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Abstract

Polyvector-valued gauge field theories in Clifford spaces are used to
construct a novel C1(3,2) gauge theory of gravity that furnishes modi fied
curvature and torsion tensors leading to important modifications of the
standard gravitational action with a cosmological constant. Vacuum so-
lutions exist which allow a cancellation of the contributions of a very
large cosmological constant term and the extra terms present in the mod-
ified field equations. Generalized gravitational actions in Clifford-spaces
are provided and some of their physical implications are discussed. It is
shown how the 16 fermions and their masses in each family can be ac-
commodated within a CI(4) gauge field theory. In particular, the Higgs
fields admit a natural Clifford-space interpretation that differs from the
one in the Chamseddine-Connes spectral action model of Noncommuta-
tive geometry. We finalize with a discussion on the relationship with the
Pati-Salam color-flavor model group SU(4)c x SU(4)r and its symmetry
breaking patterns. An Appendix is included with useful Clifford algebraic
relations.

1 Introduction

Clifford algebras are deeply related and essential tools in many aspects in
Physics. The Extended Relativity theory in Clifford-spaces ( C-spaces ) is a nat-
ural extension of the ordinary Relativity theory [1] whose generalized polyvector-
valued coordinates are Clifford-valued quantities which incorporate lines, areas,
volumes, hyper-volumes.... degrees of freedom associated with the collective
particle, string, membrane, p-brane,... dynamics of p-loops (closed p-branes) in
D-dimensional target spacetime backgrounds.
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C-space Relativity naturally incorporates the ideas of an invariant length
(Planck scale), maximal acceleration, non-commuting coordinates, supersym-
metry, holography, higher derivative gravity with torsion; it permits to study
the dynamics of all (closed) p-branes, for different values of p, on a unified foot-
ing [1]. It resolves the ordering ambiguities in QFT [2]; the problem of time in
Cosmology and admits superluminal propagation (tachyons) without violations
of causality [3], [1]. The relativity of signatures of the underlying spacetime
results from taking different slices of C-space [4], [1]. Ideas very close to the
extended Relativity in Clifford spaces have been considered by [6] and [7].

The conformal group in spacetime emerges as a natural subgroup of the
Clifford group and Relativity in C-spaces involves natural scale changes in the
sizes of physical objects without the introduction of forces nor Weyl’s gauge
field of dilations [1]. A generalization of Maxwell theory of Electrodynamics
of point charges to a theory in C-spaces involves extended charges coupled to
antisymmetric tensor fields of arbitrary rank and where the analog of photons are
tensionless p-branes. The Extended Relativity Theory in Born-Clifford Phase
Spaces with a Lower and Upper Length Scales and the program behind a Clifford
Group Geometric Unification was advanced by [8].

Furthermore, there is no EPR paradox in Clifford spaces [9] and Clifford-
space tensorial-gauge fields generalizations of Yang-Mills theories and the Stan-
dard Model allows to predict the existence of new particles (bosons, fermions)
and tensor-gauge fields of higher-spins in the 10 TeV regime [10], [11]. Clifford-
spaces can also be extended to Clifford-Superspaces by including both orthogo-
nal and symplectic Clifford algebras and generalizing the Clifford super-differential
exterior calculus in ordinary superspace to the full fledged Clifford-Superspace
outlined in [12]. Clifford-Superspace is far richer than ordinary superspace and
Clifford Supergravity involving polyvector-valued extensions of Poincare and
(Anti) de Sitter supergravity (antisymmetric tensorial charges of higher rank)
is a very relevant generalization of ordinary supergravity with applications in
M-theory.

Grand-Unification models in 4D based on the exceptional Eg Lie algebra
have been known for sometime [14]. The supersymmetric Eg model has more
recently been studied as a fermion family and grand unification model [15].
Supersymmetric non-linear sigma models of Exceptional Kahler coset spaces are
known to contain three generations of quarks and leptons as (quasi) Nambu-
Goldstone superfields [16]. A Chern-Simons FEs Gauge theory of Gravity was
proposed [17] as a unified field theory (at the Planck scale) of a Lanczos-Lovelock
Gravitational theory with a FEg Generalized Yang-Mills field theory which is
defined in the 15D boundary of a 16D bulk space. In particular, it was discussed
in [12] how an Fg Yang-Mills in 8D, after a sequence of symmetry breaking
processes Fg — E7 — Eg — SO(8,2), leads to a Conformal gravitational theory
in 8D based on gauging the conformal group SO(8,2) in 8D. Upon performing
a Kaluza-Klein-Batakis [18] compactification on C'P2, involving a nontrivial
torsion, leads to a Conformal Gravity-Yang-Mills unified theory based on the
Standard Model group SU(3) x SU(2) x U(1) in 4D. Furthermore, it was shown
[12] how a conformal (super) gravity and (super) Yang-Mills unified theory in



any dimension can be embedded into a (super) Clifford-algebra-valued gauge
field theory by choosing the appropriate Clifford group.

A candidate action for an Exceptional Fg gauge theory of gravity in 8D
was constructed [19]. It was obtained by recasting the Eg group as the semi-
direct product of GL(8, R) with a deformed Weyl-Heisenberg group associated
with canonical-conjugate pairs of vectorial and antisymmetric tensorial gener-
ators of rank two and three. Other actions were proposed, like the quartic Eg
group-invariant action in 8D associated with the Chern-Simons Fg gauge the-
ory defined on the 7-dim boundary of a 8D bulk. To finalize, it was shown how
the Eg gauge theory of gravity can be embedded into a more general extended
gravitational theory in Clifford spaces associated with the Cl(16) algebra.

Quantum gravity models in 4D based on gauging the (covering of the)
GL(4, R) group were shown to be renormalizable by [20] however, due to the
presence of fourth-derivatives terms in the metric which appeared in the quan-
tum effective action, upon including gauge fixing terms and ghost terms, the
prospects of unitarity were spoiled. The key question remains if this novel
gravitational model based on gauging the Fg group may still be renormalizable
without spoiling unitarity at the quantum level.

Most recently it was shown in [21] how a Conformal Gravity and U(4) x
U(4) Yang-Mills Grand Unification model in four dimensions can be attained
from a Clifford Gauge Field Theory in C-spaces (Clifford spaces) based on the
(complex) Clifford Cl(4,C) algebra underlying a complexified four dimensional
spacetime (8 real dimensions). Upon taking a real slice, and after symmetry
breaking, it leads to ordinary Gravity and a Yang-Mills theory based on the
Standard Model group SU(3) x SU(2) x U(1) in four real dimensions. Other
approaches to unification based on Clifford algebras can be found in [13].

Having presented some of the relevant issues behind the role of Clifford
algebras we outline the contents of this work. In 2 we construct a novel C1(3,2)
gauge theory of gravity that furnishes modified curvature and torsion tensors
leading to important modifications of the standard gravitational action with
a cosmological constant. Vacuum solutions exist which allow a cancellation of
the contributions of very large cosmological constant term with the extra terms
present in the modified field equations. Generalized gravitational actions in C-
spaces are provided and some of their physical implications are discussed. In the
final section we describe how the 16 fermions and their masses in each family
can be accommodated within a C1(4) gauge field theory. In particular, how the
Higgs fields admit a natural C-space interpretation that differs from the one in
the Chamseddine-Connes spectral action model of Noncommutative geometry
[37]. We finalize with a discussion on the relationship with the Pati-Salam
color-flavor model SU(4)¢ x SU(4)r and its symmetry breaking patterns. An
Appendix is included with useful Clifford algebraic relations.



2 Extended-Gravity in Clifford Spaces as a Gauge
Field Theory based on the Clifford Group

A model of Emergent Gravity with the observed Cosmological Constant from a
BF-Chern-Simons-Higgs Model was recently revisited [24] which allowed to show
how a Conformal Gravity, Maxwell and SU(2) x SU(2) x U(1) x U(1) Yang-
Mills Unification model in four dimensions can be attained from a Clifford
Gauge Field Theory in a very natural and geometric fashion. In particular [21]
a Conformal Gravity-Maxwell model can be constructed from a Clifford gauge
field theory based on a CI(1,3) algebra. Chamseddine [27] has studied the
U(2,2) gravity model using the C1(2,2) algebra generators.
The CI(3,1) algebra-valued anti-Hermitian one-form was defined as

N a a ]' a
A = (za# 1+ 0, U5 + g Ta + [i°Ta Ts + w)l rab> dat.  (2.1)

where T's = T'1T'oI'3Ty, (I's)?2 = —1. The fields ey, f;i are related to the physical
vielbein field (tetrad) Vi that gauges the translation P, symmetry, and the
physical field V;5 that gauges the conformal boosts K, transformations, as
follows

e Ta+ [T s = VEP+ VI Ky = € = %(VjJer’); = %(v;fvlff’);

(2.2)
The above relations are found after recurring to a Clifford algebra realization of
the translation and conformal boost generators given by

P, = %Fa (1+iTs); K, = %ra (1—iTs); (T'5)? = —1; a=1,2,3,4 (2.3)
such that [P,, Py = [K4, Kp] = 0 and [Py, Kp] ~ NepD + Mgp. The Lorentz
generators and dilations are realized as M = %I‘“b and D = il'5. The field
a, was identified with the Maxwell field and b, with the Weyl gauge field of
dilations.

The problem (caveat) with the above realization of the momentum operator
P, = %I‘a(l + il'5) is that it constrains P, to be nilpotent PyP; = PoPy =
P3P; = PPy = 0, and also P, P, = 0 for any pair of indices a # b, due to the
conditions {I'y,I's} = 0 and (1+il'5)(1—il's) = 14+(I's)? = 1—1 = 0. Therefore,
such realization (2.3) leads to a trivial commutator [P,, Py) = P, P, — PP, =
0 — 0 = 0. The same results apply to the conformal boosts generators as well
KiKi=.... = K4K; =0 and K,K, = 0. In the case of the Cl(2,2) algebra
one has (I's)?> = 1, and the operator realizations P, = Ty(1 + TI'5), K, =
I',(1—T'5) lead to the same conclusions. The same occurs for the other Clifford
algebras Cl(1,3),Cl(4,0),Cl(0,4), irrespective of the signature.

To solve this problem, while obtaining an extended gravitational theory in
C-spaces from a gauge field theory, we shall recur to the CI(3,2) algebra and



write the gauge connection Ay, = A{V[ ', I=1,2,3,.... ,32 in terms of the 32
C1(3,2) algebra generators

Dy ¢ 15 Ty =Ty, Ty, Ty, Ty, T Tuy, = 5Ta, ATu, = 5[, T

1
Dajasas = 30 Loy ALy ALy e s Tavag.as = = Doy Algy A AT,

' (2.4)
The decomposition of the connection Ay, = .A{w I'; contains Hermitian and
anti-Hermitian components. By suitably introducing ¢ factors in the appropriate
terms one may render all the components Hermitian or anti-Hermitian if desired.

It is common practice to split the de Sitter/Anti de Sitter algebra gauge
connection in 4D into a (Lorentz) rotational piece w;'®2I'y,q, Where ay,az =
1,2,3,4; u,v =1,2,3,4, and a momentum piece wﬁsflw = %Vij where V¢ is
the physical vielbein field, [ is the de Sitter/Anti de Sitter throat size, and P,
is the momentum generator with a = 1,2,3,4. One may proceed in the same
fashion in the Clifford algebra C1(3,2),CI(4,1),.... case. The poly-momentum
generator corresponds to those poly-rotations with a component along the 5-th
direction in the internal space.

In odd dimensions there is no chirality operator. The spinorial representa-
tions in D = 2n+1 and D = 2n are both 2" dimensional. One cannot represent
the 25 = 32 generators of the Clifford algebra CI(5) in terms of 32 independent
(22 x 22 = 4 x 4) matrices because only 16 matrices (out of the 32) would have
been independent. For example, the 6 generators of the semi-simple algebra
so(4) = su(2) @ su(2) cannot be represented in terms of 6 independent (2 x 2)
matrices. Nevertheless, they can be represented in terms of 6 independent (4 x4)
matrices of the form

L= — (6" ® 1axa); R = = (laxs ® o9); 4,5 = 1,2,3.  (2.5)

N =

1
2
given in terms of the tensor products of the unit 2 x 2 matrix 1 and the three
Pauli spin 2 x 2 matrices ¢%,i = 1,2,3 obeying o'c? = 69 + ie¥*g*. The
commutators are

[£i, £5] = ey Lo [RisRy] = deje Rey [Li,Ry] = 0 (2.6)

Similarly, one may represent the 32 generators of the CI(3,2) = CI(3,1); &
Cl1(3,1)g algebra in terms of 16 + 16 = 32 independent 8 x 8 matrices L4, R a
(instead of 4 x 4 matrices) obtained from the tensor products of the 16 (4 x 4)
matrices I' 4 with the unit 2 x 2 matrix 1 as follows

Lag = (FA®12><2); R = (12><2®FB); 14,321,2,37 ...... , 16. (27&)

N |

1
2



such that
[EA,EB] = fABC Ec; [RA,RB} = fABC RC; [‘CA7RB] =0 (2'7b)

where fapc are the structure constants of the C1(3, 1) algebra. We must empha-
size that in this section we will not be concerned with finding matrix represen-
tations of the CI(3,2) gauge algebra but with the CI(3,2) algebra commutators
per se. Therefore, one may assign

F5 = P07 Fa5 :lPa7 a:1a2;374; Fa1a25:l2 Palaza 0'170'2:1’2’3)4

3
Fa1a2a35 =1 Pa1a2a37 ai,az,a3 = 172a374
4 .
Fa1a2a3a45 =1 Pu1a2a3a4a ai,az,as, a4 =1,2,3,4; (28)

In this way the 16 components of the (noncommutative) poly-momentum opera-
tor P4 = Po, Pa, Payays Pajasas s Payasasa, ave identified with those poly-rotations
with a component along the 5-th direction in the internal space. A length scale
[ is needed to match dimensions.

Py does not transform as a C1(3,2) algebra scalar, but as a vector. P, does
not transform as a C(3,2) vector but as a bivector. P,,,, does not transform
as C1(3,2) bivector but as a trivector, etc.... What about under CI(3,1) trans-
formations ? One can notice [[gp,I's] = [Tap, Po] = 0 when a,b = 1,2,3,4.
Thus under rotations along the four dimensional subspace, I's = Py is inert, it
behaves like a scalar from the four-dimensional point of view. This justifies the
labeling of I's as Py. The commutator

[Faln 1_‘c5] = [Faln ch] = _nacrb{i + ncha5 = —TNac L Py + Tlbe P, (29)

so that I'.5 = [P, does behave like a vector under rotations along the four-dim
subspace. Thus this justifies the labeling of I'.5 as [ P,, etc...

To sum up, one has split the CI(3,2) gauge algebra generators into two
sectors. One sector represented by M which comprises poly-rotations along the
four-dim subspace involving the generators

1; Fal; Falag; Fa1a2a3; Fa1a2a3a47 al)a’2)a’3)a’4 = 1727374' (210)

and another sector represented by P involving poly-rotations with one coordi-
nate pointing along the internal 5-th direction as displayed in (2.8).
Thus their commutation relations are of the form

P, Pl ~ M; M, M] ~ M; M, P|] ~ P. (2.11)

which are compatible with the commutators of the Anti de Sitter, de Sitter
algebra SO(3,2),50(4,1) respectively. To sum up, we have decomposed the
Cl1(3,2) gauge connection one-form in C-space as

Apr dXM = ALTdXM = (Qfy Ta + Ejy Pa) dXM; T4 C M, PACP
(2.12)



where X = X, I'M is a C-space poly-vector valued coordinate

X =514z, " + Tpype YAV F Zppaps YEAYEAYE £ (2.13)

In order to match dimensions in each term of (2.3) a length scale parameter must
be suitably introduced. In [1] we introduced the Planck scale as the expansion
parameter in (2.3). The scalar component s of the spacetime poly-vector valued
coordinate X was interpreted by [5] as a Stuckelberg time-like parameter that
solves the problem of time in Cosmology in a very elegant fashion.

Denoting the derivatives with respect to the poly-vector valued coordinates
by Oar, the analog of the Abelian U(1) field strength sector is R,y = 9 Q-

The other relevant components of the C1(3, 2)-valued gauge field strengths F{j
that are written as R4y, for reasons that will become clear below, are given
by

fiv = O Qf + U A < [Ymns 1] 7 > + QPR < [Wmnpq,(%st])’y“ >
2.14
where the brackets < [Ymn, Y] Y* >, < [Ymnpg Vrst] 7 > in (2.14) indicate
the scalar part of the product of the CI(3,2) algebra elements; i.e it extracts
the CI(3,2) invariant contribution. For example,

< h/mna '77"} Wa > = < —Nmr Vn ’ya >+ < 77nr'7m’7a > = —Nmr (52 + Mnr 57{%

(2.15)
The commutation relations among the gamma generators of any rank and in any
dimension are provided in the Appendix. The C-space version of the curvature
two-form is

R(JZ\/II(]LVQ = a[M Q(JI\;]a2 +Q7]\7}I Q}V < hmfyr} Y > +Q§\r2n Q}\}g < ['anv'WS] Y > 4

QP QR < D 1rat] 117 > + QP < P Y] 717 > +
Qn]\j[nqu QR’StuU < [’Ymnquu’%"stuv] 7a1a2 > (216)
To evaluate the torsion component 7.y Py = R3, 5[5 requires writing
Riun = O Q) + foe Uy A QF = O QR +
er\n/,[n Q?\] < [’Ymna’yr] 75 > + QXLINPQ QTJ’\fgt < [’Y’mnpqa’%‘st] 75 > (217)
To evaluate the torsion component 7y 5Py = %’Rﬁ? n1Las requires writing
T]\?[N :REI\?N :8[M Q(]I\?] + Q}(/L[ Q;V < ['Ymv')/r} 7a5 > +
O QN < [mno sl 7% > +
QT/[np Q?\?t < ['anp,%‘st} 7a5 > + Qﬂnpq Q?\?tu < [anpq77rstu} 0

Q;C}nqu QTNStuU < [’Ymnqua'Yrstuv] 7(15 > (2'18)
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For example, when M, N are both vector indices one arrives at the modified
torsion

T, =Ry, =0, Q5 +

O Q< [y 7 >+ QT < s s 7 >+
QP QT < g, Yrst] V0 > QPPLQE < (g, Yrsta] 7 > F
QP QU < [Yonnpgk, Yrstun] 770 > - (2.19)

Form ( 2.19) one can see that the C1(3, 2)-algebraic expression for the torsion
7, contains many more terms than the standard expression for the torsion in
Riemann-Cartan spacetimes

TS, dat A dz¥ = R da* A da¥ = 1(d Q% + Q4 AQY ) =

dVe + Q% AV (2.20)

The vielbein one-form is V¢ = Vida# =1 fod:c“ and the spin connection
one-form is Q% = fo’dm“ (it is customary to denote the spin connection by wﬁb
instead).

For example, when M is a bivector index and N is a scalar index, there is a
curvature term of the form

Rz(llfz 0o = 8[#1#2 Qg]laz + lenlltz QE < [’}/m,'yT] fyala? > 4
Qzllylaz Q" < [mnsYrs) 7% >+ QZTL]; QSSt < onnps Yrst] 72292 > +

t k t
Qrd QSS "< [’Ymnpqv’)/rstu] 'YalaQ > + QP QGS o< [anquvf)/rstuv] ’Yalaz >

12 H1p2
(2.21)
where the bivector derivative in C-space is
0
Ouips = S (2.22)

The components Rzll‘llf? o must not be confused with the components of the

modi fied curvature tensor
RL: = O Q,‘j]“” + Q0 Q< [Ymy ] 72 > QT < [V, Yrs] Y >+

Q/Tnp Q;St < [’anpa’yrst] ’ValaQ > +QTnpq Q;Stu < [’anpqa’)/rstu] ,yalaz > +
annqu QZStUU < [’Ymnquar}/rstuv] ,yalaz > (223)

The standard curvature tensor is given by
R = 0 Q,‘i]laz + Q7" Q7 < [Ymns Yrs] Y1 > (2.24)

which clearly differs from the modified expression in (2.23).



Since the indices m,n,r, s in general run from 1,2,3,4,5 the standard cur-
vature two-form becomes

RO dgh A da¥ = dQU 4 QU A Q92 g5 QU5 A Q25 =

1
2
where the vielbein one-form is V¢ = Vlfdx“. In the | — oo limit the last terms

1

dOm® £ Q% A Q2 =y VA VO Q% = Ve (2.25)

I%V‘“ A VP in (2.25) decouple and one recovers the standard Riemmanian
curvature two-form in terms of the spin connection one form w2 = wir*2dz#
and the exterior derivative operator d = dz*0,. From (2.25) one infers that
a vacuum solution R}L*> = 0 in de Sitter/ Anti de Sitter gravity leads to the
relation

R (w) = dw™? 4+ w% A W = l% Nss VL A V2 (2.26)
which is tantamount to having a constant Riemannian scalar curvature in 4D
R(w) = £(12/I?) and a cosmological constant A = £(3/1?); the positive (nega-
tive) sign corresponds to de Sitter (anti de Sitter space) respectively ; i.e. the
de Sitter/ Anti de Sitter gravitational vacuum solutions are solutions of the
Einstein field equations with a non-vanishing cosmological constant.

A different approach to the cosmological constant problem can be taken as
follows. The modi fied curvature tensor in (2.23) is

Rﬁlﬁz — RZ;“Z + extra terms =
i 1
dw™® + W A W — s sz‘“ N V% + extra terms (2.27)

. iy
vacuum solutions Rj}** = 0 imply

1
dw™ 4+ W% A W = 72 1155 V& A V2 — extra terms. (2.28)

Consequently, as a result of the extra terms in the right hand side of (2.28)
obtained from the extra terms in the definition of R{L** in (2.23), it could be
possible to have a cancellation of a cosmological constant term associated to
a very large vacuum energy density p ~ (Lpiancr)%; i.e. one would have an
ef fective zero value of the cosmological constant.

For instance, one could have a cancellation (after neglecting the terms of
higher order rank in eq-(2.28) ) to the contribution of the cosmological constant
as follows

Q< Drmyw] v >+ P < s, s v > = 0 =

Q9 A Q%2 55 QU5 A Q225 = (. (2.29q)



Since the CI(3,2) algebra corresponds to the Anti de Sitter algebra SO(3,2)
case one has
Ve ab e 1]

55 = —-1= T = Q“ = =+ Q'u (229b)
Hence, one can attain a cancellation of a very large cosmological constant term
in (2.29) if Q4° = +i Q%. In the de Sitter case, 755 = 1 and one would have
instead the condition Q5> = £Q7. Having an imaginary value for 2} in the Anti
de Sitter case fits into a gravitational theory involving a complex Hermitian

metric Gy = g(u) + 9w Which is associated to a complex tetrad Ej; =

%(éﬁ +if;;) such that G, = (EZ)*EBnab and the fields are constrained to

obey €, = Vi fl‘j =V = F1 Q. For further details on complex metrics
(gravity) in connection to Born’s reciprocity principle of relativity [22], [23]
involving a maximal speed and maximum proper force see [24] and references
therein.

It is desirable to solve the full-fledge field equations in C-space and after-
wards verify whether or not such condition (2.29) is consistent with the solutions
to the full set of field equations. Most likely, it would be necessary to include
all the higher order rank terms in eq-(2.28). In order to solve the C-space grav-
itational field equations one must evaluate all of the remaining components of
the CI(3,2) curvature (field strength) R4,y and torsion T4} in C-space, where
M, N are poly-vector valued coordinate indices XM = s, z# o ..., "7 as-
sociated with the C-space corresponding to the Ci(3,1) four-dim spacetime
algebra. These expressions are very complicated. Once the expressions for
Rﬁ/f N TA’}N are known one can construct many actions in C-space that are in-
variant under the internal CI(3,2) gauge transformations as well as invariant
under the CI(3,1) transformations associated with the poly-vector valued coor-
dinates X of the underlying C-space base manifold. The integration measure
in C-space is

DX = ds (H dxt) (H dxh) (H dxtvP) datveT (2.30)

a quadratic curvature/torsion invariant action in C-space, up to numerical fac-
tors required to match units, is given by

S = /DX\/\det G| dan ( Rinn, Riun, + Titn, Tign, ) GMM2 GNI2,

(2.31)
The C-space metric GMY has for components

GHHZ el VIV Ve — gL gt gt 4 signed permutations

(2.32a)
The components GH1H#2:Hn V1V2-Un i (C-gpace can also be written as a de-
terminant of the n x n matrix whose entries are g*’¥7 as follows

1

K12 Hn ViV2...... Vn — __ . . . . .
G " "= ol €irig..in €j1j2....in 9

iy Vi gl“z Via

10



and the range of indices is i1,42,.....,4, C I = 1,2,......, D and j1, jo,....., jn C
J =1,2,....., D. One must also include in the C-space metric GM¥ the (Clifford)
scalar-scalar component G0 (that could be related to the dilaton field) and
the pseudo-scalar/pseudo-scalar component GHH2:HD ViV2---VD (that could
be related to the axion field). The expression for det G involves the product of
the determinants associated with GH1H2:Hn ViV2Un for p = (), 1,2, ...... ,D.

To simplify matters, we may just concentrate in the ordinary 4D spacetime
actions comprised of the vector coordinates z*. Even in this case, one finds clear
modi fications to the standard gravitational actions due to the CI(3,2) algebraic
structure. One can introduce an SO(3, 2)-valued scalar multiplet ¢!, ¢?, ....., ¢°
and construct an SO(3,2) invariant action of the form

S = /M d'z (¢° R R + ¢ RY, RIS + .. ) €abeds €77 (2.33)

as described above the modi fied curvature two-form Rz,bj dx? Adx¥ is given by
the standard expression Rﬁ?, (w) dzt ANdx¥ + Z%dex“ AV dz" plus the addition
of many extra terms as shown in (2.23). Also the modified torsion RZ?, dz* N
dx¥ in (2.18) is given by the standard torsion expression plus extra terms.
Therefore, by a simple inspection, the action (2.33) after setting ¢® = 0, ¢ =
¢ = constant which breaks the SO(3,2) symmetry down to the Lorentz group
symmetry SO(3,1), contains many more terms than the Macdowell-Mansouri-
Chamseddine-West gravitational action given by (after supressing spacetime
indices for convenience)

1 1
S = ¢ / d*z ( R™(w) +3 VIAVE) A ( RY(w) +3 VEAV) €apea. (2.34)

it is comprised of the topological invariant Gauss-Bonnet term R (w)AR(w)eaped;
the Einstein-Hilbert term - R (w)/\Vc/\Vdeabcd, and the cosmological constant
term l%V“ AVOPATVEA Véeabcd.

A quadratic CI(3,2) gauge invariant action in a 4D spacetime involving the
modified curvature Rﬁu and torsion terms ’Z;“l‘, in eqs-(2.18, 2.23), is given by

/ da /gl [ (RO,)? + (RE,)? + (REL2) 4 s (REA029990)2

5 \2 ad\2 aias\2 ajazaszd\2 ajazazasb)\2
(Row)” + (Ri2)™ + (RE™)™ + e (Ry™2%°) + (R, *2) | (2.35)

The modifications to the ordinary scalar Riemmanian curvature R(w) is
given in terms of the inverse vielbein V/} by the expression Rj1* V[l[l”1 Val;]] which
is comprised of R(w), plus the cosmological constant term , plus the extra terms
stemming from the additional connection pieces in (2.23)

QU AQ%, QY AQPe Q A QP1b2bsbaca (2.36)

ai
b1b2b3by
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one of many SO(3,2) invariant actions in ordinary spacetime, linear in the
curvature is

— / d'z /gl Ry VI VI g = VeV nay, gl = |det g

(2.37)
where k2 = 871Gy, Gy is the Newtonian gravitational constant and the compo-
nents of the curvature two-form are antisymmetric under the exchange of indices
by construction Ryi* = —RyL®??, Ri1*2 = —Ry2*. The action (2.37) contains
clear modi fications to the Einstein- Hllbert action with a cosmological constant
due to the extra terms (2.36) stemming from the higher rank connection ele-
ments.

The components of the gauge connection QZ‘Z’ fa fo; 4, I C-space must not
be identified in general with the ordinary torsion and curvature two-form in

Riemann-Cartan spaces, despite the correspondence

QP dztihr — T8 datt A dat? (2.38)
Qs et L e e 239)

where dx#1#2 is a bivector differential form involving areas in C-space. If an
identification is made in eqs-(2.38, 2.39) the generalized gravitational action in
C-space (given by the Clifford space scalar-curvature version of the Einstein-
Hilbert Lagrangian) can be decomposed into sums of terms involving higher
powers of the ordinary curvature and torsion [1]. Such actions are comprised
of higher derivatives. The Lanczos-Lovelock gravitational actions are based on
higher powers of the curvature tensor but with the key feature that the field
equations do not contain terms of higher derivatives than order two for the
metric tensor. Gravitational actions in Noncommutative spaces can also be
constructed based on star products and the results obtained for poly-vector
valued gauge field theories in Noncommutative C-spaces [25]. Noncommutative
Clifford-space gravity as a poly-vector-valued gauge theory of twisted diffeomor-
phisms in Clifford-spaces would require quantum Hopf algebraic deformations of
Clifford algebras. Generalized poly-vector-valued supersymmetry algebras in C
spaces based on antisymmetric tensor-spinorial coordinates have been recently
studied in [26]. These novel algebraic structures and the study of generalized
super-gravitational theories in supersymmetric Clifford spaces deserve further
investigation.

One of the most salient features of the CI(3,2) algebra modifications to
gravity is the very plausible cancellation mechanism of a very large vacuum
energy density as described in eqs-(2.27-2.29). This procedure is very different
than the other approaches to the resolution to the cosmological constant problem
based on scaling/conformal symmetry [28], for example.
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3  Yang-Mills, Fermion Masses and Unification

It was recently shown [21] how an unification of Conformal Gravity and a
U(4) x U(4) Yang-Mills theory in four dimensions could be attained from a
Clifford Gauge Field Theory in C-spaces (Clifford spaces) based on the (com-
plex) Clifford Ci(4, C) algebra underlying a complexified four dimensional space-
time (8 real dimensions). Tensorial Generalized Yang-Mills in C-spaces (Clif-
ford spaces) based on poly-vector valued (anti-symmetric tensor fields) gauge
fields Ay (X) and field strengths Fpsn(X) have been studied in [1], [10] where
X = X I'™ is a C-space poly-vector valued coordinate. A Clifford geometric
basis of the standard model has been advanced by [29]. In this last section we
describe how the 16 fermions in each family and their masses can be accom-
modated within a Cl(4) gauge field theory and how the Higgs fields admit a
natural C-space interpretation that differs from the one in the Chamseddine-
Connes spectral action model of Noncommutative geometry [37].

The 16 fermions (quarks and leptons) of the first generation can be arranged
into the 16 entries of the 4 x 4 matrix associated with the A = 1,2,3,.....,16
degrees of freedom corresponding to the Cl(4) gauge algebra as follows

Ve Up Up Ug Ue Up Up TUg

N I A e A IR 71 L IR S
Ve Uy U ug Ve 'Lfr UJJ 29

et dy dy dg e dy dy dy

(3.1)

where we have omitted the spacetime spinorial indices v = 1,2, 3,4 in each one
of the entries of the above 4 x 4 matrices whose row and column indices are
m,n = 1,2,3,4. In particular, e, v, denote the electron and its neutrino. The
subscripts r, b, g denote the red, blue, green color of the up and down quarks,
u,d. The superscript ¢ denotes their anti-particles. The Dirac adjoint of each
spacetime spinor entry inside the second 4 x 4 matrix is denoted by e, v.,u", ....
and is defined as usual ¥, = \IIE(FO)Q One must not confuse the gamma
matrices (T',)*? associated with the spacetime Dirac CI(3,1) algebra and the
internal Cl(4) gauge algebra matrices (I'q)™", (Tayas)™", ceerveene ;a=1,2,3,4.
By writing 7" = U (D)™, UM = UA(T'4)™", and attaching an extra
index ¢ = 1,2,3,....,ny indicating the fermion family, the fermionic matter ki-
netic terms is given by the expression involving a trace over the 4 x 4 matrix
indices as
ny
Loy = Y UEPTh, (6™ 00, + gAwP ) WL AP = AB(Tp)". (3.2)
i=1
and can be rewritten as
ny ny
Lo = Y WHLTH, Sac (10,9G)+ Y gUTh, AZ UG, <TuTplc > =
i=1 i=1
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ny

> WA Th, (Saci Oy + ghape A ) UG, (3.3)

i=1
where the indices ¢ = 1,2,3,...ny extend over the number of generations (fami-
lies) and A, B,C = 1,2,3,.....,16. g is the coupling constant. hapc is the scalar
part of the Clifford product < I'yI'gI'¢ > which can be written in terms of the
(anti) commutators structure constants of the Cl(4) gauge algebra as follows

1
hapc = 3 (fape + dapc); TaTsl= fapc I {Ta,Tp} = dapc I'¢
(3.4)
Given the definition
Urt o= AT = UL = U (T, (3.5)
one can infer that each of the quantities U4 for A4,1,2,3,....... ,16 is a linear

superposition of all the 16 fermions in each single family. Hence, a Cl(4) gauge
invariant mass term corresponding to a degenerate mass M for all members of
a single fermion family can be written as the trace over the 4 x 4 matrix indices
as

M &P rm gt = M (U Ve + 9,0, + UV + Uy Tyr + .. ) =
M 6P U3 0§ < TaTe > = M5 dac UL OF (3.6)
where the scalar part of the Clifford product is < I'yI'c > = dac. The

mass degeneracy can be lifted by introducing the interaction terms involving
the (complex) Higgs scalars

5% hapc Uh o8 0§ (3.7)

such that the vacuum expectation values of the Higgs scalars < ®F >, valued
in the adjoint representation of the Cl(4) gauge group will break the ClI(4)
symmetry and lead to a mass splitting M + A1, M + Xa, ....... s, M + X\ig. The N’s
are the eigenvalues of the 16 x 16 mass matrix M 4¢ appearing in

5% Mac W5 0§ (3.8)

and which is defined as Mac = hape < B8 >, 0.

A Hermitian 16 x 16 matrix M 4¢ has real eigenvalues and can be diagonal-
ized by a unitary matrix. A priori there is no reason why the matrix M 4¢ is
Hermitian unless one chooses judiciously the vacuum expectation values of the
< ®B >, ., in the definition Mac = hape < ®P >,.,. If one has an initial
massless family M = 0, by judiciously choosing the 16 parameters associated
with the vevs < ®8 > ., B = 1,2,3,...... ,16, in order to render a Hermi-
tian matrix Mo one may find 16 real eigenvalues A, Ao, ...... , A16 to coincide
with the fermion masses of e, v.,u 9, d"™9 and their anti-particles. To match
the masses requires a Renormalization group flow of the values of the observed
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fermion masses, at a given scale, to the scale at which the CI(4) symmetry is
broken. Some of the eigenvalues have to be degenerate since the masses of the
red, blue, green up quark and anti-quark are equal. Similarly, the masses of
the red, blue, green down quark and anti-quark are equal. The electron and
positron mass are also equal. The neutrino is considered also to be masive.
At the moment we will not introduce Majorana neutrino mass terms that lead
to a very small neutrino mass for the left handed neutrino v, via the see-saw
mechanism.
Yukawa couplings among all generations of the form

5P Y9 hape Vo ®F WG ij=1,2,.... 0y (3.9)

will also lead to fermionic mass terms for all fermion generations after the sym-
metry breaking < ®# >,.,# 0 and a diagonalization procedure similar to the
construction of the CKM quark matrix in the standard model.

Next we are going to discuss the relation to the Pati-Salam model [30]. In
section 2 the C1(3,2) gauge field theory model of gravity was constructed. The
Cl(5,0) algebra is isomorphic to the direct sum of the algebras Cl(4,0)®C1(4,0),
and which in turn, is isomorphic to M (2,H) & M(2,H), where M (2,H) is the
matrix algebra of the 2 x 2 matrices with quaternionic entries. The group C(4) x
Cl1(4) admits a correspondence with U(4) xU (4) as shown in [21], and each factor
U(4) = SU(4) xU(1). A unified theory of the strong, weak and electromagnetic
interactions based on the flavor-color symmetric group SU(4)c x SU(4)p was
advanced by Pati and Salam [30]. Another version of the Pati-Salam model is
based on the group SU(4)c x SU(2), x SU(2)r. Therefore, the Cl(4) algebra
is relevant in as much as it is connected to the SU(4) x U(1) algebra because
the algebra SU(4) is a key ingredient in the Pati-Salam model.

The procedure of the symmetry breaking patterns is very elaborate in gen-
eral [33]. For instance, the symmetry breaking patterns for SU(N) gauge the-
ories with Higgs scalars in totally antisymmetric and symmetric representa-
tions of degree k were studied by [34] by solving the extremum conditions of
the SU(N) invariant Higgs potential for the fields Hgy, q,...q,. Antisymmetric
tensors Hig,q,....q,] are the ones appearing in the components of the Clifford
poly-vector ®4 associated with the Clifford gauge group CI(4).

The Pati-Salam SU(4) x SU(2), x SU(2)r group arises from the symmetry
breaking of one of the SU(4) factors in SU(4) x SU(4) given by SU(4) —
SU(2)r x SU(2)gr x U(1)z, see [31], [36] and references therein. This requires
taking the following vacuum expectation value (VEV) of the Higgs scalar

0 00
1 00
0 -1 0
00 -1

(3.10)

oo o
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Taking the VEV of the other Higgs scalar

10 00
<® > = 8(1) (1)8 (3.11)
000 -3

leads to a breaking of SU(4) — SU(3).x U (1) g_r. Therefore, an overall break-
ing of SU(4) x SU(4) contains the Patti-Salam (PS) model in the intermediate
stage as follows

SU(4) X SU(4) — [SU(4) X SU(Q)L X SU(?)R]pS X U(l)z —

SU(?))CXU(l)B,LXSU(Q)LXSU(2)RXU(1)Z. (312)

The Higgs Potential V (P, i)) involving quadratic and quartic powers of the
fields is of the form

Vo= —miTr(®?) + A\ [Tr(D?))? + Ao Tr(D*) —m3 Tr(D?) + A3 [Tr(?)]* +
A Tr(®*) + X5 Tr(22®%) + Ag Tr(22PD) . (3.13)
A further symmetry breaking
Ul)p—r xSUR2)rxU(1)z — U(Q)y. (3.14)
requires additional Higgs fields leading to the Standard Model
SUB)exSU2) xU1)y — SUB).xU)pnm- (3.15)

There is another symmetry-breaking branch that leads to the Standard Model
and which does not contain the PS model. This requires breaking one of the
SU(4) factors as

SU4) x SU(4) — SU(3)e x SU(4) x U(1)p_p. (2.34)

leading to a partial unification model based on SU(4) x U(1)p—_y. which can
be broken down to the minimal left-right model via the Higgs mechanism [31],
[36].

To finalize we show how the Higgs fields admit a natural C-space interpreta-
tion that differs from the one in the Chamseddine-Connes spectral action model
of Noncommutative geometry [37]. The C-space analog of the fermionic kinetic
terms (3.3) is

ny
Z UL TN (6ac i O + g hape Af ) V5. (3.16)
i=1

where 0y, is the derivative with respect to a C-space poly-vector valued index
(0/0s), (0/0x*), (0/dxH),..... and TM = 1, T» TH .. are the generators
corresponding to the CI(3,1) spacetime algebra.
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One may notice that the Yukawa self-coupling terms (within each fam-
ily) furnishing mass terms for the quarks and leptons are contained in the
hapcUAABTC, hABC\I/A.AflM“_M UC pieces (after taking the VEV of the Higgs
scalars) associated to the C-space fermionic kinetic terms W4T'™M (Dj,)A¢ T .
This is due to the fact that two sets of Higgs scalar fields can be identified with
the CI(3,1) scalar part ®* = A{' and pseudo-scalar part e, ®* = Aﬁym =
AZ, respectively. The kinetic terms for the Higgs fields (D,®)"(D#®) and
(D,ﬁ))T(DWi)) are contained in the Fi\ F9Y and FZ\ F3" components, respec-
tively, associated to the C1(4) gauge fields kinetic Fij v FA'N terms in C-space.
As usual, the C1(4) field strength in C-space is defined as

Fiin = Or Ay + AN AS < [T, Tol T4 > = O ARy + A AR fho.

(3.17)
Inserting the VEV of the Higgs scalars into their kinetic terms, after redefining
the fields such that the new fields have zero VEV| yields the mass terms from
the gauge fields associated to the broken gauge symmetries.

To finalize, there are models were the 16 fermions of a single family fit into
the 16 dimensional chiral spinor representation of the SO(10) gauge unification
group. All the 16 fermions can be assembled into a column of 16 entries. The
chirality operator in the internal group space SO(10) (associated with the C(10)
algebra) must not be confused with the usual Dirac chirality operator -5 of
the CI(3,1) spacetime algebra and which implies definite parity (left-handed
or right-handed currents) in weak interactions [32]. A thorough study of the
symmetry breaking patterns of SO(10) and its descent into the SU(5) group of
Georgi-Glashow; the Pati-Salam SU(4). x SU(2); x SU(2)r and other groups
was performed by [32]. In our Clifford algebra model based on Cl(4), the 16
fermions of a single family are assembled into the 4 x 4 matrix entries as shown
in (3.1). More work remains to be done to verify whether or not the Clifford
algebraic approach to unification is feasible.

APPENDIX
We begin firstly by writing the commutators [['4,T'5]. For pg = odd one has
[35]

[Gorbaetys 20 ] = 29—
2p'q' laraz _as....aq] + 2p'ql lar....as _as....aq] _
2l(p —2)!(qg — 2)! b1tz Tog......by) A(p — 4))(q — 4)! “Brba Vos..oby] e
(A.1)
for pq = even one has
ajas...... a (_1)1’_12plql l[a1 _azas....aq)
[Vosbanty, 75700 ] = = U(p—1)!(g—1)! (R
(71)?*12p!q! la1....as _a4....aq]
3|<p _ 3)!(q _ 3)! [b1b3 ’}/b4 ..... bj,] + """ (A2)
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The anti-commutators for pg = even are

[ sty 70200} = 290 —
2plg! lataz _as....aq) " 2plq! [a1....as _as....aq]
2l(p —2)!(q — 2)! [brb2 Tos....b) A(p— 4)1(q — 4)! “rba Vbg.oby] T
(A.3)
and the anti-commutators for pg = odd are
ayas...... a (_1)p712p'Q' la a2a3....aq]
I A (p—-1)(g—1) b1 Voab by]
(_1)p—12p!q! [a1....a3 _a4....aq]
3(p— 3)1(g — 3 rwts Touewty] e (44)
For instance,
['Ybafya] = 271(71; [7b1b277a1a2] = -8 6[[1(7111 /7117122]]' (A5)
[(Vorbobss ¥ 42%%] = 2 et — 36 5[[211522 7533]]' (A.6)
Pbababober 7920504 = =32 G5 il 4 102 A o0l (AT)
ibsbababans712024] = 29 —400 G LS 1200 60 o
(A.8)
Dorvabss 7%2] = 12 85 2 . (4.9)
[751b2bsb477a1a2a3] = -2 5[[211 7;)122;1:37}4] +48 5[[2111;122b23 Vo4 (AlO)

etc...
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