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Abstract 
 

In this paper a general introduction to basic concepts for the geometric 
description of Euclidean “Flat-Space” Geometry and Non-Euclidean “Curved-
Space” Geometry, and Spherically Symmetric Metric equations which are used 
for describing the causality and motion of the “Gravitational” interaction between 
mass with vacuum energy space, and the mass interaction with mass.  

 
This paper gives a conceptual and mathematical description of the 

differential geometry, of flat and curved space, space-time, or gravitational fields, 
using the “metric theory” mathematics of Euclidean, Minkowski, Einstein, and 
Schwarzschild, Spherically Symmetric metrics, and geodesic line elements. 

 
This paper postulates a “Vacuum Energy Perfect Fluid” model and a “Dark 

Matter Force and Pressure” associated with the Non-Euclidean Spherically 
Symmetric metric equations, and also gives a conceptual and mathematical 
description and rationale, for selecting the Schwarzschild Metric over the Einstein 
Metric, as a physical description of the gradient gravitational, field surrounding a 
localized net inertial mass/matter source. 

 
This paper also gives a new generalized mathematical formalism for 

describing “Non-Euclidean” Spherically Symmetric Metrics, of space, space-time, 
or the gravitational field, using a generalized “Metric “Curvature” Coefficient”. 
  

http://www.superprincipia.com/�
http://www.blog.superprincipia.com/�
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1. Introduction 
 

 
This work is written to physicists that are interested in understanding from 

a conceptual view, the rationale for selecting “Flat Geometry” Euclidean Space, 
or selecting a “Curved Geometry” Non-Euclidean Space; as causality for gravity, 
and motion of the “Gravitational” interaction between mass with vacuum energy 
space, and the mass interaction with mass. 

 
In this paper, I do weave some of my own theory, ideas, and 

mathematics into these well established physics concepts and mathematics; 
therefore, this work is written for those that have a very good basis and 
understanding, of the concepts of differential geometry, and General Relativity; to 
be able to distinguish what is newly proposed, and what is being discussed in 
general throughout this paper. 

 
Likewise this work is written to physicists that are interested in 

understanding why a Schwarzschild Spherically Symmetric Metric ( 2sd ), is 

preferred over the Einstein Spherically Symmetric Metric ( 2sd ); which is based on 
a particular choice of “pressure” and “density” in the universe, and on the surface 
of the Black Hole Event Horizon, source of a localized gradient gravitational field.  

 
A “Spherically Symmetric Metric” ( 2sd ) is used for describing the “flat” or 

“curved” Differential Geometry of Space, Time, & Surfaces, of spherically 
symmetric space, space-time, or gravitational field, in the presence or absence of 
condensed matter.  

 
In this work I have limited the discussion only to the: Euclidean, 

Minkowski, Einstein, and Schwarzschild Spherically Symmetric Metrics of space, 
space-time, or the gravitational field, however there are many other geometric 
“metric” equations, and theories of gravitation, that are accepted by the 
mainstream physics. And there are many “Spherically Symmetric Metrics” that 
are in use in physics today.  

 
In a paper written by M.S.R. Delgaty and Kayll Lake (1998) “Physical 

Acceptability of Isolated, Static, Spherically Symmetric, Perfect Fluid 
Solutions of Einstein’s Equations”[1], they describe various “Spherically 
Symmetric Metrics” ( 2sd ) equations. 

 
M.S.R. Delgaty and Kayll Lake ”[1], state,  

 
“It is fair to say then that most of the spherically symmetric perfect 
fluid “exact solutions” of Einstein’s field equations that are in the 
literature are of no physical interest.” 
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And likewise in a paper by, Petarpa Boonserm, Matt Visser, and Silke 
Weinfurtner (2005) “Generating perfect fluid spheres in general relativity” [2], 
they describe that there are over 127 solutions to the “Spherically Symmetric 
Metrics”.  

 
But only nine (9) of those “metric” equations satisfy the criteria for 

predicting actual physical measurable results.  
 

The various “Spherically Symmetric Metric” ( 2sd ), equations which are 
either Euclidean or Non-Euclidean, describes physical and observable results of 
gravitational interaction between mass and space, and between mass and mass, 
predicts that the vacuum energy, and inertial matter in motion interact, through a 
space, space-time, or gravitational field, that is either flat or curved, and 
surrounding a localized gravity source, that is either matter dependent, or 
matter independent, is described in the following sections of this paper.  

 
My goal is to bring into correlation, the concepts of “Gravitational Force” of 

the Newtonian style, and the concepts of Non-Euclidean geometric “curvature of 
space-time” as described by the mathematical differential geometry of the 
“Spherically Symmetric Metric” ( 2sd ) of space, space-time, or a gravitational 
field, and due to the presence or absence of mass or matter as the source of a 
gradient gravitational field, in a localized region of the universe. 

 
Also I will introduce a new generalized mathematical formalism for 

describing the “Spherically Symmetric Metric” ( 2sd ), by expression of a term 
known as the “Metric “Curvature” Coefficient” ( Curvatureκ ). The “Metric 
“Curvature” Coefficient” ( Curvatureκ ) is term and quantity, used for describing the 
“amount of curvature” due to motion through a perfect fluid vacuum energy, and 
the presence or absence of mass or matter as the source of a gradient 
gravitational field, in a localized region of the universe. 

 
The Non-Euclidean “Spherically Symmetric Metric” ( 2sd ) which 

describes the actual physical geometry of space, space-time or a gravitational 
field, is used to describe space where there is condensed matter, mass, and 
energy; as will be described in following section of this paper.  

 
Furthermore, the “Spherically Symmetric Metric” ( 2sd ) can describe the 

space, space-time or a gravitational field, of or surrounding the: universe, stars, 
planets, galaxies, quasars, electrons, protons, neutrons, atoms, molecules, 
photons, etc… 
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1.1. Introduction to Basic Concepts of Euclidean and Non-Euclidean 
Geometry and Spherically Symmetric Metrics 

 
 

The goal of this section is to describe an algorithm for describing a general 
“Spherically Symmetric Metric”, which can predict Euclidean and Non-Euclidean 
Metrics, in a “flat” or “curved” space, space-time, or gravitational field. 

 
For any surface, embedded in a Euclidean space of three (3) dimensions 

or higher, it is possible to measure: the length of a curve ( sd ) on the surface, the 
angle (

θφMapdΩ ) between any two curves on the surface, and the area ( 2sd ) of a 

region on the surface. This concept is extended into greater than three 
dimensions with Bernhard Riemann Geometry (1826 - 1866). 

 
This surface embedded (mapping one surface to another surface) 

structure to any space, space-time, or gravitational field, is encoded 
infinitesimally in a generalized spherically symmetric metric, on the surface, 
through geodesic line elements ( sd ) and area elements ( 2sd ).  

 
Carl Friedrich Gauss (1777 - 1855) in his “Theorema Egregium” [3], which 

is Latin for "remarkable theorem", states that Gaussian curvature of a surface 
can be determined from the measurements of length ( sd ) on the surface itself. 

 
This “extraordinary” result shows that the Gaussian curvature of a surface 

can be computed solely in terms of a “Metric” ( 2sd ), and is thus an intrinsic 
invariant of the surface. The Gaussian curvature is invariant under isometric 
deformations of the surface.  
 

 
 
Gaussian curvature can be used to describe the position, location, or a 

change in position or location, of any object on a surface in space.  
  

http://en.wikipedia.org/wiki/Isometry�
http://en.wikipedia.org/wiki/File:Gaussian_curvature.PNG�
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The “remarkable” result predicted by Gauss, is that the curvature does not 
depend on its surface embedding, and in spite of all bending and twisting 
deformations, undergone during rotations; a surface can be determined from the 
measurements of length ( sd ) on the surface itself, which is described by a Metric 
( 2sd ). 

 
The Gaussian curvature of a surface is independent of any embedding 

(mapping one surface to another surface) and is unchanged under coordinate 
transformations. In general the isometrics of all surfaces preserve Gaussian 
curvature, during bending, twisting, deformations, and rotations; which is 
described by a Metric ( 2sd ). 

 
In Riemannian geometry, Gauss's lemma predicts that any small sphere 

centered at a point in any surface or Riemannian manifold, is perpendicular to 
every geodesic through the point.  The geodesic is describes by a Metric ( 2sd ) 
with line element ( sd ) on the surface of a space, space-time, or gravitational 
field; that is either a “flat space” geometry or “curved space” geometry. 
 

 
 

Getting a good understanding for what a metric describes is crucial for 
describing the space and time considerations of Special Relativity (SR) and 
General Relativity (GR). In (SR) and (GR) the concept of the “Metric” ( 2sd ), is 
used to describe a line element ( sd ) on the surface of a space, space-time, or 
gravitational field; that is either a “flat space” geometry or “curved space” 
geometry. 
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A “Euclidean” Metric ( 2sd ), in Newtonian Gravitation (NG), describes a 
gravitational field as a “flat space”, and may be thought of as a concept where 
mass attracts mass, from across the vastness of empty “flat space”.  

 
A “Non-Euclidean” Metric ( 2sd ), in General Relativity (GR) may be thought 

of as a generalization of the gravitational field, in a “curved space or space-time”. 
The curvature is a form of “attraction” and is a result of the presence of the mass 
bodies in interaction; with a similar analogy to the Newtonian gravitation 
attraction concept. 

 
The Metric ( 2sd ) captures all the geometric and causal structure of space, 

space-time or a gravitational field, which are used to define notions such as 
distance, volume, curvature, angle, future and past. 

 
For any Gaussian Surface or Riemannian Manifold, the sum of the 

angles of any triangle, described on a surface is given by any Metric ( 2sd ): 
 

• is equal to 180° if the geometry is Euclidean;  

• is less than 180° if the geometry is Non-Euclidean hyperbolic;  

• is greater than 180° if the geometry is Non-Euclidean elliptic 
 

 
 
This introduces a conceptual difference between the straight lines of the 

Euclidean geometry, and the curves of Non-Euclidean geometry, which 
physically bend in space. This "bending" property of space is not a property of 
the “Euclidean” or “Pseudo-Euclidean” lines elements and mathematics; but is 
only described by the “Non-Euclidean” lines elements and mathematics. 
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Thus Euclidean geometry describes straight lines in flat space geometry, 
and Non-Euclidean describes hyperbolic geometry and elliptic geometry in 
curved space geometry. 

 
 

Another way of considering the differences between the Euclidean and 
Non-Euclidean geometries, are to consider two straight lines, infinitely extended 
in a two-dimensional plane that are both perpendicular to a third line: 

 
• In Euclidean “flat” geometry the lines in a space, space-time or 

gravitational field remain in a “flat space” at a constant distance from each 
other, even if extended into infinity, and are known as parallels.  
 

The Euclidean “flat” geometry is independent of any 
condensed “mass” or “energy” in that “flat space”. 

 
• In Non-Euclidean “open” hyperbolic geometry the lines in a space, 

space-time or gravitational field "curve away" from each other, increasing 
in distance as one moves further from the points of intersection with the 
common perpendicular.  
 

The Non-Euclidean “open” hyperbolic geometry is 
“curvature” that is dependent of the condensed “mass” or 
“energy” in that “curved space”. 

 
• In Non-Euclidean “Closed” elliptical geometry the lines in a space, 

space-time or gravitational field " curve toward" from each other, 
decreasing in distance as one moves towards the points of intersection.  
 

The Non-Euclidean “Closed” elliptical geometry is “curvature” 
that is dependent of the condensed “mass” or “energy” in that 
“curved space”. 



9 
Copyright © 2013 - Super Principia Mathematica – The Rage to Master Conceptual & Mathematical Physics 

 

 

The “Spherically Symmetric Metric” ( 2sd ) which describes the actual 

physical geometry of space, space-time or a gravitational field, can be used to 
describe space where there is condensed matter, mass, and energy.  

The “Spherically Symmetric Metric” ( 2sd ) can describe the space, 

space-time or a gravitational field, of or surrounding the: universe, stars, planets, 
galaxies, quasars, electrons, protons, neutrons, atoms, molecules, photons, 
etc… 

 

http://www.astro.utoronto.ca/~wu/AST121/Notes_&_Readings_files/inflation_adrienne_March2012.pdf�
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1.2. General Spherically Symmetric Metric – Euclidean and Minkowski 
(Pseudo-Euclidean) Metrics 

 
 

In the differential geometry of theoretical physics, the Minkowski space is 
often contrasted with Euclidean space because they are both considered “flat 
space” geometry for space, space-time, or the gravitational field.  

 
The Metric ( 2sd ) which describes the geometry of space, space-time or a 

gravitational field, can be used to describe space where there is condensed 
matter, mass, and energy. And can describe the space, space-time or a 
gravitational field, of or surrounding the: universe, stars, planets, galaxies, 
quasars, electrons, protons, neutrons, atoms, molecules, photons, etc… 

 
In the differential geometry of theoretical physics, the Euclidean space 

describes the "ordinary" triangle distance given by the Pythagorean calculation, 
on a flat space, and describes the physical space, between two points that one 
would measure with a ruler, and using the Pythagorean formula. 
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The Euclidean space has only space-like dimensions, and a Minkowski 
space has the space-like dimensions and one time-like dimension. On an 
orthonormal basis the Euclidean Space is a four-dimensional real vector space 
with signature (+, +, +), (x, y, z). 

 
The Euclidean Metric ( 22

Light
2 cs τ ′⋅−= dd ) is a Spherically Symmetric 

Metric that describes the differential geometry of “Flat” space/space-time; and is 
defined as the “net sum” of a square differential radial ( 22

Light
2 cr τdd ⋅= ) 

component, and the “invariant” or “co-variant” square differential surface 
component (

θφ
22r MapdΩ⋅ ), of a “Flat” space/space-time. 

 

 
 

 

The Euclidean Metric ( 2sd ) is independent of the mass or energy 
present in a localized space, space-time, or gravitational field. 
 
Spherically Symmetric Metric – Euclidean Metric  

1.1 
 

[ ]
θφ

2222 r             r       s Mapdd d Ω⋅+=
     

→ 
2m  

 
 

 

( )( )[ ]222222
Light

22
Light sin        r         c         c LongitudeLatitudeLatitude dddd φθθττ ⋅+⋅+⋅=′⋅

 
 
 

The Euclidean Space in four-dimensional Cartesian vector space, with signature 
(+, +, +), (x, y, z). 

1.2 
 

[ ]
θφ

2222 r             r       s Mapdd d Ω⋅+=
     

→ 
2m  

 
 

[ ] [ ]
[ ]









+++

++
=′+′+′

θφθφθφ
222

222

222

z     y     x             

z        y       x
       z        y       x

MapMapMap ddd

ddd
 ddd

 
→ 

2m
 

http://www.google.com/imgres?q=flat+spacetime+images&hl=en&sa=X&tbo=d&biw=1280&bih=598&tbm=isch&tbnid=CexBO-0PzS9p9M:&imgrefurl=http://stuver.blogspot.com/2012/05/q-what-is-gravitational-wave.html&docid=SZ4K8cDoWITaAM&imgurl=http://2.bp.blogspot.com/-bVjek-SKFvA/T7WsnvObgXI/AAAAAAAAAVE/QBsWRH4O2C0/s1600/flat.jpeg&w=920&h=589&ei=lIClULPZAcjeiALKtIC4Dg&zoom=1&iact=hc&vpx=123&vpy=148&dur=2353&hovh=180&hovw=281&tx=158&ty=106&sig=105189716472272366778&page=1&tbnh=104&tbnw=163&start=0&ndsp=24&ved=1t:429,r:1,s:0,i:78�
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The Minkowski Metric ( 2sd ) is a Spherically Symmetric Metric that is 

considered “Pseudo-Euclidean”. The Minkowski Metric ( 22
Light

2 cs τ ′⋅−= dd ) 
describes the differential geometry of a “Flat” space-time; and is “net 
difference” between the square differential radial ( 22

Light
2 c r τdd ⋅= ) “flat” space-

time component, and the “light cone” “space-time square differential surface 
component ( 22

Light
2
Light tc r dd ⋅= ), of a “Flat” space-time. 

 

 
 

The Minkowski Metric ( 2sd ) is independent of the mass or energy 
present in a localized space, space-time, or gravitational field. 
 
Spherically Symmetric Metric – Minkowski “Pseudo-Euclidean” Metric  

1.3 
 c       s 22

Light
2 τ ′⋅−= dd

     
→ 

2m
 

 
 

[ ]
θφ

222
Light

22 r             r         r       s Mapddd d Ω⋅+−=
       

→ 
2m  

 
 
 

( )( )[ ]222222
Light

22 sin        r           tc        r       s LongitudeLatitudeLatitude dddd d φθθ ⋅+⋅+⋅−=
 

 
 
 
 

( )( )[ ]222222
Light

22
Light

22
Light sin      r       tc      c      c LongitudeLatitudeLatitude ddddd φθθττ ⋅+⋅+⋅−⋅=′⋅−

 
 

On an orthonormal basis the Minkowski Space is also a four-dimensional 
Cartesian vector space with signature (−, +, +, +), (-t, x, y, z).  

1.4 
 

( )( )[ ]222222
Light

22 sin        r           tc        r       s LongitudeLatitudeLatitude dddd d φθθ ⋅+⋅+⋅−=
     

→ 
2m  

 
 
 

[ ] [ ]
[ ]









+++

⋅−++
=′+′+′

θφθφθφ
222

22
Light

222

222

z     y     x                 

tc       z        y       x
       z        y       x

MapMapMap ddd

dddd
 ddd

 
→ 

2m
 

http://www.google.com/imgres?q=flat+spacetime+images&hl=en&sa=X&tbo=d&biw=1280&bih=598&tbm=isch&tbnid=CexBO-0PzS9p9M:&imgrefurl=http://stuver.blogspot.com/2012/05/q-what-is-gravitational-wave.html&docid=SZ4K8cDoWITaAM&imgurl=http://2.bp.blogspot.com/-bVjek-SKFvA/T7WsnvObgXI/AAAAAAAAAVE/QBsWRH4O2C0/s1600/flat.jpeg&w=920&h=589&ei=lIClULPZAcjeiALKtIC4Dg&zoom=1&iact=hc&vpx=123&vpy=148&dur=2353&hovh=180&hovw=281&tx=158&ty=106&sig=105189716472272366778&page=1&tbnh=104&tbnw=163&start=0&ndsp=24&ved=1t:429,r:1,s:0,i:78�
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The Euclidean space has three ordinary dimensions of space, that are 
combined with a single dimension of “time” that is “space-like”; to form a four-
dimensional manifold for representing a flat space-time.  

 
In Euclidean space, two vectors are said to be orthogonal in a flat space. 

But Minkowski space differs by including hyperbolic-orthogonal actions in that flat 
space. 
 

Hermann Minkowski (1864 - 1909) in his work “The Fundamental 
Equations for Electromagnetic Processes in Moving Bodies” [7], describes 
space-time has having three ordinary dimensions of space, that are combined 
with a single dimension of “time” that is “time-like”; to form a four-dimensional 
manifold for representing a space-time. 

 
 The Minkowski space is then considered a pseudo-Euclidean space, 

where the orthonormal rotation is also a representation of a hyperbolic rotation.  
 
The Euclidean and Minkowski space, points in space, correspond to 

events in space-time; and events not on the light-cone are classified by their 
relation to the apex, of the space, as space-like or time-like. 
 

 
 

Both the Euclidean and Minkowski space describe physical systems, over 
finite distances of a “flat space” geometry for space, space-time, or the 
gravitational field. Likewise, both the Euclidean and Minkowski space are 
typically applied to the weak Newtonian gravitational fields, and in the absence 
of, or independent of a large mass, which is a source of the gravity field.  

 
When the Euclidean or Minkowski space, is being applied to strong 

gravitational fields, this is still considered “flat space”. The Euclidean or 
Minkowski space, is a condition of space, space-time, or the gravitational field 
where mass and the vacuum of space do not interact. 

http://en.wikisource.org/wiki/The_Fundamental_Equations_for_Electromagnetic_Processes_in_Moving_Bodies�
http://en.wikisource.org/wiki/The_Fundamental_Equations_for_Electromagnetic_Processes_in_Moving_Bodies�
http://en.wikipedia.org/wiki/File:World_line.svg�
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In a region of weak gravity fields, the Minkowski or Euclidean space 
space-time in that region becomes “flat” not just locally to the source, but is flat 
extended out to great distances very far away from the weak gravity source.  

 
For this reason Euclidean and Minkowski space is often referred to as 

“flat” space or “flat” space-time. The Euclidean and Minkowski space is “flat” in 
the presence of mass and weak gravity fields, and in that same region the space-
time is described by a curved 4-dimensional manifold for which the tangent 
space to any point is a 4-dimensional Minkowski space. 

 
The Pseudo-Euclidean Spherically Symmetric Metrics, predicts that there 

is a “Speed of Space or Space-time” ( ( )2t)v(r, ), and a Speed of Light ( 2
Lightc ) 

constant. 
 
Space-time – Square of the Speed of Light - Constant  

1.5 

Constant      
s

      
r

      
t

r
    c 2

2

2

2

2

2
Light2

Light  
d
d

 
d
d

 
d

d
 =











′
−=










=










=
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Space-time – Square of the Speed of Space (Vacuum Energy Velocity) 

1.6 
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→ 2
2

s
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The Minkowski Metric ( 2sd ) is independent of the mass or energy 

present in a localized space, space-time, or gravitational field. 
 
Spherically Symmetric Metric – Minkowski “Pseudo-Euclidean” Metric  

1.7 
 

 c       s 22
Light

2 τ ′⋅−= dd
    

→ 
2m

  
 
 
 

[ ]
θφ

2222
Light

22 r             tc          r       s Mapddd d Ω⋅+⋅−=
     

→ 
2m  

 
 
 

( )
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⋅+⋅+⋅
























−= 22222

2

2
Light2 sin        r           r 

t)v(r,
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Although the Euclidean and Minkowski space describes “flat space” it is 
still a good description for describing the “curvature” of space, space-time, 
gravitational fields, and gravity forces. Thus the structure of Euclidean and 
Minkowski space is still valid in the general description of gravitational fields 
given by General Relativity (GR). 
 

In Einstein’s [9] mathematical description of curvature of space-time of 
General Relativity Theory, the terms “metric” and “square of a line element” are 
used interchangeably. 
 
Spherically Symmetric Metric – Einstein “Non-Euclidean” Metric  

1.8 
νµ

µν dxdxd ⋅⋅= g        s2

    
→ 

2m  

 
The “Metric Coefficient” terms ( [ ]4  3,  2,  1,      ;  &  =νµ ), can take on values 

of one (1) to four (4). The value of one (1) represents “space”, the value of (2) 
represents “latitude direction space”, the value of three (3) represents “longitude 
direction space”, and the value of four (4) represents “time”. 

  
According to the above “metric” equation, the “line element” describes 

information about the causal structure of the space-time. 
 
The “metric” or “squared line element” is “time-like” when the 

Minkowski/Einstein Metric ( 0      s2 <d ).  
 

( )[ ]
θφ

22222
Light

2 r      r         tc    ;  when   ;     0      s Mapddd d Ω⋅+>⋅<  

 
The “metric” or “squared line element” is “light-like” when the 

Minkowski/Einstein Metric ( 0     s2 =d ). 
 

( )[ ]
θφ

22222
Light

2 r      r        tc    ;  when   ;     0      s Mapddd d Ω⋅+=⋅=  

 
The “metric” or “squared line element” is “space-like” when the 

Minkowski/Einstein Metric ( 0      s2 >d ).  
 

( )[ ]
θφ

22222
Light

2 r      r         tc    ;  when   ;     0      s Mapddd d Ω⋅+<⋅>  

 
In the case where there is a significant gravitational field present, and in 

the presence of a large mass, the space-time becomes curved or warped, in the 
local vicinity of the condensed matter, mass or energy.  
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Likewise, in the case where there is a significant gravitational field 
present, you have to abandon the “flat space” Euclidean and Minkowski, space of 
Special Relativity (SR), in favor of the “curved space” Einstein, Schwarzschild, 
and Riemannian, space of General Relativity (GR). 

 
Thus in general there are the “flat space” metrics of Euclid and Minkowski, 

and the “curved space” “Non-Euclidean” metrics of Einstein and Schwarzschild. 
 
The figure below describes a Euclidean Metric ( 2sd ), and various 

Spherically Symmetric Minkowski Metrics ( 2sd ); at various “speed of space 

(Vacuum Energy Velocity)” versus “speed of light” ratios ( ( )











Lightc
t)v(r, ).  

 

The larger the “speed of space” to the “speed of light” ratio ( ( )











Lightc
t)v(r, ), 

the more closely the Minkowski space-time follows exactly the Euclidean space-
time! 

 
Next, will be presented a graph that shows the Euclidean Metric, in 

contrast with the Minkowski/Einstein Metrics at different values of ( ( )











Lightc
t)v(r, ). 

 
The Euclidean and the Minkowski “Metrics” ( 2sd ) and geodesic “line 

elements” ( sd ), are “mass independent” equations that describe the causality 
of “flat” space, space-time, or the gravitational field. 

 
 

Spherically Symmetric Metric – Euclidean Metric  
1.9 
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Spherically Symmetric Metric – Minkowski “Pseudo-Euclidean” Metric  

1.10 
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The graph of the Euclidean and Minkowski Metrics ( 2sd ), showing the 

radial integration limits, which extend from the center of the gradient gravitational 
field ( 0  r  ≥ ), and into infinite distances ( ∞<   r   ), is given in this classical form 
below. 

∞<≤      r            0  
 
 

In the graph below the Spherically Symmetric Minkowski Metrics ( 2sd ) are 
shown at various velocity ratios: 
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And the Surface Curvature components are given by: 
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1.3. General Spherically Symmetric Metric – Schwarzschild Metric – Non-
Euclidean Metric 

 
 

It this section, it will be described a “new” generalized mathematical 
formalism for the Schwarzschild and Einstein “Non-Euclidean” Spherically 
Symmetric Metrics ( 2sd ). A “Non-Euclidean” Spherically Symmetric Metric ( 2sd ) 
is used to describe the causality of “gravity” or curvature of space, space-time, or 
gravitational field, in the presence of condensed matter, mass, and energy.  

 
“Classical Formalism” Spherically Symmetric Metric – Euclidean Metric – 
Flat Space, Space-time, or Gravitational Field Metric – Mass & Energy 
Independent 

1.11 
[ ]

θφ
2222 r             r       s Mapdd d Ω⋅+=

     
→ 

2m  
 
 

 
 
 
 
“New Formalism” Spherically Symmetric Metric – Non-Euclidean Metric – 
Curved/Warped Space, Space-time, or Gravitational Field – Mass & Energy 
Dependent 

1.12 
[ ]

θφ
νµ κµν

2222 r             r                  s MapCurvature dd dxdxd Ω⋅+⋅=⋅⋅= g
     

→ 
2m  

 
 

 
 

 

“New Formalism” – “Metric “Curvature” Coefficient” ( Curvatureκ )  
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http://upload.wikimedia.org/wikipedia/commons/2/22/Spacetime_curvature.png�


19 
Copyright © 2013 - Super Principia Mathematica – The Rage to Master Conceptual & Mathematical Physics 

The Non-Euclidean Spherically Symmetric Schwarzschild Metric ( 2sd ) 
named after Karl Schwarzschild (1916) [10], is a mathematical equation that 
describes, a real curving or warping of physical space, space-time, or a gradient 
gravitational field, that is spherically symmetric, surrounding a condensed matter, 
mass ( Netm ), or energy source. The Schwarzschild Metric ( 2sd ), is given in 
spherically symmetric mathematical formalism below; 
 
Spherically Symmetric Metric – Schwarzschild (Non-Euclidean) Metric  

1.13 























Ω⋅+























⋅⋅























−−
























−

=
θφ

2222
Light

ildSchwarzsch

ildSchwarzsch

2
2 r     tc

r
r

    1      

r
r

    1

r
   s Mapdd

d
 d  

 
 
 

νµ

µντ dxdxdd ⋅⋅=′⋅−= g         c       s 22
Light

2
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The above equation is an analogue of the classical Newtonian theory of 

gravitation, which corresponds to the gravitational field around a matter source; 
and in the classical Gauss theory of electricity, which corresponds to the electric 
field around a charge source.  
 

 
 
 

In Newtonian ( 2

2
Net

Force-Gravity-Self r
Gm

F
⋅

=  ), “Euclidean Flat Space” Gravitation 

Theory, the gravitational field, and the attraction between bodies, of differing 
masses, causes the smaller mass body to orbit the larger mass body; and the 
smaller mass, has a greater acceleration towards the center of the gradient 
gravitational field system body. 

http://upload.wikimedia.org/wikipedia/commons/2/22/Spacetime_curvature.png�
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In Schwarzschild Metric ( 2sd ) “Non-Euclidean Curved Space” 
Gravitation Theory, it similarly describes the gravitational field, and the attraction 
between bodies of differing mass, is caused by the curving or warping of space, 
space-time, or a gradient gravitational field, by the net inertial mass ( Netm ), of the 
gravitation system, “carved” out by the inertial mass ( Netm ) of the system. 
 
 

 
 
 
The curvature and gradient gravitational field described by the 

Schwarzschild Metric ( 2sd ), and warping of space caused by the net inertial 
mass ( Netm ) of the system, and this “forces” the smaller mass body to orbit the 
gradient gravitational field following a geodesic, in the curved space, space-time, 
or the gradient gravitational field.  

 
The curvature described by the Schwarzschild Metric ( 2sd ), also predicts 

that the closer a test mass body is towards the center of the gradient gravitational 
field, the greater the “acceleration” the test mass ( Testm ) experiences towards the 
center, of the system.  

 
The Schwarzschild Metric ( 2sd ) is a mathematical equation which 

describes a “geodesic” world “line element” ( sd ), with spherically symmetric 
curvature of space-time, in the “presence” of matter or the Net ( Netm ) Mass, of a 
localized gradient gravitational field; whose space-time extends from the surface 
of the Black Hole radius ( ildSchwarzschr  r  = ) and into infinite ( ∞=  r  ) distances of that 
localized space-time gravity field. 

 
The Schwarzschild Metric ( 2sd ) predicts that the curvature of space 

surrounding a “Black Hole” gravity source is equivalent to an Inhomogeneous 
Gradient Gravitational Field which also obeys the three (3) laws of motion of 
Keplerian Mechanics, of the gradient gravity field.  

 
  

http://www.google.com/imgres?q=flat+spacetime+images&hl=en&sa=X&tbo=d&biw=1280&bih=598&tbm=isch&tbnid=bNPC644FWDh5BM:&imgrefurl=http://www.dummies.com/how-to/content/einsteins-general-relativity-theory-gravity-as-geo.html&docid=D6dQzykh2iatbM&imgurl=http://media.wiley.com/Lux/67/183867.image0.jpg&w=535&h=165&ei=lIClULPZAcjeiALKtIC4Dg&zoom=1&iact=hc&vpx=828&vpy=176&dur=851&hovh=124&hovw=405&tx=340&ty=70&sig=105189716472272366778&page=1&tbnh=50&tbnw=162&start=0&ndsp=24&ved=1t:429,r:7,s:0,i:96�
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The gradient gravitational field, described by the Schwarzschild ( 2sd ) 
Metric is comprised of an infinite series of “spherical shell potentials”,  that 
originate at the “Black Hole Event Horizon” spherical volume, and extends into 
infinite distances, relative to the “Black Hole” source, and center of the gradient 
gravitational field. This model of the gradient gravity field is also a vortex system. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

In general, each and every one of the concentric spherical shells, or 
energy potentials of the “inhomogeneous” gradient gravitational field, of 
the gravitational vortex, is a “homogeneous” gravitational field. 
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The Schwarzschild Metric ( 2sd ), has a Black Hole Event Horizon, at the 

center of the gravitational field, with a fixed volume (  r
3

4   V 3
ildSchwarzschHole-B ⋅

⋅
=

π
ol ) 

and Schwarzschild Semi-Major Radius ( 2
Light

Net
ildSchwarzsch c

Gm2
   r

⋅⋅
= ) of the 

inhomogeneous gradient gravitational field. 
 

The Schwarzschild Metric ( 2sd ) predicts that the source of the 
inhomogeneous gradient gravitational field is given by Net inertial Mass ( Netm ), 
and is directly proportional to the “Black Hole” Schwarzschild Semi-Major Radius 

( 








 ⋅⋅
= 2

Light

Net
ildSchwarzsch c

Gm2
r ), and likewise is directly proportional to a localized 

infinite series, of extended inhomogeneous gradient gravitational field 

accelerations ( 








 ⋅
= 2

Net
Gravity r

Gm
g ), relative to the center of the Black Hole Event 

Horizon. 
GravityNetildSchwarzsch g         m          r ∝∝  

 
The exterior solution of the Schwarzschild Metric ( 2sd ), and exterior 

condition describes the curved physical space of the inhomogeneous gradient 
gravitational field, which extends, from the surface of the Black Hole 

Schwarzschild radius ( 








 ⋅⋅
== 2

Light

Net
ildSchwarzsch c

Gm2
r  r  ), and extends away from the 

source, into infinite ( ∞=  r  ) distances of space, space-time or the gravity field. 
 

The Schwarzschild Metric ( 2sd ) solution comes in two (2) forms, one is 
an “exterior solution” gradient gravitational field solution, and the other is an 
“interior solution” gravitational field solution. 

 
The Exterior solution corresponds to the space outside of the Black Hole 

Event Horizon, and Schwarzschild Semi-Major Radius ( ildSchwarzschr ).  
 

SolutionExterior :          r               r ildSchwarzsch ∞≤≤  
 
 

The Interior solution corresponds to the space within or inside the Black 
Hole Event Horizon, and Schwarzschild Semi-Major Radius ( ildSchwarzschr ). 
 

SolutionInterior :      r    r              0 ildSchwarzsch>≤  
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The Schwarzschild and Einstein “Metrics” ( 2sd ) and geodesic “line 
elements” ( sd ), are “mass dependent” equations that describe the causality of 
“curved” space, space-time, or the gravitational field. The Schwarzschild Metric 
( 2sd ) is described below. 
 
Spherically Symmetric Metric – Schwarzschild (Non-Euclidean) Metric  

1.14 
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The Schwarzschild Metric ( 2sd ) must also fit the new mathematical 

formalism, when using the space-time relations: 
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Space-time – Square of the Speed of Space (Vacuum Energy Velocity)  
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New Mathematical Formalism - Generalized Spherically Symmetric Metric 
1.18 
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“New” Schwarzschild Metric “Curvature” Coefficient ─ ( SCCurvatureκ ) 
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New Mathematical Formalism - Generalized Spherically Symmetric 
Schwarzschild (Non-Euclidean) Metric 
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The Schwarzschild Metric ( 2sd ) must also fit the new mathematical 
formalism, when the “Speed of Space (Vacuum Energy Velocity)” is equal to the 
“Speed of Light”; and using the space-time relation ( 22       t τdd = ): 

1.21 
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“New” Schwarzschild Metric “Curvature” Coefficient ─ ( SCCurvatureκ ) 
1.22 
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1.23 
Space & Angle (Curvature) – Schwarzschild Metric
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In all of the “modern literature” written on General Relativity, the 
Schwarzschild Metric ( 2sd ) yields predictable results in the “exterior solution” 
gravity field region; which extend from the Black Hole Event Horizon of the 
gradient gravitational field ( ildSchwarzschr  r  > ), and into infinite distances ( ∞<  r  ), is 
given in this classical form below. 

 

∞<<      r             r ildSchwarzsch

 

 
The Exterior solution corresponds to the space outside of the Black Hole 

Event Horizon, and Schwarzschild Semi-Major Radius ( ildSchwarzschr ).  
 

 

SolutionExterior :          r               r ildSchwarzsch ∞≤≤  
 
 

The Interior solution corresponds to the space within or inside the Black 
Hole Event Horizon, and Schwarzschild Semi-Major Radius ( ildSchwarzschr ). 
 

 

SolutionInterior :      r    r              0 ildSchwarzsch>≤  
 
 

This “modern literature” written on General Relativity, describes that the 
Schwarzschild Metric ( 2sd ) predicts “Two (2) Singularities” in the localized 
gradient gravitational field of the metric: 
 

There is one “Physical Singularity” located at zero radius ( 0  r  = ) of the 
gradient gravitational field. (          s2 ∞=d ) 

 
And there is a second “Coordinate Singularity” located at the Black 

Hole Event Horizon, Schwarzschild Radius ( ildSchwarzschr   r   = ) – (          s2 ∞=d ). 
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Because the Schwarzschild Metric ( 2sd ) predicts the “Physical 
Singularity” located at zero radius ( 0  r  = ), and the “Coordinate Singularity” 
located at the Black Hole Event Horizon, Schwarzschild Radius ( ildSchwarzschr   r   = ), 
of the gradient gravitational field, this has caused the mainstream physics 
community to reject the Schwarzschild Metric ( 2sd ), in favor of: Kruskal–
Szekeres coordinates, Eddington–Finkelstein coordinates, and Rindler 
coordinate; and which neither have a “Coordinate Singularity”. 

 
Below is a graph of the Schwarzschild Metric ( 2sd ). 
 
The Schwarzschild Metric ( 2sd ) predicts the “Physical Singularity” 

located at zero radius, is a value that approaches zero, as the radius approaches 
zero. The “Physical Singularity” is a natural artifact for any Non-Euclidean 
metric. 
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The “Coordinate Singularity” is not a natural artifact for any Non-
Euclidean metric. My goal is to find a solution to the “Coordinate Singularity” 
located at the Black Hole Event Horizon, Schwarzschild Radius ( ildSchwarzschr   r   = ), 
of the Schwarzschild Metric ( 2sd ). 
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1.4. General Spherically Symmetric Metric – Schwarzschild Metric – Non-
Euclidean Metric – Dynamic Fluid Pressure Gradient Solution 

 
 

The Schwarzschild “Non-Euclidean” Metric ( 2sd ) describes a 
“dynamic” differential geometry metric, and a line element, that describes the 
curvature of space, space-time, and the gravitational field; and must be used in 
conjunction, with a fluid mechanical model, Perfect Fluid “Dynamic” Vacuum 
Energy Solution for the causality gravitation. 

 
The “Schwarzschild Metric” Spherically Symmetric gradient gravitational 

field vortex system body, describes a dynamic “Refraction/Condensing 
Pressure” ( Pressure-nRarefactioP∆ ), which changes in direct proportion to one third, the 

Inertial Volume Mass Density ( 









−⋅⋅

r
r

    1
3
1 ildSchwarzsch

Netρ ), of the gradient 

gravitational vortex system body.  
 











−⋅⋅∝∆

r
r

      1
3
1        P ildSchwarzsch

NetPressure-nRarefactio ρ  

 
 

The Schwarzschild solution, predicts the following equation for the 
Isotropic Rarefaction Pressure of Gravitation ( Pressure-nRarefactioP∆ ) 
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The “Schwarzschild” Spherically Symmetric Metric ( 2sd ) corresponds to a 
gradient gravitational vortex system, where the, “Refraction/Condensing 
Pressure” ( 0 P Pressure-nRarefactio =∆ ) on the exterior surface, of the Black Hole Event 
Horizon, is zero; ( ildSchwarzschr     r = ). 
 
Isotropic Rarefaction Pressure of Gravitation ( Pressure-nRarefactioP∆ ) at Black Hole 
Event Horizon ( ildSchwarzschr     r = ) 

1.26 
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Therefore I believe that the Schwarzschild Solution is the correct solution 
where the, “Refraction/Condensing Pressure” ( 0 P Pressure-nRarefactio =∆ ) on the exterior 
surface, of the Black Hole Event Horizon, is zero; ( ildSchwarzschr     r = ); and is non-
zero everywhere else. 
 

The Perfect Fluid “Dynamic” Vacuum Energy Solution above satisfies 
the Schwarzschild Spherically Symmetric Metric ( 2sd ) and “line element” ( sd ); 
which is a “mass dependent” equation that describes the causality of “curved” 
space, space-time, or the gravitational field. The Schwarzschild Metric ( 2sd ) is 
described below. 
 
Spherically Symmetric Metric – Schwarzschild (Non-Euclidean) Metric  
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1.5. General Spherically Symmetric Metric – Einstein Metric – Non-
Euclidean Metric – Static Fluid Pressure Gradient Solution 

 
 

Next, we will discuss the Albert Einstein, Spherically Symmetric ( 2sd ) 

Metric. The Einstein Metric ( 2sd ) is given by the Static Vacuum Energy 
Solution and condition.  

 
The Einstein “Non-Euclidean” Metric ( 2sd ) describes a “static” 

geometry and a line element, that describes the curvature of space, space-time, 
and the gravitational field; and must be used in conjunction, with a fluid 
mechanical model, Perfect Fluid “Static” Vacuum Energy Solution for the 
causality gravitation. 
 

The Einstein solution, predicts the following equation for the Isotropic 
Aether Gravitational Field Pressure ( Pressure-Gravity-AetherP ) 

1.28 
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The Einstein solution, predicts that the Isotropic Aether Gravitational 

Field Pressure ( Pressure-Gravity-AetherP ) varies in direct proportional to one third the 

Inertial Volume Mass Density ( 
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field; and varies inversely proportional to the cube of the distance ( 3r
1 ), relative to 

the center of the gradient gravitational field of a vortex system body. 
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In the Einstein Metric ( 2sd ) Static Vacuum Energy Solution the 

gradient “Rarefaction Pressure” ( ( )2
LightNetPressure-Gravity-Aether c

3
1P ⋅⋅= ρ ), is 

inhomogeneous  and distributed in a normalized density gradient, of an infinite 
series of spherically symmetric shells, of potential energy; including on the 
surface of the Black Hole Event Horizon. 

 
The “Einstein” Spherically Symmetric Metric ( 2sd ) corresponds to a 

gradient gravitational vortex system, where the, “Refraction/Condensing 
Pressure” ( 0     P Pressure-nRarefactio ≠∆ ) on the exterior surface, of the Black Hole Event 
Horizon, is non zero; ( ildSchwarzschr     r = ). 
 

The fluid mechanical model, Perfect Fluid “Static” Vacuum Energy 
Solution describes a condition where there is inhomogeneous gradient “Inertial 

Volume Mass Density” ( ( )2
LightNetPressure-Gravity-InertialPressure-Gravity-Aether c

3
1P2    P ⋅⋅=⋅= ρ ), 

equal to a “static” fixed value, at the Black Hole Event Horizon. 
 
 
Isotropic Rarefaction Pressure of Gravitation ( 0P Pressure-nRarefactio =∆ ) at Black 
Hole Event Horizon ( ildSchwarzschr     r = ) 
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Isotropic Aether Gravitational Field Pressure ( Pressure-Gravity-AetherP ) at Black Hole 
Event Horizon ( ildSchwarzschr     r = ) 
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In the Static Vacuum Energy Solution this condition is described by the 
Spherically Symmetric, mathematics of the Einstein Metric ( 2sd ). 
 
Spherically Symmetric Metric – Einstein (Non-Euclidean) Metric  

1.32 
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The Einstein Metric ( 2sd ) solution comes in two (2) forms, one is an 

“exterior solution” gradient gravitational field solution, and the other is an “interior 
solution” gravitational field solution. 

 
The Exterior solution corresponds to the space outside of the Black Hole 

Event Horizon, and Schwarzschild Semi-Major Radius ( ildSchwarzschr ).  
 

SolutionExterior :          r               r ildSchwarzsch ∞≤≤  
 
 

The Interior solution corresponds to the space within or inside the Black 
Hole Event Horizon, and Schwarzschild Semi-Major Radius ( ildSchwarzschr ). 
 

SolutionInterior :      r    r              0 ildSchwarzsch>≤  
 
 

http://upload.wikimedia.org/wikipedia/commons/2/22/Spacetime_curvature.png�
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The Einstein Metric ( 2sd ) must also fit the new mathematical formalism, 
when using the space-time relations, for the speed of light, and the speed of 
space; given below. 

 
Space-time – Square of the Speed of Light 

1.33 
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Space-time – Square of the Speed of Space (Vacuum Energy Velocity)  
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1.6. New Mathematical Formalism – General Spherically Symmetric 
Metric – Einstein Metric – Non-Euclidean Metric 

 
 
New Generalized Spherically Symmetric Metric 

1.35 
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“New” Einstein Metric “Curvature” Coefficient ─ ( EinsteinCurvatureκ ) 
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New Generalized Spherically Symmetric Einstein (Non-Euclidean) Metric 
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The Einstein Metric ( 2sd ) must also fit must also fit the new mathematical 
formalism, when the “Speed of Space (Vacuum Energy Velocity)” is equal to the 
“Speed of Light”; and using the space-time relation ( 22       t τdd = ). 

1.38 
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“New” Einstein Metric “Curvature” Coefficient ─ ( EinsteinCurvatureκ ) 
1.39 
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New Generalized Spherically Symmetric Einstein (Non-Euclidean) Metric 

1.40 
Space & Angle (Curvature) – Einstein Metric
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The Einstein Metric ( 2sd ) yields predictable results in the “exterior 
solution” gravity field region; which extend from the Black Hole Event Horizon of 
the gradient gravitational field ( ildSchwarzschr  r  > ), and into infinite distances ( ∞<  r  ), 
is given in this classical form below. 
 

∞<<      r             r ildSchwarzsch

 

 
 

The Einstein Metric ( 2sd ) predicts “Two (2) Singularities” in the localized 
gradient gravitational field of the metric: 
 

There is one “Physical Singularity” located at zero radius ( 0  r  = ) of the 
gradient gravitational field. (          s2 ∞=d ) 

 
And there is a second “Coordinate Singularity” located at the Black 

Hole Event Horizon, Schwarzschild Radius ( ildSchwarzschr   r   = ) – (          s2 ∞=d ). 
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Because the Einstein Metric ( 2sd ) predicts a “Physical Singularity” 

located at zero radius ( 0  r  = ), and a “Coordinate Singularity” located at the 
Black Hole Event Horizon, Schwarzschild Radius ( ildSchwarzschr   r   = ), of the gradient 
gravitational field, this has caused the mainstream physics community to reject 
the Einstein Metric ( 2sd ), in favor of: Kruskal–Szekeres coordinates, Eddington–
Finkelstein coordinates, and Rindler coordinate; and which neither have a 
“Coordinate Singularity”. 

 
Below is a graph of the Einstein Metric ( 2sd ). 
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The Einstein Metric ( 2sd ) predicts the “Physical Singularity” located at 
zero radius, is a value that approaches zero, as the radius approaches zero. The 
“Physical Singularity” is a natural artifact for any Non-Euclidean metric. 
 
( 0      s     ;     0   r   2 →→ d )  Then  ( ∞==       s     ;     0   r   2d ) 
 

And 
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t)v(r,

c
2

2
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The “Coordinate Singularity” is not a natural artifact for any Non-

Euclidean metric. My goal is to find a solution to the “Coordinate Singularity” 
located at the Black Hole Event Horizon, Schwarzschild Radius ( ildSchwarzschr   r   = ), 
of the Schwarzschild Metric ( 2sd ). 
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The Einstein Metric ( 2sd ) & Schwarzschild Metric ( 2sd ) 

 
 
 
The Euclidean Metric ( 2sd ), Minkowski Metric ( 2sd ), Einstein Metric ( 2sd ), & 

Schwarzschild Metric ( 2sd ) 
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2. Conclusion 
 

 
This work was written to physicists that are interested in understanding 

from a conceptual view, the rationale for selecting “Flat Geometry” Euclidean 
Space, or selecting a “Curved Geometry” Non-Euclidean Space; and whether to 
choose the Einstein Metric or the Schwarzschild Metric, as description for 
causality of gravity, or general motion in a gravitational field.  

 
This paper described the conceptual and mathematical description of the 

differential geometry, of flat and curved space, space-time, or gravitational fields, 
using the “metric theory” mathematics of Euclidean, Minkowski, Einstein, and 
Schwarzschild, Spherically Symmetric metrics, and geodesic line elements. 

 
This paper also gives a new generalized mathematical formalism for 

describing “Non-Euclidean” Spherically Symmetric Metrics, of space, space-time, 
or the gravitational field, using a generalized “Metric “Curvature” ( Curvatureκ ) 
Coefficient”.  

 
It was demonstrated that the Non-Euclidean Spherically Symmetric 

Metric ( 2sd ) equations predicts that there is a “Physical Singularity” located at 
zero radius ( 0  r  = ), and a “Coordinate Singularity” located at the Black Hole 
Event Horizon, Schwarzschild Radius ( ildSchwarzschr   r   = ), of the gradient 
gravitational field, in consideration.  

 
The “Physical Singularity” is the approaching of an infinity small number 

as “space and time” approaches zero in the center, of gradient gravitational field 
of any isolated and localized, gravitational vortex system body, and is a natural 
artifact of a Non-Euclidean space, space-time, or gravitational field. 

 
The “Coordinate Singularity” is a “problem”, and is the approaching of 

an infinity large number as “space and time” approaches the Black Hole Event 
Horizon, Schwarzschild Radius ( ildSchwarzschr   r   = ), of the gradient gravitational 
field, of any isolated and localized, gravitational vortex system body. The 
“Coordinate Singularity” is an anomaly, in the mathematics of a particular 
choice of Non-Euclidean Spherically Symmetric Metric ( 2sd ) equation, used to 
describe the localized space, space-time, or gravitational field, in consideration.  

 
In another paper I will present a solution to this “Coordinate Singularity” 

problem! 
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The Schwarzschild and the Einstein “Non-Euclidean” Metrics ( 2sd ) as 
discussed in this paper, describes the causality and geometry, of the curvature of 
space, space-time, and the gravitational field, and is used in conjunction, with a 
fluid mechanical model, Perfect Fluid “Static or Dynamic” Vacuum Energy 
Solution for the causality gravitation. 

 
This paper postulates a “Vacuum Energy Perfect Fluid” model and a “Dark 

Matter Force and Pressure” associated with the Non-Euclidean Spherically 
Symmetric metric equations, and also gives a conceptual and mathematical 
description and rationale, for selecting the Schwarzschild Metric over the Einstein 
Metric, as a physical description of the gradient gravitational, field surrounding a 
localized net inertial mass/matter source. 

 
In the next paper, I will discuss the specifics of the “Vacuum Energy 

Perfect Fluid” model and a “Dark Matter Force and Pressure” associated with the 
Non-Euclidean Spherically Symmetric metric equations. 
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Below are the topics that were discussed in this paper: 
 
 

• 1.1 Introduction to Basic Concepts of Euclidean and Non-Euclidean 
Geometry and Spherically Symmetric Metrics 

 
 

• 1.2 General Spherically Symmetric Metric – Euclidean and Minkowski 
(Pseudo-Euclidean) Metrics 

 
 

• 1.3 General Spherically Symmetric Metric – Schwarzschild Metric – Non-
Euclidean Metric 
 
 

• 1.4 General Spherically Symmetric Metric – Schwarzschild Metric – Non-
Euclidean Metric – Dynamic Fluid Pressure Gradient Solution 

 
 

• 1.5 General Spherically Symmetric Metric – Einstein Metric – Non-
Euclidean Metric – Static Fluid Pressure Gradient Solution 

 
 

• 1.6 New Mathematical Formalism – General Spherically Symmetric 
Metric – Einstein Metric – Non-Euclidean Metric 
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Abstract



In this paper a general introduction to basic concepts for the geometric description of Euclidean “Flat-Space” Geometry and Non-Euclidean “Curved-Space” Geometry, and Spherically Symmetric Metric equations which are used for describing the causality and motion of the “Gravitational” interaction between mass with vacuum energy space, and the mass interaction with mass. 



This paper gives a conceptual and mathematical description of the differential geometry, of flat and curved space, space-time, or gravitational fields, using the “metric theory” mathematics of Euclidean, Minkowski, Einstein, and Schwarzschild, Spherically Symmetric metrics, and geodesic line elements.



This paper postulates a “Vacuum Energy Perfect Fluid” model and a “Dark Matter Force and Pressure” associated with the Non-Euclidean Spherically Symmetric metric equations, and also gives a conceptual and mathematical description and rationale, for selecting the Schwarzschild Metric over the Einstein Metric, as a physical description of the gradient gravitational, field surrounding a localized net inertial mass/matter source.



This paper also gives a new generalized mathematical formalism for describing “Non-Euclidean” Spherically Symmetric Metrics, of space, space-time, or the gravitational field, using a generalized “Metric “Curvature” Coefficient”.
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1. [bookmark: _Introduction]Introduction





This work is written to physicists that are interested in understanding from a conceptual view, the rationale for selecting “Flat Geometry” Euclidean Space, or selecting a “Curved Geometry” Non-Euclidean Space; as causality for gravity, and motion of the “Gravitational” interaction between mass with vacuum energy space, and the mass interaction with mass.



In this paper, I do weave some of my own theory, ideas, and mathematics into these well established physics concepts and mathematics; therefore, this work is written for those that have a very good basis and understanding, of the concepts of differential geometry, and General Relativity; to be able to distinguish what is newly proposed, and what is being discussed in general throughout this paper.







Likewise this work is written to physicists that are interested in understanding why a Schwarzschild Spherically Symmetric Metric (), is preferred over the Einstein Spherically Symmetric Metric (); which is based on a particular choice of “pressure” and “density” in the universe, and on the surface of the Black Hole Event Horizon, source of a localized gradient gravitational field. 





A “Spherically Symmetric Metric” () is used for describing the “flat” or “curved” Differential Geometry of Space, Time, & Surfaces, of spherically symmetric space, space-time, or gravitational field, in the presence or absence of condensed matter. 



In this work I have limited the discussion only to the: Euclidean, Minkowski, Einstein, and Schwarzschild Spherically Symmetric Metrics of space, space-time, or the gravitational field, however there are many other geometric “metric” equations, and theories of gravitation, that are accepted by the mainstream physics. And there are many “Spherically Symmetric Metrics” that are in use in physics today. 





In a paper written by M.S.R. Delgaty and Kayll Lake (1998) “Physical Acceptability of Isolated, Static, Spherically Symmetric, Perfect Fluid Solutions of Einstein’s Equations”[1], they describe various “Spherically Symmetric Metrics” () equations.



M.S.R. Delgaty and Kayll Lake ”[1], state, 



“It is fair to say then that most of the spherically symmetric perfect fluid “exact solutions” of Einstein’s field equations that are in the literature are of no physical interest.”

And likewise in a paper by, Petarpa Boonserm, Matt Visser, and Silke Weinfurtner (2005) “Generating perfect fluid spheres in general relativity” [2], they describe that there are over 127 solutions to the “Spherically Symmetric Metrics”. 



But only nine (9) of those “metric” equations satisfy the criteria for predicting actual physical measurable results. 





The various “Spherically Symmetric Metric” (), equations which are either Euclidean or Non-Euclidean, describes physical and observable results of gravitational interaction between mass and space, and between mass and mass, predicts that the vacuum energy, and inertial matter in motion interact, through a space, space-time, or gravitational field, that is either flat or curved, and surrounding a localized gravity source, that is either matter dependent, or matter independent, is described in the following sections of this paper. 





My goal is to bring into correlation, the concepts of “Gravitational Force” of the Newtonian style, and the concepts of Non-Euclidean geometric “curvature of space-time” as described by the mathematical differential geometry of the “Spherically Symmetric Metric” () of space, space-time, or a gravitational field, and due to the presence or absence of mass or matter as the source of a gradient gravitational field, in a localized region of the universe.









Also I will introduce a new generalized mathematical formalism for describing the “Spherically Symmetric Metric” (), by expression of a term known as the “Metric “Curvature” Coefficient” (). The “Metric “Curvature” Coefficient” () is term and quantity, used for describing the “amount of curvature” due to motion through a perfect fluid vacuum energy, and the presence or absence of mass or matter as the source of a gradient gravitational field, in a localized region of the universe.





The Non-Euclidean “Spherically Symmetric Metric” () which describes the actual physical geometry of space, space-time or a gravitational field, is used to describe space where there is condensed matter, mass, and energy; as will be described in following section of this paper. 





Furthermore, the “Spherically Symmetric Metric” () can describe the space, space-time or a gravitational field, of or surrounding the: universe, stars, planets, galaxies, quasars, electrons, protons, neutrons, atoms, molecules, photons, etc…




1.1. [bookmark: _Introduction_to_Basic]Introduction to Basic Concepts of Euclidean and Non-Euclidean Geometry and Spherically Symmetric Metrics





The goal of this section is to describe an algorithm for describing a general “Spherically Symmetric Metric”, which can predict Euclidean and Non-Euclidean Metrics, in a “flat” or “curved” space, space-time, or gravitational field.









For any surface, embedded in a Euclidean space of three (3) dimensions or higher, it is possible to measure: the length of a curve () on the surface, the angle () between any two curves on the surface, and the area () of a region on the surface. This concept is extended into greater than three dimensions with Bernhard Riemann Geometry (1826 - 1866).







This surface embedded (mapping one surface to another surface) structure to any space, space-time, or gravitational field, is encoded infinitesimally in a generalized spherically symmetric metric, on the surface, through geodesic line elements () and area elements (). 





Carl Friedrich Gauss (1777 - 1855) in his “Theorema Egregium” [3], which is Latin for "remarkable theorem", states that Gaussian curvature of a surface can be determined from the measurements of length () on the surface itself.





This “extraordinary” result shows that the Gaussian curvature of a surface can be computed solely in terms of a “Metric” (), and is thus an intrinsic invariant of the surface. The Gaussian curvature is invariant under isometric deformations of the surface. 



[image: http://upload.wikimedia.org/wikipedia/commons/thumb/4/4a/Gaussian_curvature.PNG/220px-Gaussian_curvature.PNG]



Gaussian curvature can be used to describe the position, location, or a change in position or location, of any object on a surface in space. 








The “remarkable” result predicted by Gauss, is that the curvature does not depend on its surface embedding, and in spite of all bending and twisting deformations, undergone during rotations; a surface can be determined from the measurements of length () on the surface itself, which is described by a Metric ().





The Gaussian curvature of a surface is independent of any embedding (mapping one surface to another surface) and is unchanged under coordinate transformations. In general the isometrics of all surfaces preserve Gaussian curvature, during bending, twisting, deformations, and rotations; which is described by a Metric ().







In Riemannian geometry, Gauss's lemma predicts that any small sphere centered at a point in any surface or Riemannian manifold, is perpendicular to every geodesic through the point.  The geodesic is describes by a Metric () with line element () on the surface of a space, space-time, or gravitational field; that is either a “flat space” geometry or “curved space” geometry.



[image: ]







Getting a good understanding for what a metric describes is crucial for describing the space and time considerations of Special Relativity (SR) and General Relativity (GR). In (SR) and (GR) the concept of the “Metric” (), is used to describe a line element () on the surface of a space, space-time, or gravitational field; that is either a “flat space” geometry or “curved space” geometry.



A “Euclidean” Metric (), in Newtonian Gravitation (NG), describes a gravitational field as a “flat space”, and may be thought of as a concept where mass attracts mass, from across the vastness of empty “flat space”. 





A “Non-Euclidean” Metric (), in General Relativity (GR) may be thought of as a generalization of the gravitational field, in a “curved space or space-time”. The curvature is a form of “attraction” and is a result of the presence of the mass bodies in interaction; with a similar analogy to the Newtonian gravitation attraction concept.





The Metric () captures all the geometric and causal structure of space, space-time or a gravitational field, which are used to define notions such as distance, volume, curvature, angle, future and past.





For any Gaussian Surface or Riemannian Manifold, the sum of the angles of any triangle, described on a surface is given by any Metric ():



· is equal to 180° if the geometry is Euclidean; 

· is less than 180° if the geometry is Non-Euclidean hyperbolic; 

· is greater than 180° if the geometry is Non-Euclidean elliptic



[image: ]



This introduces a conceptual difference between the straight lines of the Euclidean geometry, and the curves of Non-Euclidean geometry, which physically bend in space. This "bending" property of space is not a property of the “Euclidean” or “Pseudo-Euclidean” lines elements and mathematics; but is only described by the “Non-Euclidean” lines elements and mathematics.

Thus Euclidean geometry describes straight lines in flat space geometry, and Non-Euclidean describes hyperbolic geometry and elliptic geometry in curved space geometry.

[image: End_of_universe]



Another way of considering the differences between the Euclidean and Non-Euclidean geometries, are to consider two straight lines, infinitely extended in a two-dimensional plane that are both perpendicular to a third line:



· In Euclidean “flat” geometry the lines in a space, space-time or gravitational field remain in a “flat space” at a constant distance from each other, even if extended into infinity, and are known as parallels. 



The Euclidean “flat” geometry is independent of any condensed “mass” or “energy” in that “flat space”.



· In Non-Euclidean “open” hyperbolic geometry the lines in a space, space-time or gravitational field "curve away" from each other, increasing in distance as one moves further from the points of intersection with the common perpendicular. 



The Non-Euclidean “open” hyperbolic geometry is “curvature” that is dependent of the condensed “mass” or “energy” in that “curved space”.



· In Non-Euclidean “Closed” elliptical geometry the lines in a space, space-time or gravitational field " curve toward" from each other, decreasing in distance as one moves towards the points of intersection. 



The Non-Euclidean “Closed” elliptical geometry is “curvature” that is dependent of the condensed “mass” or “energy” in that “curved space”.

[image: When we say that the universe is flat, what does that really mean? The possible topologies of space-time are: open, flat and closed. A useful parameter when talking about the curvature of the universe is the density parameter given by omega (Ω) where Ω = Ωm + Ωrel + ΩΛ. The first term is the mass density given by ordinary, baryonic matter. The second term is the equivalent mass density of relativistic particles made up of electromagnetic energy and neutrinos. The last term is the effective mass of the universe dominated by dark energy (the cosmological constant.) The density parameter of the universe is given by the density divided by the critical density to result in a flat universe. If the density in the universe is exactly equal to the required density to inhabit a flat universe, Ω will be equal to 1. Current measurements give that Ω = 1.005 +/- 0.0007. Our universe is nearly flat! This can be seen using the Cosmic Microwave Background using a simple relationship.
Since the fluctuations in the CMB data are standard rulers, the curvature of the universe will determine the angular size of the fluctuations and thus the apparent size of the fluctuations will suggest the curvature of the universe. In an open universe, the curvature of space-time will distort light such that the fluctuations will seem smaller than they really are. On the contrary, in a closed universe, the fluctuations will seem larger than they really are. In complete accordance with simulations of a flat universe, the fluctuations of the CMB data signify a flat universe: the universe has nearly exactly the critical density to result in a flat universe.]





The “Spherically Symmetric Metric” () which describes the actual physical geometry of space, space-time or a gravitational field, can be used to describe space where there is condensed matter, mass, and energy. 



The “Spherically Symmetric Metric” () can describe the space, space-time or a gravitational field, of or surrounding the: universe, stars, planets, galaxies, quasars, electrons, protons, neutrons, atoms, molecules, photons, etc…

[image: ]

1.2. [bookmark: _General_Spherically_Symmetric]General Spherically Symmetric Metric – Euclidean and Minkowski (Pseudo-Euclidean) Metrics





In the differential geometry of theoretical physics, the Minkowski space is often contrasted with Euclidean space because they are both considered “flat space” geometry for space, space-time, or the gravitational field. 





The Metric () which describes the geometry of space, space-time or a gravitational field, can be used to describe space where there is condensed matter, mass, and energy. And can describe the space, space-time or a gravitational field, of or surrounding the: universe, stars, planets, galaxies, quasars, electrons, protons, neutrons, atoms, molecules, photons, etc…



In the differential geometry of theoretical physics, the Euclidean space describes the "ordinary" triangle distance given by the Pythagorean calculation, on a flat space, and describes the physical space, between two points that one would measure with a ruler, and using the Pythagorean formula.



[image: ]

The Euclidean space has only space-like dimensions, and a Minkowski space has the space-like dimensions and one time-like dimension. On an orthonormal basis the Euclidean Space is a four-dimensional real vector space with signature (+, +, +), (x, y, z).









The Euclidean Metric () is a Spherically Symmetric Metric that describes the differential geometry of “Flat” space/space-time; and is defined as the “net sum” of a square differential radial () component, and the “invariant” or “co-variant” square differential surface component (), of a “Flat” space/space-time.



[image: http://t1.gstatic.com/images?q=tbn:ANd9GcRJ83wOKTkfesNIMpjLlD3xBY0ZOR93H9_MYRV9W4NPdOeYcMDS]







The Euclidean Metric () is independent of the mass or energy present in a localized space, space-time, or gravitational field.



Spherically Symmetric Metric – Euclidean Metric 

1.1 







      















The Euclidean Space in four-dimensional Cartesian vector space, with signature (+, +, +), (x, y, z).

1.2 







      









  









The Minkowski Metric () is a Spherically Symmetric Metric that is considered “Pseudo-Euclidean”. The Minkowski Metric () describes the differential geometry of a “Flat” space-time; and is “net difference” between the square differential radial () “flat” space-time component, and the “light cone” “space-time square differential surface component (), of a “Flat” space-time.



[image: http://t1.gstatic.com/images?q=tbn:ANd9GcRJ83wOKTkfesNIMpjLlD3xBY0ZOR93H9_MYRV9W4NPdOeYcMDS]





The Minkowski Metric () is independent of the mass or energy present in a localized space, space-time, or gravitational field.



Spherically Symmetric Metric – Minkowski “Pseudo-Euclidean” Metric 

1.3 





      









        

























On an orthonormal basis the Minkowski Space is also a four-dimensional Cartesian vector space with signature (−, +, +, +), (-t, x, y, z). 

1.4 







      











  

The Euclidean space has three ordinary dimensions of space, that are combined with a single dimension of “time” that is “space-like”; to form a four-dimensional manifold for representing a flat space-time. 



In Euclidean space, two vectors are said to be orthogonal in a flat space. But Minkowski space differs by including hyperbolic-orthogonal actions in that flat space.



Hermann Minkowski (1864 - 1909) in his work “The Fundamental Equations for Electromagnetic Processes in Moving Bodies” [7], describes space-time has having three ordinary dimensions of space, that are combined with a single dimension of “time” that is “time-like”; to form a four-dimensional manifold for representing a space-time.



 The Minkowski space is then considered a pseudo-Euclidean space, where the orthonormal rotation is also a representation of a hyperbolic rotation. 



The Euclidean and Minkowski space, points in space, correspond to events in space-time; and events not on the light-cone are classified by their relation to the apex, of the space, as space-like or time-like.



[image: World line.svg]



Both the Euclidean and Minkowski space describe physical systems, over finite distances of a “flat space” geometry for space, space-time, or the gravitational field. Likewise, both the Euclidean and Minkowski space are typically applied to the weak Newtonian gravitational fields, and in the absence of, or independent of a large mass, which is a source of the gravity field. 



When the Euclidean or Minkowski space, is being applied to strong gravitational fields, this is still considered “flat space”. The Euclidean or Minkowski space, is a condition of space, space-time, or the gravitational field where mass and the vacuum of space do not interact.

In a region of weak gravity fields, the Minkowski or Euclidean space space-time in that region becomes “flat” not just locally to the source, but is flat extended out to great distances very far away from the weak gravity source. 



For this reason Euclidean and Minkowski space is often referred to as “flat” space or “flat” space-time. The Euclidean and Minkowski space is “flat” in the presence of mass and weak gravity fields, and in that same region the space-time is described by a curved 4-dimensional manifold for which the tangent space to any point is a 4-dimensional Minkowski space.







The Pseudo-Euclidean Spherically Symmetric Metrics, predicts that there is a “Speed of Space or Space-time” (), and a Speed of Light () constant.



Space-time – Square of the Speed of Light - Constant 

1.5 





      



Space-time – Square of the Speed of Space (Vacuum Energy Velocity)

1.6 





      





The Minkowski Metric () is independent of the mass or energy present in a localized space, space-time, or gravitational field.



Spherically Symmetric Metric – Minkowski “Pseudo-Euclidean” Metric 

1.7 







     













      















Although the Euclidean and Minkowski space describes “flat space” it is still a good description for describing the “curvature” of space, space-time, gravitational fields, and gravity forces. Thus the structure of Euclidean and Minkowski space is still valid in the general description of gravitational fields given by General Relativity (GR).



In Einstein’s [9] mathematical description of curvature of space-time of General Relativity Theory, the terms “metric” and “square of a line element” are used interchangeably.



Spherically Symmetric Metric – Einstein “Non-Euclidean” Metric 

1.8 





     





The “Metric Coefficient” terms (), can take on values of one (1) to four (4). The value of one (1) represents “space”, the value of (2) represents “latitude direction space”, the value of three (3) represents “longitude direction space”, and the value of four (4) represents “time”.

 

According to the above “metric” equation, the “line element” describes information about the causal structure of the space-time.





The “metric” or “squared line element” is “time-like” when the Minkowski/Einstein Metric (). 











The “metric” or “squared line element” is “light-like” when the Minkowski/Einstein Metric ().











The “metric” or “squared line element” is “space-like” when the Minkowski/Einstein Metric (). 









In the case where there is a significant gravitational field present, and in the presence of a large mass, the space-time becomes curved or warped, in the local vicinity of the condensed matter, mass or energy. 



Likewise, in the case where there is a significant gravitational field present, you have to abandon the “flat space” Euclidean and Minkowski, space of Special Relativity (SR), in favor of the “curved space” Einstein, Schwarzschild, and Riemannian, space of General Relativity (GR).



Thus in general there are the “flat space” metrics of Euclid and Minkowski, and the “curved space” “Non-Euclidean” metrics of Einstein and Schwarzschild.









The figure below describes a Euclidean Metric (), and various Spherically Symmetric Minkowski Metrics (); at various “speed of space (Vacuum Energy Velocity)” versus “speed of light” ratios (). 





The larger the “speed of space” to the “speed of light” ratio (), the more closely the Minkowski space-time follows exactly the Euclidean space-time!





Next, will be presented a graph that shows the Euclidean Metric, in contrast with the Minkowski/Einstein Metrics at different values of ().







The Euclidean and the Minkowski “Metrics” () and geodesic “line elements” (), are “mass independent” equations that describe the causality of “flat” space, space-time, or the gravitational field.





Spherically Symmetric Metric – Euclidean Metric 

1.9 







      





Spherically Symmetric Metric – Minkowski “Pseudo-Euclidean” Metric 

1.10 







    





[image: http://t1.gstatic.com/images?q=tbn:ANd9GcRJ83wOKTkfesNIMpjLlD3xBY0ZOR93H9_MYRV9W4NPdOeYcMDS]









The graph of the Euclidean and Minkowski Metrics (), showing the radial integration limits, which extend from the center of the gradient gravitational field (), and into infinite distances (), is given in this classical form below.











In the graph below the Spherically Symmetric Minkowski Metrics () are shown at various velocity ratios:



 



And the Surface Curvature components are given by:



 



[image: ]

1.3. [bookmark: _General_Spherically_Symmetric_1]General Spherically Symmetric Metric – Schwarzschild Metric – Non-Euclidean Metric









It this section, it will be described a “new” generalized mathematical formalism for the Schwarzschild and Einstein “Non-Euclidean” Spherically Symmetric Metrics (). A “Non-Euclidean” Spherically Symmetric Metric () is used to describe the causality of “gravity” or curvature of space, space-time, or gravitational field, in the presence of condensed matter, mass, and energy. 



“Classical Formalism” Spherically Symmetric Metric – Euclidean Metric – Flat Space, Space-time, or Gravitational Field Metric – Mass & Energy Independent

1.11 
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“New Formalism” Spherically Symmetric Metric – Non-Euclidean Metric – Curved/Warped Space, Space-time, or Gravitational Field – Mass & Energy Dependent

1.12 
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“New Formalism” – “Metric “Curvature” Coefficient” () 







The Non-Euclidean Spherically Symmetric Schwarzschild Metric () named after Karl Schwarzschild (1916) [10], is a mathematical equation that describes, a real curving or warping of physical space, space-time, or a gradient gravitational field, that is spherically symmetric, surrounding a condensed matter, mass (), or energy source. The Schwarzschild Metric (), is given in spherically symmetric mathematical formalism below;



Spherically Symmetric Metric – Schwarzschild (Non-Euclidean) Metric 

1.13 















    





The above equation is an analogue of the classical Newtonian theory of gravitation, which corresponds to the gravitational field around a matter source; and in the classical Gauss theory of electricity, which corresponds to the electric field around a charge source. 



[image: File:Spacetime curvature.png]







In Newtonian (), “Euclidean Flat Space” Gravitation Theory, the gravitational field, and the attraction between bodies, of differing masses, causes the smaller mass body to orbit the larger mass body; and the smaller mass, has a greater acceleration towards the center of the gradient gravitational field system body.







In Schwarzschild Metric () “Non-Euclidean Curved Space” Gravitation Theory, it similarly describes the gravitational field, and the attraction between bodies of differing mass, is caused by the curving or warping of space, space-time, or a gradient gravitational field, by the net inertial mass (), of the gravitation system, “carved” out by the inertial mass () of the system.





[image: http://t2.gstatic.com/images?q=tbn:ANd9GcQvNygXkv2pNywWAb2iK3TvdTu4605OSYMJiN68kbPXD8RhVFQu]









The curvature and gradient gravitational field described by the Schwarzschild Metric (), and warping of space caused by the net inertial mass () of the system, and this “forces” the smaller mass body to orbit the gradient gravitational field following a geodesic, in the curved space, space-time, or the gradient gravitational field. 







The curvature described by the Schwarzschild Metric (), also predicts that the closer a test mass body is towards the center of the gradient gravitational field, the greater the “acceleration” the test mass () experiences towards the center, of the system. 













The Schwarzschild Metric () is a mathematical equation which describes a “geodesic” world “line element” (), with spherically symmetric curvature of space-time, in the “presence” of matter or the Net () Mass, of a localized gradient gravitational field; whose space-time extends from the surface of the Black Hole radius () and into infinite () distances of that localized space-time gravity field.





The Schwarzschild Metric () predicts that the curvature of space surrounding a “Black Hole” gravity source is equivalent to an Inhomogeneous Gradient Gravitational Field which also obeys the three (3) laws of motion of Keplerian Mechanics, of the gradient gravity field. 








The gradient gravitational field, described by the Schwarzschild () Metric is comprised of an infinite series of “spherical shell potentials”,  that originate at the “Black Hole Event Horizon” spherical volume, and extends into infinite distances, relative to the “Black Hole” source, and center of the gradient gravitational field. This model of the gradient gravity field is also a vortex system.



[image: ]







































































In general, each and every one of the concentric spherical shells, or energy potentials of the “inhomogeneous” gradient gravitational field, of the gravitational vortex, is a “homogeneous” gravitational field.







The Schwarzschild Metric (), has a Black Hole Event Horizon, at the center of the gravitational field, with a fixed volume () and Schwarzschild Semi-Major Radius () of the inhomogeneous gradient gravitational field.











The Schwarzschild Metric () predicts that the source of the inhomogeneous gradient gravitational field is given by Net inertial Mass (), and is directly proportional to the “Black Hole” Schwarzschild Semi-Major Radius (), and likewise is directly proportional to a localized infinite series, of extended inhomogeneous gradient gravitational field accelerations (), relative to the center of the Black Hole Event Horizon.













The exterior solution of the Schwarzschild Metric (), and exterior condition describes the curved physical space of the inhomogeneous gradient gravitational field, which extends, from the surface of the Black Hole Schwarzschild radius (), and extends away from the source, into infinite () distances of space, space-time or the gravity field.





The Schwarzschild Metric () solution comes in two (2) forms, one is an “exterior solution” gradient gravitational field solution, and the other is an “interior solution” gravitational field solution.





The Exterior solution corresponds to the space outside of the Black Hole Event Horizon, and Schwarzschild Semi-Major Radius (). 













The Interior solution corresponds to the space within or inside the Black Hole Event Horizon, and Schwarzschild Semi-Major Radius ().













The Schwarzschild and Einstein “Metrics” () and geodesic “line elements” (), are “mass dependent” equations that describe the causality of “curved” space, space-time, or the gravitational field. The Schwarzschild Metric () is described below.



Spherically Symmetric Metric – Schwarzschild (Non-Euclidean) Metric 

1.14 





 







The Schwarzschild Metric () must also fit the new mathematical formalism, when using the space-time relations:

1.15 





             





Space-time – Square of the Speed of Light

1.16 





      





Space-time – Square of the Speed of Space (Vacuum Energy Velocity) 

1.17 





      









New Mathematical Formalism - Generalized Spherically Symmetric Metric

1.18 









    









“New” Schwarzschild Metric “Curvature” Coefficient ─ ()

1.19 

 





     





New Mathematical Formalism - Generalized Spherically Symmetric Schwarzschild (Non-Euclidean) Metric

1.20 







 











[image: File:Spacetime curvature.png]






The Schwarzschild Metric () must also fit the new mathematical formalism, when the “Speed of Space (Vacuum Energy Velocity)” is equal to the “Speed of Light”; and using the space-time relation ():

1.21 







“New” Schwarzschild Metric “Curvature” Coefficient ─ ()

1.22 





      







New Generalized Spherically Symmetric Schwarzschild (Non-Euclidean) Metric - for condition (); Speed of Space = Speed of Light

1.23 

Space & Angle (Curvature) – Schwarzschild Metric
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In all of the “modern literature” written on General Relativity, the Schwarzschild Metric () yields predictable results in the “exterior solution” gravity field region; which extend from the Black Hole Event Horizon of the gradient gravitational field (), and into infinite distances (), is given in this classical form below.











The Exterior solution corresponds to the space outside of the Black Hole Event Horizon, and Schwarzschild Semi-Major Radius (). 















The Interior solution corresponds to the space within or inside the Black Hole Event Horizon, and Schwarzschild Semi-Major Radius ().















This “modern literature” written on General Relativity, describes that the Schwarzschild Metric () predicts “Two (2) Singularities” in the localized gradient gravitational field of the metric:







There is one “Physical Singularity” located at zero radius () of the gradient gravitational field. ()







And there is a second “Coordinate Singularity” located at the Black Hole Event Horizon, Schwarzschild Radius () – ().

















Because the Schwarzschild Metric () predicts the “Physical Singularity” located at zero radius (), and the “Coordinate Singularity” located at the Black Hole Event Horizon, Schwarzschild Radius (), of the gradient gravitational field, this has caused the mainstream physics community to reject the Schwarzschild Metric (), in favor of: Kruskal–Szekeres coordinates, Eddington–Finkelstein coordinates, and Rindler coordinate; and which neither have a “Coordinate Singularity”.





Below is a graph of the Schwarzschild Metric ().





The Schwarzschild Metric () predicts the “Physical Singularity” located at zero radius, is a value that approaches zero, as the radius approaches zero. The “Physical Singularity” is a natural artifact for any Non-Euclidean metric.







()	Then	 ()   And 
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The “Coordinate Singularity” is not a natural artifact for any Non-Euclidean metric. My goal is to find a solution to the “Coordinate Singularity” located at the Black Hole Event Horizon, Schwarzschild Radius (), of the Schwarzschild Metric ().

1.4. [bookmark: _General_Spherically_Symmetric_2]General Spherically Symmetric Metric – Schwarzschild Metric – Non-Euclidean Metric – Dynamic Fluid Pressure Gradient Solution







The Schwarzschild “Non-Euclidean” Metric () describes a “dynamic” differential geometry metric, and a line element, that describes the curvature of space, space-time, and the gravitational field; and must be used in conjunction, with a fluid mechanical model, Perfect Fluid “Dynamic” Vacuum Energy Solution for the causality gravitation.







The “Schwarzschild Metric” Spherically Symmetric gradient gravitational field vortex system body, describes a dynamic “Refraction/Condensing Pressure” (), which changes in direct proportion to one third, the Inertial Volume Mass Density (), of the gradient gravitational vortex system body. 













The Schwarzschild solution, predicts the following equation for the Isotropic Rarefaction Pressure of Gravitation ()

1.24 





      













  







Substituting the Inertial Volume Mass Density ─ ()

1.25 











The “Schwarzschild” Spherically Symmetric Metric () corresponds to a gradient gravitational vortex system, where the, “Refraction/Condensing Pressure” () on the exterior surface, of the Black Hole Event Horizon, is zero; ().







Isotropic Rarefaction Pressure of Gravitation () at Black Hole Event Horizon ()

1.26 





















Therefore I believe that the Schwarzschild Solution is the correct solution where the, “Refraction/Condensing Pressure” () on the exterior surface, of the Black Hole Event Horizon, is zero; (); and is non-zero everywhere else.









The Perfect Fluid “Dynamic” Vacuum Energy Solution above satisfies the Schwarzschild Spherically Symmetric Metric () and “line element” (); which is a “mass dependent” equation that describes the causality of “curved” space, space-time, or the gravitational field. The Schwarzschild Metric () is described below.



Spherically Symmetric Metric – Schwarzschild (Non-Euclidean) Metric 

1.27 





 









   



1.5. General Spherically Symmetric Metric – Einstein Metric – Non-Euclidean Metric – Static Fluid Pressure Gradient Solution









Next, we will discuss the Albert Einstein, Spherically Symmetric () Metric. The Einstein Metric () is given by the Static Vacuum Energy Solution and condition. 





The Einstein “Non-Euclidean” Metric () describes a “static” geometry and a line element, that describes the curvature of space, space-time, and the gravitational field; and must be used in conjunction, with a fluid mechanical model, Perfect Fluid “Static” Vacuum Energy Solution for the causality gravitation.





The Einstein solution, predicts the following equation for the Isotropic Aether Gravitational Field Pressure ()

1.28 





       





Substituting the Inertial Volume Mass Density ─ ()

1.29 





       











The Einstein solution, predicts that the Isotropic Aether Gravitational Field Pressure () varies in direct proportional to one third the Inertial Volume Mass Density () of the gradient gravity field; and varies inversely proportional to the cube of the distance (), relative to the center of the gradient gravitational field of a vortex system body.










In the Einstein Metric () Static Vacuum Energy Solution the gradient “Rarefaction Pressure” (), is inhomogeneous  and distributed in a normalized density gradient, of an infinite series of spherically symmetric shells, of potential energy; including on the surface of the Black Hole Event Horizon.









The “Einstein” Spherically Symmetric Metric () corresponds to a gradient gravitational vortex system, where the, “Refraction/Condensing Pressure” () on the exterior surface, of the Black Hole Event Horizon, is non zero; ().





The fluid mechanical model, Perfect Fluid “Static” Vacuum Energy Solution describes a condition where there is inhomogeneous gradient “Inertial Volume Mass Density” (), equal to a “static” fixed value, at the Black Hole Event Horizon.









Isotropic Rarefaction Pressure of Gravitation () at Black Hole Event Horizon ()

1.30 













Isotropic Aether Gravitational Field Pressure () at Black Hole Event Horizon ()

1.31 





        



















In the Static Vacuum Energy Solution this condition is described by the Spherically Symmetric, mathematics of the Einstein Metric ().



Spherically Symmetric Metric – Einstein (Non-Euclidean) Metric 

1.32 
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The Einstein Metric () solution comes in two (2) forms, one is an “exterior solution” gradient gravitational field solution, and the other is an “interior solution” gravitational field solution.





The Exterior solution corresponds to the space outside of the Black Hole Event Horizon, and Schwarzschild Semi-Major Radius (). 













The Interior solution corresponds to the space within or inside the Black Hole Event Horizon, and Schwarzschild Semi-Major Radius ().













The Einstein Metric () must also fit the new mathematical formalism, when using the space-time relations, for the speed of light, and the speed of space; given below.



Space-time – Square of the Speed of Light

1.33 







      





Space-time – Square of the Speed of Space (Vacuum Energy Velocity) 

1.34 







      














1.6. [bookmark: _New_Mathematical_Formalism]New Mathematical Formalism – General Spherically Symmetric Metric – Einstein Metric – Non-Euclidean Metric





New Generalized Spherically Symmetric Metric

1.35 







   







“New” Einstein Metric “Curvature” Coefficient ─ ()

1.36 





      





New Generalized Spherically Symmetric Einstein (Non-Euclidean) Metric

1.37 

Space & Angle (Curvature) – Einstein Metric
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The Einstein Metric () must also fit must also fit the new mathematical formalism, when the “Speed of Space (Vacuum Energy Velocity)” is equal to the “Speed of Light”; and using the space-time relation ().

1.38 







“New” Einstein Metric “Curvature” Coefficient ─ ()

1.39 

 





     





New Generalized Spherically Symmetric Einstein (Non-Euclidean) Metric

1.40 

Space & Angle (Curvature) – Einstein Metric
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The Einstein Metric () yields predictable results in the “exterior solution” gravity field region; which extend from the Black Hole Event Horizon of the gradient gravitational field (), and into infinite distances (), is given in this classical form below.













The Einstein Metric () predicts “Two (2) Singularities” in the localized gradient gravitational field of the metric:







There is one “Physical Singularity” located at zero radius () of the gradient gravitational field. ()







And there is a second “Coordinate Singularity” located at the Black Hole Event Horizon, Schwarzschild Radius () – ().



















Because the Einstein Metric () predicts a “Physical Singularity” located at zero radius (), and a “Coordinate Singularity” located at the Black Hole Event Horizon, Schwarzschild Radius (), of the gradient gravitational field, this has caused the mainstream physics community to reject the Einstein Metric (), in favor of: Kruskal–Szekeres coordinates, Eddington–Finkelstein coordinates, and Rindler coordinate; and which neither have a “Coordinate Singularity”.





Below is a graph of the Einstein Metric ().





The Einstein Metric () predicts the “Physical Singularity” located at zero radius, is a value that approaches zero, as the radius approaches zero. The “Physical Singularity” is a natural artifact for any Non-Euclidean metric.







()		Then		()





And 
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The “Coordinate Singularity” is not a natural artifact for any Non-Euclidean metric. My goal is to find a solution to the “Coordinate Singularity” located at the Black Hole Event Horizon, Schwarzschild Radius (), of the Schwarzschild Metric ().












The Einstein Metric () & Schwarzschild Metric ()
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The Euclidean Metric (), Minkowski Metric (), Einstein Metric (), & Schwarzschild Metric ()
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2. Conclusion





This work was written to physicists that are interested in understanding from a conceptual view, the rationale for selecting “Flat Geometry” Euclidean Space, or selecting a “Curved Geometry” Non-Euclidean Space; and whether to choose the Einstein Metric or the Schwarzschild Metric, as description for causality of gravity, or general motion in a gravitational field. 



This paper described the conceptual and mathematical description of the differential geometry, of flat and curved space, space-time, or gravitational fields, using the “metric theory” mathematics of Euclidean, Minkowski, Einstein, and Schwarzschild, Spherically Symmetric metrics, and geodesic line elements.





This paper also gives a new generalized mathematical formalism for describing “Non-Euclidean” Spherically Symmetric Metrics, of space, space-time, or the gravitational field, using a generalized “Metric “Curvature” ( ) Coefficient”. 









It was demonstrated that the Non-Euclidean Spherically Symmetric Metric () equations predicts that there is a “Physical Singularity” located at zero radius (), and a “Coordinate Singularity” located at the Black Hole Event Horizon, Schwarzschild Radius (), of the gradient gravitational field, in consideration. 



The “Physical Singularity” is the approaching of an infinity small number as “space and time” approaches zero in the center, of gradient gravitational field of any isolated and localized, gravitational vortex system body, and is a natural artifact of a Non-Euclidean space, space-time, or gravitational field.







The “Coordinate Singularity” is a “problem”, and is the approaching of an infinity large number as “space and time” approaches the Black Hole Event Horizon, Schwarzschild Radius (), of the gradient gravitational field, of any isolated and localized, gravitational vortex system body. The “Coordinate Singularity” is an anomaly, in the mathematics of a particular choice of Non-Euclidean Spherically Symmetric Metric () equation, used to describe the localized space, space-time, or gravitational field, in consideration. 



In another paper I will present a solution to this “Coordinate Singularity” problem!







The Schwarzschild and the Einstein “Non-Euclidean” Metrics () as discussed in this paper, describes the causality and geometry, of the curvature of space, space-time, and the gravitational field, and is used in conjunction, with a fluid mechanical model, Perfect Fluid “Static or Dynamic” Vacuum Energy Solution for the causality gravitation.



This paper postulates a “Vacuum Energy Perfect Fluid” model and a “Dark Matter Force and Pressure” associated with the Non-Euclidean Spherically Symmetric metric equations, and also gives a conceptual and mathematical description and rationale, for selecting the Schwarzschild Metric over the Einstein Metric, as a physical description of the gradient gravitational, field surrounding a localized net inertial mass/matter source.



In the next paper, I will discuss the specifics of the “Vacuum Energy Perfect Fluid” model and a “Dark Matter Force and Pressure” associated with the Non-Euclidean Spherically Symmetric metric equations.














Below are the topics that were discussed in this paper:





· 1.1	Introduction to Basic Concepts of Euclidean and Non-Euclidean Geometry and Spherically Symmetric Metrics





· 1.2	General Spherically Symmetric Metric – Euclidean and Minkowski (Pseudo-Euclidean) Metrics





· 1.3	General Spherically Symmetric Metric – Schwarzschild Metric – Non-Euclidean Metric





· 1.4	General Spherically Symmetric Metric – Schwarzschild Metric – Non-Euclidean Metric – Dynamic Fluid Pressure Gradient Solution





· 1.5	General Spherically Symmetric Metric – Einstein Metric – Non-Euclidean Metric – Static Fluid Pressure Gradient Solution





· 1.6	New Mathematical Formalism – General Spherically Symmetric Metric – Einstein Metric – Non-Euclidean Metric
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