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Abstract

A theory of gravitation based upon a spinor connection and solder
form with a nonvanishing torsion tensor is constructed and a mapping to
Einstein Cartan theory is made. As applications, the flat Friedmann and
Schwarzschild solutions are derived.

1 Introduction

We construct a theory of gravitation in which both the spacetime metric and
connection are composite objects constructed from a solder form ¢ and spinor
connection I‘ﬁB. The underlying idea is that two spinors are more fundamental
objects than (co)vectors since the latter are squares of the former; also all funda-
mental particles excluding the gauge bosons turn out to be spinorial. Therefore
it seems more natural to start from a theory with a local SL(2,C) connection as
well as a covariantly constant ¢ and derive the corresponding spacetime quan-
tities from there. Doing this, it turns out that the spacetime connection has a
nonvanishing torsion tensor which satisfies its own equations of motion. As an
application of the theory, the flat Friedmann and Schwarzschild solutions are
derived.

2 Special relativity revisited.

This aim of this section is to quickly present the two spinor formalism [1] in
the context of special relativity. It is generally accepted that the relevant kine-
matical group in physics is SL(2,C), the universal cover of the orthochronous
Lorentz group O7 (1, 3). Let W be a two dimensional complex vector space with
basis e4 and volume form €4p. In the literature, one puts e; = 0o and es = n
: €(0,0) = €(n,n) = 0 and €(o,n) = 1. The subgroup of GL(2,C") which leaves
eAp invariant is isomorphic to SL(2,C). The complex conjugation sends W
to W, that is v € W — © € W which is spanned by 6,7 with a volume form
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represented by €. W ® W is four dimensional over C' and one is interested in its
real subspace. The latter is spanned (over the real numbers) by

t . (o®0+n®n)
= — (0 o n n
V2
; L 00hn+n®0d)
xr = — |0 n n o
V2
] Z‘(®‘ ® 0)
= — (0 n—mn 0]
7 7
. 1 _ _
2 = —(0®0—n®n)

S

It is easily computed that {f, 2,7, 2} is orthonormal with respect to w ® @ and
that the signature is (+———). This suggests an identification with some inertial
system (t,x,y,2) by means a “solder” form o = tf + 22 + y§ + z2. Employing
the usual isomorphism between the the tensor product W @ W and the 2 x 2
complex matrix algebra, o can be written as

1
o=—(t1 4+ xo1 + yos + z03)

V2

where the o; are the usual Pauli matrices. This allows one to write aﬁ‘B' where
primed Latin capital letters are indices with respect to the complex conjugate
basis in W. As is very well known, each complex vector 77 determines a real null

vector J”AA,nAﬁA/, the sum of such two null vectors o*, ,, (nAﬁA/ + XA)ZA/) is

always timelike and the currents
o (UAXA A )

and , ,
oty 40 (nAXA — x4t )
A/

are all spacelike and orthogonal to both currents U“AA,nAﬁA/ and U“AA,XA)Z .
The latter, again, is a very strong feature of the kinematical variables at hand :
the “signature” of interaction terms is fixed by construction. Moreover, it turns
out that all timelike vectors constructed in this way point in the same half of
the light cone.

3 The gravitational field.

We will be occupied in this section with formulating a unique two spinor valued
closed field theory which recuperates some relevant features of general relativity.
Inspired by the previous section, we should first wonder what the relevant dy-
namical variables are. Since spinors X4 are the fundamental objects, we need a
spinor one form valued connection F/L p and in order to define second derivatives



we need a usual space time connection I'",,. A non degenerate spinor volume
form is required €45 and the dynamics is such that the latter is covariantly!
constant V,eap = 0. The volume form allows us to raise and lower spinor
indices, eg. X4 = egaX P where the contraction is by convention over the first
index. Therefore, the connection satisfies I'ayp — I'Bua = 0, in either it is
symmetric in the spinor indices. Next, we must examine the role of ol‘?B/ which
determines a physical coupling between Hermitian spinor currents and vector
particles. UMAB/ is a dynamical variable and we demand the connection to be

such that it is covariantly constant, eg. Vua,f‘B' = 0. This allows one to solve
the spacetime connection

K _ & AB’ A oB | w8 _ac
]'—‘p,uio-AB’(allo-l/ +F“CO'V +]‘—‘;LC’O—V

and the torsion of this real connection is defined as usual 77, = 2I', . Hence,

[uv]
we have two dynamical fields U"LB " and F“L g In order to better understand the

geometry, we calculate (V,V, — V,V,) X4, the latter equals:

(V,V, -V, V) XA =R XB —T¢ V.X4
Iz Iz Iz H

where RABW =2 (8[HF’?I]B +F‘?MC|FC;]B>' It is easily seen that Rap,, is

symmetric in A and B and therefore

R%,, =0.

‘We now define the “bundle Ricci tensor and scalar” as follows Rp/a, = RCB WJ“ CB

and R = REf,/Aa”A p Where the raising of the indices has been done by means of
e4B . Clearly, the Ricci tensor is also symmetric. The second Bianchi identities
become:

A A A _
Ry T T BB =0
and
A Y A A _
Tiors = TpwTaly = Biowu) = 0-

In order to define the gravitational action principle, we still need the totally
antisymmetric symbol :

€AA’ BB cc' DD = 1 (EABECDEA'C/€R/ D! — €A'BIEC' D'EACEBD)
With 044" = U’j‘LA/d:v“, the Ricci type gauge invariant action is given by
S = /CAA’ BB’ CC’ DD’ O’AA/ A\ O'BB, N (TCC/ A\ O'DD,R
or in more familiar form
S = /d4a: det, (0“;‘4/) R.

IThis constancy of €4 is not strictly necessary; it is sufficient to demand that Vyueap =
1A eap with A, dx? a real valued one form.




Variation of S produces:
5 = /d4$ det., (038/) [ (QRIL/‘*/A - RUILLA/) 60"y + {TZVJMAA/UVCC/EA/C/EBC
+2T7LVO'V(A‘A/O'KC)C/€BCEA ¢ :|(5Fi3:| .

Variation with respect to o*, ,, produces the usual “Einstein” equations, the
other equations2 are
’ ’

KW v =A'C’ W v K —A _
TMVO' AA’U CC/G +2T”VO' (AlArlo' C)C’6 =0.

Contracting the second Bianchi identity with o*; A,EA/C/GB Cor. 0 delivers:

A'A_k A pA'A_p Ak p —A'C' pAC _
2G V;HO'AA/ —QTVHRA UAA’+TH;LUCC/UAA'€ Rku =0.
In the sequel, it is convenient to know that
K _ AA’ K
6F wr = —0, VM(SU cc’

and
/d4x Vi (det (0;4‘4/> W“) = /d4x det (0;4‘4/) . W

4 The Friedmann universe.

The aim of this section is to construct the class of homogeneous and isotropic
universes on a R* topology for Ricci gravity as well as to introduce compu-
tational tools which facilitate the algebra involved. A more general treat-
ment - that is an embedding of our theory into the more standard one - is
left for the subsequent section. Our aim is to reproduce the metric dt?> —
a?(t) (dx2 +dy? + sz). Denote the timelike “vector”

a(o)e(o)(7)=(V))

by the ket |0 >. Denote by 0; = 0; ® 1 the standard Pauli matrices which act
upon W; that is 004 = —i€jpi01, 05 = 0; and (0;)* = 1 where the star denotes
the Hermitian conjugate. Obviously, the real vectors in W @ W are spanned
(over the reals) by ;|0 >. Therefore, the solder form (which we denote by &)
is given by 9 = |0 > and d; = a ;|0 >. The inverse symbol ¢* is constructed
from the bra < 0] given by

<0\:%((1 0)®(1 0)+(0 1)®(0 1)).

2Remark that variation of the connection F“}AB is constrained : one has 5F“LA = 0. How-
ever, the trace of the associated equations of motion vanishes by antisymmetry of the torsion
tensor; therefore, everything remains consistent.




It is easily verified that < 00 >= 1, < 0|0;|0 >= 0, ¢° =< 0| and

o/ =a"! <0|o;.
In the sequel we denote I', for the “matrix” I' “L g ; demanding that the torsion

tensor T, vanishes leads to the following equations :

(Tyow @1+ o @T;) [0 >=0
(dO'j(X)l-‘ra(F()O'j ®1—|—O'j ®f0) —Fj0'0®1—(70 ®fj) |O >=0

Putting I'; = —%0; with o € R and using that (o} ® 1)[0 >= (1 ® 7%)[0 >

results in the satisfaction of the first equations since I'jjop = i%‘iejklal is anti

Hermitian. We shall drop the use of tensor products since it should be clear from

the context which factor is referred to. Solving the second equations results in:
1+ a)

a
F(] = —————09y.
2a

Enforcing the constraints V#eAB leads to

orenona((1)o(2)-(1)o(3)) -

implying that o = —1. Since R, = 2 (8[MFV] + F[HI‘V]) . It is easy to calculate
that

a
ROJ‘ = 50']'
.2 -.2
a ia
Ry, = Z[Ujao'k] =~ Gk
At this moment, one can check that the second Bianchi identity R[,,. = 0

is satisfied. Calculating the Ricci tensor Rp/p, = 5";43/1%’43”,/ is equivalent to
computing < 0|6#R,,,. An elementary calculation learns that:

~ 1 [2a?
<0‘O’“Ruj = 5 (a—i—a) <0|0‘j
a
3a
<O0lo"R, 0 = —— < 0.
|U iy 2(1 ‘

In order to calculate the Ricci scalar, we have to raise the two indices of the Ricci
tensor. In our language, this boils down to taking the transpose and multiplying
by a matrix w ® w from the left. It is easy to calculate that wo; = —ojw;
therefore:
3d 1 [2a?
R=—<0=—[0>+—(—+d) <0loj(wxw)ol|0>.
3el0 > 450 (25 44) < Ololw el

Further calculation - using that (w ® w)|0 >= |0 > - results in

. LN\ 2
R:_?)a_g(a>
a a



We are now ready to compute the “Einstein tensor” G‘L/ 4 the latter equals:

3 (a\®
GO—2(a> |0>
22
Gj<;+d>0j|0>

The “energy momentum” tensor is given by Ty = p |0 > and T; = apo;|0 > ;
the components of the space time connection are given by:

I‘000 = FOOj = FOjO = I‘joo =0
Fokj = dyj aa

Fio = Fjozc = géi

I}, =0

From this one can verify that G“g;‘;‘UVA 4 = 0 as it should since the torsion

tensor vanishes. The Einstein equations are :

(@
p= 2a?2  a

which are identical to the standard Friedmann equations in the flat case k = 0.
The equation of motion for the fluid is

, a
p+3(p—p)_ =0

5 Correspondence with Einstein Cartan theory.

The goal of this section is to study the connection with general relativity. As is
customary in Einstein Cartan theory, we split the connection in the usual Levi
Civita and torsion part. This is achieved by noticing that

1 1
0= vugun = OuQvk — r r(pr) — Fl/(;u-c) - iTnp,l/ - 7T1/p,n

2
where lowering and raising of the indices occurs with g,,, and g"” respectively.
By taking the combination V gy« + Vi, gux — Vg one arrives at

K Tk 1 K K
T :Fuv+§ (le+Tuu)
and therefore _
M, =% + K,

pv



where K", = % (Tlfl, + 1,5, + T'fw) is the contorsion tensor and

Fﬁuu = §gmx (8ugow + OvGpa — 8ozgw/)

the usual Levi Civita connection. The contorsion tensor satisfies K., + Ky =
0; given that

(VuVy =V V) X® = R, X* — T8 VX

with R%, , = 2 (8[#Fay]ﬁ + FQ[MINIFKV]ﬁ)’ one notices that the latter contains

derivatives of the contorsion tensor and can be decomposed as

B = B + 2V K5 + 2K, K 5.

It follows from the symmetry of the contorsion tensor that Rag.w = Riaguu);
however, the first Bianchi identity R« = 0 does not hold. As before, the
second Bianchi identity is

a Yy «
R + T 1,1 0

UUSK iz Kly =
and the contracted identity equals
1
VeGar +T) R", + 3 TR, = 0.

We now proceed by calculating the space time curvatures in terms of our new
dynamical variables. The Riemann tensor is particularly simple

a _ga pA  CB o pB ac
Bur = 0 AR Ve, 05 + 0 At o0

therefore, the Ricci tensor equals R, = RA/AVU"LA/ —I—EAA/,,U‘iAI and the Ricci
scalar is given by R + R. In terms of the Levi Civita connection it is given by

B.

D — a B K
R=R+2V,K% + 2K, K"

o]

6 The matter part
Consider the matter Lagrangian for a single spinor field
Sy = ia/d4x det (O’EB/) (YA/UHAA/VuXA - V#YA/U”AA/XA> .
Variation of Sy; results in:
oSy = it /d4x det, (ogc,) [ (XA,VMXA — VHXAIXA — 0';?'4/ (XB/U]”BB,VZ,XB — V,,YB,O%B,XB)> do'ly s

—A A —B p _ATA
+X O-fAA/XB(SFHB - XB U;A’X 5F;LB’:|



and the equation of motion for matter is given by

N A A
205 A Vux® = Thohax” =0.

Therefore3,
, —A'A TQ (gt A
G“LA +G, = -3 (XA VHXA — VMXA XA)
and

B

’ ’ ’
BORAC — —jax™ oty o xP.

TH 0"y 40t @ PO+ QTZHUFAIA’UZ)C’s
It follows that
A’ A
R=G"" 0", =0

but the Levi Civita curvature scalar is generically nonvanishing.

7 The Schwarzschild solution

A AA’

The torsion tensor T}, fixes the connection I'//p given o since it deter-
mines 24 real independent equations in 24 (12 complex) real variables. It could
be possible for gauge inequivalent solder forms to exist, determining the same
spacetime metric but different connection theories with identical torsion tensor.
Also, there could be a distinction between the complex and real vacuum theo-
ries. In this section we start from a particular choice of solder forms spanning
the metric
g (r)dt? — f2(r)dr? — r2dQ>

and show that the vanishing of the torsion tensor fixes the gauge connection as
it should. Moreover, the complex and real Ricci flatness conditions are the same
and our solution is the static Schwarzschild black hole. Using the notation from
section four, we pick

o = g(r)0>

op = f(r)o1|0>
og = r0o2|0>

o4 = rsinfoz|0 >

A lengthy calculation shows that the vanishing of the torsion tensor implies that

g'(r)
F =
! 27 (r) !
I, = 0
7
Ty = ——
’ 2f(r)”*
I B icos@ isin @
o T T g™

3For the gravitational part we have to use the real action S + S.



The vanishing of the compler Ricci tensor leads to the following equations:

g'(r)
f(r) r?
1

7 (arin) o () = °

1 1 1 Jr)
f()a(f()) v rf?()+ s -0

where a > 0. From hereon, one can derive that

s (00) =+ + 7 ¢

which is easily solved to

and
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