zero, positive or negative number. For the region of convergence of the series
M (s, pr), we have (refer to Appendix 2)

r2—1 1 r2—1 1
— Z log (1—> Z — = 6(pr1.Pra-1,9)

7, pZ

or
r2—1

- Z log (1 - ) = F1((s — 1) logpr1)—E1 ((s — 1) log pro—1)+e(pr1, Pra—1, 8)—6(pr1, Pra—1, 5)

Therefore, as p,» approaches infinity, we have

r—1
log((s) = — Z log (1 - pls) + E1((s—1)logp,) + e(pr1,8) — 6(pr1, s) + 2mwiN,. (48)

i=1 i
where for sufficiently large p, |6(py1, )| is negligible compared to |e(p,1, s)| (in fact, [0(pr1, s)]

is of the same order of magnitude as |(p;1, s)|?). Taking the exponential of both side, we then
obtain the following theorem
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Theorem 3. For the region of convergence of the series M (s, p,) = >_7° pu(n, pr)/n®, we have

M (s, py) = e~ Frlls=1)1ogpr)=e(pr.s)+0(pr.s) (49)

wheree(pr,s) = [°dJ(z)/x*, J(z) = 7(x)-Li(z) and 6(p, s) = 372, (—2;25 — 3;35 — 4p];45 )
Furthermore, on RH and for sufficiently large p,, we have for o > 0.5

M(o,p) = e 1D (1~ e(py,0) + O(e(pr,0)?)) (50)

While we have used in this section the complex analysis to compute M (s, p,), in the next
section, we will employ integration methods to compute the partial sum M (s, p,; 1,p%). The
results obtained in this section and the following section will be then combined (using the
Fourier analysis methods) in sections (6) and (7) to examine the validity of the Riemann Hy-
pothesis.

5 The series M (o, p,) ato = 1.

In this section, we will provide an estimate for the partial sum M (1, p,; 1, p,*) as a approaches
infinity. This estimate will be computed using integration methods and noting that M (1, p,)
equals zero for every p,. Therefore, for every p,, M(1,p,;1,p,*) approaches zero as a ap-
proaches infinity.

Before we present the details of our method, it is important to mention that the partial
sum M (1,p,;1,p,*) can be also generated using y-smooth numbers. The y-smooth numbers
are the numbers that have only prime factors less than or equal to y. These numbers have
been extensively analyzed in the literature [10][12]. In [10], a clever method was presented to
generate the partial sum M (1, p,; 1, p,*). With this method and using the inclusion-exclusion
principle [10, page 248], one can then provide an estimate for the partial sum M (1, p,; 1, p,%).
In this section, we will provide a more general approach to compute M(1,p,;1,p.*). The
main advantage of our approach is the ability to extend it to compute the partial sum for
values of s other than 1. We will present our method in the following two steps.

e In the first step of our approach, we will show that, for every a and as p, approaches
infinity, the partial sum M (1, p,; 1, p,*) approaches a function that is dependent on only
a (independent of p;.).

Toward this end, we define the function f(a, p,) as

pr?
f(a’pr) = M(]'vp?“7 17p7‘a) - Z M

n=1 n

We will then show that, for every a and as p, approaches infinity, the function f(a,p,) ap-
proaches a deterministic function p(a). In other words; if we plot M(1,p,;1,N) (where
N = p,*) as a function of a = log N/logp,, then for each value of ¢ and as p, approaches
infinity, f(a, p,) approaches a unique value p(a). This is equivalent to the statement

T 1 . a
p<a’) - p}l_l;noof(aapT> - p}l—l;noo M(lapTv 17pT )
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This result can be achieved by first noting that the partial sum M (1, p,; 1, p,*) for1 < a < 2
is given by

1
M(17p7‘;17p7‘a) =1- Z .
pr<pi<pre Pi
If we define M1(1,p,;1,p,?) as
o 1
Ml(lapT; 17p7’ ) - Z ]77
a (3

pr<pi<pr

then, using Stieltjes integral, we obtain

Pt d @ dr(pY
M(l’pr;l’pra):1_M1(17p7";17p7"a):1_/ ﬂ-(x) :1_/ Tr(p )
Yy

T=Pr x

Since
dﬂ(pry) = dLi(p,,y) + dJ(plrJ)a
therefore

Y
dp,Y + dJ(peY) = Zdy + dI(p,Y),

dr(p¥) = ———
(pr?) log(p,¥) Yy

where on RH, J(p¥) = O(y/p-Y log(p,¥)). Hence, for 1 < a < 2, we have

ad o dJ(p,"
M(1,pr;Lp®) =1 —/ - —/ # =1 —log(a) + g1(pr, a), (51)
1Y 1 Pr
where 0 ()
¢ aJ(pr
pa) =— [ =2 52
(o) = - [0 (52)

As p, approaches infinity, g1 (p,, a) approaches zero. Consequently,

p}l—I}looM(l,pr, 17p’fa) =1- ].Og a.

The terms of the partial sum M(1,p,;1,p,*) for a in the range 1 < a < 3 are either a
reciprocal of a prime or a reciprocal of the product of two primes. Therefore, for 1 < a < 3,
we have

1
M(1,p;lLp") =1— > —+ >

pr<p;<pr® pi Pr<pi1<pi2<pi1Pi2<pr

1
o Pi1Pi2 ’

where p;; and p;o are two distinct primes that are greater than or equal to p,. Let M>(1, p,; 1, p,%)
be defined as

1 1 1
Me(Lprs Lpr") = 2 =5 X MiLpsLpl/p) e

Pr<pi1<pi2<pi1Pi2<pr® pi1pi2 pr<p;<pr®—1 !

Note that, for the second sum (i.e. 2, <) )1 p%_M1(1, pr; 1, p%/pi)), the factor of half was
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added since each term of the form 1/(p;1p;2) is repeated twice. Furthermore, this sum includes
non square-free terms (notice that, there is no repetition in any of the non square-free terms).
The term r; was added to offset the contribution by these non square-free terms. We will
show later that the contribution by these terms (or 72) approaches zero as p, approaches
infinity. Using Stieltjes integral, we then have

1 o1 dn(p,Y
My(1,pr;1,p0%) = = (p:?) (log(a — ) + g1(pr,a —y)) + ro.
2 )1 orY

Hence
M(1,pr;1,p,%) = 1 —log(a) + 91(pr, a) + % /la_l Wg;y)dy + 92(pr, @),
where
2(pr,a 2/ 1pr.a )d + 2/ log( a—y)djl(jzry)—i-
[ 00,

It can be easily shown that, for any fixed value of a, the three integrals on the right side of
the above equation approach zero as p, approaches infinity. We will also show later that ry
approaches zero as p, approaches infinity. Thus, for 1 < a < 3, we have

a—1 ], _
lim M(1,py;1,p%) =1—loga +/ Md@/
1

Pr—>00 y

Therefore, as p, approaches infinity, M (1, p,; 1, p,*) approaches a function that is dependent
on only a.

Repeating the previous process |a| times (where [z] is the integer value of z) and by
using the induction method, we can show that, as p, approaches infinity, the partial sum
M (1,p,; 1, p,*) approaches a function that is dependent on only a. Specifically, we first write
the partial sum M (1, p,; 1, p,*) as follows

M(lapTv 17p7‘a) =1- Ml(lapr; lapra) + MQ(lapT; 17p7‘a) — ...+ (_1)]M](lap7‘7 17p7‘a) + ...+

(=D, (1 pe L, pe®) + (=DM (L, prs 19,9,
where

1

Mj(l,pr;l,pra) = Z m
o PilDi2---Pij

Pr<pi1<pi2<..<pij <pi1Pi2.-Pij <Pr

and p;1, pi2, ..., pi; are j distinct prime numbers greater than or equal to p,. If we assume that
M;_1(1,py; 1, p.) is given by
M;j—1(1,pr; 1,p:%) = hj-1(a) + gj-1(pr, @)

where h;_1(a) is a function of a and g;_1(pr, a) approaches zero as p, approaches infinity,
then
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1 1
Mj(lva“a 17p7“a) = Z fMjfl(LpT;pT’pg/pi) + Tj,

pr<pi<pro~?!

where the factor of 1/j was added since each term of the form 1/(p;1pi2...pij) is repeated j
times. It should be also noted that the sum of the above equation includes non square-free
terms. The term r; was added to offset the contribution by these non square-free terms. We
will show later that the contribution by these terms (or r;) approaches zero as p, approaches
infinity. Using Stieltjes integral, we then have

1 ro—1dqr P Y
M;(L, pps 1,pr®) = j/1 ]5 m ) (hj-1(a =y) + gj-1(pr.a —y)) + 5.
T

Hence
1 [ao—1 hi_1 a—1y
M](lva7 lvpra) - jA ](y)dy—i_g](z%ﬁa)a

where the first term is a definite integral with only one variable y integrated over the range
1 <y < a — 1. Thus, the definite integral is a function of only a. We define this function as
hj(a). The second term is given by

1 o=ty Dr,a — dJ prY
i) =5 [ IR gy L [T P
JJ1 r
1/“1 dJ(pr¥)
- i—1(Pr,a — + ;.
JJ1 91 1 y) pr /

It can be easily shown that, for a fixed value of a, the three integrals on the right side of
the above equation approach zero as p, approaches infinity. We will also show later that r;
approaches zero as p, approaches infinity. Hence, as p, approaches infinity, we have

. L o=t hji(a—y)
i M;(1, s 1pp®) = j/1 %dy = hj(a)

where h;(a) = log(a). Hence, for every a and as p, approaches infinity, we have

lim M(1,pr;1,p:%) =1—hi(a)+ ha(a) — hs(a) + ... + (—1)L“Jhm (a) = p(a). (53)

Pr—00

It should be pointed out that the above equation implies that the partial sums M (1, p,; 1, p,%)
and M (1,pY;1,p.%Y) (where, pY is a prime number) have the same limit as p, approaches
infinity. Hence,

lim M(1,pr;1,p,%) = lim M(1,pY%;1,p.") = p(a). (54)

Pr—>00 Pr—00

Equation (54) will be used in the next step to estimate the asymptotic behavior of the function
p(a) as a approaches infinity.

As mentioned earlier, the partial sum M(1, p,; 1, p,*) constructed by this process included

non square-free terms (i.e r;’s). In the following, we will show that, for every a and as p,
approaches infinity, the total contribution by these non square-free terms approaches zero as
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well. Toward this end, let Sy be the sum of the terms with the factor 1/p2. Therefore, Sy can
be expressed as Ko/p?. Let S; be the sum of the remaining terms with the factor 1/(p,41)2.
Therefore, S can be expressed as K/ (pr+1)?. Let Sy be the sum of the remaining terms with
the factor 1/(p,12)? where S5 can be expressed as K/ (pr12)?, and so on. Let S be sum of all
the terms associated with non square-free terms. Thus, S is given by

1 1 1
S=-—FKo+ —5Ki+..+
Dr DPr+1 DPr+L

QKLa

where p, , is the largest prime that satisfies the condition p, 12 < p,.® However,

1 1 1
Kol, |K1l, ..., | Kp|l< 1+ =+ =+ ...+ —.
| Kol, [ K1l -y | Kr| tgtgt +pﬂ
Thus,
|Kol, | K1l ..., |[Kz|= O(alogp,).
Therefore,

1 1 1
S:<+ + .o+ )Oalo .
pr2 pr+12 p7'+L2 ( gpr)

Hence, the contribution by the non square-free terms S is given by,

S = O(alog pr/py).

Consequently, for every a and as p, approaches infinity, S (or the contribution by the non
square-free terms) approaches zero.

e In the second step, we write the partial sum M(1, p,; 1, p,*) as the sum of two compo-
nents. The first one is the deterministic or regular component and it is given by p(a). The
second one is the irregular component R(1, p,; 1, p,*) givenby M (1, p,; 1, p,*) — p(a). We
will then show that the function p(a) is the Dickman function that has been extensively
used to analyze the properties of y-smooth numbers.

Toward this end, we write the partial sum M (1, p,; 1, p,*) as the following sum

1 1
M(1,psl,p®)=1— Y =MQ,p;Lp"/p)— Y, —. (55)

(3
pr<p;<pr®/? pro/2<p;<p,o

The second sum was added since the first sum is void of the terms 1/p;’s for 2% < p; < p¢. It
can be easily shown that every term on the right side of Equation (55) is a term on the left side
of the equation and vice versa. Furthermore, there is no repetition of any term on the right
side of Equation (55). Using Stieltjes integral, we can write the above equation as follows

a/2 dﬂ'(pry)
pr

a dm(p,Y
M ps ) - D s

M(1,pr; 1, aZl—/
(pr pr) ) 02 p%

where dr(p,Y) = dLi(p,¥) + dJ(p,Y). It should pointed out that while Equations (55) and (56)
provide the value of the partial sum M (s, p,;1,p?) at s = 1, they can be easily modified to
compute the partial sum for any value of s to the right of the line (s) = 1 (and on RH, to the
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right of the line R(s) = 0.5). This task will be achieved in the next section and it will be a key
step to examine the validity of the Riemann Hypothesis

For any fixed a, as p, approaches infinity, M (1, p,¥;1,p¢"Y) approaches p(a/y — 1) (refer
to Equation (54)). Therefore, as p, approaches infinity, we have

/mwﬂ—ﬂwp@_gw—éa@ (57)

Yy 2y

In the following, we will show that p(a) is the Dickman function that has been extensively
used in the analysis of the y-smooth numbers. This task will be achieved by using Equation
(57) to compute the difference p(a + Aa) — p(a) (where, Aa is an arbitrary small number) to
obtain

(a+Aa)/2 p atha _ 1 a2 P a1 (a+Aa) ¢ a
p(a+Aa)—p(a):f/ (y)dy+/ (y)dy/ —y+/ )
1 Yy 1 Yy J(a+Aa)/2 Y a/2 Y
Since the third integral of the above equation is equal to the fourth integral, therefore

a+Aa atlha _ a a _
/(+A)/2’0< yy l)dy+/1/2p(y 1)dy.

pla+da) = p(a) = - | y

If we define z = y/(1 + Aa/a), then we have

((a+Aa)/2)/(14+Aa/a) a_1 a/2pl2—1
pla+ Aa) = pla) = —/ PE=D .y / (y)dy.
1/(1+Aa/a) z 1 Y
Thus,
1 a_ 1
pla+ Aa) — p(a) = —/ Mdz.
1/(1+Aa/a) z

Dividing both sides of the above equation by Aa and letting Aa approach zero, we then

obtain p .
p(a) — 710(a_ )’ (58)
da a

where p(a) = 1—1log(a) for 1 < a < 2. Equation (58) is a first order delay differential equation
that has been extensively analyzed in the literature [10][12]. The function p(a) is known as
the Dickman function. As a approaches infinity, p(a) can be given by the following estimate

[10] )
pla) = (20 (59)

aloga

For sufficiently large values of a, we have p(a) < a™.

To compute the irregular component of M (1,p,;1,p?), we notice that R(1,p,;1,p,*) is
given by

R(lapT7 17p7’a) = M(LPT; 17])?) - p<a)

20



Thus, R(1,p,;1,p,*) can be computed by subtracting Equation (57) from Equation (56) to
obtain the following theorem

Theorem 4. The partial sum M (1,p,;1,p%) = Zn i u(n pr)/n can be expressed as

M, pri1,py) = pla) + R(1,pri 1, pr%) (60)
where p(a) is Dickman function and the reqular component of M (1, p,; 1, p%) is given by

pla) = lim M(1,pr;1,p;) (61)

Pr—>00

while R(1, pr; 1, p,*) or the irreqular component of M (1, p,; 1, p%) is given by

" a/2 dJ(pY a dJ(pY a/2 e dr(pY
R pri L, r ):_/1 plafy—1) ](9,@4 )_//2 z(fr’ )—/1 R(1,p%;1,p77Y) 15% ),
(62)

The term J(z) on the right side of Equation (62) is given by Q(z%57¢) (where ¢ is an

arbitrary small number). This follows directly from the Riemann explicit formula where
J(z) = mw(x) — Li(x) is given by the sum of terms of the form Li(z”) (where p’s are the
non-trivial zeros) and many of these terms grow at least as fast as y/z/logz [1]. Thus, we
have unconditionally J(z) = Q(z2%57¢) (In fact, in 1914, Littlewood have shown that J(z) =
Q- (z'/21ogloglog x/log x))

In the following, we will show that, for sufficiently large a, R(1,p,;1,z) is given by
Q(27%%) and on RH, it is given by O(z~%5%¢). Toward this end, we first recall that on RH,
M(0;1, z) (or the Mertens function) is given by [7, Theorems 14.25-C and 14.26-B]

O 1 ZZJ' ZM 0.5+6)7

and
M(0;1,2) = Q(2"?),

where € is an arbitrary small number. Using the method of partial summation, we then have

M(1;1,z) = i (n 70'5%),

n=1 n

and
M(1;1,2) = Q(z7°5).

Similarly, for sufficiently large =, we can show that

M(0,py;1,2) = Zu n,p;) = O(x%%%°),

and
M(0,pr; 1, 2) = ().
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Using the method of partial summation, we then have

T

M 1 Dy 1’1, — _ —0.5+6)

n=1

and
M(1,py;1,2) = Q(z™°).

Since M (1, p,y; 1, p?) is given by

M(1,pr; 1, %) = pla) + R(1, pr; 1, p")

and since p(a) decays to zero faster than e~“* for any arbitrary large c, therefore on RH, we
have the following theorem

Theorem 5. On RH and as a approaches infinity, we have
R(1,pr;1,p,%) = O(p,~*/*+),
and
R(L,pr; Lp") = Qp,~"?).

where € is an arbitrary small number.

For the remaining of this section, we will establish the connection between the results of
theorem (3) and theorem (4). In theorem (4), we have shown that the regular component of
M(1,pr;1,p%) is given by p(a). Since p(a) = 1 for 0 < a < 1, therefore the regular component
of M(1,p,;1,p?) can be written as

a):1+/ dp(az):1+/ o' (z)dx
1 1

Note that, since p'(z) = 0 for 0 < a < 1, the integral [ p/(x)dz in the above equation can be
replaced by the integral [ p'(x)dzx.

Similarly, for values of s # 1, we can consider that M(s,p,;1,p¢) is comprised of two
components. The first component is the regular component defined as F'(a,a) (where a =
(s — 1)logp,) and is given by

F(a,a) =1+ prsxd (x)=1 Jr/ (=s)2 o/ (1) d,
1 DPr 1
or,
Fla,a)=1 —|—/ e o/ (z)dz, (63)
1

while the irregular component is given by R(s,p,;1,p%) = M(s,py;1,p%) — F(a, a). Notice
that for s = 1, we have @ = 0 and F(0,a) = p(a). We now define F(«) as

F(a)= lim F(a,a) =1+ e p/( (64)

a—o0
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Thus, for R(s) > 1, o is a complex variable in the complex plane to the right of the line
R(s) = 1. Hence, the integral [°e~*%p/(z)dx is the Laplace transform of the function p'(z)
and is given by F(a) — 1 (where F'(«) is the regular component of the series M(s, p;), i.e.
M(s,py; 1,00)). Since the Laplace transform of p(x) is given by e=1(5) /5 [11, page 569][12],
therefore the Laplace transform of p'(z) is then given by s£(p(z)) — p(0). Hence

F(a) = e F1(®),

Remarkably, these results agree with what we have obtained in Theorem 2. In Theorem 2,
we have shown that

Tim {M(s,p) exp (Ei (s — 1) log prs1))} = 1,

or referring to theorem (3), we have

M(s,p,) = e—El(a)—a(p,,.,s)+6(p7.7s)’ (65)

where e(py,s) = [ dJ(z)/z* and J(z) = 7(x) — Li(z). Consequently, for #(s) > 1 and
sufficiently large p,, we then obtain

M (s,pr) = F(a) (1 = ep(pr, 5)) - (66)
where F(a) is the regular component of the series M (s, p,) and F(a)(e sPr)+0@rs) _ 1)
(= —F(a)e(pr,s) ) is the irregular component of the series M(s,p,). It should be empha-
sized here that the regular component F(«) is the value of M (s, p,) due to the Li(x) com-
ponent of the prime counting function 7(x). It is also important to note that the irregular
component is not the same as the difference between the partial sum M (s, p,; 1, p,*) and the
series M (s, p,).Therefore, except for s = 1 (where the irregular component —F'(0)e(p,, 1)(1 +
O(e(py, 1)) is zero for every p,), F(a)(e~¢(Pr=)+3(Prs) _ 1) may have values different from zero
although it approaches zero as p, approaches infinity

Notice that on RH, the previous analysis should also hold for R(s) > 0.5. This analysis
and its application to examine the validity of the Riemann Hypothesis will be presented in
the following two sections.

6 The regular component of M (s, p,;1,p%) for R(s) < 1.

In the previous section, Equation (55) was used to compute M (1, p,;1,p,?). In this section,
we will modify this equation to compute M (s, p,; 1, p,*) for s # 1 as follows

1 1
M(s,prilip®) =1~ > —M(s.pslp/o)— Y, . (67)

p,
pr<pi<pr®/2 " pra/2<p;<pre "

Using Stieltjes integral, we can write the above equation as

" a/2 dr(p,Y u @ dn(p,Y
M(Sapr§1apr ) = 1_/ (sy )M(57pry§1’pr/p7z{)_/ (sy ) (68)
1 Pr a/2 Pr
On the real axis (i.e. s = 0), we then have
a a/2 dm pry a— @ dmr pry
M(vaT; 17p7‘ ) =1- / (Uy )M(0—7p7‘y; 17p'r' y) - / <O'y ) (69)
1 Dr a/2 Pr
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Using Theorem 2, on RH and for ¢ > 0.5, the partial sum M (o, p,; 1, p,%) is convergent as
a approaches infinity and its value is given by

Jim M(o,pri 1,p,%) = M(o,p;) = e~ 1A ==lra)H0rs), (70)

where f = —a = (1 — o) log p, (note that 8 > 0 for o < 1). Therefore, as a approaches infinity,
the left side of Equation (69) can be split into the regular component e~ 1(~%) and the irregular
component e~ F1(=8) (¢=¢(Prs)+0(prs) _ 1), Similarly, referring to the previous section, we can
split the right side of Equation (69) can into regular and irregular components. Toward this
end, we write the first integral in Equation (69) as follows

a/2 dm(pY a/2 dm(p,Y
[ M1 B = [ (e - 10t afy - )T
1 1 T
dm(pY
/ R(o,pr¥;1,p77Y) (ay)- (71)
The first integral on the right side of Equation (71) can be then written as
Li(p
/ F( 0—1)10gpr,a/y—1)d ( / F((o —1)logp}, a/y—l)Ly)
br
dJ(pry)

a/2
[ Fte = 1ospt apy- )=

r

where J(z) = m(z) — Li(z) and
F((oc—1)logp,,a)=1 +/ o (z)e* 1= logpr gy — 1 —I-/ o (x)eP dz,
1 1

and

a/y—1 a/y—1

Pl =Dlogpt afy—1) =1+ [ p@et-mosae =14 [0 f@)eda,

Hence, the first integral on the right side of Equation (71) can be then written as

a/2 d Ty a/2 dLi ry a/2 dLi Ty a/y—1
/ F((oc—1)logp?, a/y—1) W}ffy ) :/ ;g]; )+/ ;)(f;)/ p’(a;)eﬁyzdw_‘_
1 r 1 r 1 r 1

dJ(pY)
oy

T

[ P~ 10grt afy - 1) ™)
1

Therefore, Equation (69) can be written as

a/2 J14i Y a/y—1 a dLi(p,Y
M(mpr;ljpr“)Zl—/l a ;E,}; )/1 ﬂ’(m)eﬂyxdx—/l d;gﬁ/)—

a/2 dJ(pY)  [* dI(pY) 2 dr (pY)
F((o—1)logp?,a/y—1 =l —/ = —/ R(o,pY; 1, pp~ T
/1 (( ) g /y ) pry o)2 pry | ( ) pTy

24



Consequently, the regular component of M (o, p,; 1, p%) is given by

a/2 dLi Y a/y—1 a dLi(p,Y
F(a,a)=1 —/ 1(52/)/ p’(m)eﬁyxdx —/ #, (73)
1 Pr 1 1 DPr

and

a/2 : Y a/y—1 a : Y
=B _ Jim (1 _/ dLi(py )/ p/(x)eﬂyavdl,_/ dLi(py ))7 (74)
1 1

(3 g
a—ro0 p,r, Y 1 p?" Y

while the irregular component of M (o, p,; 1, p?) is given by

a/2 dJ Ty a dJ Ty
R(o,pr;1,pr%) :—/1 F((c—1)logp?, a/y—1) p%?y )_/ (pr?)

r a/2 pgy
a/2 d Y
[ o1 0, 75)
1 Pr
and
e BA(-8) (¢ 0r) 100 _ 1) = Tim R0, 5 1,,°). (76)

For the Riemann hypothesis to be valid, Equations (74), (75) and (76) have to be satisfied
for o > 0.5 as a approaches infinity. For the remaining of this section, we will analyze the
convergence of the right side of Equation (74) as a approaches infinity. In the next section, we
will analyze the convergence of Equations (75) and (76) and examine their implication on the
validity of the Riemann hypothesis.

Since the regular component is void of the function J(x), one may expect that Equation
(74) is not only valid for o > 0.5 but it is also valid for o > 0. This requires the convergence
of the right side of Equation (74) as a approaches infinity for values of o > 0. A necessary
condition for the convergence of the right side of Equation (74) is that its derivative with
respect to a should approach zero as a approaches infinity. In other words;

, d [odLi(p¥) d [%2dLi(p¥y) [e/v-t
1 Byx = 0.
Ao (da /1 p7 T da /1 pr? /0 plw)edr | =0

To show that the above equation is valid for o > 0, we first write the derivative of the first
integral as follows

d /“ dLi(p.Y) d /“ 1 pYdy d /“ eﬁyd efa
1 1 Yy da )1

da Y da v YT

The derivative of the second integral can be computed as follows

d a/2 dLi(p,Y a/y—1
- / l(ag ) / P (x)ePVde =
1 Dr 1

i 1 /(a-‘rAa)/Q eﬁy /(a+Aa)/y—1 /( ) Byxd d /a/2 6By /a/y—l /( ) ﬁyzd d
A:lerOAa 1 Y 1 P o 1 Y 1 pRme )Y

Simplifying the above equation and noting that p'(z) = 0 for 0 < z < 1, we then have
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d [a/2 Py a/y—1 , 1 a/2 By (a+Aa)/y—1
@ e Pvedy | dy = lim — / - / [(z)ePdx | dy |,
T ( [ e :c) y=lim_ Aa( S L, Awea)ay

or

d a/2 Py a/y—1 , 1 a/2 eﬁy Aa
- BYE 4o | dy = 1 / — 1DePvla/y= =20 .
wl 5 (/ (a)e w) y= Jim Aa( ~pllaly—1)e y

Therefore,

d re/2 Py a/y—1 a/2 . -1
7/ e (/ p/(x)eﬁy:vdx> dy = eaﬁ/ L%)dy.
da J1 Y 1 1 Y

The integral on the right side of the above equation can be simplified by substituting u for
a/y — 1 to obtain

a/2 p(a/y —1 Lo (u)(u+1)2 —adu 1 fet, a—1)—1
[y, ) L = A 0L

y a? (u+1)? a a
Therefore,
d /2 dLi(p,Y) dLi( pT efa
Ta (/1 MTF((U —1logp!, a/y — +/ = TP(G - 1).

Itis clear that, as a approaches infinity, the above derivative with respect to a approaches zero
for any value of 3. Furthermore, the integral [*°(e’*p(x — 1)/x)dx is finite for a > 1. Since
p(a) decays to zero faster than e~¢1°¢ 4, therefore the integral [*°(e%p(x —1)/z)dz approaches
zero as a approaches infinity. Thus, as expected, the regular component of M (o, p,; 1, p?) is
convergent as a approaches infinity for any value of 5 > 0 (or for any value of o > 0). In the
next section, we will analyze the convergence of Equations (75) and (76) and then examine
their implication on the validity of the Riemann hypothesis.

7 The irregular component of M(s,p,;1,p?) and the Riemann Hy-
pothesis.

The irregular component of M (1,p,;1,p%) for values of @ > 1 is given by Equation (62) of
Theorem 4

a/ a
R(l,prsl,pr“)——/2 (a/y —1)d‘]< ry) /_a/QdJ(p%!)

pr‘ pgf

a/2 dmr(nY
[ RO L) (vt)
y=1 pr

Using the Fourier analysis methods, M (s, p,; 1, p%) was then computed in the previous section
for any value of s in the region of convergence of the series M (s, p;)
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a/2 y a y
R(s,pr;1,p") = —/: F((s—=1)logp?, a/y — 1)d<](pr ) _/ . dJ (pr¥)

ay sy
br Dr

Alternatively, theorem 3 provides a simpler expression for the irregular component of
M (s, pr;1,00). With the aid of this theorem, we have shown that (refer to Equation (76))
R(S’pr; 1, oo) = e_El(_B) (6_5(171“,5)4‘5(17“5) _ 1)’ (77)

or
R(S,pr; 1, Oo) = _e_El(_B)E(pra 3) (1 + T(pTa 3)) >

where e(p;, s) = [,Z; eBYdJ(pY)/p¥ and |r(py, s)|= O(|e(pr, 5)|). The term (1 + r(p,, s)) can be
made arbitrary close to one by choosing p, sufficiently large. Thus

gy d
R(s,pr;1,00) = —(1+7(py, 5))e” " 5)/ L pq"
where § = 1 — s. Using Stieltjes integral, we also have

a
R(S7p1”; Lpra) = / . eﬂydR(Lpr; 17pry)'
P y:

Hence

dJ (p})

T

pr

| R Lp ) = —(1 4 1) D [ o 78)
y=1 y=1

Equation (78) establishes the relationship between the Laplace transforms of the functions
dR(1,pr;1,p*)/dy and p~¥dJ (p?)/dy. With this relationship, we will establish an alternative
relationship between R(1,p,;1,p,*) and J(p$). First, we note that for sufficiently small 3,
Equation (78) can be written as follows

[ . pit ) = (14 vl N5+ 0@ [ B,
y=1 y=1 br

By differentiating the above equation with respect to 5 and allowing /3 to approach zero, we
then have

[ RO 1) = (4 O [T I, 79

=1 y=1 pg

The integral fyoil ydR(1,p; 1,p,Y) is the first moment of the function dR(1, p,; 1, p,¥)/dy. The
computation of the second and third moments of the function dR(1, p,; 1, p,¥)/dy is outlined
in Appendix 3. These moments are given by the following theorem.
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Theorem 6. For sufficiently large N and for every p, > N, the first, second and third moments of
the function dR(1,p,;1,p%)/dy where R(1,py;1,p¢) is the irreqular component of the partial sum
M(1,py; 1, p%) are given by

o0 o dJ(pY
[ varps1m) = (14 0 [0, 0
y=1 y=1 Pr
00 o dJ(pY
/ y2 dR(17p7"717pT‘ ) = 267 (1 +O( (pT‘7 )))/ (:;}/) )+
y= y=1 Pr
> dJ(p¥
27 (1+0(elpe 1)) [ p< 23 @)
[o¢] o0 d
/ y3dR(17p7";17p7" ) ge’y (1+O pm / J
y=1 2 y=1
o
66’\/ (1 + O pT’7 /
y=1 r
©  .d
3¢7 (14 O(e(py, 1 / L p’" (82)
y=1

The term e” = [;° p(y)dy signifies the importance of the Dickman function in establishing
the relationship between R(1, p,; 1, p,*) and J(p?)/p2.

In the following, we will establish an alternative relationship between R(1,p,; 1, p,*) and
J(pf) by substituting —a for 5 = 1 — s in Equation (78) to obtain for sufficiently large p,

- dJ(pr)
=1 pr

/OO e dR(1,p;1,p,Y) = — (1 + O(ep(pr, 5))) e‘El(O‘)/ (83)
y Yy

=1

To solve the above equation, we first ignore the term (1 + O(e,(p,, s))) and define f;(y) and
fa(y) as
dR(1,pr;1,prY)

fily) = 0y 7

and 0 (o)
_ pr)/Pr

Thus, Equation (83) can be written as

Lfi(y) = —e L (y).

Since £~ Te1(®) = p/(y) + 6(y), therefore

fily) = = ((p' +9) * f2) (y)

Since f1(y), f2(y) and p/(y) are zero for y < 1, hence

y—1
fily) = - /1 Py — 2) fol@)dz — foly)
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Consequently,

[ oatan=— " an [ o= g [*

=1 y=1
Thus, )
a a Yy— dJ g a dJ f
/ dR(1,pr;1,p,Y) = —/ dy/ pl(y—x)i(f ) _/ (f ). (84)
y=1 y=2 z=1 Py z=1 Py
The right side of the above equation can be written as the following sums,
y—1 a dJ(p®
[ [ - ) )
pr =1 Dy
j—|M/a) Tit1 xz+1 . i
lim lim ( 3 Ay S Py — ) J(pT )m' J@r) Z )z_ J(py ))
N—o00 M —00 prl prz
j=2M/a] =LN/a] i=[N/a]

where Ay = 1/M, y; = ja/M, Az = 1/N and x; = ia/N. From the above sum, we notice
that, for every z;, the term (J(p; ™) — J(pZ)) /p¥ is multiplied by p'(y; — x;)’s for values of
y;’s in the range z; < y; < a. Since p(z) = 1+ [; p/(x)dz, thus p(a — z) = 1+ [ p'(y — z)dy.

Hence,

a a dJ (py
R(1,pr; 1, pr )Z—/_lp(a—x) ;x )~

To account for the term O(ep(py, s)) in Equation (83), we note that ¢,,(p,, s) = Lf2(y). There-

fore, the contribution by the term O(g,(py, s)) is then given by O(((p' + ) * f2 * f2)(y)). Con-
sequently, we have the following theorem

Theorem 7. For sufficiently large N and for every p, > N, the relationship between the irregular
component R(1,p,; 1, p%) of the partial sum M (1, p,; 1, p%) and J(x) is given by

Rpeitp®) = [ pla—n) ™0

x=1 r

+O0(*(pr, 1)). (85)

where R(1,pyi 1,p2) = M(1,pyi 1,0%) — p(a) and J(z) = n(x) — Li().

In the following, we will examine the validity of the Riemann Hypothesis by analyzing
Equations (85) and (62) for sufficiently large values of p, so that the integral |, yoil dJ(p¥)/p¥ is
determined by the values of y in the vicinity of one. More specifically, referring to Appendix
1, on RH, we have

/y‘: dJ(?IJ’g) _ O( ~1/2 160 p, )

Dr

Furthermore, on RH and due to the presence of non-trivial zeros on the line R(s) = 1/2, we

also have )
> pr) _ -1/2
— =Q(p, .
/y:l pr (p )

29



Note that if the above equation does not hold, then | [, d.J(p¥)/p,"+D¥|= O(p,'/>77).
Hence, in the right vicinity and at the zeros on the line (s) = 0.5, the term £(p,, s) in Equation
(50) is bounded. This will lead to a contradiction by giving bounded values for M (s, p,) in
the right vicinity and at these zeros. Therefore, for sufficiently large NV and for some constant
k, there are an infinite number of p,’s (that are greater than ) such that

/ > dJ(p})
y=1 pﬁi

Furthermore, for any positive number h, we also have

o dJ(p¥) 12 B s
-/y=1+h o =0 ((1+h)p,~ logp,) = O (p"p. "/ logp, ).

> kp, Y2 > 0.

Thus

< d.J(p! Lk q.] (p¥
/ il -/ W) 10 (p w2 10g ).
y=1 Y

pgi =1 Dr

Therefore, on RH and for sufficiently small i, we can always find infinitely many p,’s so that
the integral [2, d.J(p¥)/p} is determined by values of y in the vicinity of one. In other words;

we have
/°° dJ (p}) _/“h dJ (p¥) +/°° dJ(pr)
y=1 p% y=1 p% y=1+h pT
where,
dJ
‘/ ( ) > kp,~ 172 >0,
y=1 p’r
and

< kipy "p Y2 log py,

/ *  dJ(p})
y=1+h p%i

for some constant k. Therefore, for any h and for sufficiently large p,, we have

0 dJ Y 1+h dJ Y
/ (5%) _ (1+51)/ (57«)’ (86)
y=1 Pr =1 Pr

where ¢; is given by O(p,~") and it can be made arbitrary close to zero by choosing p, suf-
ficiently large. After analyzing the integral [,=, d.J(p)/p}, we now turn our attention to the
analysis of the term R(1, p,; 1, p,%).

Unconditionally, Equation (62) of Theorem 4 provides the exact representation of the term
R(1,pr; 1, pr®)

a/2 dJ(p.Y) @ dJ( pr dr(py)
Rlvpr;lvpra :7\/ a yil 7/ / R 1p1“ya]-ap - .
( ) 1 pla/ ) pr a/2 ¥ ) pr

The term R(1, p,; 1, p,*) can be also computed using Equation (85) of Theorem 7

a a dJ (py
R(1,pr; 1,p,") = —/ p(a—x)i(x )

x=1 r

+O0(e%(pr, 1)),
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where, on RH, O(¢?(p,, 1)) is given by O(p, ! log p;).

Therefore, on RH, the difference between the two representations of the term R(1, p,; 1, p,%)
(i.e. Equations (62) and (85) ) ) should be of the order of O(p, ~!log p,.). In the following, we
will compute this difference for values of a in three intervals. The first intervalis 1 < a < 2
where we will show that this difference is zero. The second interval is 2 < a < 3 where we will
show that, on RH, this difference is given by O(p,~'logp,). The third interval is 3 < a < 4.
Our method to examine the validity of the Riemann Hypothesis is based on analyzing this
difference in the third interval.

For the interval 1 < a < 2, it can be easily shown that Equations (62) and (85) ) provide
the same value for R(1,p,;1,p,*) (this follows from the fact that for 0 < u < 1, p(u) = 1 and

2 R(1,p,¥; 1, p2)dm (pY) /pY = 0).

For the interval 2 < a < 3, the difference between the two representations of the term
R(1,py; 1, p,*) can be computed by first noting that

% W) AT
| ety -0 S [y

s T

/1(1/2 <p (1(a - y)) e y)) dJ(Zry) B /aa o y)dJ(g)?)_

Yy Dr

For1 <wu <2, p(u) =1—1log(u). Thus
a/2 dJ(p,Y a dJ(pY
/1 plafy—1) (2 )—/1 pla—y) p(§))=

Pr

a/2 dJ(p¥ a-l dJ (p¥ @ d.J(pY
[ oy B [ oo B0 " H0E),

/2 DPr

or

% LT SR
—1 — _ T/ _
/1 p(a/y—1) o . pla—y) o
a2 qj(py) ol dI(py)  [o dJ(pY
/ logyi(f ) +/ log(a — y) (5 ) —/ 7(5 )
J1 Pbr a/2 br a/2 Pr

The third integral on the right side of Equation (62) is given by

a/2 d CL/2 d Y
/ R(l’p'ry;l’pr a pr / R 1 pT 717 y +/ R(17p’f'y;17p?_y) J(fr)
! 1

Using the method of integration by parts, we then have on RH

a/2 d Y a/2
/ R(17p7"y; lvp;}_y) T;Egr) = _/ logy dR(l pTy7 17pa y) + O( -1 logp’r")
1 1

r

where, on RH, the integral [/> R(1, p,¥; 1, p¥)d.J (p¥) /p" is given by O(p, ! log p,). To com-
pute dR(1, p¥; 1, p,*"Y), we note that the change in R(1, p¥; 1, p,*"¥) due to the change in y by
Ay is given by
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AR(1,pY;1,p,7Y) = R(1,p, Y 2Y; 1, p, Y =2Y) — R(1,pY; 1, p,."7Y)

However, referring to Equation (52), for 1 < h < 2, we have

1+h 1+h dJ Y
R(1,py;1,p, 1t =/ dR(1,p,;1,pY) = —/ (5T)- (87)
y=1 y=1 pr
Thus, for 1 < y < 2, we have
dJ(p?
dR(1,py;1,pY) = — szT)' (88)

Consequently, for 1 < “-¥ < 2, we obtain

)

a=y=2Y d.J (p) N / Y dJ(p§)

AR 1apy;17p ) = _/
( " " ) z=y+Ay pﬁ =Y pi

or

y+AY d.J(p? a—y d.J(p?
AR(L,pl;1,p"7Y) =/ (f’“) +/ (f’“).
z=y pr z=a—y—Ay Pr

Hence for2 < a <3,

dJ(pY dJ(p*™Y
dR(l,p,%, l,pTa—y) — J(g)r) + J(pa_ )
Pr DY

Therefore, on RH and for 2 < a < 3, we conclude that

a/2 o dm(pY a/2 dJ(pY dJ(p*7Y _
/1 R(1,p,Y;1,p77Y) ;5 ) =—/1 10gy< p(f ) p(pa_y )> +O0(p, "' logpy), (89)

or

a/2 d Y a/2 dJ(nY a/2 dJ(p,*
/ R(1,pY;1,p7Y) 7;55’“) = —/ logy ;5’“) +/ log(a —2) p(pz )+O(pr’1logpr).
1 T 1 T a—1 T

Thus, on RH, the difference between the two representations of the term R(1,p,;1,p,%) is
given by
dJ(py)
0
Dr

R@mﬂmﬁ+zpw—w — O(p, logp,)+

a/2 dJ(py) ot dJ(pY)
— log(a — T, / log(a — r
L4 sla-0)= 7 [ lowte )=

Hence, on RH and for 2 < a < 3, we have

= O(p, 'logpy). (90)

a
RQLpri L)+ [ pla=9 =5
1 pr
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For the interval 3 < a < 4, the representation of the functions p(a — y) and p((a — y)/y) is
dependent on the value of y. For values of y in the range 1 < y < a/3, we have

a=y dv
pla—y) =1-logla—y)+ [ logw—1)T.

and
1 (a—y)/y dv
p(y(a—y)> :1—10g(a—y)+logy+/ log(v — 1)~
2
Thus,
of3 Ity AT
aly—1 — / a— Tl =
/1 pla/y—1) o . pla—y) .
a/3 dJ (p¥ af3 dJ(py) [oY dv
/ logy (5 ) —/ (5 )/ log(v —1)—.
1 pr y=1  Pr v=(a—y)/y v
For values of y in the range a/3 < y < a — 2, we have
a=y dv
pla—y)=1-log(a—y)+ /2 log(v — 1)~
and .
p <y(a - y)) = 1+logy —log(a — y).
Thus,
a—2 dJ(pry) /a—2 dJ(py)
a/y—1) ———= — a—y)—p— =
/a/g pla/y—1) . " pla—y) o
a—2 dJ(p¥ a=2dJ(pY¥) [ev dv
/ logy (5 ) —/ (5 )/ log(v —1)—.
a/3 pr a/3 pr 2 v

For values of y in the range a — 2 < y < a/2, we have

a/2 dJ(pY) o2 dJ (p¥) o2 dJ(p¥)
_ 1 T _/ _ 7 :/ 1 T ,
/a—2 p(a/y ) pg a—2 p(a y) p%{ a—2 08y pg

For values of y in the range a/2 < y < a — 1, we have

A )
—/m pla— o)™ = /G/Z (1 - log(a — )™ 7.

while for values of y in the range a — 1 < y < a, we have

a dJ(pY a dJ(pY

-1 DPr

To compute the integral [’ /2 R(1,p,Y;1,p8Y)dr(pY)/pY, we refer to Equation (90). On RH
and for a < 3, we then have
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a
R(1,pr; 1, p% :—/ a—x
(L,prs 1,py) . p( ) =

Therefore, fora < 4and 1 <y < a/2, we have

N dJ (p;
R(1,p,%;1,p2Y) = _/ p (a y_ Z) (p})
zZ=y

( y/) Df

and

a/2 o dm(py a/2 ( ra—y (g — z\ dJ(pz _ dr(p¥
/ R(l,pry; 17]7? y) (1]/) ) = _/ (/ P( Y - ) (f ) + O(pr 110gpr)) #

1 br 1 2=y Yy Yy by br
Hence

a/2 _ o dm(pY a/2 a-y  /q— z\ dJ(pz _
/ R(1,pY; 1, p; y)# =/ logy d (/ p( L ) (f )) + O(p, ' log pr).

1 br 1 z=y Yy Yy Dy

The change in the integral [7_ p (% - i) % due to the change in y by Ay is given by
a—y _ z
(L (50 58 -
z=y Yy Yy pr

/ayAyp( a—z _1> dJ (pr*) _/ayp<a_z_1) dJ(P;i)7
2=y+Ay y+ Ay Pr? 2=y y J 2
or

a—y — 2z y+Ay — 2z
([70(E52- )0 - [ )
z=y Yy Yy Dby z=y Yy by

a—y _ a—z a—y _ _ d 2
L ()i [ O ) - (57 -0) 58
z=a—y—Ay Yy DPr z=y Y+ Ay Yy pPr

where

Consequently
@y fa— z\ dJ(p; dJ(p; dJ(p*~*
A(/ p( y—) (f)>=—p(a—2) (Z)—p(O)i(a_z )+
Z=Y y y p'r‘ pr p’l"
a—y _ _ 2
/ p,(a Z_l)a 2sz(fT)
z=y Yy Yy r
and

a/2 d Y a/2 d.J(p? a/2 dJ(p,2=?
/ R(1,p,Y; 1@?”)% =—pla— 2)/ logy(if’") - / logy%Jr
1 Pr 1 Dr 1 Dr
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a/2 a—y _ _ 2
/ Iogy/ y (a z 1> a deJ(f,,)
1 z=y Yy Yy pr

Thus, on RH and for 3 < a < 4, the difference between the two representations of the term
R(l,pr; 1ap7'a) is given by

a d.J (pY
R(1p ) + [ pla -y ) =
1 Pr
a/2 dJ(nY a/3 d.J(nY a—y d a=2 J.J(pY - d
—/ log y (5T) +/ (ET)/ log(v — 1)l+/ (5r)/ log(v — 1) L
1 pr 1 Dpr (a—y)/y v a/3 pr 2 v
@ dJ (py) / a2 dJ(p}) / a2 dJ(p)
—y)—5— +pla—2 lo L — log(a — -
/a p pla=y)— = +pla=2) [ logy—gy L losle—y)— 5
a—z a—zdJ(pZ e dJ(py _
/ logy/ ( 1) 2 p(f ) —//2 5 ) + O(p, ' logp,). 91)

Therefore, for the Riemann Hypothesis to be valid, the above equation (for the difference
between the two representations of the term R(1, p,; 1, p,%)) should be given by O(p, ~ log p,.).
Referring to Equation (86), on RH and for any arbitrary small » and ¢ and for any b > h, we
can find infinitely many p, satisfying the following equation

/y" B _ g 4 g /th 4J(wy)

Therefore, to simplify our analysis to examine Equation (91) for the validity of RH, we will
choose p, sufficiently large so that we consider only the terms with values of y in the vicinity
of 1. Let A be given by

a/2 dJ(pY a/3 4 J(p¥) [fo—v d
A= (—1+p(a—2))/1 logy(fr)+/l (pr)/( log(v—l)—v—

7 pr -Y)/y v

a/2 a—y _ _ z
/ logy/ y (a z 1) a QZdJ(fT) @)
y=1 z=y Y Y pr

In the vicinity of y = 1, the first integral on the right side of Equation (92) can be written as

logy = (y—1) — %(y —1)>+0((y — 1)*),

For the second integral, we first define the integral [_7 o/ (a;Z - 1) as g(y). Expanding the
function ¢(y) as a Taylor series in the vicinity of y = 1 ylelds

o dv 1 a—1
/(a_y)/y log(v —1)—~ =log(a=2)(y 1) — 5 (log(a -2)+ H) (y—1)°+0((y - 1)%).

For the third integral on the right side of Equation (92), we first rearrange the double integral
as follows

- — zdJ(p? a/2 4J(pY) (v - -
/ IOgy/ (CL z 1) a 22 (pr) :/ (57‘) / 10g$ pl (a y _ 1) a dex
Y D7 y=1 Dr =1 x x
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where in the above equation, we ignored the terms with d.J(p¥)/p¥ for values of y in the range
a/2 <y < a— 1. Hence, on RH and for sufficiently large p,, we then have

a/2 a—y a—z a—zdJ(p?
[ (50
1 2=y Yy Yy pr

/yaﬂ dJ () /: y (a —y 1) Y (@ =1+ O((@ — 1)) da,

-1 p! -1 x x2

or

a/2 @y la—=z a—zdJ(pY)
log y / 4 ( - 1) =
/1 2=y Y y2 pgi

[ - (95 o - 1),

-1 p¥

Consequently, on RH and for sufficiently large p,, we have

A=) [T (D17 o - 1) P9

where > can be made arbitrary small by choosing p, sufficiently large and

3 la+1 (a—1)p'(a—2)
D=—logla—2)— = _ .
plogla=2) = 5o 9

Therefore, on RH and for values of a in the range 3 < a < 4, we can find infinitely many
pr satisfying the following equation

a a/
Rt + [ oo - = @) [T (D- 17+ ot - 1) Z0E o

where d3 can be made arbitrary small by choosing p, arbitrary large and |D|> 0. Using the
method of integration by parts and taking advantage of the fact that on RH, d.J(p¥)/p¥ is
given by Q(p,~/27¢), we then have

R(17p7’7 17]3?«) + ‘/1 p(a — y) py = Q(p,,‘fl/zfe)

However this result is inconsistent with our assertion that on RH, the above difference should
be given by O((p,~*logp,). This inconsistency points to the invalidity of the Riemann Hy-
pothesis. Similar inconsistency is also attained if we assume that there are no zeros to the
right of the line R(s) = ¢ for any ¢ < 1. This follows from the fact if there are no zeros to right
of the line R(s) = c for any ¢ > 1, then J(z) is given by O(z!~“log x) and this will lead to
similar inconsistency. This indicates that non-trivial zeros can be found arbitrary close to the
line R(s) = 1.

More importantly, Equation (93) can be also used to estimate where the distribution of the

prime number start to deviate from what has been predicted by the Riemann hypotheses. As
mentioned earlier, we don’t expect to have inconsistent results with RH for values of a less
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than 3. Hence, we need set a greater than 3. In the following, we will set a equal to 4. On RH,
the right side of this equation can be written as

! dJ(p} _
R(lvpr; lapﬁ) +/1 p(4 - y) ZEy ) < klpr ! log py

T

For the right side of Equation (93), it can be shown that on RH

9 AT (pY ~1/2
(1+ 53)/1 (-112(y - 1)+ O((y - 1)) ]ff;r) > ky (lﬁgpr)?’
Therefore, if p,; satisfies the following equation
-1 P;11/2
kip,q logpr1 = kzm, (94)

then we expect that the distribution of the prime numbers greater than p,; will not follow
what has been predicted by the Riemann hypothesis. Notice that the estimation of p,; de-
pends on accurate estimation of the constants k; and k3

Appendix 1
Assuming RH is valid and for ¢ > 0.5, to show that
T2 1
> o = Bille = Dlogpn) = Bi((o = 1)1ogpso) + £(pra, pra, 0)
i=r1 £

where, £(py1,pr2,0) = f;ﬂ’f dJ(xz)/x% = O (m pr /20 logp,q) and J(z) = w(x) — Li(x),

we first recall that
i 1 /m dr(z) /m dLi(z) /m dJ(x)
b ), x° » xo

a
i=rl p’L rl r1 r1

or

r2
1 Pr2 | pr2 ] pr2
3 :/ m(x) :/ d:c+/ —dO (Vzlog ).
P x7 p 27 logw pr1 X7

v
i=r1 Ps 71

We will first compute the integral with the O notation. This can be done by integration by
parts to obtain

/prz %do (VEloga) = O(\/%lfgprz) ~ 0(\/%1;%1%1) _/Wo(\/ilog:c)d< ! )

r1 L Dr2 DPr1 i

r1

Since = > 0, thus

/pr2 iodO (Vzlogz) = O (yPr2logpr) — O (vprilogpn) -0 (/pr2 Vaxlogzd (10))

1 x p7"20 prlo 1l

With the substitution of variables y = log x, we then obtain

Pr2 1 Pr2 1
Vrxlogzd <x‘7) = —/ oye27Ydy.
P

Pri 1
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Since

1
/xe“mdw = (a: — 2) e,
a a
therefore

1 log pro 1 > 05— < log pr1 1 ) 05—
logad | — ) =— - 5o - 5o,
Vwlogx (x") 0<0.5—a 05—02)P2 T\05-6  05-0p2)P"

Pr2

Pri1

Hence, for ¢ > 0.5, we have

P2 1 pr1”°~7 log pry
—d 1 =0|———=— 95
/m _dO (V7 log z) ( P (95)
For o > 1, the integral f p Tf o gwdaz can be computed directly from the definition of the

Exponential Integral E; (r) = [7° ¢ - €~ du (where r > 0) to obtain

DPr2 1
de =F —1)logpr) — FE — 1) logp,
| g = Bulle — Dlogpn) — Bi((o ~ 1)logpra)

It should be pointed out that although the functions E((c — 1) logp,1) and E;((o — 1) log py2)
have a singularity at o = 1, the difference has a removable singularity at o = 1. This follows
from the fact that as o approaches 1, the difference can be written as

Ey((0 —1)logpr1) — E1((0 — 1) log pr2) = —log ((1 — o) log py1) — v +log ((1 — o) log pr2) + v

or,

Pr2 1

lim

dr = lim{FE;((c —1)logpy1) — F1((0 —1)log pr2)} = —loglog p,1 +loglog pro
o—=1Jp., log o—1

To compute the integral [*

dx for o < 0, we first use the substantiation y = log

rl X% log:p
to obtain
Dr2 1 log pr2 e(l_a)y log pr2 e(l_g)y log pr1 e(l_o)y
/ p dx = dy — / dy _ / dy
pr 27 logx log pr1 ) € Yy € Y

where, € is an arbitrary small positive number. With the variable substantiations z; = y/log p,1
and z3 = y/log pr2 , we then obtain

P2 ] 1 (1-0)(log pra2)22 1 (1—0)(log pr1)z1
i o
P

i
. x%logw €/log pra 22 e/log pr1 21

With the variable substantiations w; = (1 — o)(log py1)2z1 and wy = (1 — o)(log pr2)2z1 and by

adding and subtracting the terms — f((ll ;))élogp "2 de + Ja- (1 i logp ! %’f, we then have

Dr2 (1—0)logpro ew2 _ 1 (1—0)logpr1 ew1 — 1
/ = dwy — / dwq+
1 X7 loga: wo (1—0)e w1

1—0)e w2

/(1—0) logpra dapq /(1—0) logpr1 dapy
( (1—o0)e w1
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Using the following identity [9, page 230]

aet 1
/ —dt = ~Fy(~a) ~ log(a)
0

where a > 0, we then obtain for o < 1,

Pr2 ]_
de =F —1)logpr) — E — 1) logp,
[ gt = Falle = logpn) ~ Ei((z —1)loxpy2)

Hence, for o > 0.5, we have

r2 1

b7 Ei((c —1)logpr1) — Ei1((0 — 1)logpra) + e(pr1, pr2, o)
j=r1 £

In general, if there are no non-trivial zeros for values of s with R(s) > a, then by following
the same steps, we can also show that for o > a, we have

r2
1
E i = El((a - 1) logprl) - El((a - 1) 10gpr2) =+ ‘5(pr1>pr270-)
i=rl £

where, e(pr1, pro,0) = If:ff dJ(x)/z° = O (p;1% % log pr1 /(o — a)?).

Appendix 2
Assuming RH is valid and for o > 0.5, to show that
r2 1
Pl Ei((s — 1)logpr1) — E1((s — 1) log pr2) + €(pr1, pre; 5)
i=rl £
where, |e(pr1, pro, s)|= O (% pr /27 logprl), we first recall that
r2
1 Pr2 d Pr2 ]_ Pr2 ]_
$ r(z) _ / dr + / — dJ(x).
i=rl pls Pri1 ¥ Pr1 x® log x Pr1 x®

We will first compute the integral with the O notation. This can be done by integration by
parts to obtain

/prQ idj(x) _ Jpr2)  Jpr1) /pr2 O (Vzlogz)d (;)

rl x® p?"2s pT‘ls 1

The integral on the right side of the above equation can be then written as
Pr2 ]_ Pr2 —s—1
/ J(z)d () = —s/ J(x)z™ Hdx.
Pr1 x® Pr1
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Hence,

/:T2 J(z)d <1>’ < \3|/ppT2 O (Vzlogz) |x*"|da.

-0 |S| p’/‘l(]ﬁic7 10gpr1
B (0 —05)2 |°

Consequently,

Pr2 1
/ —dO (Vrlogz)
P

1 T

For R(s) > 1, the integral [ — = sz dx can be computed directly from the definition of

the Exponential Integral £ (z) = [ e? dt (where R(z) > 0) to obtain

Pr2 1
dr=F —1)logpr) — E — 1) logp,
[ oozt = Fal(s = Dlogp) — Bi((s — 1)logpra)

1

To compute the integral [ dx for R(z) < 1, we first write the integral as follows

% log x
/p'r2 1 Dr2 g0 log x COS(t IOg .%') d ) /p'r2 e 7 log x sin(t IOg .Z') J
= T —i .
Ppri1 x® log T Ppri1 log T Ppri1 log x
—ologx
The first integral on the right side [ © . 10‘;02“ 1°82) 74 can be computed by using the sub-

stitution y = log = to obtain

/pﬂ e~ 1987 cog(t log :U)d /197“2 e(1=0)y cos(ty)d
x = —————=dy,
Pri log x Pri Yy

or

/p’r'2 e_ologm COS(t log m) d /p7»2 e(l_a)y Cos(ty) d " /pr2 e(l_o)y d /p7-2 e(l_g)y d
€r = B y y - y'
Pri log:c pri1 Y Pri1 Y p

Hence,

/1’7'2 e~71987 cos(t log :c)dx B /prl ell=9)y (1 — cos(ty))d B /Pr? e(1=9)y (1 — cos(ty))d B
pr1 log x e Y Y € Y Y

Dri (17‘7):’1 Pr2 (17‘7)y
/ ¢ dy + / ¢ dy
€ Y € Y

where, € is an arbitrary small positive number. With the variable substantiations z; = y/log p,1
and z3 = y/log pr2 , we then obtain

le—

/1’”2 e~7198% cos(t log ) dr — /1 ell=o)ogpr)z1 (1 — cos(t(log pr)21))
p €

r1 logx /log pr1 21

dzo—

/1 e(l—a)(logprz)zz(l _ cos(t(logpr2)22))
€/log pro 2

dz1 + ——d2z

/1 6(1_0)(1051%1)31 1 6(1_0)(10gpr2)z2
€/log pr1 21 e/log pra 22
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By the virtue of the following identity ([9], page 230)
/1 e (1 — cos(bt))dt _
0

: L log(1+82/a?) + Li(a) + R[Ey (—a + ib)],

where a > 0, we then obtain the following

/PT2 e71987 cos(t log )
Pri 1Og x

dz = R[E1((s — 1) log p1)] + Li((1 — o) log pr1) -

RE1((s — 1) log pro)] — Li((1 — o) log pra)—
1 e(1—0)(logpri)z1 1 e(1=0)(logpr2)22
/ —dz1+ —d2
€/log pr1 21 e/log pro Z2
With the variable substantiations w; = (1 — o)(log p;1)2z1 and wy = (1 — o)(log p,1)21 and by
adding and subtracting the terms — f(( U))glogp "z | Ja- (1 0 bgp " 441 we then have

o ,—0 logx
/P 2 e cos(t10g$)dI = R[E1((s — 1) logpr1)] + Li((1 — o) log pr1)—
p

1 log z
R[E1((s — 1) logpro)] — Li((1 — o) log pr2)+

(1-0)logpr2 pw2 _ 1 (1-o)logpr1 gw1 _ 1
/ dwg — / dwi+
(1-0)e w2 (1—0)e w1

/(1_0) log pra2 dw2 /’(1_0') log pr1 dwl
( (

1—0)e w2

Using the following identity [9, page 230]

aet 1
/ ; dt = Ei(a) — log(a) — v
0
where a > 0, we then obtain for o < 1,

/Pr? e~71987 cos(t log )
Pr1 log x

1—o)e w1

dx = R[E1((s — 1) logpr1)] — R[EL((s — 1) log pr2)]

Similarly, using the identity [9, page 230]
1 ,at bt
/ es;n()dt = — arctan(b/a) + S[E1(—a + b)],
Po
where a > 0, we can show that for 0 < 1, we have

/pr2 e~7198 % gin(t log x)d
— x
Pr1 log x

= S[E1((s = 1) log pr1)] — S[E1((s — 1) log pro)].
Therefore, for %(s) > 0.5, we have

Z }T (s —1)logpr1) — Er((s — 1) log pra) + €(pr1, pro, 5)
i=rl 7

fp“ d‘is and on RH, [e(pr1, pr2, s)|= O (mprl /2= "logprl)

Where/ 6(prl yPr2,S )
It is worth mentioning here that the term ¢(p,, s) can be represented in terms of the non-

trivial zero if von Mangoldt function is used in this analysis instead of using the prime count-
ing function.
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Appendix 3

To compute the m-th derivative of the function f(8) = e F1(=f)=(fpr) _ ¢=F1(=F) (where
f(B) = R(o,pr; 1,p,>°) = [;2, €PYdR(1,pr; 1,p,Y), B = (1 — o) log pr, €(B,pr) = ep(pr,0) — 6
and e, (p;,0) = fyoil ePvdJ(pY)/pY ), we write this function as the product of the following
two functions

f(B) = f1(B) f2(B),
where
f1(B) = 6—E1(—ﬁ)7
and
fo(B) = e~ #BPr) 1

The m-th derivative of the function f is then given by

d"f(B) d"fi
agm dpm

dmflfl df2 m! dmfkfl dkfg

dBm=1dg " K (m — k)l dpmF dpF

dpm

fo+m + ...+ fi

For the function f(3), it can be easily shown (by noting that e=*(37) = 1 — £(p,, o) +
O(e%(pr, 7)), 6p = O(%(pr, o)) and for m > 1, d™6,/df™ = O(?(p,, o)) ) that

f2(0) = _8(p7’7 1)+ O(EQ(pTv 1))7

‘ < dJ(pY
f;/(@ﬁ)wo: —(1+O(€(pr,1)) /y:1y p(gr)’
and for m > 2 ] d
m . o
f;/gn(wﬁ) |sg=0=— (1 + O(e(py, 1)) /: y" (p}) .

y=1 pr
For the function f;(3), we write f; as follows (refer to Equations (33) )
fi(B) = e = —e7 get
where 52 g 4

A—pr Py oo b
A T TR T TRy

Thus,

and the first derivative of f; is given by

G (1+ ﬁdA> |

a3 B
At =0,A=0,e* =1and dA/dB = 1, thus

df1(B)

ag 1#=0= "

The second derivative of f is given by

& f1() 1A <2dA +3 <d2A + (dA>2>> )

dp? dp ag*  \dp
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and
d? f1(5)
dps?

|B:0: —2¢7.

The third derivative of f; is given by

BB d?A dA\? dBPA  _dAd*PA  [dAN?
aw ((% +3(55) )0 (G 35am () )

AtB=0,e4 =1,dA/dB =1and d*A/dB* = 0.5, thus

d? 9
i s-o= 5"

Similarly, the fourth derivative of f; at 8 = 0 is given by

d* 34
e

Referring to the the binomial expression for the m-th derivative of the function f(3) =
e~ E1(=B)=ep(B:pr) we then have

p oo d J(pY
D 50 = € (14 0ley e D) eyl 1) =€ (14 Oyl 1) [~ F0E,
2 % d.J(p¥) >, dI
d]l;(f)‘ﬁ 0= 2¢7 (1 _|_O 5p Dy 1 /y ) p(sz + 2e7 (1+O(€p(pr71))) /yly ;;r)’
and
& 9 < dJ(pY <y
im0 = 36 (14 0lepon 1) [~ 8 660 (14 0(ey 1)) [~ v
00 dJ Y
367( +O(5p pra /y:ly }E?ypr)
dA 34 > dJ(pY > &
o - S (140G 1) [ T 180 (14 O, .1 A Eas
0 d 00 d Y
12€7 (1 + O(ep(pr, 1) / ly J]E )+4e'y( 14+ O(gp(pr, 1) /y 1y3 J]E?ng)
y= r - "
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